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Problem 1

Consider the system defined by the following equations:

X1 = -x
3

X = — X1 -l-xz(l —3/\?%—2)(%)

(a) Show that the points defined by (i) x = (0,0) and (i) 1 — (3x% + 2x§) = 0 are invariant sets.
(b) Study the stability of the origin and the invariant set 1 — (3x% + 2x§) = 0, respectively, using LaSalle’s
Invariant Theorem.

y

Theorem (LaSalle)

For autonomous system

F=f() M
where f : D — R" is a continuous and differentiable function, D C R" is a field containing the origin. Suppose that
@ Q C D is a compact positive invariant set;
@ V : D — Ris a continuous and differentiable function, and V(x) <0,Vx € Q;
o E:{er:V(x):O};
@ M is the largest invariant set in E.

Then every solution starting in Q2 approaches M as t — oo.
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Problem 1 (a)

Consider the system defined by the following equations:
X = =x
1 3 2
X = — x| +xz(1 = 3/\?% = Zx%)

(a) Show that the points defined by (i) x = (0,0) and (i) 1 — (3x% + 2x§) = 0 are invariant sets.

Solution: For (i), x = (0, 0) implies that the system equation becomes
X1 =0
X =0

Hence, if we have x(0) = 0,7 = 19, then Vr > 1, x(r) = 0. Therefore, x = (0,0) is an invariant set.
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Problem 1 (a) (Cont.)

Consider the system defined by the following equations:
X = =x
1 3 2
X = — x| -l-xz(l = 3/\?% = 2)(%)

(a) Show that the points defined by (i) x = (0,0) and (i) 1 — (3x% + 2x§) = 0 are invariant sets.

Solution: For (ii), the system equation becomes

562 = —X]
Consider function f(x1,x;) = 3x% + Zx%, we have

f=06x1x] +4xx =0

integrating both sides yields
flLx) =33 +23 =1,V > 1

which implies that any trajectory starting at (x|, x;) that satisfies 1 — (3x3 + 2x3) = 0 stays on this
trajectory function. Therefore, 1 — (Bx% + 2x%) = 0 is an invariant set.
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Problem 1 (b)

Consider the system defined by the following equations:

X1 = -x
3

X = — x| -l-xz(l —3/\?%—2)65)

(b) Study the stability of the origin and the invariant set 1 — (3x% + Zx%) = 0, respectively, using LaSalle’s
Invariant Theorem.

w

Solution: For the origin, consider V(x) = %xf + %x% Its derivative along the trajectory is

V(x) = Exljcl + x2X

=x1x2 +x(—x; +x(1 — 3x% — Zx%))
=x(1 -3 —29)

which is positive definite in the neighborhood of origin. Therefore, the origin is not stable.
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Problem 1 (b) (Cont.)

Consider the system defined by the following equations:

X1 = -x

3
X = — x| -l-xz(l —3/\?%—2)65)

(b) Study the stability of the origin and the invariant set 1 — (3x% + Zx%) = 0, respectively, using LaSalle’s

Invariant Theorem. )
Solution: For the invariant set S = {(x1,x2)[3x} 4 2x = 1}, consider V(x) = %(1 =322 —2x3)2. Its
derivative along the trajectory is

. 1 . .
Vix) = 1(3)‘% + 235 — 1)(6x1%1 + 4nt)
1
= Z(3x% 4223 — 1)(—4x3(3x7 + 263 — 1))
= -B@2+23-1)2<0
Note J

V evaluates the “distance” from the limit cycle. Note that V need not to be positive definite.
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Problem 1 (b) (Cont.)

Consider the system defined by the following equations:
X = —x
1= 3%
k= —x +x(l — 32 —2:3)

(b) Study the stability of the origin and the invariant set 1 — (3x% + Zx%) = 0, respectively, using LaSalle’s

Invariant Theorem. )

Solution:
1 .
V@ =513 —287 V() = -4Gd +24 - 1) <0

Consider Q¢ = {x € R?|V(x) < c}. We know from the derivative above that it’s an invariant set.

Then consider E = {x € Qc|V = 0}, We have E = S U {x € Qc|x, = 0}.

Define M as the largest invariant set in E, i.e. M = S U (0, 0).

