The Answer to Homework

1. Convex set

(1) Show that a polyhedron{x € R" : Ax<b} forsome A€ R™" beR™, isconvex.
Proof: Suppose X,X, e{xeR":Ax<b} and 8<[0,]].
Since A(OX, +(1—-0)x,) =0Ax +(1—-0)Ax, <Ob+(1-O)b=Db,
0x,+(1-0)x, e{xeR": Ax<b}

Thus a polyhedron{x € R" : Ax<b} forsome AeR™" beR"™, isconvex.

(2) Consider a convex function f :R" — R. Prove that the set

{(x,t)]| f(x)<t,xeR",teR}
iS convex.

Proof: Suppose (X,t,),(X,,t,) e{(x,t)| f(x)<t,xeR"teR} and 0€[0,1].
Since f(Ox +([@1—-0)x,)<Of(x)+@1-0)f(x,) <6t +1-O)¢,,
[0x +(1-0)x,,0t + (1-O)t,]e{(x,t)] f(X)<t,xeR",teR}.

Thus {(x,t)| f(X)<t,xeR",t € R} is convex.

(3) Show that {x R [J ] % =1 is convex. (Hint: If 8,b>0 and 0<@<1, than
a’b™” <fa+(1-6)b)
Proof: Suppose p,qe{xeR |1_Ln:1Xi >1} and 6€[0,]].
since [ [,[0p+@-0)a)=[ I pla™ = 1., ) ([ [La)" =1
Op+1-0)qef{xeR! ] %=1
Thus {xe R[] ], % =T is convex.

(4) Show that the set {x|||x—a||2 SH”X—b”Z},where a#b and 0<6 <1, isconvex.



Proof: {x|||x—al, §0||x—b||2}:{x|||x—a||§ < 49||x—b||§}
={x|(x—a)" (x—a) <O(x—b)" (x—b)}
={x|A-Ox"x+(20b"-2a")x+a'a—Ob'b <0}
Since 00 31, the Hessian matrix of function
f(O=0-60 x'x+(26b" —2a")x+a'a-6b'b

is 1-o 1 is a positive semidefinite matrix. Thus, the function F 0o is a convex function,

the 0-sublevel set is convex.
2. Convex function

(1) Prove that that the entropy function, defined as

f (0= Zn: X, log(x;)

with dom(f)={xeR", : zin:lxi =1}, is strictly concave.

Proof:
Vf =[-(logx, +1) —(logx,+1) --- —Clogx,+1)]
_i 0 0
X
I 0
Vet = X,
0 0 0
0 0 1
L Xn_

Which is a negative matrix since X € R, .

Moreover, the set dom(f)={xeR], :Zin:lxi =1} is a convex set. Thus, the entropy

function, defined as

f (0= Zn: X log(x;)

with dom(f)={xeR", : zin:lxi =1}, is strictly concave.



1
(2) Show that f(X,X,)=—— on R? isconvex
X,

1 1
Proof: Vf :{— > — 2}
X X XX,
2 1
3 22
X X
Vit = X112 X122 , since XeR?  matrix V>f isa positive semidefinite matrix.
2,2 3
XXy XX
The domain R?, is a convex set. Therefore, the function (X, X )—— on R% s
X,
convex.

(3) Show that f(X)=tr(X™) isconvexon domf =S"
Proof:

Define g(t)= f(Z+tV) where ZeS! V eS"

1

g(t) =tr[(Z +tV) ] =tr[Z (1 +1Z *%vz 2)7
= tr[Z‘lQ(I +tA)‘1QT]

where 2VZ2 Q'AQ, A= diag(4,4,,---4,)

Thus g(t) =2 QU1 +tA) Q1= Q' QU +1A) 1= Y(Q'Z7Q), W+14)”

1
. Theref t) i
n erefor g(t) is

Function g(t) is a positive weighted sum of convex function

convex. The set dom f =S", is a convex set. Thus function f(X)=tr(X™) is convex on

domf =S .
3. Dual problem
(1) Formulate the dual problems of the following problems with one inequality constraint

min c'x
st. f(x)<0



Answer: For =0, g(4)=infc x=—o0
For /1>0,g(/I):inf[ch+ﬂf(x)]:/linf[(%)Tx+ f (X)]

