
Homework

November 21, 2024

1. Consider the system defined by the following equations:

ẋ1 =
2

3
x2

ẋ2 = − x1 + x2(1− 3x21 − 2x22)

(a) Show that the points defined by (i) x = (0, 0) and (ii) 1−(3x21+2x22) =
0 are invariant sets.

(b) Study the stability of the origin and the invariant set 1− (3x21 +2x22) =
0, respectively, using LaSalle’s Invariant Theorem.

2. It is known that a given dynamical system with the state x = (x1, x2) has an
equilibrium point at the origin. For this system, a function V (·) have been
proposed, and its derivative V̇ (·) has been computed. Assuming that V (·)
and V̇ (·) are given below you are asked to classify the origin, in each case,
as (a) stable, (b) locally uniformly asymptotically stable, and/or (c) globally
uniformly asymptotically stable. Explain you answer in each case.

(i) V (x, t) = x21 + x22, V̇ (x, t) = −x21.

(ii) V (x, t) = x21 + x22, V̇ (x, t) = −(x21 + x22)e
−t.

(iii) V (x, t) = x21 + x22, V̇ (x, t) = −(x21 + x22)e
t.

(iv) V (x, t) = (x21 + x22)e
t, V̇ (x, t) = −(x21 + x22)(1 + sin2 t).

(v) V (x, t) = (x21 + x22)e
−t, V̇ (x, t) = −(x21 + x22).

(vi) V (x, t) = (x21 + x22)(1 + e−t), V̇ (x, t) = −x21e−t.
(vii) V (x, t) = (x21 + x22)(1 + cos2 t), V̇ (x, t) = −(x21 + x22)e

−t.

(viii) V (x, t) = (x21 + x22)(1 + cos2 t), V̇ (x, t) = −(x21 + x22)(1 + e−t).

3. A pendulum with time-varying friction is represented by

ẋ1 = x2, (1)

ẋ2 = − sinx1 − g(t)x2. (2)
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Suppose that g(t) is continuously differentiable and satisfies

0 < a < α ≤ g(t) ≤ β <∞ and ġ(t) ≤ γ < 2

for all t ≥ 0. Consider the Lyapunov function candidate

V (t, x) =
1

2
(a sinx1 + x2)

2 + [1 + ag(t)− a2](1− cosx1) (3)

(a) Show that V (t, x) is positive definite and decrescent.

(b) Show that

V̇ ≤ −(α− a)x22 − a(2− γ)(1− cosx1) +O(‖x‖3), (4)

where O(‖x‖3) is a term bounded by k‖x‖3 in some neighborhood of
the origin.

(c) Show that the origin is uniformly asymptotically stable.

4. We denote by |x| the absolute value of x if x is scalar and the euclidean norm
of x is x is a vector. For functions of time, the L2 norm is given by

‖x‖p =

(∫ ∞

0
|x(τ)|pdτ

) 1
p

, (5)

for p ∈ [1,∞], while

‖x‖∞ = sup
t≥0
|x(t)|. (6)

We say that x ∈ Lp when ‖x‖p <∞.

• Write down the Barbalat’s lemma, the Lyapunov-like lemma, and the
Lashalle-Yoshizawa theorem.

• Use Barbalat’s lemma to prove the Lyapunov-like lemma, Lashalle-
Yoshizawa theorem, and the following corollary.

Corollary 0.1 If x ∈ L2
⋂
L∞ and ẋ ∈ L∞, then limt→∞ x(t) = 0.

5. Consider the following multi-dimensional system

ẋ = Ax+B(u+ ΘTΦ(x))

where x ∈ Rn is the state, A ∈ Rn×n, B ∈ Rn×m are known matrices, u ∈
Rm is the control input, Φ(x) ∈ Rk is a bounded function, and Θ ∈ Rk×m

is an unknown constant matrix. Assume that (A,B) is contrllable.

• Design an adaptive control law to stabilize the system.
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• Design an adaptive control law with adaptive σ− modification to sta-
bilize the system.

