
1 . 1systems and Models

systom < input can be manipulaled可被操控)
output of interest top

不可 ⇒ 扰动
(⼀般 )

{ Pynamic 当前时刻的输和不视出当前时刻输⼊有关边和之前 ,

在

[ stati - c :当前时刻的输出,只和当前时刻输⼊有关
剑⼊有关

微分⽅程 (差分⽅程表征
Mental ModelModel Type ( araphical Model : step response , Bode , Nyquist
MathemattoaliModel教 flumpstributed分布钱馨机

机理建模 第⼀性
1
.
2 Mechanism Modeling lthefirst principle : 通过物理规律建模{ system identifcation :fromthe data of input and output

1
.4 Definitionofsystemidentiffcation

ult)

↳> ↓ sfdaesetofmodelsiterionplant→ y (t)
The entities MquivalenceruteypesData

mode, yit Zadeh loptimization
approach

1 .5 Linear - parameter model

System model (常⻅ discrete - time) 定义 Z算⼦
z - transformation e. gy (t)} , t εI[0,t∞) , so EY (t) = Y (t+D

⇒定'
义

:ziy ( t)= y (tti), z
-iy (t) = y (t-i)

(前向 ) (后向 )

Alz) = Got a1z, +. tanz
"

有 Alz)y (t)= G0y (t)+ GY( t+1)+ …+ any (tth)

Alz) = B(2) CLE ), 则可证BCLE)YlH)=BLZ)[ CLZ)YHD
e.g . B(z ) =b0+ b

,
z
,C(2 )= o+ GZ ,BZ ) C(Z ) =boCO + CO+DOC,)Z+b , C , Z

2

左边 = b0 (0} (t) + b(ω+ b0(1 )y (t+1 ) +b ,Gy (t+2)

右边 = BLz) . ( ωY(t) + CY (t+)) = b0 Gy (t) + … ⼆左边



离散时间随机过程 (随时间变化随机变量时间序列 )
Vt)Evit)Whitehoise: Dat every fixed t , Ev(t) = 0 (期望)

② EEE]= 6
,

6 与 t⽆关 (分差了
③ E[ V (t , )UL ) = O

,tFE (协分差)

Alz) =☆ aizi 取 A (Z) = 1 +2E
”

=→
验证 {
EAEt)= OE

[ALZNEDII = 56
∴ AlE) V (t) = r(t) +2 V (t- 1 )

EIAIZ)VLE) ALZ)L
E Vit)+ IUtH) ][V(t,) + IV(t,-1)?
当tz= t- 1 ,有上式 : 26 FO

∴ Alz) U (t) 不⼀定为⽩噪声
符号推⼴ : 标量⼯量: 丫 !⼼E [YEYI [ Y - EYII >0

平稳随机过程 : o( 010) +vl + . + V(T)) Ev (t)

随机过程采样沿时间平均结果⻓于期望
数学模型 : V (t) : white noise

时间序列 (⽆输⼊)
1
. moving average y( t)=dov(t)+ d ,v (t-1)+ . -dnv t -dn)

(MA )滑动平均 正变换表达 : y (t) = (dotd , z++ . tdnz
-
dndr (t) DlE" YULE

2
,
auto regressive y (t)=ε , y (t - 1 ) -Cay(t2)- … -Gcy(t-Uc ) +V(t )需要 yt) 初值

( ARJ ⾃回归 整理 : ( 1 + CE" + . + (ncz
-nc)Y (t) = V (t) ⇒ C (EYY (t) = V(t)

y (t) =u (t)

3
. auwregressive y /t) = - C, y (t- 1 ) -ay(t-2 )- …Cne(t-n) + r(t) + d , u(t) + . . + dndult-nd).

diz -imoving arerage ClzY ) = 1 +☆
"

CiziDlZ") = 1 +六 ⇒ C ( z
"

) Y (t) = DLE
"Y LE)W

CARMA )
y (t) = CD( t) (求解需还原成差分分程 )

时间序列 (有输⼊) Equation error mode 1 ⽅程误差模型
y (t ) = - ay( t-1 ) - ary (t-2) - … - anay (t- Ma) + b, u (t-1 )+. +bnbU(t -Mb) + W (t )

1 . W (t ) = V(t)
Alz)Y = B (z

"
) x + W(t ) shoise

ARXL
-

) (有控制输⼊了 ⇒ 也称contolled anoregressive (CAR)受控的⾃回归模型
output
= xinputσ

定义 : 合⿏H筑∵ { ana品z-nm ⇒ Alz)y



2
.
ω(t) = V (t) + d , (t-1) +. tdndU (t-nd ) ARMAX
D (E) = 1 + d , E" + … .

t dndz
- hd

⇒Alz")Y( t)= B ( z") U(t) + DLZ
") V(t)

3.Wit )= V (t ) ARARX

⇒ A (z)Y (t) = Blz) u(t)+E (t)

4. w (t) = CDLE) V (t) ARARMAX ( Clz"ω (t)= D ( z-1] U (t) )

⇒ Alz"YY(t ) = BE" )ULE ) +CDLZY Vit)
⇒Y (t) = ABlz)U( t )+W 输出误差模型
① W(t) = Vlt) OE ② WIt) = DLIY ULEY OE MA

③ WIt ) =VE )OE AR ④WLE =CLEDLELVEE) OE ARMA

Recursive Q : 测量物体How靠deni嵊型得谎v - lip
↳递推最⼩ 2 乘:tuitut有ft =谎

li

7 E = I管 i = t
→lt [
t"

li + lt]突

有⻁管 Li = EttElt= tyTEl堆
t"

litElt
~

⼆E 云⾳
增益 新息
gain innovation (当前测量质与上⼀步估计值差)

问题 : 测量累积 ,tl ,即使 innoration很⼤,结果也不变就 datasaturation
, model : (t) = ( + U (t )

,supposeIt) is White noise

i (t) = E管 llt) El (t) =τ☆Ellt) = 室 E[ L+Ut] = 1 ⽆编后升
(没Ev(t) = 62 )elt ) =( t - 1

,Ee(t )=
O ,Ee (t) = E[E⾄ (t) - ( P ]

= E [E 管 (+u(t ) -1) I =EE ⾄Vt]
= E[EE -. 6^] = E 62 ⽅差

JlL) = 层 (汇底 (lj )- ,其中 ω (t) =⾦ (tv(j ) - lur)

= ( + iYv(j ) - ( (+ VLi ))

∴ J (τ (t) = w ()=Ʃ [ 流vij ) - vlis]
z = 疏 vj ) - V (i)

i= {

= 管漾vj)] = -2流承vijlvli)培 vii)
∴ EJ (P (t) = t .E . t .6 =

-
z . t6 =+ t .62

=
( t-1 ) 62

② E [t . JL [(H] = 62 →可由此对⽇噪声进⾏估计



φ=RX+b J= : ( i) - kx( i)+ b)》eg 直我会: ↑, 。 ←

「

。

Δ

。

有靠⼆点 2(y (i) -λ ( i )+bDx (i) =0
⼀

, {哥
=
- Ʃ 2 g( li> - ( kx (i) +b)] = 0I=1

⼀

→统 x( o 1 k
+率xl 0 ) D=彦 yisxi )式蔬器璧

µ

IƩ x(i ) k 三 b = 虽 y (i)

