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1 Introduction

1.1 Comparison of two mathematical modeling methods

i. Mechanism modeling is to write down a complete set of equations relating the different
variables in the system based on physical laws.

ii. System identification (SI) is to find out the relationship between input and output, as well
as other signals, from a set of experimental data.

1.2 Definition of SI

System identification can be defined as the determination of a mathematic model from the
observed input and output by minimizing some error criterion function.

1.3 Four entities of SI

Data, set of models, criterion, optimization approaches.

2 Identification models and LS estimation

2.1 Identification models
Shift operator

i. Forward z : zu(t) =u(t+1)

ii. Backward 27! : 27 tu(t) =u(t —1)
2.1.1 Time series models

Denote

i. Autoregressive (AR) model



ii. Moving average (MA) model

iii. Autoregressive moving average (ARMA) model
A(z7Hy(t)=D(z"Mu(t)
2.1.2 Equation error type models
A(z"Hy(t) =B(z"Hu(t) + w(?)
v(t) ARX

D(z"YHv(t) ARMAX
w(t) = ﬁv(t) ARARX

gg:gu(t) ARARMAX

where AR refers to the autoregressive part A(z~1)y(t) and X refers to the extra input B(z~1)u(t).

2.1.3 Output error type models

B(z~1
) = H =)+ w(t)
v(t) OE
D(z~YHv(t) OEMA
t _t

w(t) cooo(t) OEAR

gzj;v(t) OEARMA (B —J)
where % :=2x(t) can be viewed as the true output.

2.2 LS principle

2.2.1 One-dimensional case

Question 1. For a desk, we assume that n persons obtain n different values of the length of this
desk x1,x9, ..., x,. Now our question is, what is the most likely length of this desk?

Answer 1. Intuitively, if z is the length of this desk, it should minimize the following error function

F@) =3 (@i -2

i=1

which is the sum of squares of the error. By setting the derivation to zero, one has

df n
df) = *2; (i — ) =0,



which gives

_ntaxat - tan
- :

In addition, it is easily obtained that
df(x)

=2n>0.

Therefore, f (“‘F“—W) is the minimum value of the error function f(z). This is the basic

principle of the method of least squares.
2.3 Statistical properties for LS estimation

Theorem 2.1. Consider the system (*), and suppose that V; is of mean zero, and V; and H; are
statistically independent. Then the least squares estimate Ops = (HtTHt)_lHtTY} 18 an unbiased
estimate, that is, E[@Ls] =40.

Proof. By using Y;= H0+V;, one has

s = (HIH,)™*
= (HIH,)~ 1Ht (Ht9+Vt)
(HfH)~'HIH,0 + (H{H,) " *H'V,
= 0+ (HIHy)'H}V,
then
E[brs] =0+ E[(HIH,) "HIV;| =6 O

Theorem 2.2. Consider the system (*), and suppose that V; is of mean zero and has the covariance
matriz cov[Vi] = R,. In addition, it is assumed that Vi and Hy are statistically independent. Then
the covariance matrixz of the estimation error Ops(t) = 0s(t) — 6 is given by

cov|Os(t) | =E[(HIHy) 'HIR,H,(HI Hy) ™Y

Proof. It follows from the proof of the previous theorem that

brs=01s(t) —0=(H/Hy) ' H]V,

and

then

COV[éLs] = [éLSégS]
= E[(H/H) "H{V,V;"H,(H{ H;) "]
= E[(HTH,)‘HFR,H,(HIH,)™]



If E[v(t)]=0 and E[v*(t)] =02, one has cov[V;] =021}, cov[éLS(t)] =o’E[(HIH,) Y.

Theorem 2.3. An unbiased estimate of 0% can be given by

6_2 — J(éLS(t))

t — dimé
3 RLS

3.1 Basic RLS

3.1.1 P(0)

When the initial value P(0) takes pol >0, it follows that

t

Ly w(z’)so%')]

P(t) =
0 = |51+

1 —1
= [—IJrHtTHt]
Po

where

This implies that

-1
lim P(t) = lim [iIJrHtTHt]

Po—> 00 po—oo | Po
= [H/H{™!
= P(t)

This fact shows that the pg should be chosen to be as large as possible.
3.2 Forgetting factor RLS algorithm

J(0) = Z A=y (i) — T (4)6]2

= (Vi — H0)TA(Y: — H0)

where

A= p?
He = [¢(1) ¢(2) ... o(t=1) o) ]"
Y, = [y(1) y2) .. yt-1) y@)]"

Ay = diag{\'"L N2 N 1}



Take the derivation,

oJ(9) 9V, aJ(0)
a0 20 oV,
(Y, — H,0) O(V;EAV;)
o0 oV;
—2H{ AV,
—2H{ A(Y: — Hyf)
0

which gives
O(t)=(HFAH,) " *HE ALY,

Denote P(t) = (H{ AyH;)~!, then

PH(t)

> Al ()
_ /\i N=i=10(0) 0T (0) + o (8) 7 (2)
= APt —1)+ o(t)T(t)

