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Forward kinematics

(a) Adept Cobra i600 (SCARA) (b) Forward kinematics of SCARA
Figure 3.1

¢ Lower Pair Joints:
revolute joint S+~ SO(2) prismatic joint R = T'(1)
e R @ e T @

¢ Forward kinematics:

@ joint 1 @_ __ jointn _@
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Forward kinematics
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Joint space

Revolute joint: S1,0; € St or §; € [-7,7]
Prismatic joint: R
Joint space:  Q:S'x - x STxRx--xR

no. of R joint mno. of P joint

Adept @Q:S'xS'xS'xR
Elbow @Q=T%:8"x...x 81

———
6

Reference (nominal) joint config: 0 =(0,0,...,0) @
Reference (nominal) end-effector config:  gs:(0) € SE(3)

Arbitrary configuration g4 (0):

gst 1 0€Q gst(a) € SE(S)
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Forward kinematics
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Two approaches of forward kinematics

O Classical Approach:

gst(01,02) = gst(01) - G111 - Giae
Disadvantage: A coordinate frame needed for each link
O The product of exponentials formula:

Consider Fig 3.2.

Ly

Figure 3.2: A two degree of freedom manipulator

(Continues next slide)
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Forward kinematics
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The product of exponentials formula

Step 1: Rotating about wy by 605
_| W2 XQq2
62 - Wo

gst(92) = 65202 ' gst(o)
Step 2: Rotating about w; by 6;

5 _ [ —W1 X q1
1 - w1 A A
gst(61,62) = 5101 - €202 g, (0)
|
offset

6:(0,0) = (0,602) = (61,62)

(Continues next slide)
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Forward kinematics
0000@000000000

The product of exponentials formula

What if another route is taken?
9 : (070) = (0170) = (91792)

Step 1: Rotating about w; by 6,
£ = [ —wy X Q1 ]
1 wAl
gst(gl) = b1 . gst(o)

Step 2: Rotating about w/, by 6,
Let 65191 — [ Rl P ]
0 1
w,é =R;-wy

(Continues next slide)
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Forward kinematics
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The product of exponentials formula

5/ - [ —wé ;< qé ] — [ —R1@2R£(p1 +R1(]2) ]
Wy 1W2

R p1R —Way X @
=[ 01 p}:hl ][ 202 ’ ]=Ad65191-§2:

éé - e5191 _52 . 6—5191

gst(01,02) = e52%2 . e5191 . g (0)

Bt G0 g 0)
— 6516'1 ~€é292 ,6—5191 _65191 _gst(o)

— 6516'1 ,65292 ,gst(o)

Independent of the route taken
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Forward kinematics
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Procedure for forward kinematic map

Identify a nominal configuration:

© = (010 -+ 0n0) = 0,95(0) = gst(0r0; - - -, Ono)
Simplification of forward kinematics mapping:
& = —Wi X g;

Wy

Revolute joint:
Choose g; s.t. &; is simple.

Prismatic joint: &, = [ %2 ]

Write g, (0) = e$101 .. efn0n . g, (0) (product of exponential
mapping)
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Forward kinematics
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Example: SCARA manipulator

: ly ] !
a@, R

]

Figure 3.3

0 0 0
Q1:[ 8 ],QQ—[ % ],%—[ 11612
0 ll ll+12 0
T
0 0
:>€1: 0 762: 0 553: 0 554: 0
0 0 0 0
1 1 1 0

(see next page)

v
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Forward kinematics
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Example: SCARA manipulator

gul6) = 61 ot s g, 0) = [ D) #(0)
R [ Cc1 —81 0 0 . Cy —89 0 —l151
[ O 0 0 1 0 0 0 1
[ cC3 —S83 0 —l181 - l2612 0
£33 _ S(f Cos (1) licy BlQClZ gbafa _ I [ 9(21 ]
| 0 0 O 1 0 1
C123 —S123 8 —lllsl —ll2812
_| S123 €123 1€1 t2C12
9(0) =1 70" 0" 1 lp+0,
0 0 0 1
in which, ¢123 = cos(6y + 02 + 03) and c12 = cos(6;1 + 62). &
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Forward kinematics
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Example: Elbow manipulator