⇒简融管铧] ] = ][x⼼馆! = [ 狱]y ⼼ )令 xi) = [炒] ,θ给]
⇒ 请 x ( i) *, ]θ= Ex )yi) , 令H ⽐=「] ⇒ HEHtθ=HtY (i )
Gπ (2)… X (t)]澙 ERtX2 ⑪ 摩尔 /加号逆! T ⑮ER

2xt θ= HEHE)
' HYLi)

G超定⽅程
从测量⻆度看 : Y (1 ) = RX ( )+ b +VL ) =X θ+ Ul)

Y (2) = RX (3) + b + r(2) = X (2
) ^θ+ V (2) ) Yt = HEO: L

,最⼩乘解1 Y- Hollmin
y (t) = kx (t ) + b + V(t) =X θ+ (t) 则 θ= HEHt)'HEYE

矩阵微合 (

矩阵梵馨a^f (x) ER
XERM

① f (x)=αix x=慌 ! :fx )=α ,x+αλ r+.+xn→装度) = x
② f (x>= XTAx A=ailm = [装织:器] ,则 xTAX =☆ aijxixj =

X, G1, x, +λ. GrX 2+ … . +X, GimXnt
ax ,+ azX2+. tamXn+A 1 x,+G

2 ,X2 t..tAn,Xn XaQz, x, + X2 a2rλ 3 +. + X2Gan Xmt
∴装=
. X , tGzat.n + GnXn + UaX1 + GuXatitQza出

: : ! 品am,X ,+ XaanzX2+ . . +Xnannin

鹰丝谚叫
mmxieamx→tqm

…… ! =Atπ x
If Ais symmetric , x = 2Ax , 此时 A 正定有 Lyapwnorfunction
f() ε Rm , XεR fx )=花!则装淡装 … 装]

3
, +(x )=☆|=β x-denaβ=蹈 !装哦 …☆] =「β, β : m]i : β

T

相且形感 !



3掌叫馨州”新
TP /eg ,

x= Ax
,
V(x(t) = x

^

Px , t= xPx + x …
推导 : (链式法则推个) XERh , YERP ,EERn , Y =GLVERP

mpxm Z= n (y) = h (g (x)) εRm ,

ε Rnxm (相洽维数)刚赢H藻步嘴蒸馨馨⾏炎P

=
台

2z Ʃ

ZZz

i=1琵⼿影
”

杂 ! iI叫簿疏椒 , … 虽淼 !熟 … 嘉 p 品: azm
Zz … 验 ZXm

,

aYi
⼀

⼦Zz
"
RP

=µ1 = bp.

zekm
⼦c

浆
ay

,证毕: :
:

(⽤向量的⽅式来思考)
ayp ⼦yp

Lyapwnor ;

义 = Ax
. ⼚

{
V = X

^

Px
录⼆您或V = x (P+pT) X = X「 AT ( P+ PT]x xERm

↓
= XT ( ATP + AipT)X 标量转置

×=f ) , 登□ 瓷 …瓷园 = TATPX+ XTPAD仍是檀
= XT(ATP + PA 3X

当 ATP + PA <O , 稳定

回推之前公式 由维数 ⇒ ATP+ PA = - Q ,稳定
猜测

af ε 1 mxm
e. g . f1x )=☆☆ε Rmx , xtR

”

,我 2
→哦 = AT

证明 : set A=|, atRn: f(x)=Ax =[☆]
(向量对标量求导)

:荪 :燊装 … 哦] = [alair . ani] =d] = A' ,得证



系统辨识
Yu) =θ, Xi ( 1) +θ2 x2 ( 1) + . +θnXn ( 1 ) + V ( 1 )
: : :

,
J(t = :

(
y( i)-θ,xili).…DuXnli)P

y (t) =θ , x , (t) +θ2x2 (t)+ … + θnXa(t) + V(t )

) 向量形式表达 : θ=号], ×8!.xx则 :簿!
⇒简化

∵(t): Ey -x ^ (i)- θ )2 = ( ⽵☆d|= H θ](Y0-Htθ)

(运⽤链式法则 )
⼦J

靠 =

2 (Yt-Htθ)
,

a(Yt -Htθ)
= -Ht
'
. 2 (Yt- Htθ)= O⇒ HE'YETHEHED = O

∂θ
⇒θ= ( HEHt)'HYE

HE
'

Y = HE
'

HED ⇒θ=HHEJHETY 求逆计算量⼤ ,需要分解
正交化⽅法
□ QR ; A = Q R ( 其中 Q是正交短阵 , R是上三⻆矩阵 )

Rmxm RMxM

t 「 嘴器 ] = QR =[
“

↓ QT [HEY ]= R

考虑 J = YHt θ ]
T
( Y- Htθ) = Y -Htθ)TQQT

(
Y- Htθ)= 1 l Q ( YHEθ)E

= 11[ 铅 ]-沿]1)=| 1 |[明 = 1R- R011FR3

易知 R2 - Rθ= 0 时 , minJ = R3

R , θ= R 2 ⇒ [ ] = 「 ] →递推
要点 : 1 . Q

2
. R →Jmin 3 .Thedimensionofthe equation with respect to

the parameter θ is reduced

对⽒进⾏后t ,

(t = Htθ+ U(t) ⇒ Yit) = Ht

P ,有性质P ==HELHETHE) 'HE HELHTHEYHE = P
的解释提影纪择 ,⾏

Ha^Yy

同理 pn = P (幂等矩阵 (投影矩体了



□ 施密特正交化,
:
思想 :对上⾯的 Y

⾸

=Ht ( HEAt )“HEY总中 Ht进⾏正交化
X
^

(1 ) X,(1) x2( 1 ) … Xa(1) Z , = h ,Ht = XT121 ⼆

⼀

彦I
州

= iu , b :
Zz =λi . E, + hz

⼀

: !
⼀

: ! (
E1tE : Eiz2 = hiTChitNhA =hil+ehiih=o]

.

xi(t) x(t) xa (t) … Xnlt) ∴λ2≡ -
h,ihlhilf

Hs ha hn E3 =λBE, +λ232. Phs

>[ h , hm :m ] =

TEE:!
北1 Zllll!

⇒品品品 Ht θ= Yt ⇒ ER θ= YE =⇒ ZTERθ= ETYt
⇒Rθ= ZTYE

↓ [ ] = [ ]

最⼩⼆乘统计性质 ;

y (t) = x^(t) θ+ V (t) ⇒Yt=Htθ+ V ( t) , 其中 Ev(t) = O
( ⽩噪声假设)θ (t ) = HHEHTYE D

E (t) =H HE)
' HET (HEQ +V(t) ) = Q +HH)“HETULE)

① Eθ (t) =θ
θ (t ) = HIHE )'HE( HEθ+ V (t))= ( HEHEJ'HTHEDT HETHEJ'HEVLt)

(推导 EAx = AEX ,
没 A: 品a … an

: :
…

(已知你准冲 am …
. Amn

!
⼀

-

G, x1 + G12X2 + …. tGmXn 定义
G ,Ex, + G2EXr+. tGinEXa

则 EAX = EG4x+ anλ 2 +… +Gnm A21 EX1 + G22EX2 + …. +GIMEXn ≥

: ! 成性性质1 : : !巑
.

n,( + AmX2+ . + AnnXn Am, EX14AmaEXata. t AmaEXn
= AEX )