By the matrix inversion lemma, one has

o Pt—1) o)™ ()Pt —1)
P(t) = X(P(tl) )\+<pTSD(t)1;it—1)<P(t) )

t
HEAY, = > Aoy (i)
=1

_ Ai X100y (i) + () y(t)
 AHT Ay Vi + o)D)

(HtTAth)_lHtTAth

P(t)P(t—1)"'P(t — 1)(AH{_1A+ 1Y 14 @(t)y(t))
= AP()P(t—1)"20(t — 1) + P(t)o(t)y(t)

[T = P(t)p(t)eT (1)]0(t — 1) + P(t)o(t)y(t)

0t — 1)+ P(t)p(t)[y(t) — T (£)0(t —1)]

D>
—~
~+
=
I

) _ Pi—1e()
L(t) = P(t)%D(t)*/\_|_<pT(t)P(t(p—1)<P(t)
Plt) = %(IfL(t)saT(t))P(tfl)

3.3 Fixed memory identification

JO) = > ) - TG



then

where

Denote P(t) = (HpT.,thi)_

P7t) =

Hy Y, =
P()P=H(t—1)
P()P~H(t—1)0

[I=P(t)e(t)p"

(t —
(t) +
(

H

1)+

0(t)=(Hy Hyt

[p(t—p+1) ot—p+2) ...

)71Hg:ty;;7,t

[y(t—p+1) yt—p+2) ...

th 1Yoi—1+ @)y

P(t—1)[Hy 1Yy -1+ o(t)y(t) —

P@)[e®)y(t) —

P(t)p(t —p)et(t—

= 0(t—1)+P(t)e(t)[y(t) -

(6 — 1)+ P(1)

o(t)

—p(t—p) |

PT(6)0(t —1)] -
y(t

y(t —

ot —p)y(t —
POt —1)+

) — T (08¢
p)— ¢t -

o(t) 1"
y(t) 1"

(t) — ot —p)y(t —p)

p)l

P)[e(t)y(t)
Pt)o(t—p)y(t—p)—

_1)
)bt —1)

o(t —p)y(t —p)]

o™ (

3.4 Fixed memory identification with a forgetting factor

then

where

J(0)

t

= > X0 -0

1=t—p+1
= (Y;),t — Hp 0

0(t)=(HL ,AH,

[p(t—p+1) pt—p+2) ...

)IA(Y, = Hyp 1)

o) Hy MY

[yt—p+1) ylt—p+2) ...

diag{\P=1 \P=2 .

6

a)‘al}

o(t) |"
y(t) 1"

—plt -1
t—p)o(t —1)]

(t=p)y(t —p)]



Denote P(t)=(H} AH,.)~!, thus

P = Y M) (i)
i=t— p+1
= Z AN (i) (1) + () T (1) = N (t — p) ™ (t — p)
= Pt =1)+p(t)" (t) = Wp(t — p)p” (t — p)
Hy AY, ;= A io(i)y (i)

>
1=t—p+1
= Z A =io(i)y (i) + () y(t) — Weo(t — p)y(t — p)

= H, 1AY, 1+ o(t)y(t) — MWo(t — p)y(t — p)

D>
—~

~+
=

= PP Yt —1)P(t—1)[H} ,_1AY, 114 o(t)y(t) — NPo(t — p)y(t — p)]

= P(t)P7Y(t—1)0(t — 1) + P(t)[(t)y(t) — Moo (t — p)y(t — p)]

[I—P(t)p(t)pT () + NP (t)p(t — )T (t—p)]0(t — 1)+ P(t)[0(t)y(t) — No(t — p)y(t — p)]
= 0(t—1)+ Pt){e®)[y(t) — oT()0(t — 1)] — No(t — p)[y(t — p) — T (t — p)O(t — 1)]}

A1)+ PO () Nt y(t) = 9" (WAt~ 1)
=D+ POLe®) —Xeli=p ]l " ore— i — 1)

4 RLS with A(t)

5 GERLS

5.1 Filtering based recursive generalized LS algorithm
Consider the following ARARX model

1

A(zYy(t) =Bz~ Hu(t) +mv(t)

(5.1)

Define the filtered input ug(t): =C(2~)u(t) and filtered output ys(t) = C(2~1)y(t). Multiplying
the both sides of (5.1) by C(z7}), yields

A(="Dys(t) =Bz~ Huy(t) +v(t)

For the above equation error type model, one has

yr(t) = ¢f (t)0s+v(t) (5.2)
where
pr(t) = [—ypt=1) —ys(t=2) . —yp(t —na) wp(t—1) wp(t—2) ... ug(t—mp)]"
95 == [a1 as ... ana b1 b2 b’nb ]T



Next, we will construct another algorithm to estimate C(2~!). Define an intermediate variable

w(t) = v(t) (5.3)

which gives

By this relation, it can be obtained

w(t) = o5 (t)0n +v(t) (5.4)
where
on(t) = [—w(t—1) —w(t—2) ... —w(t—n)]"
Op = [c1 ca oo, )T

It follows from (5.1) and (5.3) that

w(t) = A(z""y(t) - B(z""u(t)
= y(t) — p3bs
where @ (t) = [—yt—-1) —y(t—2) .. —y(t—na) ult—1) u(t—2) .. ut—ny) L.

