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Intro
[ le]

Introduction

Definition: Dynamics
Physical laws governing the motions of bodies and aggregates of bodies.

0O A short historyv:

“Everything happens for a reason.”

Aristotle (384 BC - 322 BC)

Experiments with cannon balls from the tower of Pisa.

G. Galilei (1564 - 1642)

Laws of motion.

I. Newton (1642 - 1726)

(Continues next slide)
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Intro
o] ]

Introduction

Laws of motion from particles to rigid bodies.

L. Euler (1707 - 1783)

Calculus of Variation and the Principles of least action.

J. Lagrange (1736 - 1813)

Quaternions and Hamilton's Principle.

W. Hamilton (1805 - 1865)

1 End of Section {
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Lagrange’s Eq.
9000000000000

A simple example

Newton’s Equation:

mi = F,

mij = Fy, —mg

Momentum: P, = m%

Lagrangian Equation:

d 0L OL
Hor or Lo
d 0L OL
—— -—=F,
dtoy oy Y

. Pé/ =my Lagrangian function:
EPwZFmEPy:Fy_mg

Figure 4.1

<>
L-r-vp,-2L
ot

Kinetic energy:

p,- 0L

1
T= Em(i‘Q +7°)

Potential energy:
V =mgy

9
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Lagrange’s Eq.
0000000000000

Generalization to multibody systems

qi,t =1,...,n: generalized coordinates
Kinetic energy:
y .
T=T(q,q)
mg
<q
3\/ Potential energy:
/
/
J/ V=V(q)
ma
S Lagrangian:
/// L(qu) :T(Q7q) _V(Q)
mi1/_~
Tyt =1,...,n: external force on ¢;
QI\ Lagrangian Equation:
T
Figure 4.2 d oL aL:Tv,i:I,...,n

dt 8g;  Og
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Lagrange’s Eq.
00e0000000000

Example: Pendulum equation

Generalized coordinate:

feSt

Kinematics:
x =1Isinf,y =—-lcosf

i=1lcosf-0,7=1sind-0
Kinetic energy:
1 .
T(6,0) = §m(a’ +9°%) = lezez

Potential energy:

V =mgl(1 - cosf) "

. . = 3
Lagrangian functlon: igure

L=T-V-= m1292 mgl(1-cosf),= ?9_5 = mi?f, (89—9 -mglsiné
Equation of motlon:
L 0L .
49 8—:T:>ml29+mglsin€):7'

dt 96 00
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Lagrange’s Eq.
0008000000000

Example: a spherical pendulum

Generalized coordinate:

lsinf cos ¢
r(0,0) = [ [ sinfsin ¢ ]

—lcosf

Kinetic energy:

1 1 ] .
T= §m\|r|\2 = 571112(6‘2 + (1 -cos?6)¢?)
Potential energy:

V =-mglcos6

Lagrangian function:

L(q,q) = %ml2(é + (1 - cos? 0)¢?) + mgl cos 0

Zexiang Li, Yuanging Wu (HKUST) Chapter 4 Manipulator Dynamics
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Lagrange’s Eq.
0000@00000000

Example: a spherical pendulum

d 8L d 2 A _ 2n
= 89 == (ml<6) = ml*0,
Z—g =mi%sinf cos0¢* — mglsinf
((11t gz = E(mZQ sin 9¢) mil?sin 9(;5 +2ml? sin 0 cos 99(;5,
oL
2= =0
29

mi® 0 0 m125909¢2 mglsg1_[0
[0 ml%z][é]JF[QmZQSGw% [ 0 ]_[0]
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Lagrange’s Eq.
0O0000@0000000

Kinetic energy of a rigid body

A Gad
\_/

Figure 4.5
Volume occupied by the body: 14
Mass density: p(r)
Mass: m= v p(r)dv

— ‘/‘; p(r)rdV
0

1>

Mass center: 7

Relative to frame at the mass center:

3|
1l

(Continues next slide)
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Lagrange’s Eq.
000000 e000000

Kinetic energy of a rigid body

Kinetic energy (In A-frame):

1

1 o . o .
T3 [ ol ri2av =5 [ o)pl* + 257 R+ | fr|?)av

L2 -T'f lf 2|2
=Lt 57R [ pryravalt [ o)1y
[ S —
-0

j
> [ plr|zav
2 Vp
1 1

1 : . .
=5 [ IR RV = 5 [ pyleri?av =2 [ o@lielPav
%f p(r) (~wT #w)dV = %wT (—f p(r)deV)w e %wTIw

(Continues next slide)
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Lagrange’s Eq.
0000000e00000

Kinetic energy of a rigid body

where
1 [ ( )A2dv %9393 %ﬂ:y %g;z
== [ p\r)r = Loy Lyy Lyz
Ixz IZZ ZZZ

is the Inertia tensor with

Loz = fp(r)(y2 +2%)dedydz, I, = —fp(r)azydxdydz
1 ) 1 1 . 1
T= §m||p||2 + —(wb)TIwb = §m||RTpH2 + §(wb)TIwb
L I
_ 5(Vb) [m O]Vb
—_——
MY

M?": Generalized inertia matrix in B-frame. o
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Lagrange’s Eq.
00000000 e000

for a rectangular object

Example:

m
lwh

Ly = f ,0(1/2 + ZQ)d.Tdde

p:

b L
_sz f fz y* + 2?)dxdydz e v
~3 3 bl z
IP(E(lw?’hHwh?’)) = _”(w2+h2) "
_L 1 .
Loy =~ fv prydV =—p [ f ff rydrdydz Figure 4.6
B -3 2

—pfj dydz—

2

L
[
- 2

(N

(Continues next slide)
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Lagrange’s Eq.
0000000008000

Example: M? for a rectangular object

o (w? + h?) 0 0
7= " 0 m@enn o | mr=[me 0]
0 0 o (w? +1%)

O M?" under cha{lge of frames:
Vi=gi' g, T= VMV
Vi = Ad,, Vs
1
T= §(Ad90‘/2)TM{)(Ad90Vv2)
1

1
= 5 Vo Adg, MyAdg, Va 2 SV M3 Vs

M} = Ad] MYAdy,

Zexiang Li, Yuanging Wu (HKUST) Chapter 4 Manipulator Dynamics
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Lagrange’s Eq.
0000000000800

Example: Dynamics of a 2-dof planar robot

Teo, 0 0
I’i=|: 0 Iyyi 0 :|77:=172
0 0 Z..

