
HOMEWORK 2

(1) Suppose that z = s+v, where s and v are independent, jointly distributed
RVs with s ∼ N (η, σ2) and v ∼ N (0, V 2).
(a) Derive an expression for E[s|z = z].
(b) Derive an expression for E[s2|z = z].
• Solution: as

fs(s|z = z) =
1

√
2π
√

σ2V 2

σ2+V 2

exp

[
−
(s− η − σ2

V 2+σ2 (z − η))2

2 σ2V 2

σ2+V 2

]
,

we have

E[s|z = z] = η +
σ2

V 2 + σ2
(z − η)

E[s2|z = z] =

∫ ∞

−∞
s2fs(s|z = z)

= D[s|z = z] + E[s|z = z]2

=
σ2V 2

σ2 + V 2
+

[
η +

σ2

V 2 + σ2
(z − η)

]2
(2) Suppose that z = s+v, where s and v are independent, jointly distributed

RVs with s ∼ N (ηs, σ
2
s) and v ∼ N (0, σ2

v). Assume we have measurements
z(1), . . . , z(n),
(a) Derive the maximum likelihood estimate for s;
(b) Derive the maximum a posteriori estimate for s;
(c) Derive the minimum mean square estimate for s;
(d) Derive the linear minimum mean square estimate for s;

Solution:
(a) See Example 4.1 in handouts
(b) Similar to (a), add the prior distribution of s
(c) We first demonstrate that s, z(1), . . . , z(n) are jointly Gaussian, which is

true as the linear combination of x, z(1), . . . , z(n) are Gaussian, i.e.,

Y = a0s+ a1z(1) + . . .+ anz(n) =

(
n∑

i=0

ai

)
s+

n∑
i=1

aiv(i)

is Gaussian with mean
n∑

i=0

aiηs and variance (
n∑

i=0

ai)
2σ2

s +
n∑

i=1

a2iσ
2
v . Similarly,

z(1), . . . , z(n) are also jointly Gaussian.
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Assume z = [z(1), . . . , z(n)]T , and as s and z are jointly Gaussian, we have

(s, z) ∼ N
([

µs

µz

]
,

[
Σss Σsz

Σzs Σzz

])
According to Schur complement, we have[

Σss Σsz

Σzs Σzz

]
=

[
I ΣszΣ

−1
zz

0 I

] [
Σss − ΣszΣ

−1
zz Σzs 0

0 Σzz

] [
I 0

Σ−1
zz Σzs I

]
and the inversion gives,[

Σss Σsz

Σzs Σzz

]−1

=

[
I 0

−Σ−1
zz Σzs I

] [
(Σss − ΣszΣ

−1
zz Σzs)

−1 0
0 Σ−1

zz

] [
I −ΣszΣ

−1
zz

0 I

]
the joint distribution p(s, z) is

p(s, z) =
1√

(2π)n+1 detΣ
exp

(
−1

2
(X − µX)

TΣ−1(X − µX)

)
in which X = [s, zT ]T , Σ =

[
Σss Σsz

Σzs Σzz

]
, and the quadratic part is

(X − µX)TΣ−1(X − µX)

= [(s− ηs)T , (z − µz)T ] ·
[

I 0

−Σ−1
zz Σzs I

] [
(Σss − ΣszΣ

−1
zz Σzs)−1 0

0 Σ−1
zz

] [
I −ΣszΣ

−1
zz

0 I

]
·
[

s− ηs
z − µz

]
=

[
(s− ηs)T − (z − µz)TΣ−1

zz Σzs z − µz

]
·
[

(Σss − ΣszΣ
−1
zz Σzs)−1 0

0 Σ−1
zz

]
·
[

s− ηs − ΣssΣ
−1
zz (z − µz)

z − µz

]
= [(s− ηs)− ΣszΣ

−1
zz (z − µz)]T (Σss − ΣszΣ

−1
zz Σzs)−1[· · · ] + (z − µz)TΣ−1

zz (z − µz)

the determinant
det
([

Σss Σsz

Σzs Σzz

])
= det(Σzz) · det(Σss − ΣzsΣ

−1
zz Σsz)

As
p(s, z) = p(s|z)p(z)

we then have
p(s|z) = N

(
ηs + ΣszΣ

−1
zz (z − µz),Σss − ΣszΣ

−1
zz Σzs

)
and

p(z) = N (µz,Σzz).

Hence the MMSE estimate is
E(s|z) = ηs + ΣszΣ

−1
zz (z − µz)

(d) The linear MMSE estimate can be expressed as follows:
ŝLMMSE = E[szT ][E(zzT )]−1z,

in which
E[szT ] = E[sz(1), . . . , sz(n)] =

[
η2s + σ2

s · · · η2s + σ2
s

]
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and

E[zzT ] =

 E[z(1)2] · · · E[z(1)z(n)]
... . . . ...

E[z(n)z(1)] · · · E[z(n)2]



=


η2s + σ2

s + σ2
v η2s + σ2

s · · · η2s + σ2
s

η2s + σ2
s η2s + σ2

s + σ2
v · · · η2s + σ2

s... ... . . . ...
η2s + σ2

s η2s + σ2
s · · · η2s + σ2

s + σ2
v


In order to calculate the inversion of E[zzT ], we represent it as

E[zzT ] =

 σ2
v · · · 0
... . . . ...
0 · · · σ2

v

+

 1
...
1

 (σ2
s + η2s)

[
1 · · · 1

]
According to the matrix inversion lemma, i.e.,

(A+BD−1C)−1 = A−1 − A−1B(D + CA−1B)−1CA−1

we have

{E[zzT ]}−1 =
1

σ2
v [σ

2
v + n(σ2

s + η2s)]

 σ2
v + (n− 1)(σ2

s + η2s) · · · −(σ2
s + η2s)... . . . ...

−(σ2
s + η2s) · · · σ2

v + (n− 1)(σ2
s + η2s)


Therefore, the LMMSE estimate is

ŝLMMSE =
σ2
s + η2s

σ2
v + n(σ2

s + η2s)

n∑
i=1

z(i)


