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1. õ�ª

1.1 Ø�ê��*�UC

~K 1. ®� f(x) ´ Q þ� n gØ��õ�ª, ��"Eê α ÷v f(α) = f(−α) = 0, y²: f(x) �

z�����êEÎ´ f(x) ��.

)�. � f(x) = anx
n + · · ·+ a1x+ a0, Ù¥ ai ∈ Q (i = 0, 1, · · · , n), � an 6= 0, P

g(x) = f(−x) = (−1)nanxn + · · ·+ (−1)a1x+ a0.

w, g(x) ∈ Q[x], ,	du f(α) = f(−α) = g(α) = 0, ¤± f(x) � g(x) ��Eê�þ�ü�õ�ªØp

�(kúÏª x− α), �âp�5Ø�ê��*�UC, ¤± f(x), g(x) ��knê�þ�ü�õ�ª�

Øp�, 2(Ü f(x) 3knê�þØ���� f(x) | g(x). w, ∂(f(x)) = ∂(g(x)) = n, u´�3�"~

ê k ¦� g(x) = kf(x). y3� x0 ´ f(x) �?�Eê�, = f(x0) = 0, @o

f(−x0) = g(x0) = kf(x0) = 0.

ù`² −x0 �´ f(x) ��.

1.2 �ê�¯K

~K 2. � f(x) ´���Xêõ�ª, XJ�3��êm ÷vm - f(0),m - f(1), · · · ,m - f(m− 1), K

f vk�ê�, AO/, XJ f(x) ´Ä 1 �, K f(x) �vkkn�.

)�. � f(x) = anx
n+· · ·+a1x+a0,Kéu?¿�ê k,d�ê��{Ø{�,�3 a, b¦� k = am+b,

Ù¥ b ´ 0, 1, · · · ,m− 1 ¥����ê, ld��ª½n��

f(k) = f(am+ b) = an(am+ b)n + · · ·+ a1(am+ b) + a0 = Km+ f(b).

Ù¥K ´���ê, dum | Km,m - f(b), ¤±m - f(k), l f(k) 6= 0, ¤± f vk�ê�.

1.3 p�¯K

~K 3. XJ f(x), g(x)´gê�u"�p�õ�ª,K�3��� u(x), v(x)¦� u(x)f(x)+v(x)g(x) =

1, Ù¥ ∂(u(x)) < ∂(g(x)), ∂(v(x)) < ∂(f(x)).

)�. du f(x), g(x) p�, ¤±�3 a(x), b(x) ¦�

a(x)f(x) + b(x)g(x) = 1.

ù¿�X a(x), g(x) p�, y34 a(x), g(x) ��{Ø{, �

a(x) = q(x)g(x) + u(x).

@o u(x) 6= 0, � ∂(u(x)) < ∂(g(x)), l (q(x)g(x) + u(x))f(x) + b(x)g(x) = 1, =

u(x)f(x) + (b(x) + q(x)f(x))g(x) = 1.

y3- b(x) + q(x)f(x) = v(x), K

u(x)f(x) + v(x)g(x) = 1.

ey ∂(v(x)) < ∂(f(x)): XJ ∂(v(x)) ≥ ∂(f(x)), (Ü ∂(u(x)) < ∂(g(x)) �� ∂(v(x)g(x)) > ∂(u(x)f(x)),

lk

0 = ∂(1) = ∂(u(x)f(x) + v(x)g(x)) = ∂(v(x)g(x)) 6= 0.

ùw,gñ, ¤± ∂(v(x)) < ∂(f(x)).

��y��5: ���3 u1(x), v1(x) ÷v

u1(x)f(x) + v1(x)g(x) = 1.

3



�
&
ú
¯
Ò
: s
xk
yl
iy
an
g

Ù¥ ∂(u1(x)) < ∂(g(x)), ∂(v1(x)) < ∂(f(x)). @oÒk (u(x)− u1(x))f(x) + (v(x)− v1(x))g(x) = 0, =

(u(x)− u1(x))f(x) = (v1(x)− v(x))g(x).

du f(x), g(x)p�,¤± f(x) | (v1(x)−v(x)), ∂(v(x)), ∂(v1(x)) < ∂(f(x)),¤±�U´ v1(x)−v(x) = 0,

= v1(x) = v(x), Ón, �k u1(x) = u(x).

1.4 {ê½n�A^

~K 4. ®� (x2 + x+ 1) | f1(x3) + xf2(x
3), K (x− 1) | f1(x) � (x− 1) | f2(x).

)�. du (x2 + x+ 1) | f1(x3) + xf2(x
3), ¤± x2 + x+ 1 �ü�� ω, ω2 Ñ´ f1(x

3) + xf2(x
3) ��,

Ù¥ ω3 = 1, ω2 = ω, l f1(ω
3) + ωf2(ω

3) = f1(1) + ωf2(1) = 0,

f1(ω
6) + ω2f2(ω

6) = f1(1) + ω2f2(1) = 0.

)þã�§|�� f1(1) = f2(1) = 0, = (x− 1) | f1(x), (x− 1) | f2(x).

1.5 õ�ª��k�5

~K 5. � f(x) ´¢ê�þ� n (n ≥ 1) gõ�ª, �

f(k) =
k

k + 1
, k = 0, 1, 2, · · · , n.

(1) ¦ f(x) �Ä�Xê;

(2) O� f(n+ 1) Ú f(−1).

)�. (1) ÄkPõ�ª F (x) = (x+ 1)f(x)− x, K ∂(F (x)) = n+ 1, �d®���

F (k) = 0, k = 0, 1, 2, · · · , n.

u´

F (x) = (x+ 1)f(x)− x = cx(x− 1)(x− 2) · · · (x− n). (1)

)�

f(x) =
cx(x− 1)(x− 2) · · · (x− n) + x

x+ 1
.

du f(x) �õ�ª, l x+ 1 | [cx(x− 1)(x− 2) · · · (x− n) + x], =

c(−1)(−2)(−3) · · · (−n− 1)− 1 = 0.

)� c =
(−1)n+1

(n+ 1)!
, d= f(x) �Ä�Xê.

(2) d (1) ��

f(n+ 1) =

(−1)n+1

(n+1)! (n+ 1)! + (n+ 1)

n+ 2
=
n+ 1 + (−1)n+1

n+ 2
.

,	 (1) ªü>'u x ¦���

f(x) + (x+ 1)f ′(x)− 1 =
(−1)n+1

(n+ 1)!
x(x− 1)(x− 2) · · · (x− n)

(
1

x
+

1

x− 1
+

1

x− 2
+ · · ·+ 1

x− n

)
.

ò x = −1 �\þª��
f(−1) = −1

2
− 1

3
− · · · − 1

n+ 1
.
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1.6 Ïª��ê�A^

~K 6. y² f(x) = 1 + x+
x2

2!
+ · · ·+ xn

n!
vk�.

)�. du f ′(x) = 1 + x+
x2

2!
+ · · ·+ xn−1

(n− 1)!
, ¤± f(x)− f ′(x) = xn

n!
, u´

(f(x), f ′(x)) = (f(x), f(x)− f ′(x)) = (f(x),
xn

n!
) = (f(x), xn) = xk.

Ù¥ k ´�u�u n ��K�ê, du 0 w,Ø´ f(x) ��, ¤±�U´ k = 0, = (f(x), f ′(x)) = 1, ù`

² f(x) vk�.

1.7 knXêõ�ª���5?Ø

~K 7. ®� a1, a2, · · · , an ´pÉ��ê, y²:

(1) f(x) = (x− a1)(x− a2) · · · (x− an)− 1 3knê�þØ��;

(2) n ´Ûê�, g(x) = (x− a1)(x− a2) · · · (x− an) + 1 3knêþØ��;

(3) n ´óê�'��¡: �±y² n = 2 ½ 4 �, g(x) = (x− a1)(x− a2) · · · (x− an) + 1 3knêþ

�U��, � n ≥ 6 �, g(x) 3knê�þ�½Ø��;

(4) h(x) = (x− a1)2(x− a2)2 · · · (x− an)2 + 1 3knê�þØ��.

