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Rigid body transform
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Rigid body transform
(o] le}

Description of point-mass motion
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Figure 2.1

Definition: Trajectory

A trajectory is a curve p: (—¢,¢) = R3 p(t) = [ z(gi ]
2(t
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Rigid body transform
ooe

Rigid Body Motion

ure 2.2
Ip(t) - q(t)] = Hp(O) q(0)] = constant

Definition: Rigid body transformation
g: R3 - R3
s.t.
Q Length preserving: |g(p) - g(q)| = [p 4|
@ Orientation preserving: g.(v xw) = g« (v) x g« (w)

1 End of Section t
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Rotation in R®
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Rotational Motion in R3

Bl Choose a reference frame A
(spatial frame)

P Attach a frame B to the body
(body frame)

Xab

A: o—ayz
B: o- ZabYabZab

Figure 2.3

Zap € R3: coordinates of xp in frame A

Rap = [Zab Yab Zap] € RZ3: Rotati% (or orientation) matrix of B
w.r.t.
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Rotation in R®
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Property of a Rotation Matrix

Let R = [ry 72 r3] be a rotation matrix

or
o
RT-R= r [7“1’!”27“3]=I
"
3
or R-RT =71
We have:

det(RTR) = det RT - det R = (det R)? = 1,det R = +1

AsdetR=7r(roxr3)=1=detR=1
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Rotation in R®
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Definition:

SO(3)={ReR¥®|R"TR=1,det R=1}
and

SO(n) ={ReR™™|R"R=1,detR=1}

¢ Review: Group

(G,) is a group if:

Q@ 51,2¢G=01-92€G

Q dleed, st. gre=e-g=g,Yge G

Q VgeG,AgleqG, st. g gl=gtl-g=e
Q g1-(92-93)=(91-92) - g3
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Rotation in R®
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Examples of group

9 (R3+)

@ ({0,1},+ mod 2)

O (R, x) Not a group (Why?)
Q (R,:R-{0},x)

Q@ Sz {zeClz]=1}

Property 1: SO(3) is a group under matrix multiplication. J

Proof :

Q If R1, Ry € SO(3), then Ry - Ry € SO(3), because
e (RiR)T(R1Ry) =RI(RTR)Ry =RIRy =1
o det(R;y - R2) =det(Ry)-det(R2) =1
Q e=133
@ RT.R=I=>R'=R" O
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Rotation in R®
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Configuration and rigid transformation

® Ry = [xab Yab Zab] € SO(?’)
Configuration Space

Ty
o Let ¢p = [ Yo ] € R3: coordinates of ¢ in B. | %o

2y
a = Tab " To+ Yab Yo+ Zab * 2b
Tp
- [‘rab Yab Zab] Yp = Rab Qb A: o—ayz
Zh B: 0 - zapYabZab
Figure 2.3

@ A configuration Ry, € SO(3) is also a transformation:
Ry R® > R Rap(q5) = Rap - @b = da

A config. < A transformation in SO(3)
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dy transform  Rotation in RS

00000®0000000000000000 O

Property 2: R, preserves distance between points and orientation.

Q [Rar- (o~ )] = [Pa — dall
Q R(vxw)=(Rv)x Rw

Proof :
0 —as a
For a € R?, Ietd=[ as 0 -ap ]
—a9 aj 0
Note that a-b=a xb

m follows from || Rap (s = pa)||® = (Rav (o = Pa))” Rav(po = Pa)
= (pb ~ pa) RY, Rap(pb — Pa)

= |ps - pal?
m follows from RORT = (Rv)" (prove it yourself) O
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Rotation in R®
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Parametrization of SO(3) (the exponential coordinate)

¢ Review: S!'={zeC(C|]z| =1}

Im Euler's Formula
i]|e' = cosp+ising
“One of the most remarkable, almost
T | S ¥ . astounding, formulas in all of mathe-
e . ”
VR matics.
R. Feynman
Figure 2.4

¢ Review:
{l‘(t) =az(t)

= z(t) = e®xy

x(0) =z

o

(Continues next slide)
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Rotation in R®
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T T2 T3
ReSO(3),R=| ro1 T22 T23
T3l T32 733

0, 7+ )
TiTi = 1’ J « 6 constraints
9 Z_]

= 3 independent parameters!

