Homework 4

April 27, 2023

1. Suppose Vi, ..., vy, is a list of vectors in V. Define T' € L(R™, V') by

T(x) =21V] + ... + T Vin,

xy
forx = | : | € R™. (Injective or Surjective.)

Tm

(a) What property of 1" corresponds to vi, ..., v, Spanning V' 7 Why?

(b) What property of T corresponds to v, ..., v,, being linearly indepen-
dent? Why?

(a) Suppose T' € L(V, W) is injective and v1, ..., vy, is linearly indepen-
dent in V. Prove that T'(vy),...T'(vy,) is linearly independent in .

(b) Suppose V is finite-dimensional and that 7" € L£(V,W). Prove that
there exists a subspace U of V such that UNnullT = {0} and T(V') =
T'(U). Find a basis.

(a) Suppose V and W are both finite-dimensional. Prove that there ex-
ists an surjective linear transfomation from V' onto W if and only if
dimV > dimW.

(b) Suppose V and W are finite-dimensional and that U is a subspace of
V. Prove that there exists T € L(V, W) such that null7 = U if and
only if dimU > dimV — dim W

(a) Suppose T € L(R* R?) and nullT = {z = [y, 22, 23,24]7 €
R*|z1 = 229 and x3 = 5x4}. Prove that T is surjective.

(b) Prove that there does not exist a linear transformation from R° to R2
whose null space equals {x = [x1, 2o, 73, 24, 25]7 € R*|z; = 215 and
T3 = T4 = T5}.

. Find the standard matrices of the following linear transformations.



2%1 — T2

(a) T € L(RZ R} with T(z) = | —a1 + a9 | forz = [ il ]
2
T2

(b) T € L(R% R?) is a vertical shear transformatin that leaves ey un-
changed and maps e; into 2e; + e;.

c T € E(RQ,RQ) first performs a horizontal shear transformatin that
leaves e; unchanged and maps e into —2e; + e2 and then reflects
points through the line 9 = —z;.

1 1 0
b; = |1|,by=|0] ,bs= |1
0 1 1

and let L be the linear transformation from R? into R? define by
L(x) = (z1 — z2)b1 + z2b2 + (21 + z2)bs,

find the matrix A representing L with respect to the ordered bases {e1, es}
and {bl, b2, bg}.



