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What is optimal?

o The “goodness" of an estimate can be expressed in different ways,

depending upon the particular engineering problem

o 3 commonly-used optimality criterion: the maximum-likelihood,

maximum a posteriori, and minimum mean-square error criterion
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Notation

s(n) signal s(n) signal realization
v(n) noise signal v(n) noise signal realization
z(n)

estimate s(n

(n)
(n)

sample z(n) sample realization
(n) a specific estimate
(n)

§(n) =s —8§ estimation error § a specific estimation error

Estimation Theory



Optimal Estimation Problem

Given the measurements z(1),z(2),...,z(n), the corruption function g

such that

and an optimality criterion. Design an estimator that generates an

optimal estimate §(n) of s(n) given by

for some function a,.

Estimation Theory



Prediction, Filtering and Smoothing

Given observations {z(1),z(2),...,z(n)}, make the best guess of the
value of s(?).

smoothing with lag m -step prediction

smooting with lag 1

m-step prediction

fixed-point smoothing filtering

m D-m p. 1 p ntl n+m

Estimation Theory
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Properties of the Estimates

o Unbiased estimator:

o Asymptotically unbiased estimator:

lim E(8(n)) = E(s(n)), lim E(8(n)) =0

n—oo n—oo

o Consistent estimator:

lim E(3%(n)) =0

n—00

Estimation Theory 3-7



Example: the mean filter

Constant signal s: s(n) =s

measurement: z(n) =s + v(n)

2

v(n) is a RV with mean 0 and variance o

independence of s and v(1),v(2),...,v(n)

The mean filter

Estimation Theory
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Example

Check the properties of the estimate

o unbiasedness: E[§(n)] =

SR
2

o consistency: E[§%(n)] =

Estimation Theory
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Formulating the maximum likelihood estimation

problem

most-probable (most likely) — the peak of fx(x), i.e., most-likely

value of x=value of x that maximizes fx(x)

A single measurement z — find the value of s that is most likely to
have produced z — seek the value of s that maximizes the

likelihood function.
Likelihood function: f,(z|s = s)

Maximum likelihood Estimation:

§mr, = value of s that maximizes f,(z|s = s)

Estimation Theory 3-11



Derivation of the estimation

Smr, = value of s for which Ofalz]s = 3) —0
0s
log-likelihood function
In f,(2]s =
$mr, = value of s for which Olnfa(2ls=s) _ 0

S

likelihood function VS density?

Estimation Theory 3-12



Example

Suppose s and z are random variables with joint pdf

fsz(5,2) =

%(s—i—z)e’z, 0<s<4,0<z< o0
0,

otherwise;

The goal is to compute the ML estimate of s based on z.

Estimation Theory
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Example

Find the likelihood function:

Js2(5,2)
fa(z|ls=s .
(2 ) 7.(5)
As
/ fs,z(5,2)d 2(s+1)0<s§4.
the likelihood function is
S+ z
= = -z < <z <
fz(Z|S ) STl ,0<s<4,0< 2 00

Estimation Theory 3-14



Example

Find the value of s that maximizes f,(z|s = s).

Calculate the partial derivative as:

Ofs(2ls=5) 11—z

—Zz

0Os B (5—}—1)26
Hence
4 0<z<«l1
SML = 2 z=1

0 z>1

Estimation Theory 3-15



Example: ML Estimation with Gaussian Noise

Suppose that z = s + v, where s and v are independent and
v~ N(0,0%), ie.,
1

—U2 (72
fo(v) = Wi /2

Given the sample realization z, derive the maximum likelihood

estimation Syr.,.

Estimation Theory
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Example: ML Estimation with Gaussian Noise

AsF(z|s:s):P(z§z|s:s):%jjs)zP(vgz—s),the

likelihood function is

1 .
fz(Z|S = 5) = fv(v)|v:z—s = \/ﬂaei(zis)z/%—2

Thus

Estimation Theory 3-17
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Maximum a posteriori Estimation

Another optimality criterion:

maximizes the conditional density fs(s|z = z)
The density is known as the a posteriori density since it is the density
after the measurement z becomes available.

the maximum a posteriori (MAP) estimate

Smap = value of s that maximizes fs(s|z = z)

Estimation Theory
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Maximum a posteriori Estimation

Assuming fs(s|z = z) is differentiable and has a unique maximum in the

interior of its domain, we have

Smap = value of s for which W =0,
S

By Bayes' formula,

B = 9A0)
Role = =700

Thus,

Smap = value of s that maximizes f(z|s = s) fs(s).