Choose ¢ € (0, é), Q¢ includes the ellipse but not the origin. Then LaSalle’s Theorem shows that every
motion initiating in Q¢ converges to the limit cycle, and therefore S is stable.

Note
1

Choose ¢ = g =5 where € > 0 is an arbitrarily small number, we can show that states initiating in any neighborhood of

the origin will not approach the origin, which also implies that the origin is not stable.
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Problem 2

It is known that a given dynamical system with the state x = (x1, x2) has an equilibrium point at the origin.
For this system, a function V(-) have been proposed, and its derivative V(-) has been computed. Assuming
that V(-) and V(-) are given below you are asked to classify the origin, in each case, as (a) stable, (b) locally
uniformly asymptotically stable, and/or (c) globally uniformly asymptotically stable. Explain you answer in

each case.

() V(x, 1) =x} + 23, V(x,1) = —x2.
(i) V(x,t) =x3 +x3, V(x,1) = —(a2 + x3)e .
(i) V(x,0) =22 +x3, V(x,t) = = (3 + xd)e'.
(iv) V(x,1) = (2 +xd)e!, V(x, 1) = —(x2 +3)(1 + sin1).
V) V(x,t) = (2 +x3)e", V(x,t) = — (2 +13).
Vi) V(x,0) = (2 +a2)(L+e), V(x,1) = —xle™".
(vii) V(x,1) = (3 +x3)(1 + cos? 1), V(x,1) = —(x2 + x3)e .
ity V(x, 1) = (2 +x3)(1 + cos? 1), V(x,t) = = (3 + x3)(1 + ).
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Problem 2

(i) V(x,t) =x +x3, Vix,1) = —x2.
Solution: Let W, (x) = x3 4 x5 and W, (x) = 2x3 + 2x3, we have

Wi(x) = V(x, 1) < Wa(x), V(x,1) <0.

Thus, V is positive definite and decrescent, and Vis negative semidefinite.
If x; = 0,x; # 0, then V = 0, while any positive definite function has a positive value. Hence, we
cannot find a proper positive definite function W3 (x) such that V(x,r) < —Wj;(x).
Therefore, the origin is (uniformly) stable.
(i) V(x,0) =3 +x3, V(x,1) = —(23 + x3)e".
Solution: Let W, (x) = x3 4+ 3 and W, (x) = 2x3 + 2x3. Analogous to (i), V is positive definite and
decrescent, and Vis negative semidefinite.
Note that V(x, 1) can become arbitrarily small when ¢ is sufficiently large. Hence we cannot find a
proper positive definite function W3 (x) such that V(x, ) < —Ws(x).
Therefore, the origin is (uniformly) stable.
(ii)) V(x,1) =22 + 23, V(x,1) = — (22 + xd)e".
Solution: Let W, (x) = x3 + 3, W (x) = 2x3 + 2x%, and W3 (x) = 2% + x3, we have
Wi(x) = V(x, 1) < Wa(x), V(x,1) < —Ws(x).
Additionally, W, (x) is radially unbounded. Therefore, the origin is globally uniformly asymptotically
stable.
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Problem 2

(iv) V(x,1) = (2 +xd)e!, V(x, 1) = —(22 +3)(1 + sin1).
Solution: Choose W, (x) = x3 + x3, We see that V(x, 1) > W, (x), which implies that V is positive
definite. Choose W3 (x) = x? + x3, we also have V(x, ) < —Wj(x), which implies that V is negative
definite. However, V is not decrescent since as t — oo, V(x,1) — oco.
We then consider the function
V (x,1) = V(x, e =23 + 13
Thus we have Wy (x) £ x3 +x2 = V/(x,1) < 2(x3 +x3) £ W, (x). And the derivative should be
V/(x, 1) = V(x,0)e™" — V(x,1)e”"

= (7 + ) (1 +sin® e~ — (xf +23)

< (3423 2 —Wa(x).
With W) (x) radially unbounded, we conclude that the origin is globally uniformly asymptotically
stable.

Note
The Lyapunov stability theorem is only sufficient! J
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Problem 2

V) V(x 1) = (3 +x3)e ", V(x,1) = —(22 +13).
Solution: We cannot find a positive definite function W (x) such that V(x, 7) > W, (x), which shows
V(x, 1) is positive definite.
Consider a new Lyapunov function V/(x, 1) = V(x, )¢’ = x3 + x3. Analogous to (iv), it’s positive
definite and decrescent, and its derivative should be
V' (x,0) = V(x,0)e' + V(x,1)e'
= (i +5)(1-¢)<0

Therefore, the origin is uniformly stable.