∴ EE (t)= (HE HE)' HTHEEQ +(HEHELHEEVLt )= E θ=θ⽆编升
② e (t) =θ (t) - D ,

Ee (t1 = 0 , Corle (t]( lovariane : EXxT )

e (t) =θ (t) - θ= HHET'HEVE ) I =(HEHE) 'LHTYE -θ= H-HEJ 'HEHEV(t)) - θ
etECLET ]=EI HETHEEVKEJVLETHELHEHEJY = A

,EIVLEIVETI Az
A . Az

= 6
A

.Az

我们希望对数据有所选择 = 62 (Ht'Ht
)



③ J (θ) = 系 ( y (i) - x
^
(i) θP =|| Yt -Ht

⇒J ( D) = ( Yt -HED( ) |P=( YE - HE - LHETHEJ' HEYEIPII- HELHEHE 'YHT HEDTE' 1.
= 1 | I - HE ( HE 'HET ' HE)VEIP = 1NI -Q )EIR

∴ E (J ( θ)) = E(NI -Q)EI) = E ( VE ( I - Q)TII- Q) UEJ =E [ VE ' II- Q-QTQQJVEI

其中( Q = HE (HEHEJ' HE , Q= QT1对称阵 )
,
Q≤ Q ;且有性质tr(BA ) =(AB))

Q=QTQ=HEHE 'HEJ'HEHELHETHEYHE
'

= Q

∴上式= EIVET( I -Q )VEI = ECEIHTLI -Q)VE)I= EILEIVETVE (I -Q)]]
↓

标量

(取迹和求期望可交换顺序 : e. g .EH(A) = E ( a11 tan+.…+ann)=EantEa 2t . tEann ]
HELA=

印ua
… Ean

: != EanrEantntEanm
Ean, Eaz. .EAm

: EIL( VTVELI-Q)] = LIEIVEVELI-Q] = LEIELVEVE)I - Q]
= π[ 6

'

[ - Q]] = 6
'
t( ]-Q) = 6

L
- tr)= 6

^
(t-n)

( IQ = E (HECHETHES' HE) = IIHTHE' )HI'HL =GI ε R
"
= n)

⇒ EJ
(θ )

= 62
t- n



Recursive least square Identifcation Alz)= 1+a1z
-

+… tanaE
-na

系统误差模型 : Alz" ) y (t)= B(z ) u(t ) +(t) 1B (z"] = B,z' + … . bnnE-ha
↓ 即考虑数据: Y ( 1 ) , Y ( 2),…, } (t) ,

U (1) , U ( 2) , …ULt )

(与当前时刻输⼊⽆关)

⇒差分形式 y ( t)+ ay(t -1) + … + anay( t-ha)= b ,u ( t)+bzU( t -2)+. …. + bnnU ( t-Mb)+ Vlt)

有 y (t) = - aiy (t -13 - azy (t-23
- anay (t-Ha) +b, u (t-1) +b2 U (t-2) + … .+ bnb (t-Mb) + U(E)

-y (t-1 )

今薯: 4
+= 品品 ! ⇒ y (t )=φ

T
(t) θ+ V (t)1 u(t-) identiffcation model

φ
i
( 1 ) (对⼩于 O的

- Hit - nB)
φ
T
(2)

数据 :

零或保意直?!", Ht:i ! ⼋取指标函数 : J = 底 ( φ (i)-φi( i) θβ
向量⻓ :

""

! i (t) 后再辨识
2

、通⾏⼀段时间

= Y - Htθ)
T
( YE -Htθ)

y(t)

⇒ θ(t )≈ HHt
)

'HTYE> P(t) : P (E) = HEHE
)
',⽬易知

递推形式 : θ (t) =Htj+ HEYt
,分析得 Ht= [ 嘴篮!θ (t-1) = HHt.)'HEYYtY

代⼊得 θ t) = P (t) IHφ ( t][⿏] = P (t)(HtYty +φ(t)y (t))
还原

开(式
P (t) (Pit , P (E-1) HEIYt , + U(t) Y(ED

= P (t ) p
"

(t- + ) θ( t - 1 ) + P( t ) φ(t ) Y(t )之后简化 p (t) , p (t)

1
P-HHE= [HEQLE]THH=Ht Ht1+φ (t),φTt) =PtE + U(t)φ[t) ]即 p

-

(t) = p
+

(t-1 ) +φ(t) φlt)

∴ 有 I = p (t) P (t-
1

) +P(t ) φ(t)φ(t ) ⇒ P(t )ptt = ] - P (t) φ (t) φ[t

∴原式= I - P ( t)φ (t)φ ((t1)θ ( t-1) + P (t) φ(t)Y (t)

=θ (t- 1 ) + P(t)φ(t) ( y (t) - φ[(t )
θ

(t-13)
measurement

) Pt ) = QE) +Pin
(

Y ①LEθ( t -1))1 ptt ) = P(t-
)
+φ(t) φ

T
(t) ⼼上⼀步估计值对当前

步的预测
解释 ; gain : P(t) φ (t)

innovation : y (t) - φ
T
(t) θ (t- 1 )

两条公式针对 ARX 模型可独⽴进⾏
,
其余模型必须交替进⾏

↓ next page : 初值选择 ,

性质



P (t)更新示例 : pl ( 1) = P" ( 0) +φ( 1) φT()

p
+

(2) = p
+
(0) +φ (23 φ^(2) = p

^
( 0)+φ(1)φ

(
(1 ) +φ(2) φ

T
(2 )

:

p
-
(t) = p

-
1(0 ) +φ (1)φT( 1 ) + . tφ(t ) 4lt

)

取 P (O ) = PI , P取 100 ⇒ 初盾较⼤

矩阵求逆: A + BC )+= A1 - AYB ( I + CA
"
B)
+ CAY 进⾏简化

) p(t) = ( p -1 (t-1 )+φ(t )φT(t)
1

→标量
= Pit -Dtt )xitstle…

φ
i

(
t
)P( t -1) 4(t))"OT(t ) P(ED

L(t) '

P (E- 1 )QLE)OTLt )PED→半正定矩阵= P (t- 1 ) - ! I ±φT(tiptt-)ptt 从形式可知 , P(t)逐渐减,
pit-) ettjpTit)ptt)… →标影,

P (t) φ (t) = P (t- 1 ) φ (t) -
I+φT(t) p (t-1)φ (t)

φ(t3 p (t-13 φ(t)
= P (t-1 ) φ (t) | 1 -

I+φT(t) P(t-) φ(t)
)

P (t-1) φ(t)
=

I+φ[ t)P ( t-+) φ(t)

⇒ { θ (t)=θ (tt) +
L (t) ( Y (t) - φTH) EE川最常⽤RLS

L (t) ⼆
p (t- 1) φ (t)

]+φT(t) P (t-1)φ (t)1 p (t ) = P (t-1) - L(t) φT(t) P (t-1 ) =[ I - L (t)φ(t)] P (t-D
更新步骤 : θ (0) >θ ( 1 )→θ (2)⇌θ 13)

P (O) > LU 1 DM 43)

(
12)
→

↓ ↓⼀
>
P( 1 )→ P (23

考虑指标 : e (t ) = y (t) - φ^ (t) θ (t-){
Ʃ (t) = Y (t ) - φ

T
(t) θ (t) P(t)ut)= φ(t)

E (t)= y (t) - φ
(
t)( θ ( t- 1 ) + L(t)e(t) ] P

= Y (t) - φ
T
(t) θ (t-1 ) -φT(t )L(telt) = I - pT(t) L(t)] elt)

φit) p (t-1) φ(t) : 1

= ( 1 -
I+φT(t) P (t-( )φ(t)