)�. (1) b� f(x) 3knê�þ��, K�3gê�u n ��Xêõ�ª f1(x), f2(x) ¦� f(x) =

f1(x)f2(x), r x = ai �\Òk

f1(ai)f2(ai) = −1 (i = 1, 2, · · · , n).

du f1(x), f2(x) ´�Xêõ�ª, ¤± f1(ai), f2(ai) Ñ´�ê, l�U´ f1(ai) = 1 � f2(ai) = −1 ½
ö f1(ai) = −1 � f2(ai) = 1, o�, Ñ´ f1(ai) + f2(ai) = 0, = F (x) = f1(x) + f2(x) k n �":, Ó�

∂(F (x)) < n, ¤±�U´ F (x) = 0, = f1(x) = −f2(x), l f(x) = −f2(x)2, ù� f(x) �Ä�Xê 1 ´g

ñ�.

(2) Ó (1) ���Ó��{, �±y²: XJ g(x) = (x− a1)(x− a2) · · · (x− an) + 1 3knê�þ��,

@o g(x) �½�±©)¤���Xêõ�ª g1(x) �²�, l�¦ n 7L´óê.

(3) � n = 2 ½ 4 �, f(x) 3knê�þ�U��, ~X

f(x) = (x− 1)(x+ 1) + 1 = x2;

f(x) = (x− 1)x(x+ 1)(x+ 2) + 1 = (x2 + x)(x2 + x− 2) + 1 = (x2 − x− 1)2.

� n ≥ 6 �, d (2) ��, XJ f(x) ��, K�½�3 g(x) ¦� f(x) = g2(x), l f(x) ≥ 0. @·��

g�´é��� f(x) < 0 �:, l��gñ. äN�{Xe: ÄkØ�� a1 > a2 > · · · > an, Ké?¿�

i = 2, 3, · · · , k a1 − ai ≥ i− 1. u´ n ≥ 6 �, k

f

(
a1 −

1

2

)
= −1

2

(
a1 − a2 −

1

2

)(
a1 − a3 −

1

2

)
· · ·
(
a1 − an −

1

2

)
+ 1

≤ −1

2

(
1− 1

2

)(
2− 1

2

)
· · ·
(
n− 1− 1

2

)
+ 1

= −1

2
· 1
2
· 3
2
· · · 2n− 3

2
+ 1

≤ −1

2
· 1
2
· 3
2
· 5
2
· 7
2
· 9
2
+ 1

= −15× 63

64
+ 1 < 0.

(4) XJ h(x) 3knê�þ��� h(x) = h1(x)h2(x), Ù¥ h1(x), h2(x) Ñ´Ä 1 ��Xêõ�ª. K

�±�� h1(x)− h2(x) k n �": a1, a2, · · · , an, I�5¿�´: h(x) Ãkn�, ¤± h1(x) � h2(x) ÑÃ

kn�, @Ò`²é i = 1, 2 k hi(a1), hi(a2), · · · , hi(an) ´ÓÒ�(Ñ� 1 ½öÑ� −1), �±b�§�Ñ�
1, �e5^gê©�¹�Ä:
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(i) XJ h1(x), h2(x) Ñ´ n g�, K�±�� h1(x) = h2(x), l h(x) = h21(x), ¿�5¿� h1(x) − 1

´± a1, · · · , an ���Ä 1 õ�ª, ¤±Ò��

h1(x) = (x− a1)(x− a2) · · · (x− an) + 1.

l h(x) = h21(x) Ò�du

(x− a1)2(x− a2)2 · · · (x− an)2 + 1 = [(x− a1)(x− a2) · · · (x− an) + 1]2

= (x− a1)2(x− a2)2 · · · (x− an)2 + 2(x− a1)(x− a2) · · · (x− an) + 1.

ù�du 2(x− a1)(x− a2) · · · (x− an) = 0, gñ.

(ii) XJ h1(x) � h2(x) ¥k��gê�u n, Ø��� h1(x), |^ h1(x) − 1 k n �":�±��

h1(x) = 1, gñ.

2. 1�ª

2.1 �©{

~K 8. O�1�ª ∣∣∣∣∣∣∣∣∣∣∣

x1 −m x2 · · · xn

x1 x2 −m · · · xn
...

...
...

x1 x2 · · · xn −m

∣∣∣∣∣∣∣∣∣∣∣
n×n

.

)�. du∣∣∣∣∣∣∣∣∣∣∣

x1 −m x2 · · · xn

x1 x2 −m · · · xn
...

...
...

x1 x2 · · · xn −m

∣∣∣∣∣∣∣∣∣∣∣
n×n

=

∣∣∣∣∣∣∣∣∣∣∣

x1 −m x2 + 0 · · · xn + 0

x1 + 0 x2 −m · · · xn + 0
...

...
...

x1 + 0 x2 + 0 · · · xn −m

∣∣∣∣∣∣∣∣∣∣∣
n×n

.

y�â1�ª�5�òþã1�ª©� 2n �1�ª�Ú, Ù¥z�1�ª�1 i (i = 1, 2, · · · , n) 1�o�
(xi, xi, · · · , xi), �o� (0, · · · , 0,−m

i
, 0, · · · , 0), òù 2n �1�ª©�Xena:

(i) ��kü1(�� i, j (i 6= j) 1)���©O� (xi, xi, · · · , xi), (xj , xj , · · · , xj), duz�1�ª��
kü1��¤'~, ¤±da1�ªþ�", ÙÚg,��".

(ii) k�=k�1(��1 i (i = 1, 2, · · · , n) 1)����´ (xi, xi, · · · , xi), da1�ª�k n �, ¿�

�â1 i �Ðm, ��

n∑
i=1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−m
.. .

−m
xi xi · · · xi · · · xi xi

−m
.. .

−m

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

n∑
i=1

(−1)i+ixi

∣∣∣∣∣∣∣∣∣∣∣

−m
−m

.. .

−m

∣∣∣∣∣∣∣∣∣∣∣
= (−m)n−1

n∑
i=1

xi.

(iii) z�1þ�/X (0, · · · , 0,−m
i
, 0, · · · , 0) ù����, da1�ª=k��, =

∣∣∣∣∣∣∣∣∣∣∣

−m
−m

.. .

−m

∣∣∣∣∣∣∣∣∣∣∣
= (−m)n.
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u´ ∣∣∣∣∣∣∣∣∣∣∣

x1 −m x2 · · · xn

x1 x2 −m · · · xn
...

...
...

x1 x2 · · · xn −m

∣∣∣∣∣∣∣∣∣∣∣
n×n

= (−m)n + (−m)n−1
n∑
i=1

xi.

2.2 �©{

~K 9. O� n �1�ª

Dn =

∣∣∣∣∣∣∣∣∣∣∣

x a · · · a

−a x · · · a
...

...
...

−a −a · · · x

∣∣∣∣∣∣∣∣∣∣∣
.

)�. � a = 0 �, w,k Dn = xn. � a 6= 0 �, ò Dn Uì1���ü�1�ª, k

Dn =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x+ a a a · · · a a

0 x a · · · a a

0 −a x · · · a a
...

...
...

...
...

0 −a −a · · · x a

0 −a −a · · · −a x

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−a a a · · · a a

−a x a · · · a a

−a −a x · · · a a
...

...
...

...
...

−a −a −a · · · x a

−a −a −a · · · −a x

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= (x+ a)Dn−1 +

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−a 0 0 · · · 0 0

−a x− a 0 · · · 0 0

−a −2a x− a · · · 0 0
...

...
...

...
...

−a −2a −2a · · · x− a 0

−a −2a −2a · · · −2a x− a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= (x+ a)Dn−1 − a(x− a)n−1.

@o�âé¡5, �k Dn = (x− a)Dn−1 + a(x+ a)n−1, ?(x− a)Dn = (x− a)(x+ a)Dn−1 − a(x− a)n;

(x+ a)Dn = (x− a)(x+ a)Dn−1 + a(x+ a)n.

þãüª�~��

Dn =
(x+ a)n + (x− a)n

2
.

w,þªé a = 0 �¤á.

2.3 ,�{(\>{)

~K 10. O�1�ª

Dn =

∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 + x1 a2 a3 · · · an

a1 a2 + x2 a3 · · · an

a1 a2 a3 + x3 · · · an
...