. 1 1
T(G,G) = 57”4“1)1 H2 + 5(&){1—1(&11

1 2 1 T
+ —ma|vo||* + =ws Zow
5 2[lv2 52 2wz

(Continues next slide)

v
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Lagrange’s Eq.
0000000000080

Example: Dynamics of a 2-dof planar robot

T
2= g(/)i : Mass center

v; : Distance from joint ¢ to mass center

Change of Coordinates:

-r15101

fl =Tric T1
=

yl =T151 ﬂl T16191

—(l151 + r9s12)01 — ras1202

To = l1c1 +rac12 To
=

@2 = l151 + 72512 @2 (l101 F 7’2012)91 + 7’261292

(Continues next slide)

v
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Lagrange’s Eq.
000000000000 e

Example: Dynamics of a 2-dof planar robot

Kinetic energy:

2 1
T(6, 0) —ml(arl + U1) + 217719 + 2m2(1‘2 + y2) + 21772 (91 + 92)2

_5[9'1 9'2][a+2 Co 6+§(‘2][ ]

M(0)

=T, +Lony +myrs +mp(12 +12),
/)) = m2l1r2,5 = IZZ2 P mgrg,L =T
Equation of motion:
MO —582f)2 —/382(91 + 92) ] [91 ] _| 71 o
()[92]+[53291 0 6> [72]
1 End of Section {

v
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Open-chain
90000000000

Dynamics of Open-chain Manipulators

Definition: X R
L;: frame at mass center of link 4, gy, (0) = e51%1---e5% g (0)

Figure 4.9 )
9:1
Vh = I @h= 16 - o) | <o
0,

(Continues next slide)
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Open-chain
00000000000

Dynamics of Open-chain Manipulators

€] = AdT (50t ef g1 (0)¢;, j <

T.(60,0) = S (V3 ) MIVE, = 247 T (@)MLI(0)6
T(6)= > Ti(0,6) = 50" MO,
i=1

M(6) =3 T} (8)M] Ji(6) :% i M;;(8)6:6,
i =1
hl(ﬁ) Height of L;, ‘/;(9) = nghl(g), V(G) = Znghl(ﬂ)

Lagrange's Equation:

d OL 9L i1 n

EVa =T, t=1,...,N,
Rl M0 | =S M6 + M0,
dtaﬁl dt (]; J J) j; J J+ YA

(Continues next slide)

Zexiang Li, Yuanging Wu (HKUST) Chapter 4 Manipulator Dynamics June 27, 2012 19 / 83



Open-chain
[e]e] lelelelelelele]e)

Dynamics of Open-chain Manipulators

OL 1 & OMy, , 9V OM;; .
== O, — M;; = 6
90, 2];1 00; " 00 7 Z 90,
noo o a (OM 10My; » =\ OV
M0, ( 566y - L0k g 9») AL
> “Z%l 56, 105 ap, i) g 7T
= ZMUG + Z F”kﬂkﬂ + g;/ Ti
j=1 7,k=1
r 8M¢j + 8Mik B 8Mkj
=5\ 26, " o8, o8,

9¢ . éj,i # j: Coriolis term,

OM;; My

02: Centrifugal term

OMy

Define: CU 9 9 Zl“ukek Z( 20
k

a9,

0
06); )k

=|M(0)6+C(0,0)0+ N(0) =

Zexiang Li, Yuanging Wu (HKUST)
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Open-chain
[e]e]e] lelelelelele]e)

Dynamics of Open-chain Manipulators

Property 1:
Q M(0)=M"(0),6T"M(0)0>0,6"M(0)0=0<6=0
Q M -2C ¢ R™™ is skew symmetric

Proof :
(M - 2C);5 2013(9)
8M Ml
- kzl ’”9 - 85 7 ~ 0y

Switching i and j shows (M - 2C)T = —(M - 2C)
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Open-chain
[e]e]ele] Telelelele]e)

Example: Planar 2-DoF Robot (continued)

mn(ﬁ) =+ 2ﬂCOS§2,m22 =0
mlg(ﬁ) = m21(0) =0+ /))COSQQ
011(9,9) = —5811192 o 92,612(9,9) = —5 Sineg(él + 92)

021(9,9) = 5811192 . 91,622(9,9) =0
1,0My;  OMy  OMyy,  10My

N = _ _ P
m=5(5e= 0 " a0, ) "2 o6,

—_— 1(8Mu L OMiz  OMy . 10My .
1270V 90, 08, 00, ’ 2 06, T
1 My, OMy OMy. 18Miy .
F = — — = — = — 9
121 = (5= 59, " 90, ) "2 o, ~ Poné:
oo _10Mw M aMgg)  OMiy 10Mp Gt
2795090, ' 96, 00, ° 08, 2 90, .

v

(Continues next slide)
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Open-chain
00000800000

Example: Planar 2-DoF Robot (continued)

1 OMs  OMy  OMy,  OMx;  10Mu

F = — = - —
=555 %26, " o6, )" 06, 2 00,
. (aM21 L M _ aMgl) _1oMy
279V 00, 00, 060, ' 2 06,
oo L 0My My aMlg) _1oMy
2179V 090, 00, 00, 7 2 06,
S (aMr22 L OMan aMm) _1oMy
2270V 00, | 90, 06y 1 2 06,
T _ _ ——2/)’sin92«f)2 —/)’sin92~92]
A =20 | —(3sinfs -0y 0
_ [ —Zﬂsinﬁg 92 —Zﬂsinﬁg(él T 92) :|
| 23sinfs - 04 0
N 0 Bsin6y(26; +6y)
_—ﬁsin92(291+92) 0