0
l1+1
g (= [u”]

0
0 1
Figure 3.4
0 0 0
Le)[3 ]|
1 l
fl— 0 0 =10 |
0 0
1 1

(Continues next slide)

v
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Forward kinematics
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Example: Elbow manipulator

-1 0 0 0 l1 + 15
L]
&= Lt S la=l b [a=] 3 |

|:0:| 0 0 0
0 0 0 1
0 lo
-lp 0
5= l1_+1l2 . 6= 8
0 1
0 0

— gst(01,...06) = cfif1 ¢fofe -9st(0) = [ RE)G) p(19) ]

—s1(l2c2 + lacas)
p(0) = ci(lica +1aco3)

, R(0) = [rij]
lo—1l182 — 12593

(see next page)
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Forward kinematics
0000000000080

Example: Elbow manipulator

in which,

=
12 =
13 =
21 =
722 =
723 =
31 =
32 =

33 =

ce(c1cq — 51C2354) + 56(51523C5 + 51€23€4S5 + €15455)
—c5(s1C23C4 + €154) + 5152355

ce(—c551823 — (c23€451 + €154)85) + (C1€4 — C235154) 56
ce(cas1 +c1c2354) — (c165823 + (C1C23C4 — 5184)55) 56
cs(c1ca3cq — 8154) — €152355

ce(c1e5523 + (c1023C4 — 5154)55) + (€451 + €1C2354)S6
—(c652354) — (c23C5 — €452355) 56

—(c4c5823) — Ca385

c6(C23C5 — €452355) — 5235456

Simplify forward Kinematics Map:
Choose base frame or ref. Config. s.t. gs(0) =1
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Forward kinematics
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Manipulator Workspace

W ={g:(0)[v0 € Q} c SE(3)

@ Reachable Workspace:
Wi = {p(0)|V6 € Q} c R?
@ Dextrous Workspace:

Wp = {peR*|VR € SO(3),30,9.:(0) = (p,R)}
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Forward kinematics
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Example: A planar serial 3-bar linkage

(a) Workspace calculation:

g=(z,y,0)

xTr = llcl P 12612 r l36123
y =1l181 + 12512 + 135123
d) = 91 I 92 P 93

(b) Construction of Workspace:

(c) Reachable Workspace:

(d) Dextrous Workspace:

Figure 3.5

O 6R manipulator with max workspace (Paden):
Elbow manipulator and its kinematics inverse.
1 End of Section t
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Inverse Kinematics
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Inverse kinematics

Definition: Inverse kinematics
Given g € SE(3), find f € Q s.t.
gst(6) = g, where g5 : Q — SE(3)

o Example: A planar example

(z,y)

Figure 3.6
x =11 cosb + 1y cos (01 +05)
y =1y sin6; + losin (01 + 02)
Given (z,y), solve for (01,65).
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Inverse Kinematics
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Inverse kinematics

¢ Review:

Polar Coordinates:
(r,8),7 = /a2 +

-1 l%+l%—r2
20112

Law of cosines:

0y =7+ a,a = cos
Flip solution: 7+ «

2 -1
6, = atan2(y,x) + 3,8 = cos ! Frha—h

Hight Lights:
@ Subproblems

o Each has zero, one or two solutions!