Consider motion of a point ¢ on a rotating link

q(t) =w x q(t) = wq(t) Figure 2.5
q(0): Initial coordinates

@n? (@)’

2! 3!
By the definition of rigid transformation, R(w,6) = e"’e Let so(3) = {jw €
R3} or so(n) = {S e R™"|ST = S} where A : R? = 50(3) : w = @&, we
have:

Property 3: exp:so(3) = SO(3),w0 — e~? J

= q(t) = e“'qy where =T+t + —2
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Rotation in R®
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Rodrigues formula

Rodrigues’ formula (||w|| =1):
=I+@&sinf +&%(1 - cos )

Proof :
Let a € R3, write
a=wh w= Tal (or |w| =1),and 6 = |a|
A2 (03
O T+00+ (©0) + (©0) +
2! 3!
As a? = aa’ - |a|?I,a% = —||a|?a
we have:
I Y L S
I+(9—§ §—~~-)w+ a—z+---)w

= [ +@sing +&%(1 - cosh)
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Rotation in R
0000000000 00000000000

Rodrigues formula

Rodrigues’ formula for |w]| # 1:

©0 - 7+ “_sin|w|0 +

ol 2(1 - cos ||w]|@)

Proof for Property 3:
Let R 2 ¢“? then:

(eme)—l — @0 _ 70 _ (eme)T

>R '=RT=RTR=I=detR=+1

From detexp(0) = 1, and the continuity of det function w.r.t. 6, we have
dete®” =1,V0 eR O
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Rotation in R®
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Property 4: The exponential map is onto. J
Proof :
Given R € SO(3), to show Jw e R3, |lw| =1 and § s.t. R=¢e*?
Let

11 T2 T13

R=| ra1 7m22 723

T31 T32 T33

and

vg=1-cosB,cy =cosb,sg=sinb

By Rodrigues’ formula

0 w%vg + Cy W1y — W3Sy WiWw3vy + wWaSy
e’ = W1Waly + W3Sy w%vg + Cy WoWwsly — W18Sp
W1W3Vy — w289 WawW3zly + W18 wgvg + Cy

(continues next slide)
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Rotation in R®
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Taking the trace of both sides,

3
tr(R) =ri1 +rog+r33=1+2cosf =) X\
i=1
where ); is the eigenvalue of R,2=1,2,3
Case 1: tr(R)=30or R=1,0=0=wh=0
Case 2: —1<tr(R) <3,
tr(R) -1 1 [ T32 = T23 ]
f = arccos ———— =>w=—| 713131
2s9 [ ror 712
Case 3: tr(R)=-1=cosf=-1=0=x7

(continues next slide)
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Rotation in R®
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Following are 3 possibilities:

1 0 0 7 F 17
R={0 -1 0 [=>w=|0|

0 0 -1 | 0

-1 0 0 [ 0 ]
R= 0 1 0 [m>w=|1/

| 0 0 -1 [ 0 |

[ -1 0 07 [ 0 ]
R= 0 -1 0|=>w=]|0

| 0 0 1 | 1
Note that if wf is a solution, then w(f £ nw),n = 0,+1,+2 ... is also a
solution. [
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Rotation in R®
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Definition: Exponential coordinate
wl € R3, with ¢*? = R is called the exponential coordinates of R

Figure 2.6

Property 5: exp is 1-1 when restricted to an open ball in R? of radius W.J
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Rotation in R®
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Euler's rotation theorem

Theorem 1 (Euler):
Any orientation is equivalent to a rotation about a fixed axis

w € R? through an angle 6 € [-,7].

