Definition: Rigid body transformation
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‘ When = Z.cos 5= 0, + 7y = const = singularity! ‘

Special cases:
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O Velocity of Rotational Motion:
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Rodrigues’ formula (|w| =1):
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Proof :
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Given R € SO(3), to show 3w e R%, |w| =1 and 8 s.t. R=e™?
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and

vgp=1-cosf,cp=cosb,sp=sinh

By Rodrigues’ formula
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Property 4: SE(3) forms a group.
Proof :

Q.
(> 3
o[ ]

© Associativity: Follows from property of matrix multiplication
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Independent of the route taken

Subproblem 1: Rotation about a single axis

Let ¢ be a zero-pitch twist, with unit magnitude and two points p, ¢ € R?
Find 0st. et'p=q

" Figure 36

Solution: Let 7 ¢ /¢, define « = p—7,v = g -, e,

r=r
Moreover,
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The solution exists only if
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o If u 0, then

= 0= atan2(w” (u x o), uTr)

o If u' =0, = Infinite number of solutions!

Subproblem 2: Rotation about two subsequent axes J

Let & and £ be two zero pitch, unit magnitude twists, with ntersecting

o0, Pure translation (prismatic joint)
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(*) has zero, one or two solution(s):

Given 2 = ¢ = { :
&

for #, and 6,

@ Two solutions when the two circles intersect.
@ One solution when they are tangent
© Zero solution when they do not intersect

Subproblem 3: Rotation to a given point J

Given a zero-pitch twist ¢, with unit magnitude and PpqeR?, find f st
lg = e’pl) = 6

Oy? = 62

Define: w=p—r.v=q—r, v
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Techmque 1: Eliminate the dependence on a joint
p=p, if pels. Given 161 ghabachats g, select pele,, pele, orlg,
then: L

ap = ikl (ztzﬁzp

Technique 2: subtract a common point

Al g g el i = ey g gpo g

| 363

p-al =lgp-aql

Example: Elbow manipulator

Figure 3.7
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gst(6) = 101 2° 94+(0) = ga

= 5101, &zézFész Eaba \,9 Enb’u = g4~ g (“)

g1
Step 1: Solve for 03 J
Let e6101 ef0ig, = g . q,,
£w9v Esz E&th =G
Subtract pp, from g1g.:
leétPrefel2 (e, — )| = v~ ol
= e¥%g, ~ py =6 < Subproblem 3
Step 2: Given 03, solve for 01,0; J
61016802 (e8505,.) = g, Subproblem 2 = 81,6,
Step 3: Given 6,0,03, solve 8,05 J
810166505 oo = o Cabap-CabzeCif1
- - 7
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let pele,.péle, or 155,0549
Subproblem 2 = 4 and ;.

Step 4: Given (6

,05), solve for 6

efoo = (ef101 | efobr)~l. g 2 g,

axes, and pq ¢ K5, find 8y and 8, st. (i g Let pélg, = ef6%y = g3 . = ¢ < Subproblem 1
L. Maximum of solutions: 8
| Given gy : Q - SE(3),
= . 6() = (01(1) .. 6, (1T > V1 Lt (0)
and 6(t) = (61(t) ... 6. (t))7,

Solution: If two axes of & and & coincide, then we get
Subproblem 1: )+ 6, =0
If the two axes are not parallel, wy x s = 0, then, let  satisfy
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As s,z and w) xwy are linearly independent,
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What is the velocity of the tool frame?
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