
Linear Systems Theory: HW4

（Due: Oct. 21, 2023）
1. (50’) Consider the following LTI system

x Ax Bu
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where nx is the state, pu is the input, qy is the output. Please show that this

system is observable if and only if any of the following equivalent statements holds.

1) The n n matrix
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2) The nq n observability matrix
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has full column rank.

3) The ( )n nq  matrix
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has full column rank at every eigenvalue of A.

4) If, in addition, all eigenvalues of A have negative real parts, then the unique solution of
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is positive definite. The solution is called the observability Gramian and can be expressed as
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5) All columns of AtCe are linearly independent on [0, ) .

2. (10’) Show that if the state equation
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is controllable, then the pair 22 21( , )A A is controllable.

3. (10’) Is the state equation
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controllable? Observable?

4. (15’) Consider the linear system
,x Ax Bu  (4)

where nx is the state and mu is the input. Show that this system is controllable if and
only if the matrix
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is positive definite for any 0.t 

5. (15’) If the matrix n nA  is Hurwitz, then for any matrix n nQ  , there exists a unique

solution of , and the solution is
0

TA t AtQeP e dt
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