Note J

The Lyapunov stability theorem is only sufficient!

Vi) V(x, 1) = (2 +a23)(1+e), V(x,1) = —xle".
Solution: Let W, (x) = x3 4+ x5 and W, (x) = 2x3 + 2x2, and then we have

Wi(x) < V(x, 1) < Wa(x), V(x,1) <0.

Analogous to (i), we cannot find a proper positive definite function W5 (x) such that V(x,7) < —Wj(x).

Therefore, the origin is (uniformly) stable.
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Problem 2

(Vi) V(x,0) = (3 +23)(1 + cos? 1), V(x, 1) = —(23 + 23)e .
Let W (x) = x3 4 a3 and W5 (x) = 2x3 + 2x, and then we have

Wi(x) < V(x, 1) < Wa(x), V(x,1) <0.

Analogous to (ii), we cannot find a proper positive definite function W3 (x) such that

V(x,1) < —Ws(x). Therefore, the origin is (uniformly) stable.

(viiy V(x,1) = (23 +x3)(1 + cos? 1), V(x, 1) = —(x2 +x3)(1 + 7).
Let W (x) = x3 4+ x2, Wa(x) = 223 + 2x3, W3(x) = x? + x3 and then we have

14 (x) S V(x7 t) S WZ(x)r V(x’ t) S _W3(x)'

With W, (x) radially unbounded, we conclude that the origin is globally uniformly asymptotically
stable.
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Problem 3

A pendulum with time-varying friction is represented by
x| =Xz,
Xy = — sinx; — g(0)xz.
Suppose that g(¢) is continuously differentiable and satisfies
0<a<a<gt)<B<oo and g()<vy<2

for all # > 0. Consider the Lyapunov function candidate

1
V(t,x) = E(a sinx; 4+ %)% + [1 + ag(r) — a®](1 — cosx;)

(a) Show that V(z, x) is positive definite and decrescent.
(b) Show that
V< —(a—a)g —a2—y)(1 —cosxi) + O(|lx[|*),

where O(||x||?) is a term bounded by k||x||* in some neighborhood of the origin.

(c) Show that the origin is uniformly asymptotically stable.
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Problem 3 (a)

A pendulum with time-varying friction is represented by
x| =Xz,
Xy = — sinx; — g(0)xz.
Suppose that g(¢) is continuously differentiable and satisfies
0<a<a<gt)<B<oo and g()<vy<2

for all # > 0. Consider the Lyapunov function candidate

1
V(t,x) = E(a sinx; 4+ %)% + [1 + ag(r) — a®](1 — cosx;)

(a) Show that V(z, x) is positive definite and decrescent.

Proof:

1
V(t,x) > = (asinx| 4 x,)* 4 2sin? %[1 +d* —d%

— N

= E(asinxl +x)% 4 25sin® % = Wi(x)

LetD = {(x1,x2)|x) € [—7, 7], x, € R}, then W) (x) > 0,andx; =x; =0 <= W,;(x) = 0. Therefore,
Wi (x) is positive definite and V (¢, x) is positive definite.
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Problem 3 (a) (Cont.)

A pendulum with time-varying friction is represented by
x| =Xz,
Xy = — sinx; — g(0)xz.
Suppose that g(¢) is continuously differentiable and satisfies
0<a<a<gt)<B<oo and g()<vy<2

for all # > 0. Consider the Lyapunov function candidate

1
V(t,x) = E(a sinx; 4+ %)% + [1 + ag(r) — a®](1 — cosx;)

(a) Show that V(z, x) is positive definite and decrescent.

Proof:
1
V(t,x) < E(asinxl + 1) 4+ (1 +aB —a*)(1 — cosx;) = Wa(x)

Since 1 +af — a® > 0, Wa(x) > 0; and we have x; = x; =0 <= W,(x) = 0. Hence, W1 (x) is positive
definite. Thus V(z,x) is decrescent.
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Problem 3 (b)

(b) Show that
V< —(a—a)g —a(2—7)(1 - cosxy) + O(||x|*),

where O(||x||3) is a term bounded by k||x||* in some neighborhood of the origin.