Estimation Theory 3-20



ML Estimate Vs MAP Estimate

o max; f(z|s = s) Vs max fs(s|z = z)
o In likelihood you have observed some outcome, so you want to
find /create/estimate the most likely source/model/parameter/probability
distribution from which this event has raised, i.e., likelihood attaches to
hypotheses.
o In probability you usually want to find the probability of a possible event
based on a model/parameter/probability distribution, i.e., probability

attaches to possible results.
0 max; f5(z|s = s) Vs max, f,(z|s = s) fs(s)
o In MAP estimate, the density fs(s) must be known, i.e., it is a

Bayesian estimation

Estimation Theory 3-21



Example: MAP estimation with Gaussian noise

Additive-noise z = s + v, where v ~ N(0,02). Assume s ~ N (ns, 2).

Then

£05) 1 7(5;%)2
s(8) = ——e€ s
V2o,
As
Fulels = 5) = = (z=)*/20%
“ V2o,
we have
1 (z=5)?% (s—n)?
Flzls = 5)fs(s) 2Mo 50, *P 202 202
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Example: MAP estimation with Gaussian noise

2 2
Differentiating the term [—% - %} with respect to s yields,

2 2
A _ UU US
SMAP = —3 57s +
oy + 0%

02+ o2
When the noise power is much less than the signal power, i.e., 02 < o2,

we have

SMAP = 2z = SML.

(It is implied that there is no a priori information about s)

3-23
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Casino example:

Recall the transition matrix is

F
A= F 09
L 01

and the emission probability matrix is

1 2 3

_ 1 1 1
B= € & 3§
1 1 1

L % 1 1

Estimation Theory
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Casino example: revisited

Denote Y as the number of dies, and X the status of the die, i.e.,
X = 0 means loaded and X = 1 indicates fair. If we have the
observation Y = 6, then we can use maximum likelihood and maximum

a posteriori estimate to estimate X.
P(Y=6|X=0)=1,P(Y=6|X=1)=1
Hence XML =0.

P(x=0]y=6)="E=0FIIX=0) p(x=1|y =6)=ZE=) 200X,

Suppose we have

P(X=0)=1,P(X=1)=2

P(X=0)P(Y=6|X=0) _ 1/6 P(X=1)P(Y=6|X=1) _ 1/9
As P(Y=6) = Py=6) ~ P(Y=6) = Pry=o)' W&

have Xprap =0, ie., Cheating happens.

Estimation Theory 3-25



Casino example: revisited

If Y = (6,2), then we have

P(Y
P(Y

(6,2)|X = (0,1)) = 1/12 P(Y = (6,2)|X = (1,1)) = 1/36
(6,2)|X = (0,0)) =1/20 P(Y = (6,2)|X = (1,0)) = 1/60

and Xy, = (0,1). On the other hand, we calculate P(X|Y = (6,2)),

and have
P(X = (0,1)]Y = (6,2)) = Yylyy  P(X = (L)Y = (6,2)]) = 25p20i%s
P(X = (0,0)]Y = (6,2) = YF2558  P(X = (L,0)]Y = (6,2)) = 24200

Then XMAP = (1,1).

Is there any cheating?

Estimation Theory 3-26
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Reference

o http://www.cs.cmu.edu/~tom/mlbook-chapter-slides.html

o http://www.cs.cmu.edu/~awm/10701/
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An example for classification

Day  Outlook  Temperature = Humidity Wind Play
D1 Sunny Hot High Weak No
D2 Sunny Hot High Strong No
D3 Overcast Hot High Weak Yes
D4 Rainy Mild High Weak Yes
D5 Rainy Cool Normal Weak Yes
D6 Rainy Cool Normal Strong No
D7  Overcast Cool Normal Strong  Yes
D8 Sunny Mild High Weak No
D9 Sunny Cool Normal Weak Yes
D10 Rainy Mild Normal Weak Yes
D11 Sunny Mild Normal Strong  Yes
D12  Overcast Mild High Strong  Yes
D13  Overcast Hot Normal Weak Yes
D14 Rainy Mild High Strong No

Estimation Theory
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Bayes Classifier

Training data: X = [Outlook, Temperature, Humidity, Wind),
Y = PlayTennis

How to estimating P(Y|X)?

o Learning = estimating P(X|Y), P(Y)

o Classification = using Bayes rule to calculate P(Y'|X™%)
o How shall we represent P(X|Y), P(Y)?

o How many parameters must we estimate?