Zexiang Li, Yuanging Wu (HKUST)
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Inverse Kinematics
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Paden-Kahan Subproblems

Subproblem 1: Rotation about a single axis J

Let § be a zero-pitch twist, with unit magnitude and two points p, g € R3 .
Find 0 s.t. e8%p=¢q

-
ey
VS
Iy

(a) . (b)
Figure 3.6 R
Solution: Let 7 €l¢, defineu=p-r,v=q-r, efor =1

(Continues next slide)

Zexiang Li, Yuanging Wu (HKUST) Chapter 3 Manipulator Kinematics June 29, 2012 19 / 67



Inverse Kinematics
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Paden-Kahan Subproblems

Moreover,

=>659p=q=>659(p—7“)=i;r=> ege 1 ][ 6]=[0]

u v
R T, _ .. T
= ey = {wu—wv
Jul? = Jlv]?
P
u
T g< ¢
v
q
(a) . (b)
i Figure 3.6

(Continues next slide)
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Inverse Kinematics
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Paden-Kahan Subproblems

u' = (I —wwhu,v" = (I —wwh)v

: : - || = [|o']?
The solution exists only if { wlu = wl

o If v #0, then
u' x o' =wsin |||
u' v = cosO|u |||V

= 0 = atan2(w’ (v x v'),u'Tv")

o If v/ =0, = Infinite number of solutions! &
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Inverse Kinematics
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Paden-Kahan Subproblems

Subproblem 2: Rotation about two subsequent axes

Let & and & be two zero-pitch, unit magnitude twists, with intersecting
axes, and p,q € R%. find 0; and 05 s.t. 51918202 = ¢.

Zexiang Li, Yuanqging Wu

Figure 3.6

(HKUST) Chapter 3 Manipulator Kinematics

June 29, 2012

(Continues next slide)
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Inverse Kinematics
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Paden-Kahan Subproblems

Solution: If two axes of &1 and &; coincide, then we get:
Subproblem 1: 6; +65 =10
If the two axes are not parallel, wy x wy # 0, then, let ¢ satisfy:

efzezp =c= e—flelq

Set rele nlg,

¢f202 p-r=c-r= =616 (g—71),= %2y = 2 = @101y
NI ——
u ? v
T T
Wy U =Wy 2 2 2 ]2
= { SBUZEAT Ll = 1 = ol

As w1,wy and wy x wy are linearly independent,
z = aw + Pwy + y(wr x ws)
= |21% = o + 8% + 20w wy + 77w x ws?

(Continues next slide)
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Inverse Kinematics
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Paden-Kahan Subproblems

T T o = (wT w)wl u-wTv
WH U = 0wy Wy + 154 (wlwy)?2-1

- T = (Wl wo)wT v-wlu

Wi v =a+ fw] w B = lwiwa)u vwpu
(wlwz)?2-1
Jul? - o® - B2 - 208w w

(*)

2] = Jul® = 7* = 5
Jwr x wn|

(*) has zero, one or two solution(s):
€06 _
Givenz=>c=>{ 6A9p ¢
et Ip=c
for 1 and 0,

© Two solutions when the two circles intersect.
© One solution when they are tangent
© Zero solution when they do not intersect o
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Inverse Kinematics
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Paden-Kahan Subproblems

Subproblem 3: Rotation to a given point J

Given a zero-pitch twist §, with unit magnitude and p,q € R3, find 6 s.t.
lg—ep) =6

Define: u=p-r,v=q-r, Hv—e“”qu =6

’U,, =Uu —waU

!/
v Z’U—wa’U

W' (p—q)

Figure 3.7

=>u=u+wolu,v =0 +wwlv,6? =6 -|wl (p-q)
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Inverse Kinematics
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Paden-Kahan Subproblems

(v + wwTv) = e2? (v + wwlu)|? = 6% =

v = e“%u + wwT (v —u) ||? = §2
—_————
ww’ (g-p)

o = 0l P = 57 - o (- )2 =5,
0o = atan2(w” (u/ x v"),u'Tv"),
¢=00—0 = u'|* + [']* = 2| - [v"] cos ¢ = 6",
/ 1 _ Sr2
1 ] +,||U H , 0 ()
2[’] - ']