Proof:

. ov. oV
V(t,x) = ar + af(fvx)

Vi) = S asing + ) + 1+ ag() — 10— cosx) ]

=ag(t)(1 — cosx;) + [(asinx; + xp)(acosx;) + (1 +ag(r) — a?) sinx;Jx; + (asinx; + x)i;

[ X = xp,Xp = —sinx; — g(f)xy ]

=ag(1)(1 — cosx;) + [(asinx; + x2)(acosx;) + (1 + ag(r) — a?) sinx;]x
+ (asinx; + x)(—sinx; — g(#)x2)

=ag(r)(1 — cosxy) + (asinx; +x2)(acosx|)x, + xashr¥] + ag(tyer-six] — a*x; sinx
— asin® x — ag(DersiTIX] — XoshTX] — g(t)x%

=ag(t)(1 — cosxy) + a*x; sinx; cosx; + ax% cosx| — a*

Zx— g(f)x%
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Problem 3 (b) (Cont.)

(b) Show that
V< —(a—a)g —a(2—7)(1 - cosxy) + O(||x|*),

where O(||x||3) is a term bounded by k||x||* in some neighborhood of the origin.

Proof:
V(t,x) = ag(t)(1 — cosxy) + a’xy sin x| cosx) 4+ axj cosx; — a’xy sinx; — asin x| — g(1)x3
= (acosx; — g(1))x5 + ag(t)(1 — cosxy) + a”xy sinx;(cosx; — 1) — a(l — cos” x;
24+ ag()(1 2x; si 1 1 2
= —(g(t) —acosx;)x; —a(2 — g(¢ — cosxy) + a“xy sinxy(cosx; —
2 _a(2—3(0))(1 2y si 1

—a(—2 41+ cosx;)(l — cosxp)

[0<a<a§g(t)§,8<oo and g(z)§7<2]

< —(a—a)xd — a2 —~)(1 — cosxy) 4 a®xy sinx; (cosx; — 1) + a(l — cosx;)?

. 1, I . 3
cosx; =1 — Exl + o(]|x[|"), sinx; = x; + O(||x||”)

= —(a—a)g — a2 = y)(1 = cosx1) + @x(0(|x D) (O(|x 7)) + a(O(|lx]*))?
= —(a—a)xj —a(2 = 7)(1 = cosx) + O(|x[*)
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Problem 3 (c)

(c) Show that the origin is uniformly asymptotically stable.

Proof:

V< —(a—a)g —a(2—~)(1 — cosxp) + O(||x[]*)

< ~(a - — a2 =) (34 + O ) + Ol

2 _
= ~(a—a3 LD a 4 o)
Let k = min{a — a, @}, and we have
- odll)
V< ol + Ol =~ (- 2L

3 3
Define W3(x) = ||x||? (k — %) Since % — 0 as ||x|]| — 0, we have
o(lIxI1*)
[lx[I>

Choose € = %k, then W3(x) is positive definite in the neighborhood corresponding to this e.
From (a), V(t, x) is positive definite and decresent. Therefore, the origin is (locally) uniformly

Ve > 0,38 > 0,s.t. |x|| <4, H

‘<8

asymptotically stable.
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Problem 4

We denote by |x| the absolute value of x if x is scalar and the euclidean norm of x is x is a vector. For

functions of time, the L, norm is given by
o 1
P
Ity = ([~ wrypar)”,

llxllco = sup |x(z)].
>0

for p € [1, oo], while

We say that x € L, when ||x||, < oco.
(a) Write down the Barbalat’s lemma, the Lyapunov-like lemma, and the Lashalle-Yoshizawa theorem.

(b) Use Barbalat’s lemma to prove the Lyapunov-like lemma, Lashalle-Yoshizawa theorem, and the

following corollary.
Corollary: If x € L, (| Lo and x € Lo, then tlim x(t) = 0.
oo
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Problem 4 (Cont.)

Barbalat’s lemma and Lyapunov-like lemma

Lemma (Barbalat)

If a differentiable function f () has a finite limit as t — oo, and if f(t) is uniformly continuous, then 1£m f() =0.

