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b, V:sa »nonzaro,,, Finite -dimensional vector space .and the vectors.l isted belon?
o\ Mark each statement True or Fale. Justify each answer ( Prove it if True
or give an anti-example. if. False) o e AR
. If dim V=P and S is a linearly indepentlent set.in V. then S is
_ False. For example, V/=R>, olzml/523=ﬂ B)} B

b. If there exists o lm.early...mdwandent.set s 5 Vy} in .V, then dimV 7 p.
T o, sl

Proof 5 Since that set {v.. v+, VpJis. Linearly inclepenclent , odel any
vector Veri®%to the set

basis for V.

any vector Upti can_be written os o linear combinotion of set §vivs- Y
—Thus _set { V2. Vpl s a_bosis of V.
—Thus dim(\)=p

@ if set { Vi Ve, 2, Uph }lslmearlymo(epend&nt N
~Way., add more vectors: into the Set., Finplly,
Is Linearly madenpendent .\
Thus dim €1))= pen- | ZP . p

To Sumup, dim(v) 7 p
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C- If there exists a set. V.. Vu,*Yp] that spans I/, then dm V<Pp.
True. B .
Proof = Since set { Vi, V.., Vp) spans V., thus any vector V) in V can be writen
0s: V=&Vt Vot dpVp , (dy, o Xpare Sculars)
Accordfnq 10 Theorem 2.6.] , the number of any lineg .y,fndependent
_vectors is less or equalto n. g
_Since_the bosis of V is o set of incle end at voctors, thus dz)n( (/)< P

01Jf every set of p elements inV fails to sponV/, then dim V=p. ’
Trve. |

Proof - Smce ewory set of P elements inV. fm/s t0 span l/ thu,s exist_vector ua/
slch that Y fan Nt be Witten as a Linear combination of p dlements.
Thus, 5uppo>e D dlements are V. Ve, Vp, Such thot <0t { Vi, %, = 7/,7,74} |
s linearaly independent . o
X Repeat the some. way. urmL @iset; { Voe, -, Up, U
sg Set { V., S Up Vpn, o Vprn] Is a_bosis of ).
_Thus dimV =pthzp

0. If there exists a linearly dependent set. f Vi, Vpf in V., then dim Vsp,
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ficn is @ congradition Mt/lo/mll/)'}

¥ .,nearly dlepenclent , Thon cimV<£2,

7. t;:_,_vpzn_}‘.can_spanjl,é
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I To chow that dim(U+v)= dm(U)r dim (V), we need 1o Show
thnt there exists o pasic for U+V that fas  dmw) £ Am (V) elements.
O Let {u,-—, un} be a_tasis for U, {vi, -, Vn} be a bass Jov V.
gu/pose 1 W6y Ui Wi, Ul ¢ a basis for UtV
° Durst, chow fhic St gpans WF Vo' (0o o
Let x€ UtV . Then x= UtV Jov gome uel) and veV.
Since { Wi, ths, -, Um} is o basis of U, there eXist scalors
o O Om L SUCA  TAAT N
U= al f ols+ -1 Omlnm (7=17

SimiLavly . Zhere exist scalays by be, -, ba _cuch that
V= blvl+ Dads % it haln i ok [/=2]

8 Wow s el
x p
b, We need to show that this set (S Imearly independent.

" Sup,vose, hat there exist scalars Lo G, Cmo Oh, o dn , SUCA PhAT

bW Gt onltm At AVt dava = 0
Since_ Uav{o}, wehave —
Cotdrt Colet 2t Onithn= 0
However, {us, o, -, um) and {vi. Vo, vy are both bases
they've [inearly independeny , which means |

2

Therefore, {u, o, - Un Vi, Vo, > Vn Y (s a linearly irdlependernt set.
Accovdling 70 _the 2. points_obove, we bnow Thel this sel (s A DAS

oy U=V and hove dm(D) * dim (V) elements. Thevetore,
 dim U+ V) = dim (V) + dim (V)
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