Zexiang Li, Yuanging Wu (HKUST) Chapter 4 Manipulator Dynamics
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Open-chain

O00000e0000

Dynamics of a 3-dof robot

0 0 0
8 —lp —lp
SEA I B _01 &3 = l11
0 0
1 1

m; 0 0
8 m; 0 0
m;
M, = Z,, 0 0
0 0 Z, O
0 0z,

Figure 4.9

(Continues next slide)

v
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Open-chain
00000008000

Dynamics of a 3-dof robot

m;: The mass of the object
Z,;: The moment of inertia about the x axis
2
F112 = (Iyz *122 - Tn27"1)0282 ar (Iy2 *1-23)023323 — t(llSQ ar T’2323)
13 = (Zy, —I.; ) 23523 — trasas
2
F121 = (Zyz _Izz = TTLQT‘l)CQSQ aln (Iy3 —IZ3)023823 = t(l182 ar 7‘2823)
I'i31 = (Zy, —Z1.,)co3523 — trasa
2
F211 = (IZ2 *Iy2 + m/27"1)0282 + (Z-Z,3 *Iy3)023323 + t(llSQ + T’2323)

223 = =l1m3ras3

232 = ~l1m3ras3

233 = —l1m3rass
T311 = (Z2; — Ty, )co3823 + 12803

320 = lym3r253

where t = ms(lico + roca3).
(Continues next slide)
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Open-chain
00000000800

Dynamics of a 3-dof robot

. oV
N(0,0) = 90 V(0) = m1gh1(0) + magha(0) + maghs(6)
g, (0) = €49 e8 0 gy (0) =
h1(9) = 7o)y }Lg(e) = lo -7 sin 9.h3(9)
= lo - ll sin 92 —T9 Sin(92 + 93)
r000 -rico 0 0
i iy
J=Ja,@0=lg00|2=70w®=| o 1o
000 -s5 0 0
1100 Co 0 0
[ —ZQCQ — T2C23 0 0
0 1183 0
J3 = Jfls(e) = 8 —7‘2_—111(33 —_7'12
—S23 0 0
L Ca23 0 0
(Continues next slide)

4
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Open-chain
00000000080

Dynamics of a 3-dof robot

My Mis Mis . . .
]\/[(9) = ]\/[21 ]\/[22 ]\/[23 = J1 ]V[]Jl + JQ ]\/IQJQ + J3 ]\/[3J3
M3y M3z Mss

2 2 2 2 2 2 2
Muy = Iypss + Iyzsos + Iy + Lach + Lgcyg + marics + ma(lica + racas)

Mio = Mz =My = M3y =0
]\/./[22 = Iwg + Iw3 + TTLQZ% + ]\/./[27"% + TngT‘% + 27)23[17’203
]V[gg = Iw3 + TngT‘g + m3l1r203
]V[gg = 1503 ar TngT‘g ar m3l17“203

2
Afgg = IT,S + mary

. n . 13 (0M;; OM;, OMy;)\ -
Cij(0,6) = Y. Tijuby = = Fr e = — | O
1(6,6) = 2, D = 22( 96, 00, 06, ) *

k=1

Zexiang Li, Yuanging Wu (HKUST) Chapter 4 Manipulator Dynamics June 27, 2012
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Open-chain
0000000000

Additional Properties of the dynamics in

Define: )
Eit105+1 ... 060, i>]
Ay =11 =7
0 1<]

Ji(ﬁ) =Adg (O)[Aﬂfl--'AM& 0---0]
Ad MZ‘Adg—lll(O) (intertia of i*" link in S)

950 ;(0)

Property 2:

2 1 & (OM;; aMi OMy: \ -
Mij(a) = Z sz MlAljgijZ](H 0 =5 Z ( J & & ) O

l=max(%,7) 2 k=1 89J (96@
where
M ; ®
o = 2 ([Ak1i&n &1 T AUMIAGE + &8 A M{A[Ak1,5€5,6])
O l=max(%,j)

t End of Section
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Coord. Invariant Alg.
@®00000000000000000

Newton-Euler equations in spatial frame

Newton's Equation:
d
= —(mp) =mp
f* = = (mp) =mp
Spatial angular momentum:

7w =R(Z-w’)=R-T-R" w*

—_——
IS
-
f
S
g9:(R,p)
Figure 4.10 (Continues next slide)
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Coord. Invariant Alg.
0000000000000 0000

Newton-Euler equations in spatial frame

T8 = %(I%S) = %(RIR%S) =7°0° + RIRTw® + RIR"w*
=T°0° + RRT T°w® - RIRTOSw® = T°0°% + w® x (T°w®)
O Transform equations to body frame:
% (mp) = % (mva) =mRv’ + mRo®, RT f* = mRT Rv® + ma®
= fb = mw® x 0¥ + ma®,

"= RT7% = RTE(RIwb) = Tab +wb x Zw?

dt
ml 0 b Wl xmat | fb _ b
a3 B R S B B ()
—
MP Vo

(Continues next slide)
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Coord. Invariant Alg.
000000000000 000000

Newton-Euler equations in spatial frame

Define: I A a
[, ]:se(3)xse(3)se(3),[&1,8] = &6 -6
if éi:[%i%i]J:l’Q
then N R
(61, 6] - [ (w1 ><sz)A W12 6w21)1 ] =ade, - &
where

adg, =[G &1 ]

It is straightforward computation to see that:
(#) < MV’ —ad}, MV’ = F

Property 3:

Adg[€1,&] = [Adgér, Adgés] = Adgad,, = ady, ¢ Adg

Zexiang Li, Yuanging Wu (HKUST)
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Coord. Invariant Alg.
0O00@00000000000000

Coordinate invariance of Newton-Euler equations

MyVi - ady, MyVi = Fy » y
Vi = Ady, Vo,
T -
F1 :Adg—lFQ
0 A g1
\_/

Fi = (Ady,) "' Fy = (Ad))" Fy
M = Ad,! M>Ad,, Figure 4.11

-T -1 3 T -T -1 -T
= Ay MoAdg Adg Va =~ ad(y ) Ady MaAd I Ady, Vi = Ad,TFy

Since adAdQOV = AngadVAd;O1 by Property 3, we have

M,V - ady, My Vs = F

Zexiang Li, Yuanging Wu (HKUST) Chapter 4 Manipulator Dynamics June 27, 2012



Coord. Invariant Alg.
000000000000 000000

Coordinate invariance of Newton-Euler equations

Cl'i
F;:
Ti-
Gi-1,i-

§i=Adg (o) & it axis in C; frame.

Frame fixed to link i, located along the i axis

Generalized force link i — 1 exerting on link 7, expressed in C;
Joint torque of link i

Transformation of C; relative to C;_

Gi-1,i(0:) = 5% - gi_1 4(0) = gi—1,:(0) s

0
[ ] ¢ Revolute joint.
Z
é-i = 2 B (e}
[ (; ] :  Prismatic joint. G
o | ; | [ |
-t Co |
Figure 4.12
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Coord. Invariant Alg.
000008000000 000000

Coordinate invariance of Newton-Euler equations

-1 . - A
= Gi-1,i - i1 = &i - bs

M;: Moment of inertia in C;

M= m;l  —my;T; m;:  Mass of link ¢
T mars I - mgi? Z;: inertia tensor
9i = 9i-19i-1,i

Vi=g7" 9i = 94 Vi1 gie1. + &b
Vi=Adg1 Via + &

‘Z = 9'5_1171'%—19i—1,i + gi__ll,i‘z—lg'i—u + 92_1171‘1/2—191‘—1,1‘ +&i6;
= —9;_1171'9'1‘—1,1‘9[_1171-‘7@‘—191‘—1,1‘ + 9[_11,1-%—1gi—l,igf_ll,igi—l,i
+ 95}1,i‘>¢—19¢—1,¢ + 5191
= €i0i(Ady, Vi)™ + (Adg, Vi) & + (Adgs Vi)™ + &6
= Vi = &b+ Ady Vi —adg g (Adgr Vier)

(Continues next slide)
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Coord. Invariant Alg.
0O00000@00000000000

Coordinate invariance of Newton-Euler equations

O Forward Recursion (kinematics):
init.: Vo =0,V = [8] (gravity vector)

gi1i = gi-1.1(0)e5%
Vi=Adg1 Vi + &0;

3

Vi=&6; + Adg- Vi - adg g, (Adg-1 Vi)

0 Backward Recursion (inverse dynamics):

Fy+1: End-effector wrench, g, n+1: transform from tool frame to C),

E :AdT1 'Fi+1 +M¢‘./i—ad¥/—; Ml‘/z

9ii+1

=& F
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Coord. Invariant Alg.
0000000 e0000000000

Coordinate invariance of Newton-Euler equations

Vi = Adgsy - Vo + 616,
Fo=Adps - Foo+ MoV - ady, - (M, Va)

Define:
V; |6 00
V:[ sl]ew"“,e: ;1 eR”,gz[%l “ 0 ]ERG”X"
Vi f, 00&,
Ad,
F; T 90,1
F:[ Sl]e]Rﬁ”Xl,T:[ zl]eR",PO: 0" |eRO™®

P, =[0-0 Ad,. ]eR®0"

gn,n+1
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Coord. Invariant Alg.
000000008000 000000

Coordinate invariance of Newton-Euler equations

V= Ad96,11 Vo + 519.1
Vo= Ady1 Vi = &20s

Vi — Adg;l_lynvn—l = gnen

1 0 ]
~Ad, 1 “;1 Adga,ll &1 gl

= 07 - 0 32 = 0 Vo + 3 2
0 0-Ad I[LV, 0 &l

i n

e Vv Py 13 é

Thus V = GPV, + GE6

Zexiang Li, Yuanging Wu (HKUST) Chapter 4 Manipulator Dynamics June 27, 2012
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Coord. Invariant Alg.
000000000 e00000000

Coordinate invariance of Newton-Euler equations

where
I 0 0 0
Ang12 I 0 0
G = Adgiﬁ Adg§13 I ¢ ROnx6n
s 2 0
Adgq Adgg} Adg—l_l B I

Vl = flél + Adgl;,ll V() - ad&él (Ad95,11 VO)
‘72 - Adgf,lz ‘/1 = 529.2 - adﬁzéz (Ang,lQ ‘/1)
Vn _ Adg;l_lynvn_l = fnen — adﬁnén (Adg;l_l,nvn_l)

(Continues next slide)
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Coord. Invariant Alg.
0000000000 e0000000

Coordinate invariance of Newton-Euler equations

€6
[—ad, , 0 O r o0 o0 0
€161 Vi
0 —a(.i€2 b2 0 Adgilz 0 . Va
| 0 d_adﬁnén__ 0 OAdg—l 0LV,
T

(Continues next slide)
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Coord. Invariant Alg.
00000000000 e000000

Coordinate invariance of Newton-Euler equations

Thus
V=G-+G-PoVo+G-ad;PVo+G-ad,TV

Finally the backward recursion:
F, = AdgT;:Mzrn+1 + M,V —adi, - (M,V,)
F,1= Adg}zl—lnFn + Mn_an_l - adgn_l . (Mn_an_l)

P = AdgTilz Fy + MV - ady, (M V7)