Lemma (Lyapunov-like)

If a scalar function V (t, x) satisfies the following conditions:
@ V(t,x) is lower bounded,
@ V(1,x) is negative semi-definite,

@ V(t,x) is uniformly continuous,

then lim V(t,x) = 0.
11— o0

Proof of Lyapunov-like lemma:
From the first two conditions of V (¢, x), we know that V (7, x) is non-increasing and bounded below. Hence,

it converges to some finite value Voo as t — 00, i.e., tl_i>m V(t,x) = V.
(oo}

With the third condition, by Barbalat’s lemma, we have tlim V(t, x) =0.
oo
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Problem 4 (Cont.)

LaSalle-Yoshizawa Theorem

Theorem (LaSalle-Yoshizawa)

Let x = 0 be an equilibrium point of x = f(t, x) and suppose that f(t, x) is piecewise continuous in t and locally Lipschitz
in x and uniformly in t. Let V(t, x) be a continuously differentiable function such that ¥t > 0, x € R"
Oél(\IXH) S V(t,x) < aa([lx]])
ov
=% + —f(t x) < —W(x) <0

where vy () and aiz () are class Ko functions and W (x) is a continuous function. Then the solutions of x = f(t, x) satisfy
lim W(x(0) =

In addition, if W (x) is positive definite, x = 0 is globally uniformly asymptotically stable.

Basic idea:

Barbalat’s lemma f has finite limit f is uniformly continuous - f — 0
ki3
LaSalle-Yoshizawa Theorem f(; W (x(7))dr has finite limit W is uniformly continuous w.r.t. ¢ = W(x(t)) = 0
il T
fo’ W(x(T))dr W is uniformly continuous w.r.t. x
is non-decreasing and upper bounded x is uniformly continuous w.r.t. t
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Problem 4 (Cont.)

LaSalle-Yoshizawa Theorem

Basic idea:

Barbalat’s lemma f has finite limit f is uniformly continuous = f — 0
ki3
LaSalle-Yoshizawa Theorem for W(x(7))d7 has finite limit W is uniformly continuous w.r.t. == W(x(1)) = 0
T
fO’ W(x(7))dr W is uniformly continuous w.r.t. x

is non-decreasing and upper bounded x is uniformly continuous w.r.t. £

Since V < —W(x) < 0, integrating both sides yields V(1) — V(0) < — [; W(x(7))d7, ie.,
t
/ W(x(7))dr < V(0,x) — V(r,x) < V(0,x).
0

This implies fot W (x(7))d7 has an upper bound.
Besides, W(x) > 0, which means fot W(x(7))dr is non-decreasing.
Thus, fj W(x(7))d has a finite limit.
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Problem 4 (Cont.)

LaSalle-Yoshizawa Theorem

Basic idea:

Barbalat’s lemma f has finite limit f is uniformly continuous = f — 0
k3 ki3
LaSalle-Yoshizawa Theorem fO’ W (x(7))d7 has finite limit W is uniformly continuous w.r.t. ¢ - W(x(r)) =0
i T
Jo W(x(m))dr W is uniformly continuous w.r.t. x

is non-decreasing and upper bounded x is uniformly continuous w.r.t. t

Since V < 0, and a; (||x]]) < V(t,x) < aa(]|x]), then we have
ar([lxl) < V(z,x) < V(0,x),

where aj (]|x||) belongs to class Koo, i.e., ap (]|x||) is strictly increasing. Thus, we have
Ix(0)I < a7 (V(0,x(0))) £ R.

Therefore, the domain of W(x) is bounded and closed, i.e., the domain is a compact set. From the fact that
every continuous function on a compact set is uniformly continuous, W (x) is uniformly continuous in x on
(@)l < R.

Notice that f(z, x) is locally Lipschitz in x and uniformly in 7, then we have, V#, > 11,

[[x(22) — (1)l =

/tltzf(T,x(T)) dr

t
<Le [ Il a7 < Lokl — n],
n

this implies x(¢) is uniformly continuous in ¢. Since W(x) is uniformly continuous in x, thus, W(x(z)) is

uniformly continuous in 7. From Barbalat’s lemma, we have lim W(x(¢)) = 0.
=500
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Problem 4 (Cont.)