C %,C
=—Asup[-(=) x—= f(X)]=-Af (=
: pl (/1) ()] (4)
Thus, the dual problem is
* C
max -Af (=
(/1)

s.t. A>0
(2) Find the dual problem of the following general Linear programming

min ¢'x
st. Gx<h
Ax=Db

Answer:
The Lagrangian function is
[(x,4,V) =c" x+ A" (Gx—h)+V' (Ax—D)
=(Cc+G"A+A'V)' x-1"h+Vv'b
The dual function is
) _ Th_ T T AT —
(AV) = inf L(X,AV) = Ah-vib, c+G A+A'v .0
x —o0, otherwise

Thus the dual problem is

max  — h"A—-b'v
st. 120

cC+G'A+A'v=0
4. KKT condition
(1) Give the KKT conditions of the following optimization problem

min - X +X;
st (% =12 +(x,-1)° <1
(%, —1)*+(x, +1)*<1
Answer:
The KKT conditions are



(x, -1 +(x,-1)*<1

(X, -1 +(x,+1)*<1
420, 4,20

Al =" +(x, -)*-1] =0
LI =1+ (%, +1)*-1] =0
X+ 4, (% —1)+4,(x-1)=0
X, + 4, (% D+ A4,(x,+1) =0

(2) Consider the equality constrained least square problem
min ”m«ME
st. Gx=h

Where Ae R™" with rankA=n and GeR""with rankG=p
Give the KKT conditions and derive expressions for the primal solution X and the

dual solution V.

Answer:
The KKT conditions is

Gx=h
2AT Ax=2A"b-G'v
We can solve the linear equation to obtain the optimal solution

First, since rankA=n, ATA isinversible, we may obtain
X = % (ATA)(2AD-G'v) (¥

Putting it into the first equation, we have

G[%(AT A)’l(ZATb—GTV)] =h

%G(AT A)’lGTV = G(AT A)’l A'b-h
Thus the optimal solution of dual problem V' =2[G(A"A)"'G' ' [G(A"A)*ATb-h]
Putting it into (*), we obtain the optimal solution for the primal solution

X =(ATA){Ab-G'[G(A"A) ‘G ] [G(ATA) *ATb—h]}

5. Gradient and Newton Descent

Consider the optimization



min ex1+3x2—0.1+ex1—3x2—0.1+e—x1—0.1

X1, X

Write a code to solve this optimization using the gradient method and Newton

method with the backtracking parameters @=0.1 and £=0.6, draw f(X,)

verses k for k =0, 1, 2-----,50.
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Alpha = 0.1;
Beta = 0.6;

nk = 50;

x0 = [0.1;0.1];

points = zeros(3,nK);
X = X0;
for iter = 1:nK
val = exp(x(1)+3*x(2)-0.1)+exp(x(1)-3*x(2)-0.1)+exp(-x(1)-0.1);
grad = [exp(x(1)+3*x(2)-0.1)+exp(x(1)-3*x(2)-0.1)-exp(-x(1)-0.1);
I*exp(x(1)+3*x(2)-0.1)-3%exp(x(1)-3*x(2)-0.1)];
points(1,iter)=x(1);
points(2,iter)=x(2);
points(3,iter)=val;
v = -grad;
x = x+Alpha*v;
end

plot3(points(1,:),points(2,:),points(3,:), " '-0', ‘Color’, 'b", "MarkerSize',10,...

'MarkerFaceColor’, "#DOFFFF')
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Alpha = 0.1;

Beta = 0.6;
nk = 50;
x0 = [0.1;0.1];

points = zeros(3,nkK);

X =

x0;

E  for iter = 1:nK

L end

val = exp(x(1)+3*x(2)-0.1)+exp(x(1)-3*x(2)-0.1)+exp(-x(1)-0.1);

grad = [exp(x(1)+3*x(2)-0.1)+exp(x(1)-3*x(2)-0.1)-exp(-x(1)-0.1);
3*exp(x(1)+3*x(2)-0.1)-3*exp(x(1)-3*x(2)-0.1)];

hess = [exp(x(1)+3*x(2)-0.1)+exp(x(1)-3*x(2)-0.1)+exp(-x(1)-0.1),3*exp(x(1)+3*x(2)-0.1)-3*exp(x(1)-3*x(2)-0.1);
3*exp(x(1)+3*x(2)-0.1)-3*exp(x(1)-3*x(2)-0.1),9%exp(x(1)+3*x(2)-0.1)+9*exp(x(1)-3*x(2)-0.1)];

points(1,iter)=x(1);

points(2,iter)=x(2);

points(3,iter)=val;

v = -hess\grad;

x = x+Alpha*v;

plot3(points(1,:),points(2,:),points(3,:),'-0', 'Color’,'b", "MarkerSize',10,...
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'MarkerFaceColor’, '#D9FFFF')

X -0.343688
'Y 0.000947795
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