Estimation Theory 3-30



Bayes Classifier

Suppose X = [X7,...X,,] where X; and Y are boolean RVs

o For each instance, we need to estimate 2(2™ — 1) such parameters
Qij = P(X = xl|Y = yj)

in which x; is a n-element vector.

o If X is a vector containing 30 Boolean features, then we will need to

estimate more than 3 billion parameters!

Estimation Theory 3-31



Naive Bayes Classifier

Along with decision trees, neural networks, nearest nbr, one of the most

practical learning methods.

When to use
o Moderate or large training set available

o Attributes that describe instances are conditionally independent

given classification
Successful applications:
o Diagnosis

o Classifying text documents

Estimation Theory 3-32



Conditionally independence in Naive Bayes

Suppose X = [X1,...,X,] and Y is discrete-valued, conditional

independence implies that
P(X1---X,|Y) = [[ P(Xi]Y)
i.e., X; and X are conditionally independent given Y, for all i # j.

Alternatively, X is conditionally independent of Y given Z, if the
probability distribution governing X is independent of the value of Y/,

given the value of Z, i.e.,

PX =z|Y =yj,Z = z) = P(X = 23| Z = 21), V4, j, k

Estimation Theory 3-33



Conditionally independent: example

o Thunder and Rain is not independent, but conditionally
independent given Lightning.

P(Thunder|Rain, Lightning) = P(Thunder|Lightning)

o F—-Footsize, L—-Literacy score, F' and L are not independent

Age

] [
Foot Size Literacy Score

o F and L are conditionally independent given age A4, i.e.,

P(F|L, A) = P(F|A)

Estimation Theory 3-34



Naive Bayes Classifier

Naive Bayes uses the assumption that X; are conditionally independent
given Y

then
P(X1, XolY) = P(X1] X, Y)P(Xa|Y) = P(X4]Y)P(Xo|Y)

P(Xy,..., X,|Y) =[] P(xilY)

o How many parameters need now for P(X|Y), P(Y)?

o We need only 2n parameters to define P(Xj = z;1|Y = y;).
PX =x|Y =y;) = H (X = ziu|Y =y;)
k=1

Estimation Theory 3-35



Naive Bayes Classifier

o Bayes rule:

P(Y =y;)P(Xq,..., X,|Y =y;)

P(Y = yi|Xy.... . X,) =
¥V =yl X, Xn) S PY =y )P(X1s ., Xa|Y = ym)

o Assuming conditional independence
P(Y = y) TIP(X]Y =)
2 PY =yn) HP(Xi|Y = Ym)

o So, classification rule for X"V =[xV, ... 2?V] is
YV « argmax P(Y H P(X; =z}°V|Y =y, )

Yj

Estimation Theory



Naive Bayes: Example
Consider PlayTennis, and new instance
(Outlk = sun, Temp = cool, Humid = high, Wind = strong)
Want to compute:

Y™ = argmax; P(Y H P(X; =zi|Y = y;)

P(y) P(sunly) P(coolly) P(highly) P(strong|y) = .005

P(n) P(sun|n) P(cool|n) P(high|n) P(strong|n) = .021

S Y =g

Estimation Theory 3-37



Day  Outlook  Temperature  Humidity Wind Play
D1 Sunny Hot High Weak No
D2 Sunny Hot High Strong No
D3 Overcast Hot High Weak Yes
D4 Rainy Mild High Weak Yes
D5 Rainy Cool Normal Weak Yes
D6 Rainy Cool Normal Strong No
D7 Overcast Cool Normal Strong  Yes
D8 Sunny Mild High Weak No
D9 Sunny Cool Normal Weak Yes
D10 Rainy Mild Normal Weak Yes
D11 Sunny Mild Normal Strong  Yes
D12  Overcast Mild High Strong  Yes
D13  Overcast Hot Normal Weak Yes
D14 Rainy Mild High Strong No