0 =0y + cos

Zero, one or two solutions! &
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Inverse Kinematics
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Technique 1: Eliminate the dependence on a joint
&0 p=p, if pele. Given 6101 €202 oE303 — g, select pele,, p¢le orlg,,

then: o
€101 €262

gp=¢ p

Technique 2: subtract a common point

65191 6529265393 =g,q¢ lfl A 152 = 65191 652926539319 —q=gp-q=

€303

le*"*p—q| = |gp -4l
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Inverse Kinematics
00000000000 e000000

Example: Elbow manipulator

Figure 3.7

gs(0) = 8101 ;€202 €303 €404 E505 e&seﬁgst(o) = g4

= 65191 6{29265393664946559565696 =g g;tl (()) =g

v

(Continues next slide)
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Inverse Kinematics
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Example: Elbow manipulator

Step 1: Solve for 03 J

Let ef11 ...eéﬁequ =01 qQu

= 101 6529265393qw =91

Subtract pp from g1q.,:

|e$101e8202 (393, — py) | = [ g1gu — o
= [e% ¢, — py| 2 & < Subproblem 3
Step 2: Given 03, solve for 61,05 J

kit 65292(65393%)) = ¢g1q.,, Subproblem 2 = 61,6,
(Continues next slide)

Zexiang Li, Yuanging Wu (HKUST) Chapter 3 Manipulator Kinematics June 29, 2012 29 / 67



Inverse Kinematics
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Elbow manipulator

Step 3: Given 61,05,0s3, solve 0,05 J

65494 65595 65696 — 6—5393 6—5292 6—5191

a1

92
let p € lgs,p ¢ I, O 155,654946559519 = gap,
Subproblem 2 = 6, and 0s.

Step 4: Given (64,...,05), solve for 64 J

65696 - (65191 . 65595)—1 g1 2 g3
Let p ¢ lg, = €%%p = g3 - p = ¢ <= Subproblem 1
Maximum of solutions: 8 20
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Inverse Kinematics
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Example: Inverse Kinematics of SCARA

! (31 0 l Ol
o 1o 1 o|l+is
, S 95¢0)=1 0 0 1| i
g |00 0] 1
1 _ b s
N NG gst(0) = e ...e 9s¢(0)
T [ C¢ —S¢ 0 x
n Y e [“l a3 i = S¢ Co 0 Y = 9gda
A 0 0 1|z
|00 01
Figure 3.8
8 —l1s1 = l2512 x
pP=1 0 =>p@)=| heitlzcrn |=| ¥ |=0i=2-1
1 lO +94 z

6101 €202 ;€305 _ gdg;t1(0)6—5494

13

g1

(Continues next slide)

4
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Inverse Kinematics
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Example: Inverse Kinematics of SCARA

Let pe liqu € 151 = 651916529217 =3g1p,

99 (e52%p —g)| = |lgrp - 4l

€20,

e

[e52"2p —¢q| = § < Subproblem 3 to get 62

= eélel(eézezp) = g1p = 01 < Subproblem 1 to get 6,
— 65393 _ ,_52926_5101‘9(19;51(0)6_5494 2 gy
eéwap = g2p,p ¢ le, < Subproblem 1 to get 63

There are a maximum of two solutions! &
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Inverse Kinematics
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Example: ABB IRB4400

lo +13 ]

:|7pw1:CI4:CI5:%:|:
l1+l2

(Continues next slide)
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Inverse Kinematics
000000000000 00000e

Example: ABB IRB4400

8 01 g_) lo+1l3+1y

B _ o qi X Wj

gst(o) 11 0 O l1+ 1 &1 = [ Wi ]
00 O I

gst(0) = 6101 €202 €303 654946559565696g8t(0) = gg

eS101 6529265393pw = gapw = q = efzezefaeapw — 6—5191q

qx
=0=[010]-e 101q:c0891qy—sin€1qm,q:|: Qy ]
qz

=0 = tan_l(Qy/qm)

Heé"e‘*pw - = He‘é“glq — 2| =3 & < Subproblem 3 to get 65

65292(653031)1[,) = e"élelq < Subproblem 1 to get 65

€101

5404 58505 oE6bs _ ,=€303 ,—E202 o~ 9agas (0) =t gy

Use subproblem 1,2 to solve for 64,05, 0g

June 29, 2012 34 /67
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Manipulator Jacobian
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Manipulator Jacobian
Given go: Q — SE(3),

0(t) = (01(1)... 0n(£))T — €101 .. eEnbng (0)
and 0(t) = (01(t) ... 0 ()7,

What is the velocity of the tool frame?

