Homework 1

April 11, 2023

1. Let V be a vector space and let x,y € V. Show that

(a) B0 = 0 for each scalar 3.
Proof:
Let z is a vector in V.
B0 = B(x —x) = fxr — Bz = 0.
(b) x+y = 0 implies that y = —x.
Proof:
w2 +y =0 and 0 = 0 for each scalar 3,
Ly=y+ (=) x(@+y) ==
(c) (-1)x = —x.
Proof:
(-Dz+z=(1-1)z =0z
cr=1lr=(140x=2+0z, . 0x=0
(=Dz+x=0.
x4 (—2)=0, . (-lz=—z

2. Let V be the set of all ordered pairs of real numbers with addition
defined by

(w1, 22) + (y1,92) = (21 + Y1, 22 + y2)
and scalar multiplication defined by
ao (r1,z2) = (ar1,T2)

Scalar multipliacation for this system is defined in an unusual way,
and consequently we use the symbol o to avoid confusion with the
ordinary scalar multiplication of row vectors. Is V' a vector space with
these operations? Justify your answer.

Proof:
Suppose V is a vector space, and let 1 € R, z9 # 0.



For addition, (x1,x2) + (z1,z2) = (221, 2x2);

For scalar multipliacation,

(z1,22) + (21, 22) = (1 + 1) (21, 22) = (221, 72);

However, " x9 # 0, . (221, 222) # (221, 22),

s (w1, ) + (21, 22) # (21, 22) + (21, 22), Which is contradicory.
All in all, the suppostion is incorrected. V is not a vector space.

. Let R™ denote the set of positive real numbers. Define the operation
of scalar multiplication, denoted o, by

aoxr =zx%

for each z € RT and for any real number . Define the operation of
addition, denoted @, by

r®y=wx-y forall z,yeRT

Thus, for this system, the scalar product of -3 times % is given by

1 1\ 3

and the sum of 2 and 5 is given by
205=2-5=10

Is R™ a vector space with these operations? Prove your answer.
Solve:

R* is a vector space.

Proof:

Let z,y,2€ RT, a, B € R

cxdy=zy>0, . cdyeV

caoxr=zx%>0, . aocxeV

Then, proof V satisfies the eight properties:

(a) rhy=xxy=yxx=yPx.
(b) (r@y)dz=(ry)z=2(yz) =2 (y © 2).
(c) Let 0=1. Then, z®0=z*x1==x

(d) For each z, there isa —x = %,

lettingx@—xzx*%:le
(e) (axpf)ox=af=(a")*=aoc(fox)



()
(2)
(h)

(a+Box=aP =z®af =aoax®Pox
w0 (z@y) = (19)* = 2%y a0z ®acy
1

Ox:.’L‘lZLU

As a result, RT is a vector space.

4. Suppose uy,...,up, and vy, ..., Vv, are vectors in a vector space V', and
let H = Span(uy,...,u,) and K = Span(vi,...,vy).

(a)

Show that H () K is a subspace of V.

Proof:

- Vu € H, there’s always v = ajui + ...+ apup, ai,...a, € R
suevV

And for the same issue, Vv € K, there’s always v € V
SLHKCV

“HNOKCHCV,. . H(K is a subset of V
Ve,yec HONK, " HOKCH, z,yc H

Define a € R.

. H is a vector space.

c.x+y,ax € H, for the same, x +y,ax € K
sx+y,ar € HN K, and H() K is a subspace.
Show that H and K are subspaces of H + K.

Proof:

.~ H = Span(uy,...,us), H is a vector space.

The same, K is a vector space.

. H + K contains the linear conbination of H and K,
.. H, K is the subspace of H + K.

Show that H + K = Span(uy,...,up, Vi,..., V).
Proof:

Define x € H, x = aju1 + ... + apuy, ai1,...,a, € R,
ye K, y=bivi+...+bgvg, b1,...,b5 € R.
VzeH+K,z=ax+ Py, a,B € R,

z = aaiuy + ...+ aapuy + Bbivy + ...+ Bbyvy.

ooz € Span(uy, ..., up, Vi,...,Vy),

H + K C Span(ui,...,up, vi,...,Vq).

Vw € Span(ui,...,up, Vi,. .., Vq),

w=miuy + ... +Mmply +N1Vy + ...+ NgVy,

My, ... Mp, N1, ..., Ng € R.
cmaur ..o+ mpuy € Hyngvy + ..+ ngvg € KL
Sow e H+ K, Span(uy,...,up,vi,...,vy) C H+ K.
. H+ K =Span(uy,...,up, vi,..., vg).



5. Let {x1,x2,...,X;} be a spanning set for a vector space V.

(a)

(i)

If we add another vector, xxy1, to the set, will we still have a
spanning set? Explain.

Solve:

Yes, we still have a spanning set.

.+ V = Span(xy,x2,...,Xg)

sYWweV,v=axi+...+apxs, ay,...,a, € R
Sov=arx) + .. apxe + 0% X

.V = Span(x1,X2, ..., Xj, Xkt1)

If we delete one of the vectors,say, xi, from the set, will we still
have a spanning set? Explain.

Solve:

That has many possibilities:

.+ V = Span(xy,x2, ...,Xg)

o k> DimV

If £ = DimV

*."The number of x1,...,xx_1 is less than DimV/,

.. It is not a spanning set of V after deleting.

If kK > DimV

If x;, is the liner combination of x1,...,X;_1

Suppose Vxy = bix; +... +bg_1Xt_1, b1,...,br_1 € R
VveV,v=ax;+... +tagXg, ai,...,a; € R

v=aix;+...+ap_1Xp—1 +bixi +...+bp_1xp_1

= (albl)xl + ...+ (ak_lbk_l)xk_l

.. It is a spanning set of V' after deleting.

If x;, cann’t be written as a liner combination of x1,...,X;_1
Suppose It is a spanning set of V' after deleting

dv € V while v = x, whitch cann’t be written as a linear com-
bination of x1,...,Xg_1, bringing contradiction.

.. It is not a spanning set of V after deleting.