1707-1783

Figure 2.7

SO(3) can be visualized as a solid ball of radius .
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Rotation in R®
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Other Parametrizations of SO(3)

@ XY Z fixed angles (or Roll-Pitch-Yaw angle)

\_7) Yaw-1»
z

Figure 2.8

(continues next slide)
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Rotation in R®
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Other Parametrizations of SO(3)

@ XY Z fixed angles (or Roll-Pitch-Yaw angle) Continued

X 1 0 0
R.(p) =€ = [ 0 cosp -sing ]
0 sinp cosyp
. cosf 0 sinf
R, (0) := e¥? = [ 0 1 0 ]
—sinf 0 cosf

X costp —siny 0
R.(¢) =¥ = [ siny) cosy 0 ]
0 0 1
Rap = Rx(@)Ry(e)Rz(¢)

CoCy —CyS S
= SpSeCy t CpSy) —Sp80Sy T CpCyy  —SpCh
—Cp8Cy + 88y CpSeSy + SpCy CpCh

Zexiang Li, Yuanging Wu (HKUST)
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Rotation in R®
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Other Parametrizations of SO(3)
o ZY X Euler angle

A AII
FED) 2 A/ B
v
y///
- y v (y") v’
T o ) o “B
x” (xlll) x[[
Figure 2.9
Raa’ = RZ(a) Ra’a” = Ry(ﬁ) Ra”b = Rx(,)/)

Rab = Rz(a)Ry(/B)Rx ('7)

(continues next slide)
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Rotation in R®
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Other Parametrizations of SO(3)

@ ZY X Euler angle (continued)
CaCB  —SaCy+CaS3Sy  SaSy+CaSECy ]

Rop(a, B,7) = [ SaCB  Caly+SaSBSy  —CaSy+ SaSpCy
~$p CoSy cae;

Note: When 3 = 7,cos 3 =0, a+~ = const = singularity!

atan2(y, )
B = atan2(-rs1,\/ 3, + 735) 1 T
a = atan2(re1/cg,m11/cp) \0%\ ?f
v = atan2(r32/cg,733/Cp) s
Figure 2.10

June 28, 2012
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y transform  Rotation in R
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Other Parametrizations of SO )

§ Quaternions:

Q=qo+qi+qj+qzk
where 2 =2 =k*>=-1,i-j=k,j-k=i,k-i=j

Property 1: Define Q* = (g0,9)* = (q0,-¢),q0 € R,q e R?
1QI* = QQ* = qo® + 12 + g2 + g3?

Property 2: @ = (q0,9), P = (po,p)
P = (qopo — qp:qop + Poq +q x p)
Property 3: (a) The set of unit quaternions forms a group
. 0 0
(b) If R =¢%?, then Q = (cos E,wsin 5)
(c) Q acts on x € R? by QXQ*, where X = (0,z)

Zexiang Li, Yuanging Wu (HKUST) Chapter 2 Rigid Body Motion June 28, 2012




Rotation in R®
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Other Parametrizations of SO(3)

O Unit Quaternions:
Given @ = (q0,9),q € R, q € R3, the vector part of QX Q* is given by
R(Q)x, recall that
qo = cosg,q zwsing
and the Rodrigues’ formula:
e =T +wsinf +w?(1 - cosh)
then

R(Q) =1+ 2(]0@ + 2(}2

1- 2(613 + q%) -2q0q3 ;r 2Q12Q2 2q0q2 + 2q1q3
=| 2qqs+2¢192  1-2(¢7 +q43) —2qoq1 + 2¢2q3
“2q0q2 + 213 2qoqh +2q2q3 1 -2(¢} +4q3)

13

where Q[ £ ¢3 +qf + ¢ +q5 =1

(continues next slide)
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Rotation in R®
000000000000 000000000e

Other Parametrizations of SO(3)

O Quaternions (continued):
Conversion from Roll-Pitch-Yaw angle to unit quaternions:

0 0
Q:(cosg,xsing)(cosg,ysing)(cos%,zsin%):>
P v 0
o = COS = COS — cOs — — sin — sin — sin —
2 2 2 2 2 2

0 . W 0

coSs hd sin — sin — + sin hd COS — COS —

2 2 2
_ © . 5 Yoo % z%
q= COS§SIH—COS——SIH§COS—SIH—

i i

COS — €OS — Sin — + sin hd sin — cos —

2 22 22 2
Conversion from unit quaternions to roll-pitch-yaw angles (?)

