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syms t1 t2 t3 t4 t5 t6 % ¥ ¥ A K
th = [t1, t2, t3, t4, t5, t6];

% XX EXTHEK
syms h 11 12

a=1[0 0 0 0 0 0;
0 0 11 11412 11412 11+412;
h h h h h h;

w=1[0-1-1-10 0;
00 0 00 1
1 0 0 01 0]

for i=1:6

v(:,i) = cross(q(1:3,i), w(1:3,i));
end
for i=1:6

w_hat = | 0 —w(3,i) w(2,i);

w(3,1) 0 —w(1l,i);
—w(2,i) w(l,i) 0];

ew = simplify (eye(3) + w_hatsin(th(i)) + w_hat 2%(1—cos(th(i))));

e(:,:,i) = [ew simplify ((eye(3)—ew)*w_hat«v(:,i)); 0 0 0 1];
end
gst0 = [ 00 1 0;

010 11+12;
100 h; ...
000 1]; % stz

gst = gst0;
for i=6:—1:1

gst = e(:,:,i)*gst;
end
simplify (gst);
ZE
+ gt (0

51(5586C234 + 5234C6) — C1C586  —S1C5Ca34 — €185 —51(—855C6C234 + 523456) + C1C5C6
—1(8556C234 + 5234C6) — 51C586  C1C5C234 — 5185 c1(85C6C234 — 523456) + 51C5C6
555865234 — C234C¢ —5234C5 —585C65234 — €23456
0 0 0

—s1(l1ca + lzc23)

61(5102 - 12623)

h — 1152 — l25923
1
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(ii) FEEHLEANSEN T

a=10[0 0 0 0 0 0;
00 o0 11 11412 11+412;
h b h h h h];

w=1[0 0-1-1-1 0;
01 0 0 0 1;
1 0 0 0 0 0];

'?%l: gst(e) =

[ T S
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(i) P ARFBIEAT SR LA SIS 1

0

—(s2c6c345 + s2¢6)c1 + 51¢65345  —s1¢345 — 1525345  (—s256¢345 + cace)cl + 51565345  —li(c1s2s3 + s1¢3) — la(s1e34 + c152534)
—(s2c6c345 + c256)51 — ©1¢65345 ©1¢345 — 51525345 (—s2sc345 + c2¢6)51 — c1565345 li(ereg — s1s253) +la(c1c34 — s152534)
$286 — €2€6C345 —c25345 —S206 — S6C2C345 h —ea(lys3 +12s34)

1

syms t1 t2 t3 t4 t5 t6 % %V A K
th = [t1, t2, t3, t4, t5, t6];

% KW EAE, 14K
rot = [1, 1, 0, 1, 1, 1];

% X EXT A

% T XY, ¥$ovE EqF, wR[0;0;0]
% ik dEXT, ghwk & KA

syms h 11 12

q=[0 0 0 0 0 0;
0 0 0 11412 11412 11+412;
h h 1 h h h;

w=1[0—-1 0-10 O0;
00 0 00 1; ...
1 00 01 0]

for i=1:6
if rot(i) =1

v(:,i) = cross(q(1:3,i), w(1:3,i));

else
v(:,i)

end

q(:,1);
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end

for i=1:6
if rot(i) =1
w_hat = | 0 —w(3,1) w(2,1);
w(3,1) 0 —w(1l,i);
—w(2,1) w(l,i) 0];

ew = simplify (eye(3) + w_hat«sin(th(i)) + w_hat"2%(1—cos(th(i))));
e(:,:,i) = [ew simplify ((eye(3)—ew)*w_hatxv(:,i)); 0 0 0 1];

else

e(:,:,i) = [eye(3) q(1:3,i)*th(i); 0 0 0 1];

end
end
gst0 = [ 00 1 0;
010 11+12;
—100 h;
000 1]; % w41z %
gst = gst0;
for i=6:—1:1
gst = e(:,:,1)*gst;
end
simplify (gst);

'%EJI‘ gst(e) -
(5586024 + 06824)81 — C1C556 —C185 — S1C5C24
—(5556C24 + C6524)C1 — S1C556  —S185 + C1C5C24
8556524 — C6C24 —S524C5
0 0