(Continues next slide)
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Coord. Invariant Alg.
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Coordinate invariance of Newton-Euler equations

I—Adz;_l 0 0
1,2'

R M Vi 0
L EE Y | 18 O | 1 A
. . — -1 J : K
0 . 0 In-1,n | LF, M, V. Adg;}nu
M pPr

t

F=G"MV +GTPT Fpy +GT -ad, MV
Fy

(Continues next slide)
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Coord. Invariant Alg.
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Coordinate invariance of Newton-Euler equations

r=¢TF
T="G"MV + "G P F + (TG - ady MV
=" GT"M(GE6 + GRVo + G- adgg PoVo + G - ad g TV )+
LGTPIF +€7GT - adb MV
=" GTMGEG+ " GTMGPRV + T GTMG - ad yTV +
E'GTPIE, +€TGT - adi MV
Finally we get (recall that Vj = 0, we have V = G&6):

M(9) C(6,6)

T'GTMGEH + " GT (MG - adgyT + ady, M) GE O+
G"MGPV+¢"GTPI Fy =7
—_— —

#(0) JT(9)
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Coord. Invariant Alg.
000000000000 00e000

Coordinate invariance of Newton-Euler equations

M(0)G+C(0,0) +¢(0) + JL(O)F, =1

M(9) =€"GTMGE
C(0,0) = " G" (MGadggD + ady, M) GED Mo [M1 0 ]
¢(0) = ' GTMGPRV, 0 M,
Ji = P,.G¢
Property 4: - o,
G=(-T)'=I+T+T%+...+T™!
T+TC =

t End of Section
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Coord. Invariant Alg.
0000000000000

Square root factorization of M

Definition: Articulated body inertia algorithm (Featherstone)
M, = My, b, = —ady, (M,V,)
Fy=MVi+bii=n,...,1
b; = bi(Vi, Vier, &1, Misr, 7is1) (bias force)

Fy= Ad Fin + MV - ady, MV,

Fion = M1 Vier +bia =
‘/;H-l = Adgi_l V + 57"*'19”'1 €;+191+1Adgi_,1i+1 ‘/;

(Continues next slide)
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Coord. Invariant Alg.
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Square root factorization of M

€is16i1 Adg;iﬂ Vi) +biyy =
e 63;1Fi+1 ) ggl(Mi‘H(Adgﬁﬂ V; + §i+1éi+1 - adgi+1éi+1 Adg;,liﬂ V) + bi+1) =
Ti+1 t+ fiq;l(MHl(_Adg;liﬂ Vz + ad§i+19i+1Adg;1i+l VZ) _ bi+1)

L Mi1&in

Fis1 = M (Adg;;“ Vi + €i10i1 —ad

i+l =

=

Fy=Adg (Mis(Adgs Vit

Ti+1 * fg;l( H—l( Ad _1 ‘/l + a’d"';:i+194i+1
§i+1Mi+1fi+1
d 71+1‘/i) +bi1) + M;V; - adaMiVi

§i+19i+1A 93

Adg;1i+1 Vi) = bi+1)

i+1
—ad
=

(Continues next slide)
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Coord. Invariant Alg.
000000000000 00000e

Square root factorization of M

. . AdT M€ €5 My Ad
Ni= M+ AdL MigAdgy - — i
. ’ &M1&
b; = Adg}1i+lbi+1 — ady, M;V; - Adji_}MMmadgm GiaAdgs Vit
Ad;1i+lM¢+1§¢+1 (Tis1 = Elabiva + fglMHlad&MgMAdgﬁﬂVi)
€8 Mii1€in
= M=M+TTNT -TT Mg Me)er Mr
= M=M-TTNT +TT M e Me)er MT
= M(0) = FGT (M -TTMT + 1T Me(ef M) e MTYGe
= M(0) =" GTMTE(ETME) T MGE = WWT

W =eTGTMTe(ET Me) s

1 End of Section {
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Lagrange's Equations with Constraints
@®00000000000

General formulation

Definition: Holonomic constraints
Let ¢ = (q1,---,qn) € E, Ambient Space. A holonomic constraint is a set
of constraint equations:

hi(q)=07i21,...,k

If {dh;(q)}~, is linearly independent, then @ = h™1(0) is a manifold of
dimmzn-k.

T,Q:{V eT,E|dh; -V =0,Yi=1,....k} c T,E:

subspace of permissible velocities.

(Continues next slide)
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Lagrange's Equations with Constraints
O@0000000000

TrQ": {f e T E|(f,0) = 0,YV € T,Q}
=span{dhy,...,dht} c T E:

the subspace of constraint forces (Annihilator of T;Q).

dim(T,Q) = m,dim(T,;Q*) =n-m=k

Definition: Constraint forces

_on'
- %

X e R¥: the vector of relative magnitudes of constraint forces.

r A
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Lagrange's Equations with Constraints
[e]e] le]elele]elelele]e)

Definition: Pfaffian Constraints
A Pfaffian constraint has the form:

A(q)g =0, A(q) e RM™
Given a Pfaffian constraint,
Ag={vg e TyE|A(q) - vg =0} c T, E:

distribution of permissible velocities.

