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Systems of Linear differential eqܽݑtions
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Example
• Shear Transform ݔԢ

Ԣݕ = ܶ
ݔ
ݕ =

ݔ ݕ݉+
ݕ

This is an eigenvector.

Its eigenvalue is 1.

(x,y) (x’,y’)



z Reflection operator T about the line y = (1/2)x

b1 is an eigenvector of T

b2 is an eigenvector of T

y = (1/2)x
ܾଵ

ܾଶ

ܶ ܾଵ = ܾଵ

ܶ ܾଶ = െܾଶ

Its eigenvalue is 1.

Its eigenvalue is -1.

Example



• Rotation

Do any n x n matrix or linear operator have eigenvalues?

Example



Invariant subspace

( ) ( , )L V L V V 

1 mV U U � �"direct sum decomposition

( )T L V�
jU

T the restriction of T to the smaller domain jU



Invariant subspace

Definition: Invariant subspace



Examples

• Invariant subspace of ( )T L V�



Examples
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Eigenvalues and Eigenvectors

Invariant subspaces with dimension 1



Eigenvalue 

Comment:  T has a 1-dimensional invariant subspace
if and only if T has an eigenvalue

0    v z



Equivalent conditions to be an eigenvalue

ݐ݁݀ ܶ െ ܫߣ = 0



input x output y

source
domain

target
codomain

What is one-to-one (injective):

x1                                            y1=T(x1)

x2                                            y2=T(x2)

one to one
T is one-to-one iff for all x1 and x2 in X,

T(x1) = T(x2) implies that x1 = x2.



What is onto (surjective):
Let T: XĺY be a map. T is onto if its range is the 

whole target set.    More specifically, this means
׊ yɨY,   ׌xɨX,    such that   T(x)=y.

Intuitively, we may think of a map as a way of "shooting" 
from source to target. The map is onto if any element of 
the target set is "hit" by some element of the source.

Onto Not onto

䖃 yk 
xj                          䖩 yj

If T is both injective and surjective, we call it bijective.



• Proof:

(a)          (b) 

(b)        (c)         (d) is not injective. Thus T IO� ( ) {0}null T IO� z

dim   range( - )= dim V- dim null( - )< dim VT I T IO O T IO� is not surjective



Eigenvector



Example



Solution

(a)

(b)

Eigenvectors corresponding to               is  

Eigenvectors corresponding to               is  



example

•



Eigenvectors and linearly independent





Corollary



Existence of Eigenvalues





Matrix of an operator



Example 



upper-triangular matrix



Conditions for upper-triangular matrix



operator and upper-triangular matrix



Proof



Determination of invertibility from upper-triangular matrix



Determination of eigenvalues from upper-triangular matrix



Eigenspaces and Diagonal Matrices



Sum of eigenspaces is a direct sum





diagonalizable





Conditions equivalent to diagonalizability
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Enough eigenvalues implies diagonalizability







Systems of Linear differential equations

Y AY � ( ) ( )y t ay t � ( ) aty t ce Solution???

1

2 =

t

t
t

t
n

x e
x e

Y e x

x e

O

O
O

O

ª º
« »
« » 
« »
« »
« »¬ ¼

#
tY e x YOO O  �

Ax xO 
t tAY e Ax e x Y YO OO O    �
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Complex eigenvalues





Example





Higher-Order Systems





Higher-Order Systems





Applications







The Exponential of a Matrix

Ae













Singular Value Decomposition

• Diagonalization can only apply on some square matrices.

• Singular value decomposition (SVD) can apply on any matrix.



SVD

• Any m x n matrix A

A U Ĵ VT
=

m x n m x nm x 
m

n x n

Diagona
l

The diagonal entries 
are non-negative

Orthonormal Set

Independent

Independent

Orthonormal 
Set



SVD

• Any m x n matrix A

What is the rank of A?

A U Ĵ VT
=

m x n m x nm x 
m

n x n

Diagona
l

Independent

Independent

If A is a m x n matrix, and B is a n x k matrix.

If B is a matrix of rank n, then

ܴܽ݊݇ ܤܣ ൑ ݉݅݊ ܴܽ݊݇ ܣ ,ܴܽ݊݇ ܤ

If A is a matrix of rank n, then
ܴܽ݊݇ ܤܣ = ܴܽ݊݇ ܣ
ܴܽ݊݇ ܤܣ = ܴܽ݊݇ ܤ

(We can exchange 
some rows and 
columns to achieve 
that)



SVD

• Any m x n matrix A

A U Ĵ VT
=

m x n m x nm x 
m

n x n

Diagona
l

Independent

Independent

A U1

Ĵ’ V1
T

=

m x n k x k k x nm x k



SVD

• Any m x n matrix A

A U Ĵ VT
=

m x n m x nm x m n x n

DiagonalIndependent

Independent

A’ U1

Ĵ’ V1
T

=

m x n (k-1) x (k-1) (k-1) x nm x (k-1)

ଵߪ ൒ ଶߪ ൒ ڮ ൒ ௞ߪ > 0

௞ߪ is deleted
௞ିଵߪ

What is the rank of 
A’?

്

k-1

A’ is the rank k-1 matrix minimizing ܣ െ A’



2 2                 T TA Av v AA u uV V  



Low rank approximation using the singular 
value decomposition

https://www.youtube.com/watch?v=pAiVb7gWUrM



坋№⸎䖃〉ᵈ



䛨攴䖃弅

•䶾⼦㔟⬃䖃弅⋗㉡



䛨攴幫乭

•⫸ή䥹擳



嬡 嬡