V2 = 50(0)g2 (6) = z(ag“mg;(e)

n

Z agst —1(0))0 Z(agst —1(9)) 9

)
[(ag“g;ﬂ 0" <2§“g;3<9m[ ; ]

J5,(0)eR6*n

(Continues next slide)
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Manipulator Jacobian
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Manipulator Jacobian

gst(8) = €519 50 g, (0)
09st —1(9) (5165191 ,..eé"e”gst(o))(gstw))_l = 51 =

061
agst _1
(Bt 0))" -
5890515 _1(9) (651915 65292'~~eé"e"gst(o))(gst(e))_l

= 651915265292 . eénengst(o)g;tl(g) _ 66191526_5191 . éé
0gst _ ,
( 6g9t 1(9))\/ Adp5191€2 :62 ......
00et - Y
( g t g:i ()Y = Ad ¢ o, 10,8126
T3 (0) = [€1,6, .-, &, ]

(Continues next slide)
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Manipulator Jacobian
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Manipulator Jacobian

O Interpretation of £
o ¢! is only affected by 60;...6;_;

@ The twist associated with joint i, at the present configuration.
O Body jacobian:

st - (0) 9
Jo(0) = [ NN
T_ .
5 e§1+191+1 eénengst(0)£Z
Joint twist written with respect to the body frame at the current configu-
ration!

J5(0) = Ady,, 9y - J5(0)

If J%, is invertible, A(t) = (J%(6))™"- V5 (t)
(Continues next slide)
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Manipulator Jacobian
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Manipulator Jacobian

Given g(t), how to find 0(t)?

) Assté: g(t)gj_l(z) Ly, 0(t)
t) = (J5(0)) V(¢ =

2y {00~ (a0 Vi)

o Example: Jacobian for a SCARA manipulator
r 0 -l1s71
q1 8:|7(é:|: llocl :|>

[ —l151 —l2512
lict 612012 ;

4

wi=wh=wh=[001]T

Figure 3.9
(Continues next slide)
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Manipulator Jacobian
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Example: Jacobian for a SCARA manipulator

[00 000 0]

w1 ]
r / /
e - —ngg%] [her Lis, 0 0 0 017
/ /
fé: —w3><q3] 1101+12012 l181+1l3s12 0 0 O ].]T
0

&-[G]-too 10007

ll(Jl l101 + l1012
1181 1181 + 11812

—Oo o
—Oo o

cocorroo S
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Manipulator Jacobian
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Example: Jacobian of Stanford Arm

51:[—wiji<q1j|:[0 0 0 0 0 1]F|gure310

!
fé:[_“%xcp]:[losl et 0 —c1 —s1 0]

0
20, -6y
g=| ¢ '° [?] = [=s1c2 c1c2 —82000]T:[1€’]

(Continues next slide)
v
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Manipulator Jacobian
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Example: Jacobian of Stanford Arm

0
!
q,=| 0
lo
wj = %
W;’ — 629]
wh = %1
s _ O
“Yst w1

- €

—202 )

0 —(l1 + 93)8102
li+03 |= (l1 +93)01(52
0 lo = (l1 + 93)32
—S1s,
= C1592
C2
-1 —C1C4 + 81Co84
0 =] —8S1€4 —C1C284
0 5254
-0 0 —65(810264) + 818285
-z 5 = 3 J » J
| 1 ]=] es(cicacs —s154) — cr15285
0 —892C4C5 — C285
A A A A A A
U3  —Ws ;( q, ~Ws i< q, ~We >,< 9w
0 wy ws Wg