Estimation Theory
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Naive Bayes Algorithm

Naive_Bayes_ Learn(exzamples)
For each target value y;

estimate m; = P(Y = y;)
For each attribute value x;; of each attribute X;

estimate Gijk = P(AXZ = Ilk‘y = yj)

Classify__New__Instance(z)

Y™ = argmax, P(Y = y;) [[ P(X|Y =)

new __ . ..
Y = argmax, m; H ik
i

Parameters must sum to 1!
Estimation Theory 3-39



Estimating Parameters: Y, X, discrete-valued

Maximum likelihood estimates:

#D{Y = y;}

=P =y;) =212 — S

J J |D|
#D{X; =iy, Y = y;}
Oije = P(Xi = x| Y = y;) =
MAP estimates (Laplace smoothing for the case [ = 1)
#D{Y =y} +1
Tj ( y]) |D| +ZR

#D{X; = 2, Y = y;} +1
Oije = P(Xi = zix|Y = y;) = ;D{Y =y} + Hj\/‘[}
- 9

o #D() denotes the number of items in data set D.

o MAP estimate for 60,1, if we assume a Dirichlet prior distribution over

the 0;;, parameters, with equal-valued parameters

Estimation Theory 3-40



Naive Bayes: Subtleties

1. Conditional independence assumption is often violated

P(X1,X,... X,|Y;) = [[ P(XilY)

o ...but it works surprisingly well anyway. Note don't need estimated

posteriors P(Y3|X) to be correct; need only that

argmax,, P(Y = yj) HP(Xz‘|Y =Yk) =

3

argmax,, P(Y =yg)P(X1..., Xp|Y = yi)

o see [Domingos & Pazzani, 1996] for analysis

o Naive Bayes posteriors often unrealistically close to 1 or 0

Estimation Theory

3-41



Naive Bayes: Subtleties

2. what if none of the training instances with target value y; have

attribute value z;;7 Then
P(X; = 2|V = y) =0, and...P(Y HP i =Y =yp) =0

MAP Estimate mentioned before!
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Naive Bayes: Subtleties

3. What if we have continuous X;?

For example, in image classification, X; is the i-th pixel, Gaussian

Naive Bayes (GNB) assumes:

1 S
p(Xi=2|Y =y) = 7%0%6 293
(2

Sometimes assume variance

o is independent of Y (i.e., 03)
o or independent of X; (i.e., o)

o or both (i.e., o)

Estimation Theory
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Application of Naive Bayes

Credit scoring

Medical data classification

Classify which emails are spam

Classify which emails are meeting invites

Classify which web pages are student home pages (Recommendation

system)

Sentiment analysis

Estimation Theory 3-44



Generative vs. Discriminative Classifiers

Wish to learn f: X 2 Y, or P(Y|X)
Generative classifiers (e.g., Naive Bayes):
*  Assume some functional form for P(X|Y), P(Y)
* This is the ‘generative’ model
« Estimate parameters of P(X|Y), P(Y) directly from training data

» Use Bayes rule to calculate P(Y|X= x;)

Discriminative classifiers:
*  Assume some functional form for P(Y|X)
« This is the ‘discriminative’ model

« Estimate parameters of P(Y|X) directly from training data

In General, A Discriminative model models the decision boundary between the

classes. A Generative Model explicitly models the actual distribution of each

class.

Estimation Theory

3-45



Estimation Theory

Generative vs. Discriminative Classifiers

Discriminative Generative
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Examples of generative and discriminative classifiers

Generative classifiers

o Naive Bayes

o Bayesian networks

o Markov random fields

o Hidden Markov Models
(HMM)

Estimation Theory

Discriminative Classifiers

o Logistic regression

o Support Vector Machine

o Traditional neural networks
o Nearest neighbour

o Conditional Random Fields

(CRF)s

3-47



From Gaussian Naive Bayes to Logistic Regression

o Consider learning f : X — Y, where

o X is vector of real-valued features, X = [X1,..., X,]"

o Y is Boolean
o We could use a Gaussian Naive Bayes classifier

o assume all X; are conditionally independent given Y

o model the probability density p(X;|Y = yx) as Gaussian N (px, 03)

o What does that imply about the form of P(Y|X)?