5. 58 ST I UK figf pR A

(—85C6C24 + 56524)51 + C1C5C6
(s5C6C24 — S6524)C1 + 51C5C6
—55C6524 — S6C24
0

function Subs = add % add#? X # &
Subs.Subl = @Subl;
Subs.Sub2 = @Sub2;
Subs.Sub3 = @Sub3;

end

% e {\hat{\zi}\theta}p = q, r \zi

% p, q, v = [z;y;2;1]

% zi = [v w] {T} R6

function theta = Subl(p, q, r, xi)
u=p—r; v=q-—r; % [R3; 0]
w = xi(4:6); % R3
u=u(1l:3); v=v(1:3); % conv [R3;0] into R3
ul=u—wsx*xw % u; vl =v—w x w % v;
theta = atan2(w’sxcross(ul, vl), ul’xvl);

end

% r xil, xi2
% solve=0/1

function [thetal, theta2] = Sub2(p, g, r, xil, xi2, solve)

—(llcg + loCoq + 9362)81
(lica + lacos + O3c2)c1
h —1lisy —lasaq — 0352
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u=p-—r; v=q-—r; % [R3 0]
u=u(1l:3); v=v(1:3);
wl = xil(4:6); w2 = xi2(4:6); % R3
a = ((Wl'sw2)*w2'su — wl’sxv) / ((wl’xw2)"2 — 1);
b = ((wl’*w2)swl’sxv — w2’su) / ((wl'sw2)"2 — 1);
y = sqrt((norm(u)”2 — a2 — b"2 — 2xaxbsxwl’xw2) / (norm(cross(wl, w2))72));
if solve =0
y =—y; % change the solve
end
z = a*wl + bxw2 + y*cross(wl,w2);
¢ = [z; 0] + r; % [R3; 0]
subs = add;
theta2 = subs.Subl(p, c, r, xi2);
thetal = subs.Subl(c, q, r, xil);

end

function theta = Sub3(p, q, r, xi, dis, solve)
u=p—r; v=q—r; % [R3; 0]
w = xi(4:6); % R3
u=u(1l:3); v=v(1:3); % conv [R3;0] into R3
ul=u—wsx*xw % u; vl =v —w x w % v;
disl_2 = dis™2 — norm(w’*(p(1:3) — q(1:3)))72;
theta0 = atan2( dot(w, cross(ul, v1)), dot(ul, vl) );

if solve ~= 0

theta = theta0 + acos((norm(ul)”2 + norm(v1)"2 — disl_2) / (2 % norm(ul) =

norm(vl)));

else

theta = theta0 — acos((norm(ul)”2 + norm(v1)™2 — disl_2) / (2 * norm(ul) =

norm(v1)));
end

end

(i) XF Elbow HL#FA:
4 ga = gal(0) = €9 % g,(0),9ag50(0)" = g1, WL 1 = &N,
s = €4\ N &, BT gips = 10168202805 s,
19195 — qull = [|e€% €02 (80 py — g1)|| = [e$%py — qul,
FIF Paden-Kahan ] #H Subproblem 3(F X5 N Sub 3) AlfEH 05,
HH 6519165292(65303}73) = gips3, B Sub 2 f#H 01,605,
4 gy = efulieSlsetols = (hf1e8a02e8000) gy Y ps € Eo,ps & 465, N
e€a84¢&05 s — gops 1 Sub 2 iR, 6y, 05
4 gy = (90 .. e80) gy W po ¢ &6, M gaps = &% pg, tH Sub 1 f#H Gs.
Wiz g A

subs = add;
% &AM BABEHK
h = 10.3;

11 = 0.5; 12 = 0.5;
% A B R 4R %
rot = [1, 1, 1, 1, 1, 1];

a=1[0 0 o0 0 0 0;
0 0 11 11412 114+12 11+12;
h h h h h h];
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w=[0-1-1-10 0;
000 00 1;
1 00 01 ol

for i=1:6
if rot(i) =1
v(:,i) = cross(q(1:3,i), w(1:3,i));
else
v(i,i) =aq(:,1);
end
end
% 14k 4z 4
gst0 =[] 001 0;
010 114+12;
100 h;
000 1];
gst = [ 0.3484 —0.9264 0.1425 —0.3867;
—0.9164 —0.3048 0.2594 0.8686;
—0.1969 —0.2210 —0.9552 0.2252;

