Problem 1

Show that the function that takes ((xy, x2), (y1,y2)) € R? x R? to |z1y1| + |z2ys| is not an
inner product on R2.
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6.3 Definition inner product
An inner product on V is a function that takes each ordered pair (i, v) of
elements of V' to a number {u, v) € F and has the following properties:
positivity
{(v.v) = 0forallve ¥V;
definiteness on i
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when (4.4,) s ‘f"“o(' we have that:

additivity in first slot
{u+v.w) = (u,w) + (v,w) forallu.v.,w e V;
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Problem 2

Suppose V is a real inner product space, show that:
a) the inner product (u+ v,u — v) = ||ul|* = ||[v]|* for every u,v € V.
b} if w,v € V have the same norm, then u + v is orthogonal to u — v.
¢) use part(b) to show that the diagonals of a rhombus are perpendicular to each other.

a>RAREMY ; b>FA a WEL  >FA b MEE+ERBLBEE
(a) Note that V is a real inner product space, we have (u, v) = (v, u). Hence
(u+v,u—v)=(uu)—(uv)+ v u) —{v,v)
= (uu)—{v,v) =lul? —lvi?

(b) By (a).
(u+v,u—v)=(u)—(uv)+vu —(v,v)
=@uy—wvy=lul*>-lvi*=0
(c)
Note that || u ll=]l v I for a rhombus,

(u+v,u—v)={(uu)—uv)+vu)—(v,v)
=u)—@wv)=llul*-lvi*=0

Therefore, the diagonals of a rhombus are perpendicular to each other.



Problem 3

Suppose u, v € V', prove that the inner product {(u,v) = 0 if and only if ||u|| < ||u + av|| for

alla e F.
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(sufficiency) If (u, v) = 0, then

by 6.13.

lu+av I=0ull? +1 av 1?21 u I

6.13 Pythagorean Theorem

Suppose u and v are orthogonal vectors in V. Then

[l + v]

2
= [ul® + IvII®.

(necessity) If | u I<Il u + av || forall a € F, this implies

lu+av I =l ul?= |al? | v I°+ a{v,u) + a(u, v) = 0.

If v=0,then{u,v)=0. If v+0,pluga=—(u,v)/llvI* into the previous
equation ,we obtain

_ Nuw)|?
vz —
Hence (u,v) = 0.
Problem 4
Suppose u, v € V', prove that |lau + bv|| = ||bu + av| for all a,b € R if and only if [|u] = ||v]|.
Pm‘gﬁy i If llav+bull=llau+bv | foralla b € R, by setting @ = 1 and b = 0, we have |
part ull=lvli .
Conversely, suppose || u ll=[l v || . Forall a,b € R, we have
if part Il av + bu I1*= (av + bu, av + bu)
=a? llu >+ ab((u,v) + (v,u)) + b2 v I
and

Il au + bv 1= {au + bv, au + bv)
=a? |l v I+ ab((u,v) + (v,u)) + b |l u |12
Hence if || v [I=l u Il , we have
a lulP+b%IviP=a?llvI?+ b2 Il ul?
Therefore || av + bu 1=l au + bv II? , i.e. Il av + bu =l au + bv |I.



Problem 5

Suppose u,v € V, ||ul| = ||v|| = 1 and {(u, v} = 1, prove that u = v.

Proof:
Consider || u —v ||?, we have

lu—vil=(u—-vu—v)= (t_t,u)—(u,v)—(v,u)+(v,v)

=l ull>- (W, v)—(wv)+lvI*=0

hence u — v = 0 by definiteness. Thatisu = v.

Problem 6

Find vectors u,v € R? such that u is a scalar multiple of (1,3), v is orthogonal to (1, 3),
and (1,2) = u+ v.

Answer:
Let v=(x,y)andu = z(1,3), where x,y,z € R. Note that v is orthogonal to
(1,3) ,we have
(xy)-(1,3)=x+3y=0.
It follows that v =Y (—3,1). Since (1,2) = u + v, we obtain
y(=3,1) +2z(1,3) =(z— 3. ¥+ 32) = (1,2).
We can solve the equation and get ¥ = —1/10and z = 7/10 . Hence u = (7/10,21/
10) and v = (3/10,-1/10).
Problem 7

Prove that (x; + -+ + .';':ﬂ)2 < n(a? + -4 22) for all positive integers n and all real num-
o7 0 S
SEEIFRARTRIZE S M all positive integers n 1 all real numbers x;
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Proof: 6.15 Cauchy-Schwarz Inequality
Suppose u, v € V. Then

[(.v)] <[]l V]

This inequality is an equality if and only if one of u, v is a scalar multiple
of the other.
By the Cauchy-Schwarz Inequality, if x4, ..., X, ¥, ..., ¥n € R, then
[y e Ry 312 € () Foe £ D05 + V0.
Let y; = 1,we can obtain
lxy + -+ %52 < (2 + -+ x2) .

Therefore, (x; + -+ + x,)? < n(x? + -+ + x3) for all positive integers n and all real
numbers Xy, ..., X;,.



Problem 8

Suppose V' is a real inner product space, prove that

||l + T.'||2 - |lu — ?..'HQ

1y =
{u, v) 1
for all u,v e V.
Proof: Suppose V is a real inner-product space and u, v € V. Then
lu+v Iz —llu—vl? _(utvutv)—(u-—v,u—v)
4 - 4
1P 2, vyl v 1P = (w112 = 2(w, v)+H v 1)
B 4
_ 4y, v)
T4
= (u,v)

as desired.