Estimation Theory 3-48



Mixed joint density

The "mixed joint density" may be defined where one or more random
variables are continuous and the other random variables are discrete.

With one variable of each type

fxy(@y) =[xy (@ | y)PY =y) =PY =y [ X = 2)fx(2).

Formally, fx v (z,y) is the probability density function of (X,Y") with
respect to the product measure on the respective supports of X and Y,

and we have the joint cumulative distribution function

Fxy(x,y) :Z / fx,y(s,t)ds.

1<y "o

Estimation Theory 3-49



Derive form for P(Y|X) for continuous X;

PY = )f(X]Y = 1)

PY =1|X) = )

_ _ PV =0)f/(X]Y =0)
P(Y =0|X) = )
PY=1]X) PY=1fX|Y=1)
P(Y =0/X) P =0)f(X|Y =0)



From Gaussian Naive Bayes to Logistic

Assume P(Y =1)=m, P(Y =0)=1—m, and

(i —pij)?
P(Xi|Y =j) = 2;06 22 then we have
P = 0[X) n
ﬁ = exp(uwo + 3 wiz:)

i=1

with

™

I1—m M?l —H?O Hio — M4l
wo = In +;T.—g,w1:72

which then implies,

P(Y =0|X) ”
hlm —wo—i—;wlxl

Linear classification rule!!

Estimation Theory

Regression

g
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Estimating parameters for Logistic regression

o The value of the weights w; can be provided by the parameters

estimated by the GNB classifier

o The form of p(Y|X) assumed by Logistic regression holds in many
problem settings beyond the GNB problem

o In many cases we may suspect the GNB assumptions are not perfectly

satisfied

o Estimate the w; parameters directly from the data!
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Estimating parameters for logistic regression

o Choose parameters W = [wo, . .., wy] to maximize conditional

likelihood of training data

exp(wo + Y iy wix;)
1+ exp(wo + Z L wik;)

PY =1|X) =

1
1+ exp(wo + iy wit;)

o Given training data D = {(X1, Y1), ..., (XL, YE)}

P(Y =0|X) =

o Data conditional likelihood = [] P(Y!| X!, W)
I

1)yl
Weargmvgxlnlij(Y | X, W)
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Expressing Conditional Log Likelihood

(W) =[P X" W)=> mPY'X" W)
l

Flip the assignment of the boolean variable Y
1

P Y == O X, W = 9
( | ) 1+ exp(wo + Z w; X;)
exp(wo + > wiXi)
PY =1X,W)= :
( | ) 1+ exp(wo + E w; X;)
(W) =2 [Y'mPY'=11X', W)+ (1-Y)InP(Y' =0/X",

=3 [V In FRr=iie i + n POV = o)X, W)

=3 [Yl(wo + 3w X}) — In(1 + exp(wo + > wi X))
7 i=1 =1

Estimation Theory

|

W]
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Maximizing Conditional Log Likelihood

:Z wo—f—Zwl lnl—l—expwo—i—ZwX
=1

l i=1

o Good news: [(W) is a concave function of W
o Bad news: no closed-form solution to maximize W

Gradient-based method! (Gradient-ascent)

3-56
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Regularization in Logistic Regression

How about MAP?

o On common approach is to define priors on W

o Normal distribution, zero mean, identity covariance
o Helps avoid very large weights and overfitting

o MAP estimate
W < argmaxyy, In P(W[{X', Y'})

W < argmaxy, In P(W)P(Y!| X!, W)
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Regularization in Logistic Regression

> W PYHXL W) +In P(W)
l

if P(W) is a zero mean Gaussian distribution, then In P(W) yields a

term proportional to ||[W||2.

A
W ¢« argmax In P(YHXL, W) — Z|W||?
w 2
l

Estimation Theory 3-58



Logistic Regression for functions with many discrete

values

o Logistic regression in more general case, where Y € {Y3,...,Yr}:

learn R — 1 sets of weights

fork < R

exp(wro + Y wkiXi)

=1

P(Y = gl X) = ——

1+ Y exp(wjo+ Y wjiXe)

j=1 i=1
fork=R

1
R—1 n

14 > exp(wjo + Y w;iXs)

j=1 i=1

PY = yrlX) =

Softmax layer in CNN!