...
...

...

a1 a2 a3 · · · an + xn

∣∣∣∣∣∣∣∣∣∣∣∣∣
.
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)�. |^,�{, k

Dn =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 a1 a2 a3 · · · an

0 a1 + x1 a2 a3 · · · an

0 a1 a2 + x2 a3 · · · an

0 a1 a2 a3 + x3 · · · an
...

...
...

...
...

0 a1 a2 a3 · · · an + xn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 a1 a2 a3 · · · an

−1 x1 0 0 · · · 0

−1 0 x2 0 · · · 0

−1 0 0 x3 · · · 0
...

...
...

...
...

−1 0 0 0 · · · xn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

� x1x2 · · ·xn 6= 0 �, �gòþã1�ª�1 i (i = 2, 3, · · · , n+ 1) ��
1

xi−1
�\�1��, Òk

Dn =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 +

n∑
i=1

ai
xi

a1 a2 a3 · · · an

0 x1 0 0 · · · 0

0 0 x2 0 · · · 0

0 0 0 x3 · · · 0
...

...
...

...
...

0 0 0 0 · · · xn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

(
1 +

n∑
i=1

ai
xi

)
n∏
j=1

xj =

n∏
j=1

xj +

n∑
i=1

ai∏
j 6=i

xj

 .

�â1�ª�$�5K�� Dn ´'u x1, x2, · · · , xn �õ�ª, þªmà�� x1, x2, · · · , xn �õ�ª,

§�3 x1x2 · · ·xn 6= 0 ��ÿ��, g,3 x1x2 · · ·xn = 0 ��ÿ���. =é?¿� x1, x2, · · · , xn, þk

Dn =

n∏
j=1

xj +

n∑
i=1

ai∏
j 6=i

xj

 .

2.4 ��1��{

~K 11. O� n ?1�ª∣∣∣∣∣∣∣∣∣∣∣∣∣

1 2 · · · n− 1 n

2 3 · · · n 1

3 4 · · · 1 2
...

...
...

...

n 1 · · · n− 2 n− 1

∣∣∣∣∣∣∣∣∣∣∣∣∣
= (−1)

(n−1)n
2

nn−1(n+ 1)

2
.

)�. l���1m©, þ�1� −1 �g\�e�1, ��∣∣∣∣∣∣∣∣∣∣∣∣∣

1 2 · · · n− 1 n

2 3 · · · n 1

3 4 · · · 1 2
...

...
...

...

n 1 · · · n− 2 n− 1

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 2 · · · n− 1 n

1 1 · · · 1 1− n
1 1 · · · 1− n 1
...

...
...

...

1 1− n · · · 1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 · · · n− 2 n− 1

1 0 · · · 0 −n
1 0 · · · −n 0
...

...
...

...

1 −n · · · 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 +
1

n
+ · · ·+ n− 1

n
1 · · · n− 2 n− 1

0 0 · · · 0 −n
0 0 · · · −n 0
...

...
...

...

0 −n · · · 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

(
1 +

1

2
(n− 1)

)
∣∣∣∣∣∣∣∣∣∣∣

0 · · · 0 −n
0 · · · −n 0
...

...
...

−n · · · 0 0

∣∣∣∣∣∣∣∣∣∣∣
=
n+ 1

2
(−1)

(n−1)(n−2)
2 (−n)n−1

=(−1)
(n−1)n

2
nn−1(n+ 1)

2
.

8



�
&
ú
¯
Ò
: s
xk
yl
iy
an
g

2.5 4íúª{

~K 12. O� n �1�ª

Dn =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

√
5 1

1
√
5 1

1
. . .

. . .

. . .
√
5 1

1
√
5

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

)�. ò Dn Uì1��Ðm, ��

Dn =
√
5Dn−1 −Dn−2. (2)

��§ x2 −
√
5x+ 1 = 0 �ü���

α =

√
5− 1

2
, β =

√
5 + 1

2
.

Kd��½n�� α+ β =
√
5, αβ = 1, ¤± (2) ª�du

Dn = (α+ β)Dn−1 − αβDn−2.

C/Òk

Dn − αDn−1 = β(Dn−1 − αDn−2); (3)

Dn − βDn−1 = α(Dn−1 − βDn−2). (4)

5¿� D1 =
√
5 = α+ β, D2 =

∣∣∣∣∣
√
5 1

1
√
5

∣∣∣∣∣ = 5− 1 = (α+ β)2 − αβ = α2 + αβ + β2, u´

D2 − αD1 = β2, D2 − βD1 = α2.

l(Ü (3), (4) ª��

Dn − αDn−1 = β(Dn−1 − αDn−2) = · · · = βn−2(D2 − αD1) = βn; (5)

Dn − βDn−1 = α(Dn−1 − βDn−2) = · · · = αn−2(D2 − βD1) = αn. (6)

@o (5) ª¦± β � (6) ª¦± α �~��

Dn =
βn+1 − αn+1

β − α
=

(√
5 + 1

2

)n+1

−

(√
5− 1

2

)n+1

.

2.6 ���1�ª�A^

~K 13. ®� n ≥ 2, O�1�ª

Dn =

∣∣∣∣∣∣∣∣∣∣∣

a+ x1 a+ x2 · · · a+ xn

a+ x21 a+ x22 · · · a+ x2n
...

...
...

a+ xn1 a+ xn2 · · · a+ xnn

∣∣∣∣∣∣∣∣∣∣∣
.
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)�. |^\>{�©{, (Ü���1�ªk

Dn =

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 a a · · · a

0 a+ x1 a+ x2 · · · a+ xn

0 a+ x21 a+ x22 · · · a+ x2n
...

...
...

...

0 a+ xn1 a+ xn2 · · · a+ xnn

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 a a · · · a

−1 x1 x2 · · · xn

−1 x21 x22 · · · x2n
...

...
...

...

−1 xn1 xn2 · · · xnn

∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

−a a a · · · a

−1 x1 x2 · · · xn

−1 x21 x22 · · · x2n
...

...
...

...

−1 xn1 xn2 · · · xnn

∣∣∣∣∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 + a a a · · · a

0 x1 x2 · · · xn

0 x21 x22 · · · x2n
...

...
...

...

0 xn1 xn2 · · · xnn

∣∣∣∣∣∣∣∣∣∣∣∣∣

= −a

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 · · · 1

1 x1 x2 · · · xn

1 x21 x22 · · · x2n
...

...
...

...

1 xn1 xn2 · · · xnn

∣∣∣∣∣∣∣∣∣∣∣∣∣
+ (1 + a)

∣∣∣∣∣∣∣∣∣∣∣

x1 x2 · · · xn

x21 x22 · · · x2n
...

...
...

xn1 xn2 · · · xnn

∣∣∣∣∣∣∣∣∣∣∣
= −a

n∏
k=1

(xk − 1)
∏

1≤j<i≤n

(xi − xj) + (1 + a)
n∏
k=1

xk
∏

1≤j<i≤n

(xi − xj)

=

[
(1 + a)

n∏
k=1

xk − a
n∏
k=1

(xk − 1)

] ∏
1≤j<i≤n

(xi − xj).

2.7 �É�n�A^

~K 14. )�Xe¯K:

(1) �Ý
 A = Am×n, B = Bn×m (m ≤ n), y²:

|λEn −BA| = λn−m|λEm −AB|.

(2) �Ý


A =

(
a1 a2 · · · an

1 1 · · · 1

)
.

Ù¥ n ≥ 2, �
n∑
i=1

ai = 1,

n∑
i=1

a2i = n, - B = A′A− E, ¦ B ��ÜA��9 B �1�ª |B|.

)�. (1) ��¡, du(
Em A

B λEn

)(
Em −A
O En

)
=

(
Em O

B λEn −BA

)
.

þªüà�1�ª�� ∣∣∣∣∣ Em A

B λEn

∣∣∣∣∣ =
∣∣∣∣∣ Em O

B λEn −BA

∣∣∣∣∣ = |λEn −BA|. (7)

,��¡, � λ 6= 0 �, k λEn �_, d�du(
Em A

B λEn

) Em O

− 1

λ
B En

 =

 Em −
1

λ
AB A

O λEn

 .