Zexiang Li, Yuanqging Wu
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Manipulator Jacobian
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End-effector force

Fio=[ sorqe |

t to . ta .
W=[21{3-1%dt=[20-7dt=[QQT(th(G))T-Ftdt
t t t1

1 1

=>T= (Jgt TFt = (Jsst)TFs

@ Given F}, what 7 is required to balance that force?

o If we apply a set of joint torques, what is the resulting end-effector
wrench?
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Manipulator Jacobian
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Structural force

Structural force: that produces no work on admissible velocity space V?
FP. vl =0,vV? e ImJ%(0) = FP e (ImJY)*
¢ Review:

(ImA)* = ker AT

VAeR™™, T
(ker A)* =TmA

(TmJ%)" = ker(J5,) ", 7= (J3)TF* = 0,VF e ker(J3)"
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Manipulator Jacobian
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Example: SCARA manipulator

01
—
S|
!

Figure 3.11

0 0 0001
s NT he lisy 0001
(‘]st(e)) - llcl-i-llclg l151+l1512 0 0 01
0 0 1000

ker((J%(6))T): spanned by
N,=[0 0 0 1 0 0]
Fxy=[0 000 1 0]
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Manipulator Jacobian
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Singularities

Definition: .
0 is called a singular configuration if there 36 # 0 s.t.

sst = ‘]sst(e)e =0

or, a singularity config. is a point 8 at which J;, drops rank.

Consequence: (n =6)
@ Can't move in certain directions.
© Large joint motion is required.
© Large structural force.
© Can't apply end-effector force in certain direction force!
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Manipulator Jacobian
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Singularities for 6R- manlpulators

Case 1: Two collinear revolute joints

J(0) is singular if there exists two joints

51:[ —w1 ><¢J1 ] 52_[ —wa;th ]

s.t.
@ The axes are parallel,w; = +ws Figure 3.12
©Q The axes are collinear,w; x (g1 — g2) = 0,4 = 1,2
Proof :
Elementary row or column operation do not change rank of J(6):
JO =] T TR T feren 2
J(6) ~ [ TwLX@ W (gz-a) - ]
:[ —wixgqr 0 - ]
w1 0 -

(Continues next slide)

Zexiang Li, Yuanging Wu (HKUST) Chapter 3 Manipulator Kinematics June 29, 2012



erse Kin Manipulator Jacobian Redundant

000000000000 e0000000

Singularities for 6R-manipulators

Case 2: Three parallel coplanar revolute joint axes
J(0) is singular if there exists three joints s.t.

Q The axes are parallel,w; = +wj;,7,5 =1,2,3

© The axes are coplanar, i.e. there exists a plane with normal n s.t.

nTwi = OanT(Qi _QJ) = 07i7j = 17273

Figure 3.13

'

(Continues next slide)
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Singularities for 6R-manipulators

Proof :

Using change of frame J ~ Ad,J and as-

sume

7)< ~em e (@ma) o),

AdyJ(0) =

Examples are such as the Elbow manipulator in its reference configuration.

0 +y2 =+y3
0 O 0
0O O 0
0O O 0
0O O 0
1 +1  +1

Figure 3.14

Linearly dependent

L]

(Continues next slide)
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Case 3: Four intersecting revolute joints axes
J(0) is singular if there exists four concurrent revolute joints with

intersection point ¢ s.t.:

w;x(g;—q)=0,i=1,...,4

Proof :
Choose the frame origin at q,

p=gq;,i=1,...,4

0 0 0 O ]

100) :[ Wi w2 W3 W4 Figure 3.15
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Manipulability
¢ Jacobian relation of g: 0 € Q — g(0) € SE(3)
vV =J(9)8 (%)

e Inverse Jacobian:

Given v € R", solve for f € R from ()

e Application: Kinematic control by Inverse Jacobian
@ Input: A desired g4(t) € SE(3),t€[0,T]
@ Output: 0(k) =0(kAT),AT : Sampling period, k =1,. =[T/AT]
@ Step 1: Let gq(k+1) = g(k)eVAT = g(G(k))eVAT, solve for