Estimation Theory



Relationship between Gaussian Naive Bayes (GNB)

classifiers and Logistic Regression

o Generative and Discriminative classifiers
o When the GNB modeling assumptions do not hold, Logistic
Regression and GNB typically learn different classifier function
o the asymptotic (#samples — oo) classification accuracy for logistic
regression is often better than that of GNB
o the GNB assumption do not need to be satisfied for Logistic Regression
o GNB and Logistic Regression converges toward their asymptotic
accuracies at different rates
o when GNB parameter estimates converge in order logn examples
o Logistic Regression requiring order n examples
o In general, when many training examples are available, we choose

Logistic Regression, otherwise choose GNB.
Estimation Theory 3-60
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Minimum Mean-square error

MSE = E[E[&%|]] = BIE[(s - 8)?/2]] = E[(s - §)°]

The MSE gives the average power of the error.
Given the RV z, the MMSE estimate $§yvsg of 3 is the conditional
expectation

§MMSE = E[S|Z].
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Properties of MMSE estimate

o MMSE estimate Syvsg is unique;

o MMSE estimate requires information about s, is another type of

Baysian estimation;

o MMSE estimate Symvisg is unbiased, i.e.,

E(8) =E(s)or E(8§) =0

©

éMMSE = E[S|Z(1), .o ,Z(n)], E[S — éMMSE] =0

Estimation Theory

Generalization to a finite number of measurements z(1),...,z(n),
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MMSE estimate with Gaussian noise

Again consider the additive-noise case
Z=S+V

with v ~ N(0,02) and s ~ N(3,02). Assume that s and v are

independent.
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Var[z] = Var[s] + Var[v] = af + ag

The pdf of z is

S SN Rt
O = g [ aoe e
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fetsla =) = 5o { - [(2‘5)2 n (s‘ﬂ}

2M0 50y f2(2 202 202

1 (s — Smap)?

fS(S|Z = Z) — 5 XP | T2,
/— o202 2 959,
2+0'2 (72—‘,-(72

0.2
SMMSE = E[S|Z = Z] = Svap = S+ 78(2’ — §)
02+ o2

If s and v are uncorrelated, then the MMSE estimate of s is identical to

the MAP estimate.
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The Orthogonality Principle

Orthogonality Principle

The error s — E[s|z] is orthogonal to every function (z), i.e.,

El(s — Els|z])y(2)] = 0.

Sketch of proof. E[(s — E[s|z])y(z)] = E{E|[(s — E[s|z])y(z)|z]} =
E{E[(s — Els|2])|z]7(2)}
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Necessary and Sufficient condition for an MMSE

estimate

The estimate given by § = a(z) is the MMSE estimate of s given z if

and only if the error s — a(z) is orthogonal to every function ~y(z); that is
E[(s — a(2))v(2)] = 0.

§ = a(z) is the MMSE estimate <= (s — a(z)) Lv(2z)
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Linear MMSE

the MMSE estimate is a conditional expectation.

fs(s|z = z) is difficult to be find <= both MAP and MMSE estimation
are difficult.

Solution: restrict the estimation problem to produce a tractable solution

for «, i.e., trading overall optimality for tractability.

S=\z

Estimation Theory 3-69



Linear MMSE

Linear MMSE (LMMSE) estimation problem:
m}%n MSE = E[(s — \z)?] = E[s? — 2)\sz + \?2?]

Taking the partial derivative with respect to A, setting the result equal

to zero gives

—2F(sz) + 2)\E(z%) = 0, A

The LMMSE estimate is given by

SLMmsE = a(z) = () "z
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Advantages over the former estimates

o do not require knowledge about any likelihood function or densities;
o only need the second-order moments E[sz] and E|[z?];

o can estimate F[sz] and E[z%] from experimental training data

(si,zi)iey, ie.,

and
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Example

Consider again the Gaussian additive noise problem.
Z=S+V

with v ~ N(0,02) and s ~ N(3,02). Assume that s and v are

uncorrelated.

E(sz) 52 4 02

z = -7
E(z?) 52402402

SLMMSE =

which is different from Syvsg and is biased.