þªüà�1�ª��∣∣∣∣∣ Em A

B λEn

∣∣∣∣∣ =
∣∣∣∣∣∣ Em −

1

λ
AB A

O λEn

∣∣∣∣∣∣ = λn|Em −
1

λ
AB| = λn−m|λEm −AB|. (8)
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u´� λ 6= 0 �, (Ü (7) ª� (8) ª�>��Òkm>��, =

|λEn −BA| = λn−m|λEm −AB|.

þªüà�w¤'u λ �õ�ª3 λ 6= 0 �ð�, dõ�ª�5���þªéu λ = 0 �¤á.

(2) Äkd®���

AA′ =

(
a1 a2 · · · an

1 1 · · · 1

)
a1 1

a2 1
...

...

an 1

 =


n∑
i=1

a2i

n∑
i=1

ai

n∑
i=1

ai n

 =

(
n 1

1 n

)
.

¤±(Ü (1) ��

|λEn −A′A| = λn−2|λE2 −AA′| = λn−2

∣∣∣∣∣ λ− n −1
−1 λ− n

∣∣∣∣∣
= λn−2[(λ− n)2 − 1] = λn−2(λ− n+ 1)(λ− n− 1).

u´ A′A ��ÜA��� 0, 0, · · · , 0, n− 1, n+ 1, Ù¥ 0 � n− 2 . ? B = A′A− E ��ÜA���

−1,−1, · · · ,−1, n− 2, n.

Ù¥ −1 � n− 2 , ¿�

|B| = (−1)n−2n(n− 2).

3. �þ|!�5�§|9�5�m

3.1 �5LÑ

~K 15. ®� α1, α2, · · · , αn �5Ã', � α1, α2, · · · , αn, β �5�', K β �d α1, α2, · · · , αn �5L
Ñ.

)�. du α1, α2, · · · , αn, β �5�', K�3Ø��"�~ê k1, k2, · · · , kn, kn+1 ¦�

k1α1 + k2α2 + · · ·+ knαn + kn+1β = 0.

XJ kn+1 = 0, K k1α1 + k2α2 + · · ·+ knαn = 0, du α1, α2, · · · , αn �5Ã', ¤± k1 = k2 = · · · = kn = 0,

ù�b�gñ. ¤± kn+1 6= 0, u´k

β = − 1

kn+1
(k1α1 + k2α2 + · · ·+ knαn).

= β �d α1, α2, · · · , αn �5LÑ.

3.2 �3�å

~K 16. ��þ| I : α1, α2, · · · , αr ��þ| II : β1, β2, · · · , βs k�Ó��, ��þ| I �d�þ|

II �5LÑ, y²�þ| I ��þ| II �d.

)�. ÄkP�þ| III : α1, · · · , αr, β1, · · · , βs, du�þ| I �d�þ| II �5LÑ, ¤±�þ| II

��þ| III �d, ?§�����Ó, y3��þ| I, II, III ��þ� t, � αk1 , · · · , αkt ´�þ| I

���4��5Ã'|, KÙ�´�þ| III ¥� t ��5Ã'��þ, qdu�þ| III ��� t, ¤±?

� βi ∈ III, Ñk αk1 , · · · , αkt , βi �5�', ù`²z� βi (i = 1, 2, · · · , s) þ�d αk1 , · · · , αkt �5LÑ, l

��d α1, · · · , αr �5LÑ, =�þ| II �d�þ| I �5LÑ, ¤±�þ| I ��þ| II �d.
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3.3 �§|Ó)�Ý
��

~K 17. � A, B ©O� s× n � n×m �Ý
. )�Xe¯K:

(1) y²: r(AB) = r(B) ��=� ABX = 0 �)Ñ´ BX = 0 �);

(2) � C �m× r Ý
, y²e r(AB) = r(B), K r(ABC) = r(BC);

(3) � D � n �¢�
, D′ L« D �=�, y²

r(DD′) = r(D′D) = r(D).

¿Þ~`²� D � n �E�
�, (ØØ¤á.

)�. (1) ¿©5. Äk5¿� BX = 0 �)þ� ABX = 0 �), @oe ABX = 0 �)Ñ´ BX = 0

�), K ABX = 0 � BX = 0 Ó), ?§�Ä:)X¤¹�þ�ê�Ó, =m− r(AB) = m− r(B), �Ò

´ r(AB) = r(B).

7�5. e r(AB) = r(B), K�§| BX = 0 � ABX = 0 �Ä:)X�¥¤¹�þ�ê�Ó, ²w

BX = 0 �)Ñ´ ABX = 0 �), @o BX = 0 �Ä:)X�´ ABX = 0 �Ä:)X, ¤± ABX = 0 �

)Ñ´ BX = 0 �).

(2) du r(AB) = r(B), d (1) �� ABX = 0 �)Ñ´ BX = 0 �), u´é?¿� r ���þ X,

e ABCX = AB(CX) = 0, K7k BCX = B(CX) = 0, e BCX = 0, w,k ABCX = 0, =�§|

ABCX = 0 � BCX = 0 Ó), ?§�Ä:)X¤¹�þ�ê�Ó, ¤± r(ABC) = r(BC).

(3) �Ä¢Xê�5�§| DX = 0 � D′DX = 0, w, DX = 0 �)þ� D′DX = 0 �), ��, e

D′DX = 0, Kk

X ′D′DX = (DX)′(DX) = |DX|2 = 0.

l DX = 0, ¤± DX = 0 � D′DX = 0 Ó), §�Ä:)X¤¹�þ�ê�Ó, u´

r(D′D) = r(D).

?�k r(DD′) = r((D′)′D′) = r(D′) = r(D), =

r(DD′) = r(D′D) = r(D).

� D � n �E�
�, (ØØ�½¤á, ~X

D =

(
1 1

i i

)
.

d� r(D) = 1, 

D′D =

(
1 i

1 i

)(
1 1

i i

)
=

(
0 0

0 0

)
.

¤± r(D′D) = 0 6= r(D).

~K 18. � A � n �E�
, y²: é?¿���ê N,M ≥ n, ok rank (AN ) = rank (AM ).

)�. � A �_�, (Øw,¤á. � A Ø�_�, k

n− 1 ≥ r(A) ≥ r(A2) ≥ · · · ≥ r(An) ≥ r(An+1) ≥ 0.

¤±7�3��ê k (1 ≤ k ≤ n) ¦� r(Ak) = r(Ak+1), u´�§| AkX = 0 � Ak+1X = 0 Ä:)X¤¹

�þ�ê�Ó, ²w AkX = 0 �)þ� Ak+1X = 0 �), u´ùü��§|Ó). ?e

Ak+2X = Ak+1(AX) = 0.

Kk

Ak(AX) = Ak+1X = 0.

� Ak+1X = 0 �, w,k Ak+2X = 0, ù`²�§| Ak+1X = 0 � Ak+2X = 0 Ó), u´Ä:)X¤¹

�þ�ê�Ó, =k r(Ak+1) = r(Ak+2). ±daí��

r(Ak) = r(Ak+1) = r(Ak+2) = · · · .

AO/, é?¿���ê N,M ≥ n, ok r(AN ) = r(AM ).
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3.4 ?Ø�5�§|)��¹

~K 19 (¥I�h�Æ, 2021). ?Ø a, b �Û��, �5�§|

x1 + x2 + x3 + x4 = 0;

x2 + 2x3 + 2x4 = 1;

−x2 + (a− 3)x3 − 2x4 = b;

3x1 + 2x2 + x3 + ax4 = −1.

k��), Ã), Ã¡õ)? �kÃ¡õ)�, ¦ÑÏ).

)�. é�§|�O2Ý
�Ð�1C�, z��F/, k
1 1 1 1 0

0 1 2 2 1

0 −1 a− 3 −2 b

3 2 1 a −1

→


1 1 1 1 0

0 1 2 2 1

0 −1 a− 3 −2 b

0 −1 −2 a− 3 −1

→


1 0 −1 −1 −1
0 1 2 2 1

0 0 a− 1 0 b+ 1

0 0 0 a− 1 0


dd��:

(i) � a 6= 1 �, �§|k��), �)�

x1 =
−a+ b+ 2

a− 1
;

x2 =
a− 2b− 3

a− 1
;

x3 =
b+ 1

a− 1
;

x4 = 0.