VAT =log(g™" (k) - ga(k +1))
@ Step 2: Solve for (k) from V = J(0(k)) - 0(k) and update
0(k+1) = 0(k) +0(k)AT

Local manipulability measures < Properties of J, or (*)
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Singular Value Decomposition

Given A:R" —» R™, let r = rank(A), then:
dim(R(A)) = dim(R(AT)) =r
dim(n(A)) = n—r,dim(n(AT)) =m -r
R" = R(AT)en(A)
R™ = R(A)en(A")

R" A R™

o

Figure 3.16

(Continues next slide)
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lar Value Decomposition

SVDof A: A=UXVT

where: U = ul"'uraur+1"'um] 2 [U1’U2] € RMxm
V = Ul"'vT7UT+1"'Un] = [‘/1"/2] E Rnxn
are orthogonal, i.e. U € O(m),V € O(n), or UTUu=1,, VIV =1I,, and

01
o
) = oo oo |
0 - 0
p =min(m,n), where 01 > 02> > 0, >0pp1 = =0,=0

e 0;: Singular value of A, oax(A) = 01
o u;,v;: i left (right) singular vector of A:  Av; = oju;
AT’ILZ‘ =0;U;
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Properties of SV

2,0

r

e A=Y", aiuiviT = (AT A)yy, = a,%vk or A\(ATA) = { 0%,0%, .., O
yoony 0}
o span(V}) = R(AT),span(V3) = n(A)
span(U1) = R(A),span(Us) = n(A")
o Let n.=m =r, then A maps the unit sphere S" ! = {z e R"||z|2 = 1}

to an ellipsoid with semi-axes o;u;.

o A% = 231 i lais* = Eici 07, [Al2 = 01

e Sensitivity Analysis for Az =b,m=n=r
A(z +6x) =b+ b= Adx = b
(Continues next slide)
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\\5rll/\\5bH 18] Jox] _ | A=] | A~ ob]
l=] 7 ol l=| ||5b|| l= (ool

<jAlA™
o1(4)
= k(A) = o (A)

e Frobenius condition number: kp(A) = L\/tr(AAT)tr(AAT)"!
e Manipulability Measures:
p1(8) = omin(J(0))

condition number, k(A) > 1

_omn(J(0)) , -

k@) = Gy IO

p3(0) = det(J(0)) = gaiu(e))

pa(0) = kg (J(6)) o

1 End of Section T/
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Redundant manipulator

Definition:
A manipulator is kinematically redundant if the number of independently
controllable joints is greater than the dimension of the task space.

o Example:

Figure 3.17 Figure 3.18
T=SE(2) - '
Q=5"xStx S x 8! T=SB@3),Q=I"
v

June 29, 2012
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Redundant manipulator

e - =
Figure 3.20: DLR hand of 4 identical
fingers with 4 joints and 3 degrees of
freedom each.

Figure 3.19: 17-DoF manipulator

Figure 3.21: Honda's Asimo with 34
DoF (3 in the head, 7 in each arm, 2

in each hand, 1 in the torso, 6 in each Fgire S22 QTR & [ypasine

dant (continuum) manipulator with 27
leg.) DoF
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Redundant manipulator

e Main use of Redundancy

@ Avoid singularities, joint limits and workspace obstacles;

@ Optimize certain cost such as joint torque and energy

O Self-Motion Manifold and Internal Motion:
e Forward Kinematic Map

gst(0) = 65191---65”9”gst(0),n > p, task space dimension.
r=n-p(>1): Degree of redundancy
r > 1: Hyperredundant

e Jacobian . .
J(0)=V,V eRF §eR"

(Continues next slide)
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Redundant manipulator