1 End of Section t
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Rigid Motion in R3
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Rigid motion in R3

q

Figure 2.11

pap € R?: Coordinates of the origin of B
Rap € SO(3):  Orientation of B relative to A

SE(3): {[ ]g‘ ]13 ”p eR3 Re 50(3)}: Orientation of B relative to A
Or...as a transformation:
9ab = (Pab» Rap) : R? > R?
Qb 7 Ga = Pab + Rab - b
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Rigid Motion in R3
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Homogeneous Representation

Points
q1 it
q=[qz]eR3 )| g=| 2 [er*
g3
Vectors:
P17 q1 U1
P1—q1 U1
=_=_—=_| D2 g2 | _| v2
v=p-q= p2—Q2]=[U2] >|V=p-q= - =
[ps—% U3 ]?13‘ qf’ %‘}

@ Point-Point = Vector

@ Vector+Point = Point

© Vector+Vector = Vector
@ Point+Point: Meaningless

(continues next slide)
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Rigid Motion in R3
0000000000000 0

Homogeneous Representation

Ga = Pab + Rap - qp

|gab = (Pab, Rab)l

[qla]z[Rdzb pizb][qlb]

—_——
gab

aa = gab : ab

0 Composition Rule:

qp = e " 4

aa = gab : ab = gab : gbc 'ac
_
gac

- - = Ry R
gac:gab'gbc:[ a% be

Zexiang Li, Yuanging Wu (HKUST)

yab =

Rab DPab
0 1

Jab

9be

sl

Jac

Rabpbi: + Dab ]
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Rigid Motion in R3
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Special Euclidean Group
SE@):{[§ %]eR“4

Property 4: SE(3) forms a group.

peR{ReSO@ﬁ

Proof :
0 gi- g2 € SE(S)
Qe=1

o @' - 7]

@ Associativity: Follows from property of matrix multiplication

0 0
The bar will be dropped to simplify notations

V1 R U1
_ [ —— — _ U
v:s—r:[vgl,g*v:gs—gr:[o ]f][vg

Property 5: An element of SE(3) is a rigid transformation.

Zexiang Li, Yuanging Wu (HKUST) Chapter 2 Rigid Body Motion June 28, 2012
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Rigid Motion in R3
0000800000000 0

Exponential coordinates of SFE(3)

For rotational motion:
p(t)=w x (p(t) - q)

D | w —wxgq D
0] 10 0 1
or p=¢ P = B(t) = ¢*'5(0)
g ~ 2
where eft=T + £t + % e

For translational motion:
p(t)=v

O H o)l
0 0011 A
p(t)=E - B(t) = B(t) = €55(0)
o 0 v
o o A

Figure 2.13
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Rigid Motion in R3
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Exponential coordinates of SFE(3)

Definition: .

se(3) = {[ 0 0 ] e R¥ v, w 6R3}
is called the twist space. There exists a 1-1 correspondence between
se(3) and RS, defined by A : RS > se(3)

e[ o]-E[5 6

Property 6: exp : se(3) » SE(3),£0 — €& J
Proof :
Let g:[ 0 0 ]
o Ifw=0,then 2=63=...=0, eée=[ 6 v10 ]ESE(3)
(continues next slide)
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Rigid Motion in R3
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Exponential coordinates of SFE(3)

@ If wis not 0, assume |w| = 1.

Define: s -
90:[0 w;“],g'=gal-s-go:[g 5”]

where h = w” - v. .

e
and as ) 5
2 | 0 0 B _| @ 0
e=| 5 8 e=[ 0]
we have X X
eé’@ _ e“?  hwo ] - 656 [ et (I- ewe)dw +wwlvd ]
0 1 1

[

June 28, 2012
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Rigid Motion in R
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Exponential coordinates of SFE(3)

p(8) = ¢ p(0) = gup(8) = ¢
If there is offset, )
9ap(0) = ¢ 9o (0)( Why?)