(ii) � a = 1, b 6= −1 �, �§|Ã).

(iii) � a = 1, b = −1 �, �§|kÃ¡õ), �Ï)�x1 = x3 + x4 − 1;

x2 = −2x3 − 2x4 + 1.

Ù¥ x3, x4 �gd��þ.

3.5 dÄ:)X¦�5�§|

~K 20. ®��þ|

α1 = (1, 3,−2, 2, 0)′, α2 = (1,−3, 2, 0, 4)′, α3 = (3, 3,−2, 4, 4)′.

PM = L(α1, α2, α3) � α1, α2, α3 )¤�f�m.

(1) ¦��±M �)�m�àg�5�§| (I);

(2) ¦���Ñ|� (I), k��A)� α0 = (1,−3, 3, 0, 0)′ ��àg�5�§| (II).

)�. ÄkP A = (α1, α2, α3), é A′ ?1Ð�1C�, z��F/, k

A′ =


1 3 −2 2 0

1 −3 2 0 4

3 3 −2 4 4

→


1 3 −2 2 0

0 −6 4 −2 4

0 −6 4 −2 4

→


1 0 0 1 2

0 3 −2 1 −2
0 0 0 0 0

 .

dd�� r(A) = 2, ²w α1, α2 �5Ã', ¤± α1, α2 �M ��|Ä. ,	, �âþã�F/���§|

A′X = 0 �Ä:)X�

η1 = (0, 2, 3, 0, 0)′, η2 = (−3,−1, 0, 3, 0)′, η3 = (−6, 2, 0, 0, 3)′.
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P B = (η1, η2, η3), Kk A′B = O, l B′A = O, ù`² A ���þ α1, α2, α3 þ��§| B′X = 0 �),

²w r(B) = 3, ¤±�§| B′X = 0 �Ä:)X�¥¹k 5− 3 = 2 ��þ,  α1, α2 �5Ã', ¤±§�

�¤ B′X = 0 �Ä:)X, �Ò´`�§| (I) : B′X = 0, =

(I)


2x2 + 3x3 = 0;

−3x1 − x2 + 3x4 = 0;

−6x1 + 2x2 + 3x5 = 0.

�)�m�M .

(2) � x1 = 1, x2 = −3, x3 = 3, x4 = x5 = 0 �, k

2x2 + 3x3 = 3; −3x1 − x2 + 3x4 = 0; −6x1 + 2x2 + 3x5 = −12.

u´�§|

(II)


2x2 + 3x3 = 3;

−3x1 − x2 + 3x4 = 0;

−6x1 + 2x2 + 3x5 = −12.

��Ñ|� (I), Ó�± α0 = (1,−3, 3, 0, 0)′ �A).

3.6 ��AÏ�pg�5�§|

~K 21. y²�§| 

x1 + x2 + · · ·+ xn = 0;

x21 + x22 + · · ·+ x2n = 0;

...

xn1 + xn2 + · · ·+ xnn = 0.

3Eê�þ�k").

)�. �{�(Úîúª). du s1 = s2 = · · · = sn = 0, ldÚîúª�� σ1 = σ2 = · · · = σn = 0, 2

d��½n�� x1, x2, · · · , xn ´�§ xn = 0 ��, ? x1 = x2 = · · · = xn = 0.

�{�(�y{). b��§|�3�"), Ø���"�´ x1, x2, · · · , xl, u´�§|�du

x1 + x2 + · · ·+ xl = 0;

x21 + x22 + · · ·+ x2l = 0;

...

xn1 + xn2 + · · ·+ xnl = 0.

y32©a, � x1, x2, · · · , xl ù
�"�ê¥, pÉ��k s �, �� y1, y2, · · · , ys, ¿b��u yi �k ki

�(i = 1, 2, · · · , s), Ù¥ ki > 0 � k1 + k2 + · · ·+ ks = l. ù�ÿ�§|Ò�du

y1k1 + y2k2 + · · ·+ ysks = 0;

y21k1 + y22k2 + · · ·+ y2sks = 0;

...

yn1 k1 + yn2 k2 + · · ·+ yns ks = 0.

u´�Ñc s ��§, Òk 

y1k1 + y2k2 + · · ·+ ysks = 0;

y21k1 + y22k2 + · · ·+ y2sks = 0;

...

ys1k1 + ys2k2 + · · ·+ yssks = 0.
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rþ¡��§|w¤´'u k1, k2, · · · , ks �àg�5�§|, ·���XêÝ
�1�ª´∣∣∣∣∣∣∣∣∣∣∣

y1 y2 · · · ys

y21 y22 · · · y2s
...

...
...

ys1 ys2 · · · yss

∣∣∣∣∣∣∣∣∣∣∣
= y1y2 · · · ys

∏
1≤j<i≤s

(yi − yj) 6= 0.

u´�§|�k") k1 = k2 = · · · = ks = 0, ù�b�gñ.

3.7 �àg�5�§|�5Ã')��ê

~K 22. � A � s× n Ý
, � r(A) = r, y²�àg�5�§| AX = b �õ�3 n− r+1 ��5Ã

'�)�þ.

)�. Äk� η0 ��§| AX = b ���A), η1, η2, · · · , ηn−r ��Ñ| AX = 0 ���Ä:)X, K

η0, η0 + η1, η0 + η2, · · · , η0 + ηn−r � AX = b � n− r + 1 �), e¡`²§��5Ã': e

k0η0 + k1(η0 + η1) + k2(η0 + η2) + · · ·+ kn−r(η0 + ηn−r) = 0.

K

(k0 + k1 + · · ·+ kn−r)η0 + k1η1 + k2η2 + · · ·+ kn−rηn−r = 0. (9)

þã�ªü>Ó�� A �^��

0 = (k0 + k1 + · · ·+ kn−r)Aη0 + k1Aη1 + k2Aη2 + · · ·+ kn−rAηn−r = (k0 + k1 + · · ·+ kn−r)b.

du b 6= 0, ¤±

k0 + k1 + · · ·+ kn−r = 0.

òÙ�\� (9) ª, (Ü η1, η2, · · · , ηn−r �5Ã'�� k1 = k2 = · · · = kn−r = 0, ?�k k0 = 0, ù`²

η0, η0 + η1, η0 + η2, · · · , η0 + ηn−r ´ AX = b � n− r + 1 ��5Ã'�)�þ.

,	, é AX = b �?¿ n− r+2 �)�þ α1, α2, · · · , αn−r+2, @o α2 −α1, α3 −α1, · · · , αn−r+2 −α1

ù n− r + 1 ��þþ´�Ñ| AX = 0 �), ?§��±� η1, η2, · · · , ηn−r ù n− r ��þ�5LÑ, d

u n− r + 1 > n− r, ¤±�þ| α2 − α1, α3 − α1, · · · , αn−r+2 − α1 �5�', ?´� α1, α2, · · · , αn−r+2

�5�'.

nþ��, AX = b �õ�3 n− r + 1 ��5Ã'�)�þ.

3.8 4��5Ã'|�¦{

~K 23. �½o��þ|

α1 = (1, 2,−1, 1), α2 = (1, 3,−1, 2), α3 = (2, 5, 0, 5), α4 = (1, 2, 1, 3), α5 = (5, 12, 1, 13).

Á¦ÑÙ¤k�4��5Ã'|.