0 0 0 1.0000];
% &M (0~7)
for sol = 0:7

% K%
p3 = [0; 11+12; h; 1];
ql = [0; 0; h; 1];

gl = gstxgst0™(—1);

theta3 = subs.Sub3(p3, ql, [q(1:3,3); 1], [v(1:3,3);w(1:3,3)], norm(glxp3—

ql), bitand(sol,4));

w_hat = | 0 —w(3,3) w(2,3);
w(3,3) 0 —w(1,3);
—w(2,3) w(1,3) 0];

ew3_ = (eye(3) + w_hatksin(theta3) + w_hat 2%(1—cos(theta3)));
ew3 = [ew3_ ((eye(3)—ew3_ )#w_hatxv(:,3)); 0 0 0 1];

[thetal, theta2] = subs.Sub2(ew3*p3, gl*p3, ql, [v(1:3,1);w(1:3,1)] ,[v

(1:3,2);w(1:3,2)], bitand(sol,2));

w_hat = | 0 —w(3,2) w(2,2);
w(3,2) 0 —w(1,2);
—w(2,2) w(1,2) 0];
ew2 = (eye(3) + w_hatxsin(theta2) + w_hat™2%(1—cos(theta2)));
ew2 = [ew2_ ((eye(3)—ew2_ )xw_hatxv(:,2)); 0 0 0 1];
w_hat = | 0 —w(3,1) w(2,1);
w(3,1) 0 —w(1,1);
—w(2,1) w(1,1) 0];
ewl = (eye(3) + w_hatksin(thetal) + w_hat™2%(1—cos(thetal)));

ewl = [ewl_ ((eye(3)—ewl_ )#w_hatxv(:,1)); 0 0 0 1];

g2 = (ewlxew2xew3) (—1)xgl;

p5 = [0; 11412+0.2; h; 1];

[thetad, thetab] = subs.Sub2(p5, g2*p5, p3, [v(1:3,4);w(1:3,4)]
;w(1:3,5)], bitand(sol,1));

w_hat = | 0 —w(3,4) w(2,4);
w(3,4) 0 —w(1,4);
—w(2,4) w(l,4) 0];

»[v(1:3,5)
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ewd = (eye(3) + w_hatksin(theta4) + w_hat 2%(1—cos(thetad)));
ewd = [ewd  ((eye(3)—ewd )xw_hatxv(:,4)); 0 0 0 1];

w_hat = | 0 —w(3,5) w(2,5); ...

w(3,5) 0 —w(1,5); ...

—w(2,5) w(1,5) 0];
ewb_ = (eye(3) + w_hatksin(theta5) + w_hat 2%(1—cos(thetab5)));
ewb = [ewh_ ((eye(3)—ewb_)#xw_hatxv(:,5)); 0 0 0 1];

g3 = (ewlxew2xew3xewdxewb) (—1)*gl;
p6 = [0.1; 114+1240.2; h; 1];
theta6 = subs.Subl(p6, g3xp6, p3, [v(1:3,6);w(1:3,6)]);

[thetal, theta2, theta3, thetad, thetab, theta6] * 180 / pi
end

Bh =03,11 =12 = 0.5, MARTAERILZE) 2 FAAR 5 U0GER, AL

ARG gst 1, WIZBNHAFE) 8 HfF (b v REH):
BN [24,-13,35,44,76,13], HHan R

23.9986 -12.9995 34.9956 -135.9815 104.0027 -167.0109
23.9986 -12.9995 34.9956 44.0185 75.9973 12.9891
-156.0014 158.0039 34.9956 100.9859 -104.0027 12.9891
-156.0014 158.0039 34.9956 -79.0141 -75.9973 -167.0109
23.9986 21.9961 325.0044 -100.9859 104.0027 -167.0109
23.9986 21.9961 325.0044 79.0141 75.9973 12.9891
-156.0014 -167.0005 325.0044 135.9815 -104.0027 12.9891
-156.0014 -167.0005 325.0044 -44.0185 -75.9973 -167.0109

(i) (f7%E) X Inverse Elbow Hl#%A:

2 ga = gst(0) = 65191-~-eé("eﬁgst(o)vgdgst(o)_l = g1, WL ¢¢ = &N&,

p1 =& &, W gipy = e6101e802c80s 8100y,

9194 — qu| = |[e€10r 2028502 (€001, — gy)|| = |[e101py — gy,
B Sub 3 FIf#EH 64,

L ps = €4 &6, FEUA (|59 p5 — q1]| = |lg1p5 — @1,

H Sub 3 f#H 03,

Bhi 6101 66202 (6530365494)]34 = g1pa, B Sub 2 fRH 61,05,

B pe ¢ &5,8, % (65191 ~~€é494)_191 — ga, M| gops = &% eSo% pg, [ Sub 2 fif

tH 05,06,

Wiz s AR

subs = add;
% & X HEABE K
h =0.3;
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rot

q =

for

end

0.5; 12 = 0.5;

% ® A E T MAETE

=1, 1,1, 1,1, 1];

0 0 0 0 0 0;
0 0 0 11 11412 114123
h h h h h h];
[0 0—-1-1-1 o0;
010 0 0 1;
100 0 0 0]
i=1:6
if rot(i) =1
v(:,i) = cross(q(1:3,i), w(1:3,i));
else
v(i,i) =a(:,1);
end

% 19k 45 4

gst0 =[] 001 0;
010 11412;
100 h;
000 1];

gst = [ 0.5216 —0.1854 0.8328 —0.6581
—0.8527 —0.0820 0.5159 0.6437
—0.0273 —0.9792 —0.2009 0.1650
0 0 0 1.0000];

% & f#(0~7)

for sol = 0:7
% K%
p4 = [0; 114+12; h; 1];
ql = [0; 0; h; 1];

gl = gstxgst0™(—1);

thetad = subs.Sub3(p4, ql, [q(1:3,4); 1], [v(1:3,4);w(1:3,4)], norm(glxpd—

ql), Dbitand(sol,3));

w_hat = | 0 —w(3,4) w(2,4);
w(3,4) 0 —w(1l,4);
—w(2,4) w(1,4) 0];

ewd = (eye(3) + w_hatssin(thetad) 4+ w_hat 2x(1—cos(thetad)));
ewd = [ewd_ ((eye(3)—ewd )sxw_hatxv(:,4)); 0 0 0 1];

theta3 = subs.Subl(ew4*pd, glxp4, [q(1:3,3); 1], [v(1:3,3);w(1:3,3)]);
p3 = [0; 11; h; 1];

w_hat = | 0 —w(3,3) w(2,3);
w(3,3) 0 —w(1,3);
—w(2,3)  w(1,3) 0];

ew3 = (eye(3) + w_hatksin(theta3) + w_hat™2%(1—cos(theta3)));

ew3 = [ew3__ ((eye(3)—ew3_)*w_hat+xv(:,3)); 0 0 0 1];

[thetal, theta2] = subs.Sub2(ew3xewdxp4, glxpd, ql, [v(1:3,1);w(1:3,1)]
v(1:3,2);w(1:3,2)], bitand(sol,2));

w_hat = | 0 —w(3,2) w(2,2);
w(3,2) 0 —w(1,2);
—w(2,2)  w(1,2) 0];
ew2 = (eye(3) + w_hatxsin(theta2) + w_hat™2%(1—cos(theta2)));

ew2 = [ew2_ ((eye(3)—ew2 )#xw_hatxv(:,2)); 0 0 0 1];

o[
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w_hat = | 0 —w(3,1) w(2,1);
w(3,1) 0 —w(1,1);
—w(2,1)  w(1,1) 0];
ewl = (eye(3) + w_hatxsin(thetal) + w_hat™2%(1—cos(thetal)));

ewl = [ewl_ ((eye(3)—ewl_)sw_hatxv(:,1)); 0 0 0 1];
g2 = (ewlxew2xew3kewd) (—1)xgl;

p6 = [0.1; 1141240.2; h; 1];
[thetab, theta6] = subs.Sub2(p6, g2*p6, p4, [v(1:3,5);w(1:3,5)] ,[v(1:3,6)
;w(1:3,6)], bitand(sol,4));
end
(iii) %I Stanford HL#s A:
% ga = gu(0) = €90 e%%g(0),9a9:(0)" = g1, W ¢1 = & N&,

p3 = &N & N e, JBT gips = ef101e82026803 pg

03 = |lg1ps — qul| — Iy — lzo H 610168202 (5% p3) = gips, B Sub 2 it 6y, 065.
/Q'\ go = 654946559565696 — (651916529265393)—1‘917 Ex ps € 6671)5 §é 54,557 )]'IJJ

€§A4946§A595p5 = gaps, EE] Sub 2 %Hj 947 050

% g3 = (65191 ~~€é595)7191» W pe ¢ &6, W g3ps = €% pg, 1 Sub 1 R, 6.