Figure 2.14
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Rigid Motion in R3
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Exponential coordinates of SFE(3)

Property 7: exp : se(3) —» SE(3) is onto. J

Proof :

Let g = (p,R),R e SO(3),p e R?
Case 1:  (R=1) Let
[0 1 €0 I p
=g T |o=tml=e=g=[ § 7]
Case 2:  (R=#1I)
cg _ [ e? (I-e? xv)+wwlvd |_[ R p
ARG DA N

:>{ 6039 =R
(I -e*?)(wxv) +wwTvh=p

Solve for wf from previous section. Let A = (I - ew)d) +wwll, Av = p.
Claim:
A=(I-e*No+wwl:=A,+ Ay
ker Ajnkerds =¢p=>v=A1p

&0 € R®: Exponential coordinates of g € SE(3)

Zexiang Li, Yuanging Wu (HKUST) Chapter 2 Rigid Body Motion June 28, 2012 36 / 63



Rigid Motion in R
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Screws, twists and screw motion

Figure 2.15

Screw attributes | Pitch: d(9 0,h=00),d=h-0
Axis: l = {q + Aw|)\ e R}
Magnitude: M =

Definition:

A screw S consists of an axis [, pitch h, and magnitude M. A screw
motion is a rotation by 8 = M about [, followed by translation by hf,
parallel to [. If h = oo, then, translation about v by 6 = M

June 28, 2012 37 /63

Zexiang Li, Yuanging Wu (HKUST) Chapter 2 Rigid Body Motion



Rigid Motion in R3
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Screws, twists and screw motion

Corresponding g € SE(3):
g-p=q+c(p-q)+hbw

g[zl,]z[ ege (I_ewel)quhHw ][117]:

w0 @b
gz[e (I-e 1)q+h9w]

On the other hand...

080 — [ e’ (I -e“"Ywxv+wwlvh ]
1 0 1

If we let v = —w x ¢+ hw, then
(I - e*")(~0%q) = (I - ") (~ww g+ q) = (I - ¢*)q
Thus,eée =g

For pure rotation (h =0): £ = (-w x q,w)

For pure translation: g = [ 6 1110 ] = ¢ = (v,0), and o0 =g
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Rigid Motion i
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Screw associated with a twist

€= (v,w)eR"
T
wivo,
Q Pitch: =1 |2’ ifw=0
0, ifw=0
WX .
O Axis: [ = W+)\w, )\ER,IfOJ:/:O
0+ v AeR,ifw=0

|w|, fw=#0

© Magnitude: M =
¢ {rvu, =0
Special cases:

© h = oo, Pure translation (prismatic joint)

@ h =0, Pure rotation (revolute joint)

Zexiang Li, Yuanging Wu (HKUST) Chapter 2 Rigid Body Motion
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Rigid Motion in R3
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Screw associated with a twist

Screw Twist: &6

Case 1:
Pitch: h = o0 =M,
Axis: l={q+ Ml||v|=1,1eR s T0 v
Magnitud{e: M ol ' 5_[ 0 0 ]

Case 2:
Pitch: h + oo =M,

Axis: [ = {q+ \wl||w| =1, e R} ¢ = W —0g+hw
Magnitude: M 10

Definition: Screw Motion
Rotation about an axis by 8 = M, followed by translation about the same
axis by ho
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Rigid Motion in R’
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Chasles Theorem

Theorem 2 (Chasles):
Every rigid body motion can be realized by a rotation about

an axis combined with a translation parallel to that axis.

1793-1880

roo
For £ € se(3):

-t § ][0 ]

[51752] = = 80 = 810820

ol

T End of Section f
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Velocity
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Velocity of a Rigid Body

¢ Review: Point-mass velocity

d (12 d
H§3 H£3 3
- = = a=——= s =— t R
Q(t)e 7t€( 575)7U ]tQ(t)E ) 1t2Q(t) “v( )E J

O Velocity of Rotational Motion:

Rap(t) € SO(3),t € (=¢,¢), qa(t) = Rap(t)qn

Ve = Sa(t) = Ran()as = Rap(ORE( R () = s Ry
Rapy()RL (1) = T = Ry RL, + Ry RY, = 0, Ry RY, = —(Ryp R

p(t)

Ao-zyz

v Figure 21 " Bio-ZgapYabZab Figure 23
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Velocity
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Velocity of a Rigid Body