)�. ÄkP A = (α′1, α
′
2, α
′
3, α
′
4, α
′
5), é A ?1Ð�1C�, k

A =


1 1 2 1 5

2 3 5 2 12

−1 −1 0 1 1

1 2 5 3 13

→


1 1 2 1 5

0 1 1 0 2

0 0 2 2 6

0 1 3 2 8

→


1 1 2 1 5

0 1 1 0 2

0 0 2 2 6

0 0 2 2 6



→


1 1 2 1 5

0 1 1 0 2

0 0 1 1 3

0 0 0 0 0

→


1 0 1 1 3

0 1 1 0 2

0 0 1 1 3

0 0 0 0 0

→


1 0 0 0 0

0 1 0 −1 −1
0 0 1 1 3

0 0 0 0 0

 = B
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À½ B �cn1, ²w� B � 1, 2, 3; 1, 2, 4; 1, 2, 5; 1, 3, 4; 1, 3, 5 ½ 1, 4, 5 ����n�fªþ�", ¤±

α1, α2, α3; α1, α2, α4; α1, α2, α5, α1, α3, α4; α1, α3, α5, α1, α4, α5 (10)

þ��þ|�4��5Ã'|. e� B � 2, 3, 4; 2, 3, 5; 2, 4, 5 ½ 3, 4, 5 �, ���n�fªþ�", ¤±é

A� α2, α3, α4; α2, α3, α5, α2, α4, α5; α3, α4, α5 þØ�¤��þ|�4��5Ã'|. = (10) ª¤�Ñ� 6

��þ|���þ|�¤k4��5Ã'|.

3.9 Ý
�§��5�§|�m�=z

~K 24. ®� A, B ©O�m× n, n× s Ý
, ¿� AB = O, K r(A) + r(B) ≤ n.

)�. r B �¤��þ�/ª: B = (β1, · · · , βs), K AB = O �du Aβi = 0 (i = 1, 2, · · · , s), = B �

z���þÑ´ AX = 0 �), l B �z����þÑ�±d AX = 0 �Ä:)X�5LÑ,  AX = 0

�Ä:)X¹k n− r(A) ��þ, ¤±

r(B) ≤ n− r(A).

= r(A) + r(B) ≤ n.

3.10 é�Ó`

~K 25. � A = (aij)n×n ´�� n ?¢Ý
, K

(1) XJ |aii| >
∑
j 6=i

|aij |, @o |A| 6= 0;

(2) XJ aii >
∑
j 6=i

|aij |, @o |A| > 0.

)�. (1) �y{. � |A| = 0, K�5�§| AX = 0 k�"), Ø�� X = (x1, · · · , xn)′ ´���"
), K x1, · · · , xn Ø��", l |x1|, · · · , |xn| ¥7k��´���, Ø�� |xk| ��, @o·��Ä�§

ak1x1 + · · ·+ aknxn = 0, @o

−akkxk = ak1x1 + · · ·+ ak,k−1xk−1 + ak,k+1xk+1 + · · ·+ aknxn.

l

|akk||xk| = |ak1x1 + · · ·+ ak,k−1xk−1 + ak,k+1xk+1 + · · ·+ aknxn|

≤ |ak1||x1|+ · · ·+ |ak,k−1||xk−1|+ |ak,k+1||xk+1|+ · · ·+ |akn||xn|

≤ |ak1||xk|+ · · ·+ |ak,k−1||xk|+ |ak,k+1||xk|+ · · ·+ |akn||xk|

= (|ak1|+ · · ·+ |ak,k−1|+ |ak,k+1|+ · · ·+ |akn|)|xk|

=
∑
j 6=k

|akj ||xk|.

=k |akk| ≤
∑
j 6=k

|akj |, ù�®�gñ, l |A| 6= 0.

(2) d¯�{AÏ, I�AÏPÁ. �

f(t) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 ta12 ta13 · · · ta1n

ta21 a22 ta23 · · · ta2n

ta31 ta32 a33 · · · ta3n
...

...
...

...

tan1 tan2 tan3 · · · ann

∣∣∣∣∣∣∣∣∣∣∣∣∣
.

K f(t) ´'u t ���õ�ª¼ê, ¿�3 R þ´��ëY¼ê, Ó�·��� f(0) = a11a22 · · · ann > 0.

� t ∈ [0, 1] �, �k

aii >
∑
j 6=i

|aij | ≥
∑
j 6=i

|taij |.

d (1) �� f(t) 3 [0, 1] þ�", dëY¼ê�0�5½n�� f(1) > 0, = |A| > 0.
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3.11 �Úy²

~K 26. �½ê� P , � A ´ê� P þ��� n ?�_�
, A �c r �1�þ|¤�Ý
� B, �

n− r �1�þ|¤�Ý
� C, n ��5�§| BX = 0 � CX = 0 �)�m©O� V1, V2, y²

Pn = V1 ⊕ V2.

)�. kPW = V1 + V2. e α ∈ V1 ∩ V2, K Bα = Cα = 0, ¤±

Aα =

(
B

C

)
α = 0.

du A �_, � α = 0, ¤± V1 ∩ V1 = {0}, =W = V1 ⊕ V2.
��`W = Pn: w, r(B) = r, r(C) = n− r, K dimV1 = n− r, dimV2 = n− (n− r) = r. ¤±

dimW = dimV1 + dimV2 = n = dimPn.

qW = V1 ⊕ V2 ⊆ Pn, lW = Pn, =

Pn = V1 ⊕ V2.

3.12 �êúª

~K 27. ®�A, B ©O´ê� P þ� s×k � k×n Ý
, X ´ n×1 ���þ. K¤k÷vABX = 0

� BX �¤���5�m V , ��ê� r(B)− r(AB).

)�. w,¤k÷v ABX = 0 � BX |¤�8Ü V ´ P k ����5f�m(é\{Úê¦µ4). �

e5`²Ù�ê� r(B)− r(AB):

P V1 = {X|BX = 0}, V2 = {X|ABX = 0}, w, V1 ⊆ V2, � V1 ��|Ä α1, α2, · · · , αr, *� V2 �

�|Ä, �� α1, · · · , αr, αr+1, · · · , αs, K r = n− r(B), s = n− r(AB). u´

V = {BX| ABX = 0} = L(Bα1, · · · , Bαr, Bαr+1, · · · , Bαs) = L(Bαr+1, · · · , Bαs).

e¡y² Bαr+1, · · · , Bαs �5Ã': e

kr+1Bαr+1 + · · ·+ ksBαs = 0.

K B(kr+1αr+1 + · · ·+ ksαs) = 0, = kr+1αr+1 + · · ·+ ksαs ∈ V1, l�±d V1 �Ä α1, α2, · · · , αr �5
LÑ, ��

kr+1αr+1 + · · ·+ ksαs = k1α1 + · · ·+ krαr.

=

k1α1 + · · ·+ krαr − kr+1αr+1 − · · · − ksαs = 0.

(Ü α1, · · · , αr, αr+1, · · · , αs �5Ã', �� k1 = k2 = · · · = ks = 0, ¤± Bαr+1, · · · , Bαs �5Ã'.

l dimV = s− r = (n− r(AB))− (n− r(B)) = r(B)− r(AB).

~K 28. �W ´¢ê� R þ n ��5�m V �f�m, A ´ V þ��5C�, y²:

dimW = dim(W ∩A −1(0)) + dimAW.

)�. Äk5¿�W ∩A −1(0) �W �f�m, � dim(W ∩A −1(0)) = r, dimW = s, � α1, α2, · · · , αr
�W ∩A −1(0) ��|Ä, òÙ*�W ��|Ä, P� α1, · · · , αr, αr+1, · · · , αs, dA αi = 0 (i = 1, 2, · · · , r)
��

AW = L(A α1, · · · ,A αr,A αr+1, · · · ,A αs) = L(A αr+1, · · · ,A αs).

e¢ê kr+1, · · · , ks ÷v kr+1A αr+1 + · · ·+ ksA αs = 0, Kk

A (kr+1αr+1 + · · ·+ ksαs) = 0.
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¤± kr+1αr+1 + · · ·+ ksαs ∈ A −1(0) ∩W , ?�3¢ê k1, · · · , kr ¦�

kr+1αr+1 + · · ·+ ksαs = k1α1 + · · ·+ krαr.

= k1α1 + · · ·+ krαr − kr+1αr+1 − · · · − ksαs = 0,  α1, · · · , αr, αr+1, · · · , αs �5Ã', ¤±

k1 = k2 = · · · = ks = 0.

ù`² A αr+1, · · · ,A αs �5Ã', ¤±§��¤ AW ��|Ä, @o dimAW = s− r, ¤±

dimW = dim(W ∩A −1(0)) + dimAW.

3.13 CX½n

~K 29. � V1, V2, · · · , Vs ´¢ê�þ�5�m V � s �ýf�m, y²: V ¥��k���þ v Ø

áu V1, V2, · · · , Vs ¥�?Û��.