) e (t1 = I+φ(t)p(t- 1) φ(t) e (t
)

Ʃ (t)
,
e (t) 同号 ;

Ʃ (t) :

!
”

且有 e (t) =
I - φ

T (t , p (t) φ(t)
可知 0 <θ(t) P(t) 4(t) < ]



将两式相乘 ; □ - φ
(
t)p ( t)φ (t))( ]+φ (

t
)P( t -1)φ(t)) = 1

⇒ I - φ
i

(t) P (t) φ(t) =
1

I+φT(t)p(t-Dφ LE)

新的迭代算法
(上述的 ARX模型递推最⼩⼆乘 , 仍然存在数据饱和问题了
p (t) = P (t-) - L(t) φT(t) P(t - 1 )= IL(t)φ(t]P ( t- 1 ) , 不断减⼩
则 θ (t) - θ (t- 1 )+(t )( y(t) -φ(t θ (t-) ) ,gain将不起作⽤

出现 datasaluration 的原因 ;

θ (t)= ( HEHE )' HEYE
,
P"( t )= HEHE, 有 θ(t ) =PLE 3HEYE

Ht =[H ]
,t] ,新数据和先前数据权重相同 ,

改进思路: 削弱原先数据影响 : Ht= 「P拷] ,
t =(篮] , Pε (0, D

∴θ (t) = PLE) HEYE = PLE) [ PHEφE] [PH ] = PIE) ( p
' HtYYt- 1 +O(t) Y(t)

= Pt)P 2
(Ht(t- + P (t) φ(t) Y (t)

与 θ (t-+ ) = P(t -13HtYt - 1相关联 :

⇒θ ( t)= P ( t), p >
P

( E-)
θ

( t-1) + P (t) φ(t)Y (t)

其中 p
-
(t) = HEHE = [PHEYE) IIIPit +φ( ti(t)

] = p
=

P (t) p
+
(t-1 ) + P(t ) φ(t )φT(t 记 P>=λ

θ (t) = I[ P (t) φ(t) ×'(t)] θ (t+ ) + P (t) φ(t) Y (t)
)
, { = θ (t- 1 ) + PLE ) YLE)[ YLE ) -QTEIDE-] 形式相同

p
-
(t)=λ p

^

(t- 1 ) +φ(t) φ+(t)

实际上是对代价函数的修改 :

> ] = 层xi
+"g

, i > - qciθ)P
J =录 $ li> - φ

i

(i) θ )
之

驮 i
,

1 >ωJ 向量化 : J = YE - HEθ ]
「

( YE - Htθ) L
,

= Y- HEDJE (Yt -HtD)
Ht '

i训

…
.

⇒θ= ( H ☆Ht)HTY' Λ三

Yt' =NIYtt t
⼀

= HENiHt)' HE.NE位Yt
= HNHE) 'HTNYE λ= [xt

"

xt"
∵xi ]



( d =
2 (Yt -Ht

)

,J
Λ

∂θ a (Yt-Htθ)
=-HI (2 EE - HEOD = O

Λ

←7 HETEYE =HETEHED⇒ θ= (HENNHE)'HENEYE
( t)= 流x *iφ li )φ l]“管xtiφ( i)y ( i)

= P (t,λtiuliy( i ) +φ ( t)y( t1]= P ( t), [ NPE录"xti+ p(t+φ (i)Yli)+φ ( t)y( t)]
=λpct)ptt 1) θ (t- 1 ) + P (t) φ (t) Y (t) =[ - P (t) (tsp (t)]θ (

t

-1)+ P (t)φ(t)Y( t)
T

、Pi ) = :xtiφ(i)φT ( i ) =Exti φ i)φli )+φ (φT(t ) =λp +(t- )+φ( tφt)J

→ { θ (t) =θ (t1) + P(t)φ(t) ( Y(t) -
φ
T(Hθ (t))

NA+BG
"
= A
"
- A
" B ( ]+(+" B)

Y

p
-
(t) =λ p

-

(t- 1 )+φ (t)φ[t) OA'

∴ p (t) = (λp
"

(t-1) +φ(t )φ T(t )
]
'
=

☆ [P (t-1) -
plt- )Ut)4tptY ]
λ+φ
i(t)p (t-) φ (t)

⑪
ut)= P (t) φ (t) =☆[ P (t-) φ (t) - p(t- 1) φ(t) φi(t) P (t-1 )ULE ]

λ+φ(t)P(t-1) φ (t)
λ P (t-1 ) φ (t)= ☆ P(t-1 ) φLt)

R+ QTEIPLE - 1DYLE
=

λ+φ^(t)P (t-1) φ(t)

回代 : P (t) = [ PLE1) - LLE)φ IE)P ( E-1)] = ⽂[ I - L (t) φ
T(E) IPLE - D

θ (t) =θ (t-1 ) + P(t ) φ(t )( Y(t ) -φ[t θ (t- 1))
⇒ 「 p (t ) =☆ [ I - L (t)OIt] P (t-D

⑦

L(t) = p (t- 1) φ (t)

λ+φT(t) P(t- 1 ) φ (t)

ε (t) = y (t) - φ(t) θ (t) = Y (t) - φ
(

t)( θ ( t-1) + L(t) e (t) )
= [ - φT (t) L(t] e (t) =

x+φπtpity)(t) elt)

{ e(t|=
( t) = [ +j , φπt)t
)P( t )p(

t -DO( t)(t

)e( t ']

E ( t) )
EL) ≤ e (t)

↓



有限数据窗的递推最⼩⼆乘
了 = 录 (y (i) - φ

(
(i)θ) P ⇒ J =☆

p+
(y (i) - φ[i3θP (数据窗⻓度 p )

⼚ 「 y
(t- p+1 ) -φ(t-p+1) θ

!= [ 1 y (t- p+2) - φT
(
.t -p+2) θ

:

- φ (t) - φit3 θ

= (Yap -Htp θ
]
T (Ytp -Htpθ

)
(

: ( t)= [ HtyHtp ]'
[

HEP YEPIEIt-D = [ HtPHEY,P! 'YHPYEP?
p (t) = (HtpHtp |

"

, ⾔ p (t-1 ) =(Hty, pHt1 ,p]
'

HtpYtp =台(⼼yli ) HtipYt 1 p=
p

4 lily (i)

θ (t) = p (t)tp+lli
)y(u)= pit)[⿏

φ
li ,yli)+φ ( tly( t)- φ ( t-p) YLEP)]

1
= pt).P (t- 1) PIt1 )

E '

φ(i ) Y (I ) +φ (t)Y (t) - φ (tP)YLEP]i=tp
( pi(pt) (t- 1 ) θ (t- 1 ) +φ (t)Y (t)- φ(tP)} (tP)]

Ʃφ (i) φiii)
p
^

(t) = Htp Htp = i=t-p p
+
(t- 1 ) =☆+φ li) φli)

t1 「

(i) φTci) +φ (t) (t)φ φ (t-p) (tp)φ
;

Ʃ φ
i=t-p

)p -
(
t)= p "(t-1) +φ (t) φ

T
(t) - φ (t-p) ×

(
t-p)

) ] = P (t)p(t1 ) + p(t)φ(t)φ[t) - p (t)φ (t-p>φ
T(t-p)

∴θ (t) =[ p ()φ ( t)φ i
(
t)+ p ( t)φ ( t-p)φ (

t
-P)]θ( t -1) + P ( t)φ ( t)Y( t)-

Y ( E)φ (tP>Y(tP)