Denote spatial angular velocity by:
&sz = RGbRZ‘b’ wab € R3

Then
V=05, qa=Way X qa

Body angular velocity:
by = Riy - Rap, 0 2 Ry, - 0% = wiyy x gy
Relation between body and spatial angular velocity:

b T ~s
ab - Rab wab or wab - RabwabRab

Zexiang Li, Yuanging Wu (HKUST) Chapter 2 Rigid Body Motion
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Velocity
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Velocity of a Rigid Body

O Generalized Velocity:

Gab = [ Raﬁ(t) p“bl(t) :|7Qa(t) = Gab () qb

d . . _ ~
aqa(t) = Ja(1) @ = Gab Gy * Jab - B = V3 " a

A

_pT
Vasb = Qab'g;bl :[ Rdzb Dab H d;b R(ibpab ]
= Rabeb _RabRa Dab + Dab
0 0

:[ d’éib ~Wey, Xgaberab ]:[ djéib Uéb ]
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2.4 Velocity of a Rigid Body
O (Generalized) Spatial Velocity:

s _[ ’U%b ]_[ _wéhxpab"'pab ]
ab ~ -

Wab

(RapRg,)

_ .8 s
Vgq = Wap X Ga + Ugp

a

-1 -1 . b
Note: Vg, = 9ab *Vaa = Yab ~Jab " Qb = Vap - @

O (Generalized) Body Velocity:
TR TN

b RT p ]
Vb - v b - ab. ab
“ [ L‘%b ] [ (R Rap)"
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Relation between body and spatial velocity

V;’b=gab Gub = Gab - gab Gab* Gait = Gab - Vi Gaip

— ab pab R - Pab
O e
_[ Rap pas RT - RT poy + 0

0 1 ] [ abO ab ab abopab ab

_[ abwﬁleab _Rab@ZbRalepabJrRab”gb]
[ VS R, Dab R b
S ar
Ad,

Ady=| B PH ]6R6XG, for g = (p, R)
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Properties of Adjoint mapping

_ [ T _pT, ]
o[ 8 ]
'RT —RTp ART
Adga=| CRD)
[ RT -RTp ] -
= O RTp =(Adg) !

and Adg, .4, = Adg, - Ady,

The map Ad: SE(3) » GL(R®),Ad(g) = Ad,, is a group homomorphism
Matrix Rep Vector Rep
€ e se(3) £eRE

g-£-g ' ese(3) Ad € e RS
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Velocity of Screw Motion

ga0(6) = €900 g (0), SO — E(1)eS0D — (1) O

dt
VS = Gab - g = (£6e5°® g, (0)) - (g1 (0)e €0
=0 =V =0

Vi = Gab - Gab = Gy (0)e* - €041, (0)
= 9ab (0)60945(0) = (Ady1 (0)€)"0 = Vi, = Adi ()60
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Metric Property of se(3)

Let g;(t) € SE(3), i = 1,2, be representations of the same motion,
obtained using coordinate frame A and B. Then,

902(t) =g0-g1(t) - 95" = V5 = Ady, - V{*

Figure 2.2
(Continues next slide)
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Metric Property of se(3)

[V3I? = (Adg, - Vi) (Ady, - Vi) = (Vi*)TAdg, - Adg, - Vi
T [ Ry o0 Ry poRo
PN
_ I RipoLRo
=| -RTpoRy I- RUR2R,
In general, ||V # || V||, or there exists no bi-invariant metric on
se(3).
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Coordinate Transformation

gac(t) = gab(t) ) gbC(t) Gab 9be
B
A
Jac
Vasc = gac : g;cl - 512
. . — — 1gure Z.
= (Jab * Goe + Gab* Gvc) (oo * G ) g

= Gab " Gaby + b~ Goc* Goe * Iab = Vp + GabVielap
= Vasc = Vasb + Adgab ‘/bsc
Similarly: Vi, = Ady1Vy, + V)

Note: Vit =01z = Vi, V=0 Vi = .