¢ Self-motion manifold

= {0 € Qlgst(8) = ga}

e Internal motion space .
TpQs = {0 € TyQ|J ()8 = 0} < TpQ

o Example:

l1 cos Oy + Iz cos(6y + 62)
+13 cos(Gl + 62+ 03) =z
ll sin 91 + 12 sin 91 + 92

+l(3b111(91 +92+95) Yy

(e) Figure 3.23 ®)

Op _[ —lis1 —lps12 — I35193 | ~las12 — 135193 | ~I35103
90 lici +lac12 +13¢c123 | l2ci2 +13c123 | [3¢123 |”

lal3s3
UN = [ —lglgSg - 1113823 ]
lilasg + 1113523
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Redundant manipulator

o Example:
‘A representation ‘ Fix your palm on the table, and then move your
shoulder and elbow joints. This gives the self-motion manifold and
the internal motion of the 7-DoF redundant robot shown in Fig. 1.

O Redundancy Resolution:
V =J0,J eRP" n>prank(J)=k<p<n

Strategy for 0 ¢ R" given V ¢ R”,
Case 1: k=p
Case 2: k<p
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Review: Least Square Problems

Consider
R™ A R™
Ax =b,AeR™" n>m, - >
rank(A) = k.
k=m = dim(n(A4)) =n-k>0,
R(A)=R™
P1: min — ||;r||
zeR™ 2
s.t. Axr-b=0

(Continues next slide)
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1 ,
Solution: p(z,\) = 5\|g[:\|2 ~MAz -b),\ e R™

T
(g—*p) =z-ATA=0=z=AT)
X

T
(g_f) —Ar-b=0= AAT) =1

=z =AT(4AT) b

2 A"b
At = AT(AAT)™L e R™*™: Moore-Penrose Inverse
m m
1
In terms of SVD: A=UXV7T = Zoiuiv;ﬁ = A" = Z —vjul
i=1 i=1 1
1 moul'h
x=() —vu; )b= — 5

>

(Continues next slide)
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Review: Least Square Problems

Case 2:

R™

k<m= dim(n(AT))=m -k

P2: min f(z)

reR™

f(z) = Az = b]* + X*|z|?

T
Sl e (?) — (AAT + XDz - ATh=0
X
=z=(ATA+X21)ATY

koo

Uiu;frb

i (712 + A2

Zexiang Li, Yuanging Wu (HKUST) Chapter 3 Manipulator Kinematics June 29, 2012 62 / 67



Redundant Manipulators
00000000000

Redundancy Resolution

JO =V, J e RP*"

Case 1: If rank(J) = p, the minimum-norm solution is given by

ul'v

| (%)

op)

. P
6=T0V=>

i=1

e If 0; <1, then for V = u;, ||V =1, 6 = U%’UL = HHHU% > 1, large joint
rate needed.

e For cyclic trajectory in task space, (*) does not give cyclic trajectory in
joint space (see [13] Chapter 2)
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Redundancy Resolution

General Solution:

0= JV +(I-J"J)0y,0p e R"
N——

ER(JT) ET](J)

e How to select 6, € R” so as to stay away from singularity, joint
limits or workspace obstacles?

Let B
111 (0) = orin(J)
p(6) = 121(60) = 52t
p3'(0) = Wﬂl)
for singularity avoidance. (Continues next slide)

4
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Redundancy Resolution

or

n (. . 2
90(9) _ %Z(e 91 Hz,mld )

i=1 i,max — Hi,min
for avoiding joint limits. Then,
=TV = A, V(6) (A)
where Vp(0) e R":  gradient of ¢,
ApeR: step size (see [13] on selection of A,)

Note (A) minimizes

. 1 .. .
L(0,0) = EeTe + K,0Tvp(0)
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Redundancy Resolution

e Damped Least-Square:
JO=V,JeRP™ p<n
=TT+ XD Ty
=JEJJT + X2y

A : Dampening coefficient. See [10] on selection of A.
In terms of SVD:

. k O; T
0= L _vu V
i; A2

2
0;

1 End of Section t
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