)�. êÆ8B{. � s = 1 �, (Øw,¤á. y3b�·Ké V � s − 1 �ýf�m¤á, @oé

u s ��m V1, V2, · · · , Vs, |^b���3�þ α /∈ V1 ∪ V2 ∪ · · · ∪ Vs−1, XJ α /∈ Vs, K(Ø®²¤á. e

α ∈ Vs, d Vs �ýf�m��3 β /∈ Vs, y3�Ä�þ|

α+ β, 2α+ β, · · · , sα+ β. (11)

w,ù
�þÑØáu Vs, �Ï´e kα+ β ∈ Vs, (Ü α ∈ Vs Ò�±�� β ∈ Vs, gñ. Ó�ù s ��þ¥,

Ø�U�3ü��þÓáu�� Vi (i = 1, 2, · · · , s− 1), �Ï´e kα+β � lα+β (k 6= l) Ñáu Vi, Kü�

�þ�� (k − l)α ∈ Vi, = α ∈ Vi, ù�b�´gñ�. ¤±�þ| (11) ��k���þ(P� v = jα+ β)Ø

áu V1, V2, · · · , Vs ¥�?Û��.

4. Ý


4.1 ©¬Ý
y²�(Ø)�ª

~K 30. � P �ê�, f(x), g(x) ∈ P [x], � (f(x), g(x)) = 1, A �ê� P þ� n ��
, y²:

f(A)g(A) = O �¿�^�´ r(f(A)) + r(g(A)) = n.

)�. du (f(x), g(x)) = 1, ¤±�3 u(x), v(x) ∈ P [x], ¦� u(x)f(x) + v(x)g(x) = 1, l

u(A)f(A) + v(A)g(A) = E.

u´ (
E v(A)

O E

)(
f(A) O

O g(A)

)(
E u(A)

O E

)
=

(
f(A) E

O g(A)

)
.

²w (
E O

−g(A) E

)(
f(A) E

O g(A)

)(
E O

−f(A) E

)
=

(
O E

−f(A)g(A) O

)
.

þãüª`²

r(f(A)) + r(g(A)) = r

(
f(A) O

O g(A)

)
= r

(
f(A) E

O g(A)

)
= r

(
O E

−f(A)g(A) O

)
= r(E) + r(f(A)g(A)) = n+ r(f(A)g(A)).

u´ r(f(A)) + r(g(A)) = n �¿�^�� r(f(A)g(A)) = 0, �öq�du f(A)g(A) = O.

~K 31. ®� A, B, C ©O´ s×m,m× n, n× k �Ý
, K

r(ABC) ≥ r(AB) + r(BC)− r(B).
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)�. é©¬Ý


(
ABC O

O B

)
?12ÂÐ�C�, k

(
Es −A
O Em

)(
ABC O

O B

)(
Ek O

C En

)
=

(
O −AB
BC B

)
.

du

r(ABC) + r(B) = r

(
ABC O

O B

)
= r

(
O −AB
BC B

)
≥ r(AB) + r(BC).

¤± r(ABC) ≥ r(AB) + r(BC)− r(B).

4.2 ¦���Ý
����Ý
�N

~K 32. ®�Ý


A =


1 0 1

0 2 0

1 0 1

 .

(1) ¦¤k� A ����Ý
;

(2) e AB + E = A2 +B, ¦ B.

)�. (1) Ø�� B = (bij)3×3 �Ý
 A ���, = AB = BA, ù�du (A− E)B = B(A− E), =
1

1

1




b11 b12 b13

b21 b22 b23

b31 b32 b33

 =


b11 b12 b13

b21 b22 b23

b31 b32 b33




1

1

1


u´ 

b31 b32 b33

b21 b22 b23

b11 b12 b13

 =


b13 b12 b11

b23 b22 b21

b33 b32 b31

 .

déA������ b13 = b31, b32 = b12, b33 = b11, b21 = b23, =¤k� A ����Ý
�

B =


b11 b12 b13

b21 b22 b21

b13 b12 b11

 .

Ù¥ b11, b12, b13, b21, b22 �?¿~ê.

(2) du AB + E = A2 +B, ¤±

(A− E)B = A2 − E = (A− E)(A+ E).

qdu |A− E| = −1 6= 0, ¤± A− E �_, ?

B = A+ E =


2 0 1

0 3 0

1 0 2

 .

4.3 _Ý
�©ªg�

~K 33. � A,B ©O´ n×m Úm× n �Ý
, � En − AB �_, y² Em −BA ��_, ¿¦§�

_.

©Û, |^�?êÐm{

(Em −BA)−1 =
Em

Em −BA
= Em + (BA) + (BA)2 + (BA)3 + · · ·

= Em +B(En +AB + (AB)2 + · · · )A

= Em +B
En

En −AB
A

= Em +B(En −AB)−1A.
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)�. N6{: du

(Em +B(En −AB)−1A)(Em −BA)

=(Em −BA) +B(En −AB)−1A(Em −BA)

=(Em −BA) +B(En −AB)−1(A−ABA)

=(Em −BA) +B(En −AB)−1(En −AB)A

=Em −BA+BA = Em.

¤± Em −BA �_, ¿� (Em −BA)−1 = Em +B(En −AB)−1A.

4.4 |^©¬Ý
¦_Ý


~K 34. �ê� P þ�Ý
 A =


2 0 2 0

1 7 1 7

2 0 −2 0

1 6 −1 −6

, ¦ A−1.

)�. ÄkP

B =

(
2 0

1 7

)
, C =

(
−2 0

−1 −6

)
.

w, B, C �_, ¿�

B−1 =
1

14

(
7 0

−1 2

)
, C−1 =

1

12

(
−6 0

1 −2

)
, A =

(
B B

−C C

)
.

du (
B B

−C C

)(
E −E
O E

) E O
1

2
E E

 =

(
B O

O 2C

)
.

þªüà�_Bk

A−1 =

(
B B

−C C

)−1
=

(
E −E
O E

) E O
1

2
E E

 B−1 O

O
1

2
C−1


=

(
E −E
O E

) B−1 O
1

2
B−1

1

2
C−1

 =


1

2
B−1 −1

2
C−1

1

2
B−1

1

2
C−1



=



1

4
0

1

4
0

− 1

28

1

14
− 1

24

1

12
1

4
0 −1

4
0

− 1

28

1

14

1

24
− 1

12


.

4.5 ©¬Ý
Ð�C��A^(�É�n)

~K 35. ®� n ?�
 A �¤k^SÌfª�", y²�3 n ?en�Ý
 B ¦� BA �þn�Ý
.

)�. é?ê n �êÆ8B{. n = 1 ´w,�.

�·Ké n − 1 ?Ý
¤á, � A ´ n ?Ý
�, ·��±©¬� A =

(
A1 α

β′ ann

)
, ù�©¬�, w

, A1 �^SÌfªÑ´ A �^SÌfª, ¤±�", �±|^8Bb�: �3 n− 1 ?�en�Ý
 B1 ¦

� B1A1 �þn�Ý
. Ó�, du |A1| 6= 0, ¤± A1 �_, ù��±é A ÏL1C�ZK β′, äN�(
En−1 0

−β′A−11 1

)(
A1 α

β′ ann

)
=

(
A1 α

0 ann − β′A−1α

)
.
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2(Ü B1A1 �þn�, @o(
B1 0

0 1

)(
A1 α

0 ann − β′A−1α

)
=

(
B1A1 B1α

0 ann − β′A−1α

)

´��þn�Ý
, üg$�(Üå5, P

B =

(
B1 0

0 1

)(
En−1 0

−β′A−11 1

)
=

(
B1 0

−β′A−11 1

)
.

Kw, B ´��en�Ý
, ¦� BA �þn�Ý
.

4.6 �dIO/¦)Ý
�§

~K 36. ®� A ´���� r � s× n Ý
, ¦Ý
�§ AXA = A �Ï).

)�. du r(A) = r, ¤±�3�_Ý
 P, Q ¦� A = P

(
Er O

O O

)
Q, �\� AXA = A Òk

P

(
Er O

O O

)
QXP

(
Er O

O O

)
Q = P

(
Er O

O O

)
Q.