Estimation Theory

3-72



Orthogonality principle for LMMSE estimation

Orthogonality principle for LMMSE estimation

Let «(z) be the LMMSE estimate of s given z. Then the error s — a(z)

is orthogonal to every linear function ~y(z), i.e.,
El(s — a(2))v(2)] = 0.

Sketch of proof. Assume ~(z) = fz
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Orthogonality principle for vector RVs

Let s € R™ and z € R?. Assume the LMMSE takes the form § = Mz,
where M is an m X ¢ matrix to be determined.

Assume P = E[(s — 8)(s — 8)T], then

MSE = tr(P) = E|(s — 8)" (s — 8)]

Estimation Theory
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Matrix derivative

f(A) : R™*™ — 1, the Jacobian matrix (A = [A1, Ag, ..., A,]),

0
VAfza—j;:

Estimation Theory
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Estimation

A list of derivatives

O(Az)  0(a”Ab) o 0(TATH)
T Y
O(CTABT) _ 9u(BATC) _ .,
0A n 0A n
2

ﬁw(m +0)TC(De +¢) = ATCD + DTCT A
82
Ox02T
%(Aw +0)7C(Dx +¢) = ATC(Dx + ¢) + DTCT (Az + b)

0

(Aot b)IC(Aa+b) = (C+ )T (Aa +b)a”

(zTCx)y=C+CT

Theory

3-76



Solution of the LMMSE

Differentiating the MSE with respect to M yields,

dtr(P)
oM

= —2E[sz”| 4+ 2M E[zz"]

Hence

M = E(sz")[E(zz")) !

Thus the LMMSE estimate of § given z is

SLvmse = F(szh) [E(zzT)] 2

Estimation Theory 3-77



Orthogonality principle for vector RVs

Let s € R™ and z € R? be jointly distributed random vectors, let
§ = a(z) be the LMMSE estimate of s given z. Then the estimation

error s — § is orthogonal to z, i.e.,

E[(s —8)z"]=0.

Sketch of proof. Just use the expression for §.

Estimation Theory
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Estimation Theory

lllustration of orthogonality principle

m

w>
N
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Necessary and sufficient condition for orthogonality

Let «(z) be a linear estimator of s given z. Then a minimizes the MSE

if and only if the error s — a(z) is orthogonal to the measurement z,

E{[s—a(z)z"} =0

We can use this to find the optimum linear estimator.

3-80
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Overall optimality

o When s and z are zero-mean, jointly Gaussian, the LMMSE estimate

is also the optimal MMSE estimate.

o Suppose that s and z have a zero-mean bivariate Gaussian distribution

with covariance matrix P given by
2
o Cov(s,z
. (5.2
Cov(z,s) o2

o the conditional density function fs(s|z = z) is given by

=5 :;ex - ! S_E(SZ)Z 2
fsle =) = e T p{ 203(1—p2>< B(&) >}

A A _ E(sz)
© SMMSE = SLMMSE = F(;2)%
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Comparison of different estimators

Maximum likelihood (ML)

Maximum a posteriori (MAP)

Motivation | Given z, what value of s is most | Given z, what value of s is most
likely to have produced z? likely to have occured?
Objective Maximize the likelihood function | maximize the conditional den-
fz(z|s = s) sity fs(s|z = z) via Bayes rule,
equivalently maximize fr(z|s =
s)Jfs(s).
Esitmate Smr, = argmax fz(z]s = s) Smap = argmax fz(z|s = s) fs(s)
Required likelihood function fz(z|s = s) Density function fs(s|z) (or
knowledge fz(z|s = s) and fs(s))

Estimation Theory
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Comparison of different estimators

Minimum  mean-square  error | Linear MMSE (LMMSE)
(MMSE)
Motivation | Given z, what estimate of s gives | Given z, what linear function § =
the smallest MSE? Az gives the smallest MSE?
Objective | Minimize the MSE E|[(s — 8)?] find A\ to minimize E[(s — \z)?].
Esitmate SMMSE = E(s|z) = | Summse = Az, where A =
ffooo sfs(s|z)ds E[sz]/E[2°]
Required Density fs(s|z) Cross-correlation of s and =z
knowledge E[sz]; second moment of z,
E(z?)

Estimation Theory
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