= θ (t- 1 ) + p(t) φ (t)[ y (t) - 4θ ( t-1)]- P ( t)4 (tp)[Y( t-P)- φ [t-p)DLED]
简化plt / p- (t) = p+ (t- 1 ) + lφ (t) φ (tfi⿏⼀

表⼈ ;0 》 1 ( A(+BC
)1
= A

+
- A*B ( I+ CAB)"CA ")⼤

( diminxn ) ⼶

Y

∴ p (t ) = plt - 1 ) - p(t -1).[φ (t)φ(EP)] (
I+[Gtp ]p(t-)[φ (t)①(tP][t pitD

令 Qtt) = pit-1
)
+φ (t) φ

T(t)

p
+ (t 1= Qtt ) +φ(t-p )

φ
T(tp ) | A+BC) H =

A
' -A
"B 1 I+ CAB)'CA "Y

② ⇒ p (t) = Q (t) +
Q (t) φ(t-p) φ

T
(tP) Q (t)

1 - φ
T(tp> Q (t) φ (t-

p

) ,Q( t ) =PLE )
-PH-D4H 14TEIPL)

两次利⽤求
1 +φ

T(t)P(t-1) φ(t)

逆引理



> Yt1 ,
py =YHPYt
荫, ) →Ytp =

[

*n ] ,
Yt,p
- l[,pell
T

Ht-" p+
-(

OT(E-P
+T(t-p) ] ⇒Htp= [

Hta,pTE,HEp = [HEPYEPJ
:

T

φ (t- 1 )

Pa (t- 1 ) = HtlipyHtH,p- 1) " ,
α

(
t -1 ) =PaLt -1) HtYpiYt - , pH

( 可知 θ (t)^ Pa (t - 1) 、
θ

(t-) ) ☆

θ (t)= PI)[HtpHQLEI[H, ] =Pit )PatYPaEHE ,pTYEH,PIHGEYED
= pit) [ait

,

α ( t-1)+ O (t)Y (E]

( 有 p
+
(t)=(Honipeφ(t )][ H☆Htipe

Htepit
- +y+φ (t)

) φπt) )
=⇒ p

- (
t)= p {( t-1 ) +φ(t) φ

[
(t)

∴ I = P(t)P义 (t- 1) + P (t) φ(t) φ(t )

∴θ (t) = Ψ - P ( t)φ ( t)φT(t)] & (t- 1) + p (t) φ(t) Y (E)

= α (t-1 ) +p(t )φ(t ) ( Y(t ) -
φ
T(t ) X(t -)

θ (t-1 ) =PIt- )Ht
,pYtH, p = P(t-D[UItP HtLp[

p
.

= P (t-1) [ Patt - t
)

Pa (t-HEYpY
(

tH,pH+ YLt-P) Y (t
-P]

= (t- 1 )P PD( t-DX ( t-1) + P ( t-1) φ(t-P>Y (t-P>
↓解 α(t-1 )

p
"
(t-1) θ (t- 1 ) = Px

^

(t-1) α (t- 1) +φ (t-p) Y (t
-p)

Pa (t-1) p" (t- 1 ) θ ( t-1)=α (t- 1 ) + Pa (t-13 φ (t-p>Y (tT》

∴
α ( t-1 ) = Px( t-1) p

+

(t- 1) θ (t- 1 )-Px(t - 1 )φ(tp) Y (t-P)T

(求解 p
+
it", p

-
(t1 ) = [φ (tp) Htp +]'

φ(tP) ] 》

[ T
.

= ectp)4
'

ity +PaltilT
Ht-1,py

=⇒ Pa
^

(t- 1 ) = p
-

(t+) - φ (t-P) φ (t
-

p)

∴
α
( t-1) = [ + Px (ty) φ (t-p) φ

i
(tp)]θ ( t- 1 ) - Px (t 1 ) φ(tP>Y (tP )

= θ
(

t-1 ) - Pa( t-+ ) φ (t-p)[ Y (t-p) - φ
i

(t-p) θ (t- 1)]



有限数据窗的加权迭代最⼩⼆乘
( 加权 : θ (t) = (HENHE)

' HENYE )

p (t) =HNHtN
P(t -1 ) = (HE ΛHt)

1
-

λ
P+

∴ Et)= PL)HENYE = PLE)
Ʃ tipli ) y ( i) ⼊装 !

t1
i=t-ye 1
x

⼀

iptt φ10)yli) +φ)y( t)- xP
φ (E-PPY (EP]λ= P (t) T Ʃ

= P (tpt P( t -D
ƩxtiYφ li)Yi )+4 ( t)y(t )-λ Pφ

(
tp>Y( E -P)]i=tp

= p (t) p (t- 1 )λ E(t - 1 ) +Pt )φ(t) Y(H )-
λ
PP(t φ (t-p> y (t

-P>T ⼀

⼀

φ(t -p+1V⼀⼊“xp2 : =

1
pi)= [ φ (t-p+1 ) . QE]

⼀

!
⼀

φ
'

(t)
⼀

tpaxti φ li >φ(i)
φ(t-
D

t

p
+

(t-1 )=[ φ(t- p ) …φ
(E -1)

]

! i: tp
λ
i
φd ☆

⼼ iw)

有 p
"
(t)px (t - 1 ) +φ(t )

φ
T(t ) -λ P φ(tp>φ(t

-

p)
=⇒ ] =λ P (t) p

-
(t 1 ) + p (t) φ (t) φ(t) -λ

"

P (t)φ (t
-P> 4(t

-

p]

θ (t) = ( ] - p (t) ①(t) φ(t)+λPP ()4(t-p >φ(tp))θ ( t-1) + p (t) φ (E)Y (E )
-λPp (t)φ(t-p)Y (t

-P)
∴

θ
( t)=θ ( t-1 )+ p ( t)φ ( t) (y (t)

- φTt) θ (t-1)) - λPP(t) φ (tP ) (Y(t-p)-l ×πt-p)θ ( t-1))
Q" (t)=λ p

+
(t- 1) +φ (t) φ(t ){ p "(t ) =

Q
"(t ) -

λ Pφ(t-p >φ(tp
) ( A+BC)"= A

"
-A
"
BII+ CA" B)CA" )

Q (t ) = ⽂ P(t-D - ☆ P (t- 1 ) φ(t)
pi (t) - p ( t-1 )
I+ φ

T
(t) ☆ P (t1) ① (t)

> (t-"

]= 叉 [ P (t - 1 ) -
P(t - 1 )4(t )eit) )
λ+φ

T
(t) p(t- 1) φ(t)

p (t) = Q (t) +
Q (t)x

"φ(t-p) φ(t
-p) QLE! = Q (t) +

xPQ (t)φ(t-p)φ(t-p)Q (t)
1 - φT(t- p> Q (t) xPO (t

-p) 1 - xP φ[t-p> Q (t)× (t
-

p)



求解选代 : α (t-1 ) = ( HtyipHt ,pa)"HtY,pMYt-1 ,py
定 ⼊Pz

3义;
= [ φ (t-p+1 ) φ(t -p+2 ). . φ IE-D] ! λ

P.1

÷
,
|☆…

Pa (t- 1 ) t-
1

⼰
3+,

t- i+φ li) y (i)= λ
P (t)

←

u
"
*i +φ (i ) φii] =ty

←
t

{
θ (t) = [ 元 / t - i φ li) φ[i)

]

