s.'(20 points) The nonlinear dynamic equations for an m-link robot take the

3 (15 points) Consider the following nonlmear systems form

22+ 00 (z 1) M(q)i + C(q.9)q + D + g(q) + d(q..t) =

By =u e 0da(xy, x2), where ¢ € R” is the vector of generalized coordinates representing the joint
positions, M(q) € RP*P is the symmetric positive-definite inertia matrix,

where ¢ (1) and ¢2(xy, x2) are Lipschitz continuous and satisfying ¢, (0) = C'(q,q)q € R” is the vector of Coriolis and centrifugal torques, Dg € R” is
) the vector of viscous damping with D being a constant matrix, g(q) € R” is

0-and ¢2(0,0) = 0. Design an adaptive backstepping controller u(zy, x2,0) scous

such that limy_, 1 (t) = limy_, x2(t) = 0. the gravitational torque, d(t) is the external disturbance, and u € R? is the
X . . ) . control torque. The following assumptions hold
Solution: Step 1: With x5 viewed as the virtual control, we design the first N
(A1) There exist positive constants k,, and ky; such that 0 < k[, <

stabilizing function oy as follows: N
R M(q) < kelp. For z,y, 2 € RP, 0 < [|C(x, )2l < kellyllll=]l-
ay = =00 (xy). (14) (A2) M(q) — 2C(q.q) is skew symmetric and D is positive semidefinite.
——m———\f . Eoat . .
Th Ly ) firiction is el » (A3) There are parameter uncertainties in M(q), C(q.q). D and g(q). For
he first Lyapunov function is now chosen as 2,2 € R?, M(q)z+C(¢, §)y+ Dz +9(q) = Y(q 4,2, 9, 2)9, with
1. 1 - 0 being an unknown constant vector. . A0
W= Erf + 2—()2, (15) . FFaE S_’al:.(.;\ g‘/ %' "'7\"], q/
Ri (a) Assume that d(q. ¢, t) = 0. Design a sliding mode conlmller such that
A q(t) asymptotically tracks a reference trajectory q4(t), where qq(t), qa(t), %"
where () = 0 — 0 is the parameter error, and ~y > 0 is the adaptation gain. and G4(t) are continuous and bounded.
With z; e 9 — vy, the derivative of Vi is (b) Assume that ||d(q, ¢, 1) < dmax(||gll* + [|G]|?), With diax being an
~ unknown positive constant. Design a sliding mode controller with
5 0 : ") fi g such tha - icall acks a ref -
Ay 95 sign function such that ¢(¢) asymptotically tracks a reference trajec
Vim-zi+mn + (0 12161)- a6 tory qq(t), where q4(t). g4(t), and g,(t) are continuous and bounded.
We postpone the choice of update law for 0 until the next step. The first error
subsystem becomes N (a) Define the tracking errors as follows
. " . N
i =—.1",’+:| — 00y. 17) q=4q—qa, G=q— qa.
—_ @ @ o
Introduce the following auxiliary variables
Step 2: The derivative of z; = xp — o is
o6 8 Gr = Ga — M
5= u+ 06y — Sty — L9 s=q—d,=q+X
dxy a0 ==,
+ 00 on ( ) - 0 9a, +00 da; oy with A > 0. We then have the following dynamic equation with d(q. ¢.t) =
=u 9 — —(zp — 61 = _———0.
= Yor, T on 96 L

M(q)$ + C(q.4)s + Ds =u— M(q)ir — C(q,4)dr — Dir — 9(q)

To design the control u, we consider the augmented Lyapunov function oo
=u—Y(4,4:Gr: Gr)0-

1
Va=Vi+ § (18) We then design the following sliding mode controller
The derivative of Vs is u=—Ks+Y(q,q,qr G)0. (36)
. where K is positive definite. Therefore, the clos-ed-loop system can be
Vo=—al+xz121 + (0 Y1) + 21 (u + 0o written as
0(11 Doy Doy Doy M(q)é + C(q,4)s + Ds = —Ks + Y (q, . . 4r)0. 37
To9 — T 0o +m———0 s s s Gr+ Gr)0,
=, (2T g ari 9b W

i da with = 0 — 0. Consider the Jfollowing Lyapunov function
4 5 1 o
=—a}+ —(0 — y2102 — y@101 + 121015 ) + 21 (21 +u + 0 1, 1os
el dxy V= §sr]\[(q)s + 597 0.
Do ; - O day i —_— N
i L (1‘2 - F‘ls) — 001 r— L .l 0) PP —
O, o, 90 Its derivative is

= B o 1y —
In the last equation, all the terms containing 6 have been grouped together. V=5 Mg)s+ 5% M(q)s+670

To eliminate them, the update law is chosen as — K+ D)s+ g‘l‘(g‘ YT,
: day . . R .

0 = y2109 + Y2101 — Y2101 321 With the following adaptive updating law

6=-YTs,

Then, the last bracketed term will be rendered equal to —ky =} with the con- )
we have V- = —sT (K + D)s. By noticing that K is positive definite

trol
and D is positive semidefinite, we can conclude the result.
day Doy (')nl : N 2 12 -
u=—kz -z — 0 + a—(l‘z - .ll) + 06— s Wﬁ (19) (b) When ||d(q,q.t)|| <{dmax(llqll* + [l4] ) the dynamics is
We then obtain M(q)$ + C(q.4)s + Ds = u—Y(q,4,Gr,4:)0 + d(q. 4.t). (38)
Vz _ _IAI; — 3'12- 0) We then design the following control input
= —Ks+Y0 - sgn(s)d(llqll* + 1dl*) (39)
From LaSalle-Yoshizawa theorem, we can conclude the result. —_—
Consider the following Lyap function candid
V= L n(@)s + 2675+ L (d(t) - dynan)? 0)
=35 M(g)s+5 ow maz)” -
NN

Its derivative can be written as
V = ST M(@)s + 55 N (@) + 70+ 20 = dmar)ilt)
= = §T(K + D)s+ 078+ Y"s) — |slhd(llgl + 4]
- sTi+ %(dA(t) - dmax)d; N
— 8T (K + D)s + 870+ Y"s) ~ lsld(lal* + 1d]>

119 1, - 2
+ Isllidmax(llall® + ll411%) + ;(d(t) = dmax)d



Design
b= —¥Ts, . @1
d(t) =llsld(llal* + l4]*) “2)

We then have V < —sT(K 4 D)s. By noticing that K is positive
definite and D is positive semidefinite, we can conclude the result.