6. The dynamic equations of a robot manipulator in closed form are always
written in the form of Euler-Lagrange equation. A dynamical system with p
degrees of freedom can be described by the EL equations as

M(q)q̈ + C(q, q̇)q̇ + g(q) = τ, (7)

where q ∈ Rp is the vector of generalized coordinates, Mi(qi) ∈ Rp×p is
the symmetric positive definite inertia matrix, C(q, q̇)q̇ ∈ Rp is the vector of
Coriolis and centrifugal forces, g(q) is the vector of gravitational force, and
τi ∈ Rp is the vector of control force. And it has the following properties:

Properties:
1) Mq is positive definite and kmxTx ≤ xTMx ≤ kmx

Tx; ‖C(x, y)z‖ ≤
kC‖y‖‖z‖.
2) Ṁ(q)− 2C(q, q̇) is skew symmetric.
3) M(q)x + C(q, q̇)y + g(q) = Y (q, q̇, y, x)Θ, where Y (q, q̇, y, x) is the
regressor and Θ is an unknown but constant vector.

The following shows a two-link robotic manipulator and its corresponding
dynamics. SOME COMMON CONFIGURATIONS 205
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Fig. 6.7 Two-link revolute joint arm.

where

Jvc2 =



−`1 sin q1 − `c2 sin(q1 + q2) −`c2 sin(q1 + q2)
`1 cos q1 + `c2 cos(q1 + q2) `c2 cos(q1 + q2)

0 0


 (6.76)

Hence the translational part of the kinetic energy is

1

2
m1v

T
c1vc1 +

1

2
m2v

T
c2vc2 =

1

2
q̇
{
m1J

T
vc1Jvc1 +m2J

T
vc2Jvc2

}
q̇ (6.77)

Next we deal with the angular velocity terms. Because of the particularly
simple nature of this manipulator, many of the potential difficulties do not arise.
First, it is clear that

ω1 = q̇1k, ω2 = (q̇1 + q̇2)k (6.78)

when expressed in the base inertial frame. Moreover, since ωi is aligned with
k, the triple product ωTi Iiωi reduces simply to (I33)i times the square of the
magnitude of the angular velocity. This quantity (I33)i is indeed what we have
labeled as Ii above. Hence the rotational kinetic energy of the overall system is

1

2
q̇T
{
I1

[
1 0
0 0

]
+ I2

[
1 1
1 1

]}
q̇ (6.79)

Now we are ready to form the inertia matrix D(q). For this purpose, we
merely have to add the two matrices in (6.77) and (6.79), respectively. Thus

D(q) = m1J
T
vc1Jvc1 +m2J

T
vc2Jvc2 +

[
I1 + I2 I2
I2 I2

]
(6.80)

M(q) =

[
Θ1 + 2Θ2 cos(q2) Θ3 + Θ2 cos(q2)
Θ3 + Θ2 cos(q2) Θ3

]
,

C(q, q̇) =

[
−Θ2 sin(q2)q̇2 −Θ2 sin(q2)(q̇2 + q̇1)
Θ2 sin(q2)q̇1 0

]
,

g(q) =

[
Θ4g cos(q1) + Θ5g cos(q1 + q2)

Θ5g cos(q1 + q2)

]
,

3



Θ =[Θ1,Θ2,Θ3,Θ4,Θ5]

=[m1l
2
c1+m2(l

2
1+l

2
c2)+J1+J2,m2l1lc2,m2l

2
c2+J2,m1lc1+m2l1,m2lc2],

Y=

[
x1 cos(q2)(2x1+x2)−sin(q2)[y1q̇2+y2(q̇1+q̇2)] x2 gcos(q1) gcos(q1+q2)
0 cos(q2)x1 + sin(q2)y1q̇1 x1+x2 0 gcos(q1+q2)

]
.

The masses of links 1 and 2 of the revolute joint arm are, respectively, m1 =
1 kg and m2 = 1.5 kg, the lengths of links 1 and 2 are, respectively, l1 =
0.2 m and l2 = 0.3 m, the distances from the previous joint to the center of
mass of links 1 and 2 are, respectively, lc1 = 0.1 m and lc2 = 0.15 m. The
moments of inertia of links 1 and 2 are, respectively, J1 = 0.013kg m2 and
J2 = 0.045 kg m2. Use the following control law

τ = −K1(q − qd)−K2(q̇ − q̇d) +M(q)q̈d + C(q, q̇)q̇d + g(q) (8)

where K1 and K2 are positive definite matrices, qd is the desired tracking
trajectory. Perform simulation in the following cases and draw the errors
q − qd and q̇ − q̇d.

(a) qd = [0.3, 0.1], q̇d = [0, 0], q(0) = q̇(0) = [0, 0];

(b) qd = [0.3+0.02 sin t, 0.1+0.01 cos t], q̇d = [0.02 cos t,−0.01 sin t], q(0) =
q̇(0) = [0, 0];
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