Definition:
A(q)g =0 is holonomic (or integrable) iff A, is an involutive distribution,
iff

JhiE-Rii=1,... kst A;=T,Q,Q=h"*(0)
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Lagrange's Equations with Constraints
[e]e]e] lelelelelelele]e)

§ Constraint forces:

L=AT(¢) -\ A eR”

§ Kinetic energy:

T(q,) = 5i" M(a)-d

§ Potential energy:

V(q)

§ Lagrangian:

L(q,q) =T(q,q) - V(q)
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Lagrange's Equations with Constraints
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O Lagrange’s equations with constraints:
M(q)i+C(g.4) +N(q) + AT(g)A=F

O Explicit solution for constraint forces:

A(q)i+A(q)q=0
(AM AT\ = AM™Y(F - C' - N) + Ag
A= (AM ATy N AM Y (F - C - N) + Ag)
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Lagrange's Equations with Constraints
[ee]ele]e] lelelelele]e)

22 vy’ =12
= yl[£]=0
H

A(q)

L(q,9) = %m(ﬁc%y% -mgy
[0 w151+ [m] - [F12=0

A= (AMTATY Y AMY(F -C - N) + Ag)

. m .2 .2
=-plgy+a”+97) Figure 4.13

Tension = |[§]A] = 5y + (&% +5°)
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Lagrange's Equations with Constraints
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Lagrange-d'Alembert formulation

Given the Pfaffian constraint A(q)¢ =0 and virtual displacement dq € R¥,
we have:

Theorem 1 (D’alembert Principle): :
Forces of constraints do no virtual work! %

(AT (q)A) - 8¢ = 0 for A(q)dq =0 g??f
il

1717-1783

Theorem 2 (Lagrange-d’Alembert Equation):

( IL 0L

R 8¢ = 0. A(q)8q = 0
B e on T) 1=0,4(a)oq

1736-1813
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Lagrange's Equations with Constraints
000000080000

Let A(q) = [A1(¢) A2(q)], and Az(q) € R¥* is invertible, then
8q1 € R™* are free variables:

5g2 = —A3' (q) A1(q)dq1

(ia_L_@_L_T).(;

i oG 0 ¢

_(ia_L_a_L_T) 5 +(£3_L_5_L_T) 5
dt 8(]1 8(]1 ! n dt 8(]2 8(]2 ? o
d 0L oL d 0L oL

_(&oL oL 5 — ) (A5 A6
(dzsaq'1 o Tl) ql+(dt6@2 g 72)( 2 Ao

Lagrange-d'Alembert equation

June 27, 2012
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Lagrange's Equations with Constraints
0O0000000e000

Example: Dynamics of a rolling disk

Pfaffian constraint:

{g'c—pcoseq'SZO V4

- psinf¢p =0 7

(z,y)

. _[100 —pcos67]._
:A(Q)q_[Olo—f)sinO]q_o

1 1 .0 1 . Figure 4.14
L(QaQ) = 5,’”(‘%2 + yg) + 51—192 + 512(]52

Lagrange-d’Alembert equation:

[ 3]

(Continues next slide)

where A(q)-0q = 0.

v
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Lagrange's Equations with Constraints
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Example: Dynamics of a rolling disk

As {5x:pcosﬁ~5¢

0y = psind - 5o
the equation of motion is:

([mBeo mles J[21+[5 21[2]-1%1) [85]-0
= [meo mdeo [£1+[ 5 21[4]-[%]

jézpcos@wﬁ—psin@ﬂ.q.b
ij=psin@-d+ pcosf -0
i 0 0]._ (7]
0 Zo+mp® [| ] L9
Solve for (6(t),o(t)), and thgn solve for (z(t),y(t)) from:

i = peos- o o .
. < 1st order differential equation
Uy =psing- ¢

As
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Lagrange's Equations with Constraints
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Nature of nonholonomic constraints

Consider ¢ = (7, s) € R? x R with Pfaffian constraint,
§+a’(r)r=0,a(r) e R?
Lagrangian:
L=L(r,7,8)
and constrained Lagrangian:
Le(r,7) = L(r, 7 —a™ (r)7)
= Lagrange’s equation:

d 9L, 0L,
d¢ 87‘1 87‘1' N

:i(aL_ P 8_L)_ 0L 0L 9a; \_ .
w95 ) o a5 S o) T

(Continues next slide)

0,i=1,2
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Lagrange's Equations with Constraints
O0000000000e

Nature of nonholonomic constraints

d oL oL doL oL\ oL (. da;
3(58{%—87%)—@1(7")(&%—%)—g(al(r)—z ,73)(*)

If the constraint is holonomic, i.e.

a;(r) = 27]? for some h: E~ R

then RHS (right hand side) of (*) equals

OL (< 0%h 0°h
- S =0
03 (; orior; ! %3 ar,or; ”)

Zexiang Li, Yuanging Wu (HKUST)
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Lagrange's Equations with Constraints

Metric,duality and orthogonality on T, F

9000000000000 0000

Q=h"1(0)

K2 5 K G, q>p
1. .

= 54" M(a)q

T,Q* = {Vi e T,E| < Vi, Vo »n2 ViF MV, = 0,V V5 € T,Q}

T;Q ={feT;E[(f,V)=0,YV eT,Q}: constraint forces

LE=T,QeT,Q"T;E=T,QeT,;Q"

Figure 4.15

Definition:

M':T,E T E(M'Vi,Va) = Vi MV, =< V1, Vo >y
M TP E » T,E, M = MY

Zexiang Li, Yuanging Wu (HKUST)
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Intro . 0 c . i Lagrange's Equations with Constraints

OO@000000000000000O!

*
P T} E

I- Py
/ Pw

A
reciprocal Q
T; Q
eciprocal A
Figure 4.16

Property 5:
Under the basis % and dg;,i=1,...,n of T,E and T E respectively, the
qi q

matrix representation of M" and M*is M and M™! respectively.