Corollary

Corollary
Ifx € Ly(Loo and x € Lo, then lim x(f) = 0.
t— o0

Basic idea: (The idea presented below is used for an extended version of the corollary above: If
x € Ly (Lo and x € Lo, then tgm x(t) =0.)
o0

Barbalat’s lemma f has finite limit f is uniformly continuous — f —0
g g
Corollary Jo 1x(7)|Pd7 has finite limit ~ x” is uniformly continuous int = x50 = x =0
i i
x€L, & — p~ !5 is bounded <« X, % € Loo

The proof can be immediately constructed from the guidance above.
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Problem 5

Consider the following multi-dimensional system
&= Ax+ B(u+ 0Td(x))
where x € R” is the state, A € R"*", B € R"*™ are known matrices, u € R™ is the control input,
®(x) € R¥ is a bounded function, and © € R¥X" is an unknown constant matrix. Assume that (A, B) is
controllable.

(a) Design an adaptive control law to stabilize the system.

(b) Design an adaptive control law with adaptive o-modification to stabilize the system.
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Problem 5 (a)

%= Ax+ B(u+ 0Td(x))

(a) Design an adaptive control law to stabilize the system.

Solution:
If © is known, we can design the following control law:

u=Kx—0Td(x)
where K € R"*"™, then the system dynamic is as follow:
i =Ax+Bu+0Td(x)) = (A + BK)x

Let A + BK £ A*, we can find a proper K to make A* Hurwitz, since (A, B) is controllable.
Since © is unknown, we modify the control law as follow:

u=Kx—O0Td(x)
Then the system dynamic is as follow:

k¥ =Ax+B(u+0Td(x) = (A4 BK)x + B(OT®(x) — 6T (x)),
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Problem 5 (a) (Cont.)
Define © 2 6 — ©, then the system can be written as
i =A*x— BOT®(x).
Consider the following Lyapunov function candidate
V=x"Px+1r(6'T7'6)
where T' € R¥*K P ¢ R" " are positive definite and symmetric, and P satisfies
PA* +A*TP = —Q

where Q € R"*" s positive definite.
The derivative of V is shown below:

V =i"Px+x"Pi+20r(&'T 1)
= (A*x — BOT®(x))T Px + 2T P(A*x — BOT®(x)) + 2:r(OT 1)
=x"A*TPx — ®7(x)OBT Px + x PA*x — x"PBOT ®(x) + 2tr(éT1"_1é)
= —xTQx — 24r(OT®(x)x" PB) + 2r(&TT ')

= —xTQx + 2tr(OT (I 16 — ®(x)x"PB))
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Problem 5 (a) (Cont.)

where the fourth equality follows from

7 (x)OBT Px = 1r(®T (x)OB! Px) [scalar]
= tr(x" PBOT®(x)) = x" PBOT & (x) [1r(AT) = 1r(A), scalar]
= r(67®(x)x" PB) [7r(AB) = tr(BA)]

Let & = T'®(x)x” PB, then we have
V=—xT0gx <0,

which implies V7 > 0, V(¢) < V(0), i.e., x, © € Loo. From LaSalle-Yoshizawa Theorem, tl_i}rn xTox =0,
o0

ie., tgr& x(r) =0.
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Problem 5 (b)

(b) Design an adaptive control law with adaptive o-modification to stabilize the system.

Solution: Consider the adaptive control law with adaptive o-modification:
6 = T(®(x)"PB— (6 — 6))),
O, =AO -0,
where ¥ and A are constant positive definite matrices, 6 1 is the estimation of é.
Define ©; = ©; — ©. Consider the following Lyapunov function candidate
V =x"Px +r(6TT718) + r(6T=A~1H)).
Then its derivative is
V = i Px + x"Pi + 20(OTT16) + 2er(&TBAT1 )
= —xTQx + 20r(OT (D10 — ®(x)2TPB)) + 2tr(OTSA16))
= —x"ox —20r(87(6 — 6))) + 2:r(OT2(6 — 6)))
—x"'Qx —2r((©& — 6)'8(6 — 6)))
—x"ox —20r((6 — 6)'8(6 - 6))) <0,
which implies V7 > 0, V(1) < V(0),ie.,x, ©, ©) € Loo. Thus ir((© — ©,)7S(6 — ©))) is bounded.

From LaSalle-Yoshizawa Theorem, lim x”Qx = 0, i.e., lim x(r) =0.
t— 00 t— 00
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