Then we can obtain an estimate of w(t) as

B(t) = y(t) — I ()0t — 1)

According to (5.2) and (5.4), two least square algorithms can be construct

Os(t) = Oult — 1)+ (&) 9(t) — &F (1)8s(1)]

- Ps(t —1)@y(t)
Ly(t) = 1+ @F(t)Pu(t — 1)@y (t) o

PS(t) - [I - Ln(t)SéZ(t)]Ps(t - 1)7 PS(O) =pol

0u(t) = 0ult = 1)+ Lu()[ (1) — GL(1)00(1)]

o P,(t— 1)@77,(75)
In®) = T55m0m - Den® o

Pn(t) = [I - Ln(t)séz;(t)]Pn(t - 1)7 Pn(o) = pol

where
O = [&nt) éa(t) . én () ]T
Oy = [ ant) Go(t) . Gn,() bi(t) bo(t) . buy(®) ]"
On(t) = [—0(t—1) —0(t—2) ... —&(t—mne) T
0s(t) = [—yt—1) —yt—2) ... —y(t—nq) ult—1) u(t—2) ... u(t—mnp) ]’
(,Z?f(t) = [7}(1571) 7}(1572) 7yAf(t7na) ﬁf(tfl) ﬁf(i*Q) ﬁf(tfnb) ]T
ap(t) = w(t)+ér(t)u(t —1) + -+ én (t)u(t — ne)
9r(t) = y(t) +er(B)y(t = 1)+ + En ()y(t —nc)
w(t) = y(t)— @5 (t)0s(t - 1)



5.2 Filtering based recursive generalized extended LS algorithm

Counsider the following ARARX model

AG () = B u(t) + o) (57)

Define the filtered input w(t): :Mu(t) and filtered output y;(t) = D(="1) y(t). Multiplying the

Camt C(=) C(=z)
both sides of (5.7) by D(i*li’ yields

A(="Dys(t) =Bz~ Huy(t) +v(t)

For the above equation error type model, one has

yr(t) = of ()6 + (1) (5:8)
where
05 = [a1 az ... an, by by ... by, |7
er(t) = [—yst=1) —yp(t=2) .. —yp(t—ma) wp(t—1) wp(t—2) ... us(t—mp)]"
Next, we will construct another algorithm to estimate ZE;:B Define an intermediate variable
_D(Y
w(t) = C’(z—l)v(t) (5.9)

which gives

By this relation, it can be obtained

w(t) = $T(1)0n + (1) (5.10)
where
0, = [c1 c2 .. cn, dy do ... dp, )T
on(t) = [—w(t—1) —w(t—2) ... —w(t—mn.) v(t—1) v(t—2) ... v(t—ng) |"

It follows from (5.7) and (5.9) that

w(t) = A(z7y(t) — Bz~ u(t)

where @ (t) = [—yt—1) —yt—2) .. —y(t—na) u(t—1) wt—2) .. u(t—ny) L.

Then we can obtain an estimate of w(t) as



According to (5.8) and (5.10), two least square algorithms can be construct

Os(t) = Os(t—1)+ Ly(t)[ 95(t) — f (1)0s(1)]

Ls(t) = 1+¢1;S<(:>;sl<i?(1?¢f<t> (5.11)
Ps(t) = [I_Ln(t)‘:b?(t)]Ps(t_1)>Ps(0):pol
0n(t) = 0,(t — 1)+ Lo(t)[@(t) — T ()0 (t)]
Lat) = 1+¢§?§§£§1€"5§2m (5.12)
Pn(t) = [I - Ln(t)@g(t”Pn(t - 1)7 Pn(()) :pOI
where
Os = [a1(t) Go(t) - Gn,(t) bi(t) ba(t) ... buy(®) ]
O = [ e1(t) ea(t) oo ént) du(t) do(t) ... duyt)]"
o) = [—yt—1) —y(t—2) . —ylt—na) u(t—1) u(t—2) - u(t—mn)]"
On(t) = [=0(t—1) —O(t—2) ... =d(t—ne) d(t—1) 5(t—2) ... 9(t—nq)]T
Pr(t) = [=gp(t=1) —gp(t=2) . =gt —na) &(t—1) ar(t=2) ... &(t—m) "
() = ~dr(O)ig(t —1) = = duy(Oig(t = na) +u(t) + Ex(tyult = 1) + -+ n (Oult — no)
gr(t) = —dl(t)@f(t—})— — dny()Jr(t —na) +y(t) + 1)yt —1) + -+ En (B)y(t —ne)
w(t) = y(t)— ¢s (1)0s(t —1)
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