Property 6:
M“(T;Q) = TQQ
Mﬂ(Tq*QL) _ Tqu

Zexiang Li, Yuanging Wu (HKUST) Chapter 4 Manipulator Dynamics June 27, 2012



Lagrange's Equations with Constraints
00e00000000000000

Given
hE-sRF m=n-k
hy 2 Tyh ‘T,E v Ty RF
* & vk Lk k *
h = Tq h Th(q)R [=d Tq E
we have:
Property 7:
ker hx = TyQ, ha(TyQ") = Tr()R*, B* (T ) R*) = T, Q*
* h* *Tk
T;E ;R
i M.
M 5 Mﬂ =h.,oMtoh*
T,E T R”

*
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ations with Constraints

O0000®0000000000000000C

Lemma 1:

The map (I - P,) : Ty £~ T;Q" given by
(I-P,)=h*oMoh,oM!

is a well-defined projection map, with the property:
(I-P,)f1=0,YVf1eT;Q

(I-Pu)f2=f2,VfaeT;Q

Proof :
Given f1 € T;Q, M'(f1) € T,Q = ker h., then (I - P,))f1 =0. For f, e T;Q*, 3N €
R™™ s.t. fo=h*)A, and

(I-P,)fo=h*Mih M'W*X=h*\= fo

thus P, : T, E = T7Q is a well-defined projection map. Similarly,
Pr:T,E v T,Q,Pr=1-M'"h*Mbh,
and
(I-Pr):TyE ~» T,Q*
are projection maps. ]
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Intro  La s 0 Coord. i ‘ Lagrange's Equations with Constraints

O0000@0000000000000

Lemma 2:
P,M = MPr
P,h* =hPr=0
Pr=Pr

For nonholonomic constraints:
h. < A(q)
h* < A*(q)
T,Q < Ay
T;Q" < span{a;i(q),i=1,...,k}

application in hybrid velocity/force control.

Zexiang Li, Yuanging Wu (HKUST) Chapter 4 Manipulator Dynamics
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O Lagrange’s equations of motion:

M(q)i+C(g,4) + N =7+ AT (9)A =
A= (AM* AT TAM Y (M G+ (C+ N -7))
Define P, = I - AT(AM*AT)" 1AM, then:
P, M+ P,C +P,N = P,T

Denote C = PWC,N =P,N,7=P,T, PwMé = M# is the intertia force in T;Q.

Definition: Dynamics in 7,/Q)

Ml+C+N=7

(Continues next slide)
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Similarly
(I-P,)(Mi+C+N)=(-P,)r+A"r
Let
Pr=T1-M"'AT(AMAT) A
then since P, M = M Pr, we have:

Definition: Dynamics in 7,7Q*

M(I-Pp)(G+M'C)=(I-P,)(r-N)+A"X

O Geometric Interpretation:
Ve M
Mi+C+N=7+AT\ o Mvsg=7-N+ A"\
V < induced metric on T,Q)

S:TQ®TQ ~ N(Q):2" fundamental form
TQ : tangent vector field
N(Q) : normal vector field
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Lagrange's Equations with Constraints
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VxY =VxY +S(X,Y)
M (I-Pp)(§+M1C)=(I-P,)(r-N)+A"\

S(4,9)

MS(q,q): centrifugal force due to curvature of Q in E

Definition: Hybrid position/force control

M%q' =F-N
MS(4,4)=(I-P,)(r-N)+ATX
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Lagrange's Equations with Constraints
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Dynamics of a Spherical Pendulum

1 1
K = im(i‘Q +2+42) = 5qTMq
q=(z,y,2)", M =mI
ha)=q"qg-1"=0

A=(z,y,2), M} = AM'AT = r%/m

1 'yQ + 22 —xy i Figure 4.17
Po==| -yz 2*+2* -yz
™1l —zz  -zy 2?+4?
1 [ 1’2 a:g Tz
I-F, = 2|9 Y Yz
| 2T 2Y %

(Continues next slide)
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Lagrange's Equations with Constraints
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Pr=PI'=-P,

w

(p,v): Spherical coordinates

. . 7p)
q = (7 cospcos v, rcos usiny, rsin u)

V44 = Pr(Vqq)

—rsinpcosv —rsiny

—rsinusiny rcosv [U% ]
7 COS [ 0

5(q,4) = (I - Pr)(Veq)

) , o [TCospcosy
= (=% - cos® u?) | rcospusiny

TS
where )
V1 = [i +sin pcos pv
Vg = COS U — 2sin pv
<&
y
Zexiang Li, Yuanging Wu (HKUST) Chapter 4 Manipulatol

June 27, 2012 68 / 83



Lagrange's Equations with Constraints
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Control Algorithm

@ holonomic constraints:
G : coordinates of Q
g=9(@)=q=J-q
7= MJ(Gq- Koé - Kp8) + Oy +N+AT(—/\d+KIf()\— )

@ nonholonomic constraints:
Let J(q) e R™™ be s.t. AJ =0. Write ¢ = J - u for some u

7= MJ (g - K (u—ug)) + MJu+C+ N+ AT (Mg + K; f(/\— Aa))
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Lagrange's Equations with Constraints
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Example: 6-DoF manipulator on a sphere with frictionless

point contact

@ Contact constraint:
v, =0« [001000]Ad, 0 Vo =0
= Holonomic constraint:
= (af,a?,d;) : Parametrization of

P, = diag(1,1,0,1,1,1)
@ Newton-Euler Equations of motion:

MV,p —ady, MVyp = Fp +G+ AT

Ry M, —Mf o o
Vi = 0 d £ J
of Rd,R K M, -R,K Mf U
Belly _Tﬂc
MJr'j+01:Fm+G+AT)\ (*)

(Continues next slide)
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Lagrange's Equations with Constraints
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Pw(*):
Mij+Cy = BiF, + B1G
—¢3—)\=b2Fm+b2G
F=[fi fo fi f5 fo]" = M(jja~ Kué - Kpé) + C1 - BiG

f3:*¢3*)\d,+K1f(/\f)\d)fb2G

_ 71T
T=4J s 1
Position and

Force Planning

Contact Force F E .
ac Cartesian m T T 06

Feedback ) Jg Manipulator

Hybrid Control i

nn

Forward Kinematics
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Lagrange's Equations with Constraints
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Example: 6-DoF manipulator rolling on a sphere

090000
loowoo Viei; =0
00000 1

e———
Al(Q)
fe=ATX X eR?