"Hpxti φ li)y (i )i=t-pl
t- 1

θ (t-1 )= [λti +φli )φ'(i)] "≥ λt - i+ φ li)yli )i=tp i=t-p,
p (t- 1 )

θ (t)= PE) Hpn" 4
i )yi )+φ ( t )y(t ]=p ( t )[λƩt"

λ
t
-i"

φ (i )yci)i=t- p+
1

= pit ) paltPa( t-1) . λ E" xti φLi)Y (i) + O() Y (E1 !
+φ (t)y (t]

i=t-p
= PtPi (t-1 ) α ( t-1 ) + P (t) 4(t)Y (t)

1 p-(t) = xPalt+φ ( t)p (t)⇒I = λ P ( t )Px '( t-1) + P (t) Ψ (t) φ[t))
∴θ (t ) =α (t- 1 ) + P () φ(t) ( Y (t) - φ

T

(t) α (t- 1))

θ (t- 1 ) = P (t- 1 ) Ʃ
"

xt- i+φ Li)Y( i)+ XP
-1
φ (t-p) Y (tp )

i=t-p+
1

= P( t-) [P > '( t-1 ) PxLE- 1 )E
'

λ
t-i+φLi )Y (i) + RP+φ(t-p>Y (EP>?i=t-p

1

= P (t-1 )Pa ^(t - 1 )α(t-1 ) + αP
-

* p(t - 1) φ (t-P) Y (E-P)
=) p (t-
)

θ (t - 1 ) =Px "(t-1)α( t 1 )
+NP"(t-

p) y (t-p)
∴
α
( t-1 ) = Pxlt-)p (

t

-1) θ( E -1) - XP
+P α( t-1)φ (t-p>Y ( t-

P)

pit)= Paitt)+xP -1
φ (
tp)φ( t

-P>⇒Pα (t -1) p "
(
t1) = ] +λ P

*Px( t- 1)φ(tP1 Pa (t-1 )=

p +
(
t-1) - XP- φ (t-p) φ

i
(t-p)

φit-p)
:

α

( t-1 )=θ ( t-1) - XP
+ Pα (t-1 ) φ(t-p ) ( y(

t-p
> -

φ
(t-P>θ (t

-1))



考虑更复杂的噪声 (ARMAX模型)

{Alt
"

) y (t) = Blz
"

) U(t) + W (t) Alz") = 1 + la aizi
i= 1
Hb i

B (z")=Ʃ biz
-

Wit) = D (E" ) V (t) i= 1

D (z - 1 ) =1
管ddiz-i

差分 y (t) = - a,y (t- 1) - …- Anay( t-ha>+ b , u ( t-1) + … . + bnbu(t-Nb)

+ V(t) + daV(t- 1 )+ . … + dndvlt-Nd)
- y(t-1,|

-

φ(t) =
- tna, θ : 篇

, y=φ
T
(t) θ+ U(t )

u( t-1 ) θ (t)=θ (t-1 ) +L(t)[Y (t) -φit)θ (t-D]

Λ

uit - Mn) ⿏ →{ ((t) = P(t- 1) φ(t)⼀

些t
-1

)

品 1+φ
i
(t) p(t-13 φ(t)

.

vit-Md)
⼀ plt)= I - L (t)① (t)]P ( t-1D

问题 : 噪声不可测量 ,

⇒ 估计噪声 : 在 t时刻后计 t1 时刻噪声
v(t) = Y (t)- φT(t )θ

P (t)= Y (t)- φ
i
(t) θ (t)

( v (t- 1)= y (t- 1 ) - φi(t- 1) θ (t-1
)⇒
i (ty) = y (t- 1) - φ(t- 1 ) θ (t- 1)1 { (t-nd ) = y (tnd) - φitha θ (t-Md]

算法流程 :

且改进 只⽤前⼀步的参数
,θ ( 0) ” 凹 P (t)= Y (t)- φ

i
(t) θ (t) 计算

P ( 0) > LL 1 )

l
L(2 )i 1 P (t

-1) = y (t- 1) - φ(t)θ ( t-1) 1↳ ↓ → ↓ θ (t- 1 )>
V (o) P( 1 ) / (2 ) { (t-nal= y (t-na ) -φiitθ (t- 1 )il)

φl) φ (2):

㕬

算则蹈!有yt1 =4 s5H10c + tmeria

focus on noise ,

令 y(t ) = y(t) -Ψs(t)θ s :Y' = φnl) θn + U (t)

]ut-nd] 2 (t) = y (t) - φnt)θ n: Y 2 (t) = φs
[
(t)θstult)

at
tamm!it[yit ". ( ☆IE ] =☆H- tlult }yt -4TElt

Λ λ⇒θn : φn (t)
- φn'(t )n (t-D]1 Lu (t) = 1 + QniitPu (t-1 )i (t)

Plt-1Dn U . (t)和 θn 有关 , 不可测
Λ

Pn (t) = [ ] - Lu (t) φu (t)] Pu (t- 1 )



θs (t, =θs (t-1 ) +Ls(t) [ Y.( t )- φS( t) θS( t-) ] =θ S(t - 1 ) +LS(t) [ YlE 3 -YnTiE θn (E)
θs ⼆ 1 Ls (t) ⼆ φs (t) Ps (t- 1 )

- φs (tiθs (t-1]
1 +φs(t) Ps (t-1) φS (t)

Ps (t) = [ I - Ls (t) φs (t) ]PS(E -D

C 1z")
t) ( CLzY = H&

"
zi )ARARX 模型 : Alz ) y ( t)= Blz") U (t) +

”
“

<

-

-Y (t- 1 )

: :Wit 1 = CiEYVLE )有 θ=an 0=
-ylt-Ma] y (t)=φ[t)θ+ V(t)
u( t-1) ,

W (t) = - C , w(t -1 ) - … -(W(t-U) + V(T) 贰 tnb)
-ω(t-1)(不好直接转化成 ARX模型 ,增加会了

。
⿏

⼀ √ (t-nc?参数且不易分解
同样需要改进迭代 (对 W进⾏估计)

θ=Q ] ,
φ= [ 谐] ∴ y (t)=φs (t ) θs + w (t) ⇒ W (t)= Y (t)- φs (t)θs

↓居计
ω (t )= y (t) - φ( t)θ s( t)

⇒
θ (t) =θ (t - 1 ) + L(t) [ Y(t 1 -OTG D(tNI

i (t) = [筑]Λ

L (t) =
Plt-1) ①(t)l 1 + pitsPit - )4it

)

上估计过程p (t) = [I - LL)φ it] P (t- 1 )

算法流程 ;
en (t) =「裝m,l = 1

ω( t-1) = Y (t-1) - φs
'

(t- 1 )θ S(E-D
Λ

ω(t-) = y (t-2 ) -φ 5(t-2 )θ i(t2) |θ(t):

>θ ( 1 ) >θ (3)
W (t-Mc) =Y(t-he) -φ(th )θ (Enθ( EN10?-

- .

c⼝ ,
毁 _ 「 ⼀

⼀ ⼀

PlO) LY

⼀
↑i! “ δ'

)φ φ(3)γ
1
√

,

⼀

! Λwiis ↑
(O) [ W ( 2)

>
)

) 处理 ARARX : AlzC删i-BIE )Clz )_-…∵ 1 V(t)

)Alz"Yf( t)= Blz-YUf (t) + U(E)

θs = [a, da - Anab -bn]
T

T
⇒yf( t)=φ f(t)θ stu (t)

Y= [ -Yf( t-) -Uf (t2)… -Yflt-ha )ULE- … .UIEMI (转换成 ARX模型形式)



Λ

θs (t) =θs (t - 1 ) +LsLt)[Yf( t ) -QTItDSE-]

i Ls (t) ⼆ Ps (t-1) 4f (t) ( ⽆法启动 ,需知 Yf (t, φf (t)
IH φfTt)Psit-p 4it)

( Ps (t) = [ I- Lsit) 4slt
)

]Ps( t-1 )

ω (t) = cizn V (t) ,
ClZ") W (t)= V (t) )θ n= [ GCG2 … .