U ERTIE SAV EE

subs = add;

% & LB AR K

h = 0.3;

11 = 0.5; 12 = 0.5;
% 7 b4 B R e 4E %

rot = [1, 1, 0, 1, 1, 1];
a=[0 0 0 0 0 0;
0 0 1 11412 11412 11412;
h h O h h h|;
w=1[0—-1 0-10 O0;

000 00 1;
100 01 0];
for i=1:6
if rot(i) =1
v(:,i) = cross(q(1:3,i), w(1:3,i));

else
V(i) = al:,1);
end
end
% 454z &
gst0 =] 001 0;
010 11+412;
—100 h;
000 1];
gst = | 0.7027 0.6895 0.1754 —1.0633
—0.6322 0.4921 0.5984 0.7445
0.3263 —0.5314 0.7818 —0.2244
0 0 0 1.0000
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% & & (0~3)
for sol = 0:3
Z%sol = 0;
% K
p3 = [0; 11+12; h; 1];
ql = [0; 0; h; 1];
gl = gstxgst0™(—1);
theta3 = norm(gl*p3 — ql) — 11 — 12;

ew3 = [eye(3) q(1:3,i)xtheta3; 0 0 0 1];
[thetal, theta2] = subs.Sub2(ew3*p3, gl*p3, ql, [v(1:3,1);w(1:3,1)], [v
(1:3,2);w(1:3,2)], bitand(sol,1));

w_hat = | 0 —w(3,2) w(2,2); ...
w(3,2) 0 —w(1,2); ...
-w(2,2)  w(1,2) 0J;

ew2 = (eye(3) + w_hatksin(theta2) + w_hat 2%(1—cos(theta2)));
ew2 = [ew2_ ((eye(3)—ew2_ )xw_hatxv(:,2)); 0 0 0 1];

w_hat = | 0 —w(3,1) w(2,1); ...
w(3,1) 0 —w(1,1); ...
—w(2,1) w(1,1) 0];
ewl = (eye(3) + w_hatxsin(thetal) 4+ w_hat™2x(1—cos(thetal)));

ewl = [ewl_ ((eye(3)—ewl_ )sw_hatxv(:,1)); 0 0 0 1];

g2 = (ewlxew2xew3) (—1)*gl;

p5 = [0; 114+1240.2; h; 1];

[thetad4, theta5] = subs.Sub2(p5, g2*p5, p3, [v(1:3,4);w(1:3,4)] ,[v(1:3,5)
;w(1:3,5)], bitand(sol,2));

w_hat = [ 0 —w(3,4) w(2,4); ...
w(3,4) 0 —w(1,4); ...
—w(2,4)  w(1,4) 0];

ewd = (eye(3) + w_hatxsin(thetad) + w_hat 2x(1—cos(thetad)));
ewd = [ewd  ((eye(3)—ewd )xw_hatxv(:,4)); 0 0 0 1];

w_hat = | 0 —w(3,5) w(2,5); ...
w(3,5) 0 —w(1,5); ...
—w(2,5) w(1,5) 0];
ewb_ = (eye(3) + w_hatxsin(thetab) + w_hat 2*x(1—cos(thetab)));

ewb = [ewh__ ((eye(3)—ewb_)#*w_hatxv(:,5)); 0 0 0 1];

g3 = (ewlxew2xew3kewdsewd) (—1)xgl;

p6 = [0.1; 1141240.2; h; 1];

theta6 = subs.Subl(p6, g3*p6, p3, [v(1:3,6);w(1:3,6)]);
end

Bl h=0.3,11 =12 = 0.5, Wizsh2=153 4 4f#%:

N [55, 22, 0.4, 96, -53, 11], w0 F:

55.0011 26.8127 0.4000 -86.5362 -127.0053 -166.9043
-124.9989 162.9847 0.4000 76.7387 127.0053 13.0957
55.0011 26.8127 0.4000 93.4638 -52.9947 13.0957
-124.9989 162.9847 0.4000 -103.2613 52.9947 -166.9043