ab' Va
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0000000000 e

0
0 o
=288, [ T
gab(el): 881 681 1 I v‘/:b: 0 O] 71 BT \)
0O 0 0 1 0 o 4 ‘
1 I
I _ )
Co, —So, 8 lO 0 Figure 2.16
PRI I S N R I
0 0 0 1 0
1
0 ll(:el
0 | ns |
Ve =V + Adg, Vie=| o [6+] D |6
0 0
1 1 .
t End of Section T )
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Wrenches & Reciprocal Screws

Let

P;:[%]ekﬂﬁﬂzd@

be force
or moment applied at the origin of C'
Generalized power:

oW =F.- Vabc = <fc’vgc> + (TvaZc>
Work:

Fe

to b
W:f VP . Rt
t1 Figure 2.17

Vabb Iy = (Adgbc ) Vabc)T Iy
= (Vabc)TAdg;c Iy = (Vabc)T - Fe, VVabc
T
= F.=Ady, -Fp
(see next page)
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Wrenches & Reciprocal Screws

Vg = Ada Vp
(‘/2b = Adgal ' ‘/1b)
= Vlb = Adgo ) V2b
I = Ad;OFl

Figure 2.18
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Screw coordinates for a wrench

Generate a wrench associated with S:
e (h # 00): force of mag. M along [, and torque of mag. hM about I.
e (h=00): pure torque of mag. M about !

B H S

F: wrench along the screw S. Figure 2.19

(see next page)
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Screw coordinates for a wrench (Continued)

O Pitch:

f—TT if f£0
h=1lfI°
00 if f=0
Q Axis:
l ﬁ;+)\f,)\eR if £40
O+A1, A eR if f=0
© Magnitude:
(Il i r=0
I if f=0
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Poinsot Theorem

Theorem 3 (Poinsot):
Every collection of wrenches applied to a rigid body is equiv-

alent to a force applied along a fixed axis plus a torque about
the axis.

/

1777-1859

O Multi-fingered grasp:

Figure 2.20
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Reciprocal screws

Figure 2.21
a = atan2((wy x we) - N, w1 - wo)
S1© 8o = My Ms((hy + h2) cos a — dsin «)
=0 if reciprocal

(continues next slide)
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Reciprocal screws

GivenV:Ml[ Q1xwf}d:hlw ]’ F:M2[ Q2><w(:%rh2w2 ]’

Let ¢o = g1 + dn, then
V- F = MyMsy(ws - (g1 x w1 + hywy) +wy - (g2 X wa + haws))
= M1M2(w2 : (Ch X wl) + hiwy - wo
+wi - ((qu +dn) xwy) + howy - wy)
= My Ms((hy + ha) cosa — dsin )
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Example: basic joints

e Revolute joint: & = [ —wwx q ]

§t= Span{[ q;dlwl ],[ 197 ]‘ ;u; ‘Eij,(z)';. 1:’ %’S’ }: 5-system
e Prismatic joint: & = [ 8 ]

& :Span{[ q(;jlwl ],[ 79] ]‘ %?‘EUS;’%’Z'::}Q’??) }: 5-system

Revolute w(i"’fi) Prismatic '“("l"fi)

wi(v1) w2 (v2) wi(v1) wa(v2)
| |
i i

Figure 2.22 Figure 2.23
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Basic joints (continued)

e Spherical joint: & = span{[ —w&; q ”wl €524 = 1,2,3}
£L = span{[ qiwwz ”w, €52i= 1,2,3}: 3-system
e Universal joint: £:Span{[ q;x ],[ q;y ]}

L =span{[ qcxdzwz ],[ 2 ”wz €52i= 1,2,3}: 4-system

Spherical w3 Universal 2(ws)

wq w2 x(w1)

Figure 2.24 Figure 2.25
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Kinematic chains

e Universal-Spherical Dyad:

o ([ 237 ][ 05 ] 22 Jeshim1.29)

EL_Span{[ v, o= Q2—(J1}
g la2 — i

e Revolute-Spherical Dyad: zero pitch screws passing through the center of
the sphere, lie on a plane containing the axis of the revolute joint: 2-system

z(w1) y(w2)

Figure 2.26 Figure 2.2

7T End of Section
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