CUCIT
{ φn (t) =[-ω (t-1) -… - WiE-UODT

y (t) - φsπt)θ; (t- ) ⇒ ω it)=φnt θn + U(t)⑪
Λ

θn (t) =θn (t- 1 ) + Lu (t)[W (t ) - φGTt)θn (t- 1 )]

Pu( t-1 ) φ n (t){ Ln (t) = 1+φa
'
(t)Pu (t-1) φn (t) ⇒后升 θn ⇒ δ

←Pu (t ) = I - Lnt)nit ]Pn (t -1) Yt= Y( t)+ G ( t-1 ) y( E-1) + …
+ Chc (t-

1

)y (t-nc)

(⽆法启动 ,需知 wlt) Uf (t)= U(t)+Ci (t-+ ) U(t -1) + …

↓ ? + Cuc (t- 1) U (t-Uc)

Alz") y (t) = Blz
" ) U (t) + W (t)

⇒辨设形式: y ( t)=φ Sθs + W
( t)⇒W (t ) =y ( t ) -φs ( t) θs( t- 1)

整理 : 基于滤波器的递推
θs (0 ) ( 1 ) > θs (2 ) 最⼩⼆乘辨设算宏7

Λ Λ

θnl0 , “>θn , > θn (2)
Λ

↳ y
「

Λ

优点 :两步估计 ,
Λ

然以 f (2) 矩阵储存较⼩降维

YfO) 4f)

Ls ( 1 ) Ls√y(0 )

W (0)→
Lnll )优Ps ( 1 )

么Pm ( 1 ) → 1 (2)



ARARMAX 模型辨识
⽅法 : Alz“") y (t) = B (z

") U (t) +
D (E)

V (E)
C (E)

=⇒ Alz ) y(t ) = B(
E
) U (t) + W (t ) C (z 1) W (t) = D (z") V (t)

θs = [ a. .Ana b . bnn]
T

θn =[ C. - Cnc d . i - dnal
φs (t)= [-y (t-1 )- y(t-2 ) … -Y (t-ha) u( t)=[-ω (t-1 ) … -Wlt-NC)

T
u (t- 1 ) u (t-2) … U (t-HDI U (t- 1 ) … V (t-Hd] I

yt = φslt θs + W (t) ω (t ) = PniE) Dn + V (t )

、 ,
y (t)=φs (t) θs + φnT()θn + U (t)

令 θ= [ 品 ] ,
φ (t) = []:, yt)= 4t θ+ u(t)

) θ (t)=θ (t-1 ) + L(t) [ Y(t ) - Qθ ( t-1)]

L (t) =
P(t- 13 φ (t) (不可能启动 , φ中未知参数很多 )1 |+pi(t) p (t-1) φ (t) 需对 ω(t) , v(t)姑计

p (t) = I - L(t ) φ(t)] P (t- 1)

估计 :

ω (t ) = y (t) - φ( t)θ s( t- ) 可同上⾯基于滤波器的⽅法 ,

i (t ) = y (t) - 4 iθ (t - 1 ) =W( t ) -hit )E(t )
ΛT Λ

Ψ (t) = [嘴tI
= y (t) - φs (t) θs (t-1)- ent) θult-)

⇒φ n( t)= [-W( t-1)… -W (t-N)

递阶的算法 P (t- 1 ) . PItndS]
⼚

Y (t ) - φST(t) θs = n
'
(t) Dn + V(t)

令 y , = y (t ) - φs (t) θs
∴ Y ( t)=φ nT(t) θn + U(t) ⇒yi( t)= Y ( t)-4s (t) θ( t+)

则有 RLS :

θn (t )=θn (t-1 ) +La(t) [ Y(t) -φ (t) θ( t-1 ) - t) θn( t- 1)]
Λ

Pu( t-1) φa (t)1 Ln (t) = 1 HQaTitPult - 1 )Ynlty

Pn (t) = [ I- Lult) φult
]

Pu (t-1)



Y (t) - φnT(t) On = φsT (t) θs + V(t)

令 Y 2 = Y(t ) -φ
n
(t)θn

: J2 = φs (t) θs + U (t1 ⇒ Y% = y - Qutts
θ

n( t-1 )

则有 RLS :

θs (t) =θs (t- 1 ) + Ls (t) [Y -t)Yt)θn( t- 1)- φ SLt)θ s( t-1)]

Ls (t ) =
Ps (t- 1 ) φslt)i 1+ φs
(
t)Ps( t-1) φs (t)

Ps (t) = [ I - Ln (t) φu (t)] Pn (t-1)

算法实现: 先算 θn (t) ,则计算 θs (t) 时可⽤ θi (t) 代替 θnlty

iller - based recursive least square identification
[直接转社成⽅程误差模型了

,

基于滤波器的最⼩⼆乘算法. , algorithms
⽅法 = : Alz") y(t) = Bz- )u( t ) +

⿏

l
(t)

……

Alz)嘴店 y =t! BLE谁识幽; v (t) ⇒ Alz)yf (t)= BIEDUft
…

D (EY
+ v(t)

yf (t) Uf (t)

: θ s = [ a . … .Ana b . bnnl , φf = [- yf (t -1 ) … -Yf(t-ha )Uf(t- 1 )… UfLE-N]
T

∴ yf (t) = φf (t) θs + V (t) [ 刻辨识形成 I

→ θs (t) =θs (t- 1 ) + LS (t) [YT( t ) -it (t- 13]
① Ls (t) =

Ps (t- 1) φf (t)
⼀

1 1 + 4fit Ps (t- 1) φf (t)

Ps (t) = [ I - Ls (t3 ①fiit
]

Ps (t-1 )

W (t) = DlEY V(t )⇒ CIE) W (t) =DLEYUL
C (z

-

Y

∴ θu = [ C. Cnc U. ….dnal, φi( t ) = [ -W(t ) -WItnS VLED … .ULE-MD
T

∴ W (t) =φnT (t) θn + V(t)

θn (t) =θn (t - 1 ) +Lult )[Wit -φTIEn (E-1 )]
② Pu (t) φn (t)⇒ { Ln (t ) = 1 + QnTits Pu (t) φn (t)

Λ

Pu (t) = [ I - Lu (t) φGT(t1] Pu (t- 1 )



对 ω (t)h 计 : y (t)=φs(t1 θs + W (t) ∴ ω (t) = Y (t) - φ( t)θ S( t-1)

可以代⼊式 ② 中得到 θn ⇒δ , d : f( t)= 1 z" y (t)
⇒Uf( t)= - di( t-yf ( t- 1)-… …- dnd (t-) yf (t-ha)

+ y (t) + Ci (t-1 ) Y(t- 1) + . +Cnc(t -) Y(t-RS

同理 : Uf (t) = Dlz
((z)

u (t)

⇒ ut (t ) = - di (t)U +(t-1 ) -… -dna(t) uf (t-ha)
+ u( t)+Ci( t-1)fu(t-1 ). …. + Cni (t-) u (t-nc)