[%z ] = *Ro(Kf + RwKoR,¢)A/[fdf
‘/Of = Adgflf : Wulf

0
0 .
= Adgflf Qg

0
~Ro(Kj + Ry Ry) My
o

£ Jyay
span{J;}: Not involutive
(Continues next slide)

v
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Lagrange's Equations with Constraints
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MJgéiy+ (MJpiy -ad], g, MJpéy) = Fp+ G+ AT

B :]V[Jf(dfd—Kp(df—dfd))+(]W.].f(3¢f—ad§fdf]u.]fdf)
+AT(a+ [ -0 -G

o Example: Redundant parallel manipulator

02

0=(01,...,06) € E
O = (01,03,05)
Op = (02,04,06)
To +lcy + 1o —xp —leg —lesy
CIORIF 0700 ot kv BL
Ya + 151 + 1812 —ye — IS5 — S56

(zc,ye)

(z,y)

where ¢;; = cos(8; +0;), si; = sin(6; + 0;).

7.
v

(Continues next slide)
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Lagrange's Equations with Constraints
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M;(6) e R?2: i chain
M(0) = diag(M1(0), ..., Ms3(0))
M(0)g+C+N=r1+AT\

If all joints are actuated, we can achieve:
Position control of end-effector
internal grasping force
As 1o, 714,76 =0,
6 e R?: local parametrization of Q@ = H™'(0)

0 =1(0): embedding of Q in E

0=J0

(Continues next slide)
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Lagrange's Equations with Constraints
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Given F,,: Ty E — T, @, the dynamics in T,y () is given by:

P,M.J6 + Py(Cy + N) = Pyt
7= (71,73, 75)
P, = (Py, P3, Ps)
#=P,7=P,7eR®

# = PuMJ (04 - Koé - Kp8) + Py(Cy+ N)

June 27, 2012

Chapter 4 Manipulator Dynamics
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Lagrange's Equations with Constraints
0000000

Gauge-invariant Formulation (Aghili)

¢ Square root factorization of inertia matrix:

M = WW7(square root factorization)

veaWTgeR” 1 1
1q T==¢"M¢g==v"v
uzW T eR" 2 2
¢ Lagrange’s Equation:
doT oT d ovT
_ = —_ W _— =
woq g T aW T
T T
W@+WU—8LU=T:>@+W_1(W—aL)UZW_lTZU
9q dq

Define T' = W~1(W - %), then:

v+Tv=u

(Continues next slide)
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Lagrange's Equations with Constraints
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Gauge-invariant Formulation (Aghili)

¢ Change of coordinates:
5=V, a=V"u,VeU(n) = %(V@) +T(Vo)=Va=
Vi+Vo+IVo=Vui=0+VI(T+VVVi=a
VvVl =T=vvTi+vvT 0= vVl =—(vVDHT = Q=

D2 vI(r-Q)V,=[i+To-q]

¢ Pfaffian constraint:

A(g)g =0, A(q) e R™" A2 AW = Av =0,

¢ Lagrange’s equation with constraint:

|O+Fv:u+AT)\|

(Continues next slide)
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Lagrange's Equations with Constraints
00e0000

Gauge-invariant Formulation (Aghili)

¢ SVD of A:

A=USVT o=VTv,u=VTu, A2 AV

where A% = 0 and:
7 [g 8]’S:diag(017"'a0r),01 >-20,r<m
U =[Uy Us],Uy € R™" Uy e R™* (M)
{V = [V Vo], V4 e R™" Vy e R™(7)
A=TAr Opx(n-ry ], Ar 2 U1 S, A0 =0 =
o= ] o2 V0= VI

(Continues next slide)
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Lagrange's Equations with Constraints
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Gauge-invariant Formulation (Aghili)

o Uy = VIW ™t
[“0]’ Ty -1
u, = VyE Wt

fij 2 V;T(]_—‘—Q)V],Z,] = 1727Fr 2 F227Fo 2 f12

¢ Decoupled equation of motion/constrained force:

U + Lpvy = upe

Loy = uo + TN

¢ Combined equation of motion (Kane's equation):

SLAY=[V¥e o+ (9]

(Continues next slide)
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Lagrange's Equations with Constraints
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Gauge-invariant Formulation (Aghili)

¢ Composite error vector ¢
q=q(0),0 e R"" : generalized coordinate (of @ c R")

v, = B(0)0,B(0) 2 VS WTJ,J = %,é 20 04,0, 20, —v,, =

£ 0, + BK,0 = B(é +K,f): composite error
vy~ BKp0 = v, —e = B(0g— K,0),A 2 X\ =\

13

S

¢ Hybrid position/force control

Ur=5+Is— Kge

Uy = —AZ)\d +I'yv,

Note: integration term K; [ (X - \;) is missing from u,,. .
(Continues next slide)
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Gauge-invariant Formulation (Aghili)

d
Uy + Lyvp = Uy = E(UT_E) +0 (v, —e) - Kge =>¢=—(T+ Kg)e

AZMFOUT:uO:—ATTAﬁFOUT:»AZLK,[X:O

¢ Equivalence to the Geometric approach

Typ-1 _ 0 -0
P, =WVaVIw! VW PN—[%TW—%]—[W]

_ _ Tor—1| Tyr/-1
I-P,=WWV'W VTW—l(I_Pw)T:[Vl%/ T]:[Oo]

(Continues next slide)
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000000e

Gauge-invariant Formulation (Aghili)

1. Geometric approach (K,, K, K ):

VIW AT (“Xg+ K7 [ (A=A
o[RS 000 g,
VIWT J (8 - K40 - K,0) - =
r

b
2. Gauge-invariant formulation (K, K,):

WAT (-\g)
(o +C
u=lir]- [VQTWTJ(Hd—KdG K’H)] L

fb
Kq s Ky+ (W) Ra(V W)
K= (VyWT ) Ky(Vi WT K,

1 End of Section {
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