∴ 可得到 f (t) ,
改写式 ①

式 ② 中仍需对 V进⾏估计 , 从⽽得到 φi (t)

有 v (t)= W (t ) - Qnit) θn ⇒ V (t) = Wit) - Qnit Dn (t-D
= Y (t) - φs (t) θs (t- 1)-YuTit θn (t- 1)



最后⼀章输出误差模型 y (t) = Bz" u (t) +ω(t)
考虑 ω (t) = V (t) , 即 y (t)=

Bzy LEJU

Alz")
u (t) + U(t)

u (t) B (z
),] ,

φ (t)
>

有 y (t) = x (t) + V (t) Alz-)

x(t) = Blz
"

) u (t) ? Alz) X (t)=BlE") U(t) 点ALz) ;
θ= [a , … ana b … . bub]

'

,
φ (t) = [*(t-1 ) … -Xt-Ma

…

∵
… …
Bulz)…∵

Xalt)

u (t- 1 ) … U (t-Nn)]
T

辅助模型

∴ x (t)=φ
T(t) θ

∴ y (t) =φ(t) θ+ v(t) [ 回归模型 ]

⇒ 形式上 RLS: θ ( t)=θ ( t-1) + L(t) [y (t) - φ
i
(t)θ (t- 1 )?

L(t) =
p(t-1 ) φ(t){ ( +φ [t)P (t-1) ①(t)

P(t) = [ I - L(t) φT(t)] P (E- 1D

Xalt) =
bi (t-1)z- 1 +. + bnnit-13E-Mb u(t) ⇒Xa( t)= - Gi( t1)Xa( t-1 )- AnaltiyXalt- hal

1+Q , (t- 1) z" + … t Anatty)E
-M,

+ bi (t-) U (t-1 ) + . + bnn (t-1 ) ULE-Nb]
p (t) = [Xatty … -Xalt-ha) Ut-1) … .UIE-M]]

∴Xa(t)= φ ( t)θ ( t-1 )
⇒ RLS : θ (t) =θ (t- 1 ) + L(t)[ y (t) - θ[(t) θ (t-]

1 L(t)⼆ p (t -1 ) (t)
1 + pit)

P

(t-1) P (t)
(
p(t) = [ I - L(t) P[t)] P(t-1 )

两种模型处理本质都是变成辨识模型形式 , 输出误差 model : 把真实输出



稍复杂模型 : Y (t) = AlBIE) U (t) + DLE") U (t)
Bl焱 u (t) = x (t)

, y (t) = x (t) + DLE) Vlt)
= x (t) + d , v (t- 1) + d= U (t-2) + .

+ dudV (t-nd) + V(t )

= bit θ s + φnOn + u(t)



稍复杂模型 :
ω (t) = cizYVUE)
↓

y (t) = ABIE)u (t)+ CLz) VL) u(t) BLE) ×(t)
,④ >Y (t)'

Alzy

⇒y ( t)= x ( t) + W (t)
>

θs=[a , . Ana b. bun]
J

,
φSLtF[-XLEBaa∵…
…

Xau*
-x(t2) … ,-xt

-Ma)

{x (t)
= ALzBlz"I u (t)

u (t- 1) ……
u(t-hn) ]

'

ω (t) = V (t) θn = [ C , CG .Cuc]T
,

φ
n( t)= [- h(t- 1) … -uet-nO]

T

C

∴ x(t)=φTt θs , (t)= φnit) θn

⇒ y (t) =φsi (t) θs +φni(t) θn + V(t) 令 θ=[品
]
,4⼼剧

RLS : θ (t)=θ (t-1 ) +L(t )[ Y(t ) -φit θ (t-]
pit - ) plt)1 L(t) = Λ

1 +①itP (t-1) φ(t)

p(t) = [ I- L(t) φit]
P

( E-1 )

⽆法启动 , 对 φ(t)后计→ 对 x (t-1 ) … x(t-ha)估计 →⽤辅助模型估计
Xalt)=

B (z,t) U ( t),
A
( z,t)= 1 + Gi (t )E1+

…
- tAnattE-Ma

A' (z1 ,t) { B (z1 ,t) = bi (t)z" + … . + bnn(t)E
-hn

.
:有 Xa (t) = - ai (t) Xa (t- 1)- .Gnatt Xalt-ha) + bi (t) u (t- 1 ) + . +bun(t ) U(t-h)
: ⇒φ s[(t)=[ -Xalt-1 ) … - Xalt-Ma) U(t-1) … . U(E-NB]

P

∴ Xa (t)=φsπt) θs (t )

还需要对 ω(t) 进⾏估计 : φ (t ]= x (t)+ w(t )
∴ λ (t) = y(t ) -Xalt ) y(t ) -Q (t) θs (t)

分析算法 ; φn (t)=[- y (t-1)+esit-
θ

s( t-1 ) ,

θ 10) θ ( 1 ))
- y (t-2)+φs (t-2) θs (t2) . … I

pos ,l等 !
器,

↑l
→

1 φs (t) =[ -φ t+|θ s( t- 1

),- φtty(thc]( tMa) ] T
θS (t)…,

⼀、 Λ(al 1 )
φ(2)→巡!α

P(1 ) > P(2)



⽅法 2 : 独⽴出⽩噪声
( 1z)y ( t)= B

12*( ( z^) U(t ) + V (t) ⇒ Uf(t)=删⿏,(t
)+ult )

A (E)
yf (t) ufLt)

Blz)
,
xt)
x , yf (t),

Utlt)
( IE) '

AlE)

令 xf (t)=
AlzB

( E)
uf (t ) ,θs=[a .ana b . bunIT

Λ

φf (t) =[
- xflty)-Xflt- naUfttYUIIE-MaIT

: Uf (t)=φfit) θstu (t)
Λ

辨设 : θj (t) =θ; (t-1 ) + Ls (t ) ( bf (t) - it)θs (t -1) )

{ Ls (t) = ps (t-1) φf (t )
Λ

1 +φfit)Ps( t-1 ) φf (t)
Λ
Tpst ) =I - Ls (t) φf (t1] Ps (t-1 )

需要得到 uf 和 Yf ⇒ 对 ( (z)f在刘 → W(t)= u(t)

∴φn (t ) = [- ω(t- 1 ) … -Wt-NC]
T

,

θE[ C. CncI

∴
ω
(t) = φ .(t) θ n+ U (t )

⇒ θi (t) =θn (t - 1 )+ La( t )IWtt)-ht θn (E- 1 )]
Λ{ Lu (t) = Pu (t-1 )φn (t )

⇒θn ⇒ Clz,
t)

1 + Ttth Pu (t-1 )Ynlty
l
Pu (t) = [ I - Ln (t) entt) Pu (t 1 ) θ∴ yf (t) = Clz" ) y(t ) )U +(t ) =δ( z,t) Y(t ) = Y(t)+Y(t )θD
其中 φy (t) = ( (E-1) … Y (t-nC]

T

o
Uf (t) : uT (t ) = u(t) +φu

'

(t) θn (E-D
(有时间差)

BlE ', Iuf(t )⇒ xf (t )= 4fTit Es (t)xf (t ) : xT(t ) =A (z-,t)
W (t ) : W (t) = Y (t) - xit ) = Y( t ) -φits (t)

φa (t )=[- Xalt-1 ) - Xalt-ha)U ( t-1) . . U (t-UD)]
T