�� P, Q Òk (
Er O

O O

)
QXP

(
Er O

O O

)
=

(
Er O

O O

)
.

y3é QXP ©¬, � QXP =

(
H B

C D

)
, �\þªÒk

(
Er O

O O

)(
H B

C D

)(
Er O

O O

)
=

(
Er O

O O

)
.

z{=� (
H O

O O

)
=

(
Er O

O O

)
.

l�� H = Er,  B, C, D �±?¿�, ¤± QXP =

(
Er B

C D

)
, )Ñ X Òk

X = Q−1

(
Er B

C D

)
P−1.

Ù¥ B, C, D ©O´?¿� r × (s− r), (n− r)× r, (n− r)× (s− r) Ý
.

4.7 Ý
�§�Ý
��

~K 37. � A, B, C ©O�ê� P þ�m× n, p× q, m× q Ý
, y²: Ý
�§ AX − Y B = C k

)�¿�^�´

r

(
A O

O B

)
= r

(
A C

O B

)
.

)�. ¿©5. Ø�� X0, Y0 � AX − Y B = C �), K�âÝ
�©¬¦{Òk(
Em −Y0
O Ep

)(
A O

O B

)(
En X0

O Eq

)
=

(
A AX0 − Y0B
O B

)
=

(
A C

O B

)
.

ù`²

r

(
A O

O B

)
= r

(
A C

O B

)
.
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7�5. Äk� r(A) = s, r(B) = t, K

r

(
A O

O B

)
= r

(
A C

O B

)
= s+ t.

��3�_Ý
 P1, P2, Q1, Q2 (Ù¥ P1, Q1 ©O�m �, n �, P2, Q2 ©O� p �, q �), ¦�

P1AQ1 =

(
Es O

O O

)
, P2BQ2 =

(
Et O

O O

)

u´

(
P1 O

O P2

)(
A C

O B

)(
Q1 O

O Q2

)
=

(
P1AQ1 P1CQ2

O P2BQ2

)
=


Es O C11 C12

O O C21 C22

O O Et O

O O O O

 .

Ù¥ P1CQ2 =

(
C11 C12

C21 C22

)
, � R1 =

(
C11 O

C21 O

)
, R2 =

(
O C12

O O

)
, Kk

(
Em −R1

O Ep

)(
P1 O

O P2

)(
A C

O B

)(
Q1 O

O Q2

)(
En −R2

O Eq

)
=


Es O O O

O O O C22

O O Et O

O O O O

 . (12)

2(Ü

r

(
A C

O B

)
= r(Es) + r(Et) + r(C22) = s+ t

�� C22 = O, u´ (12) ªmà�

(
P1AQ1 O

O P2BQ2

)
, )�

(
A C

O B

)
=

(
P−11 O

O P−12

)(
Em R1

O Ep

)(
P1AQ1 O

O P2BQ2

)(
En R2

O Eq

)(
Q−11 O

O Q−12

)
.

z{�

C = A(Q1R2Q
−1
2 ) + (P−11 R1P2)B.

= X = Q1R2Q
−1
2 , Y = −P−11 R1P2 � AX − Y B = C �).

4.8 Ý
�,��"Ý


~K 38. � n �E�
 A, B ÷v AB −BA = A, y²:

(1) AkB −BAk = kAk é?¿���ê k Ñ¤á;

(2) A ´�"Ý
, =�3��êm, ¦� Am = O;

(3) A, B kú��A��þ.

)�. (1)êÆ8B{. � k = 1�,kAB−BA = A. y3�·Ké��ê k¤á,=AkB−BAk = kAk,

K

Ak+1B −BAk+1 = A(BAk + kAk)−BAk+1 = ABAk + kAk+1 −BAk+1

= (BA+A)Ak + kAk+1 −BAk+1 = (k + 1)Ak+1.

=·Ké k + 1 �¤á.

(2) d (1) ��

tr(kAk) = tr(AkB −BAk) = tr(AkB)− tr(BAk) = 0, k = 1, 2, · · · , n.
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= tr(Ak) = 0 (k = 1, 2, · · · , n). y3� A � n �A��� λi (i = 1, 2, · · · , n), K

tr(Ak) =

n∑
i=1

λki = 0, k = 1, 2, · · · , n.

e A �A��Ø��", �� µ1, µ2, · · · , µs � A ��ÜpÉ�"A��, Ùê©O� k1, k2, · · · , ks, dþ
ª��

s∑
i=1

kiµ
k
i = 0, k = 1, 2, · · · , s.

òdw�'u k1, k2, · · · , ks ��5�§|, ÙXê1�ª�∣∣∣∣∣∣∣∣∣∣∣

µ1 µ2 · · · µs

µ2
1 µ2

2 · · · µ2
s

...
...

...

µs1 µs2 · · · µss

∣∣∣∣∣∣∣∣∣∣∣
= µ1µ2 · · ·µs

∏
1≤j<i≤s

(µi − µj) 6= 0.

�Ak k1 = k2 = · · · = ks = 0, ù� k1, k2, · · · , ks ���êgñ. ¤± A �A��þ�", ? λn �ÙA

��õ�ª, dM�î-p4½nB� An = O, = A ��"Ý
.

(3) ?�Eê�þ� n ��5�m V , � ε1, ε2, · · · , εn � V ��|Ä, ½Â V þ��5C� A , B, ¦

�Ù3Ä ε1, ε2, · · · , εn e�Ý
©O� A, B, K A B −BA = A , � 0 � A �A��, y3�Ä A �á

uA�� 0 �A��f�m V0, é?¿� α ∈ V0, k A α = 0, ?

A Bα = BA α+ A α = 0.

ù`²Bα ∈ V0, ¤± V0 �B �ØCf�m, 3Eê�þ, B|V0 �� V0 þ��5C�w,�3A��

�A��þ, Ø���"�þ ξ ∈ V0 ÷vBξ = µξ, ²w A ξ = 0, ¤± ξ � A , B �ú��A��þ. A

O/, P ξ 3Ä ε1, ε2, · · · , εn e��I� X ∈ Cn, K X Ò´Ý
 A, B �ú��A��þ.

5. Ý
�?�Ú?Ø))�q�ÜÓ

5.1 ¢é¡Ý
���qué�Ý


~K 39. ®� 5 �Ý


A =



0 1 1 1 1

1 0 1 1 1

1 1 0 1 1

1 1 1 0 1

1 1 1 1 0


.

¦��Ý
 P , ¦� P−1AP �é�
.

)�. Äk¦ A �A��, du

|λE −A| =

∣∣∣∣∣∣∣∣∣∣∣∣∣

λ −1 −1 −1 −1
−1 λ −1 −1 −1
−1 −1 λ −1 −1
−1 −1 −1 λ −1
−1 −1 −1 −1 λ

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣

λ− 4 −1 −1 −1 −1
λ− 4 λ −1 −1 −1
λ− 4 −1 λ −1 −1
λ− 4 −1 −1 λ −1
λ− 4 −1 −1 −1 λ

∣∣∣∣∣∣∣∣∣∣∣∣∣

= (λ− 4)

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 −1 −1 −1 −1
1 λ −1 −1 −1
1 −1 λ −1 −1
1 −1 −1 λ −1
1 −1 −1 −1 λ

∣∣∣∣∣∣∣∣∣∣∣∣∣
= (λ− 4)

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 0 0

1 λ+ 1 0 0 0

1 0 λ+ 1 0 0

1 0 0 λ+ 1 0

1 0 0 0 λ+ 1

∣∣∣∣∣∣∣∣∣∣∣∣∣
= (λ+ 1)4(λ− 4).
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¤± A �A��� −1 (4 ), 4 (1 ).

éuA�� −1, �Ä�§| (A+ E)X = 0, kò A+ E ÏLÐ�1C�z��F/, k

A+ E =



1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1


−→



1 1 1 1 1

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0


.

dd��

α1 = (−1, 1, 0, 0, 0)′, α2 = (−1, 0, 1, 0, 0)′, α3 = (−1, 0, 0, 1, 0)′, α4 = (−1, 0, 0, 0, 1)′

Ò´ A �áuA�� −1 ��5Ã'�A��þ, y3ò§���A��z: P

β1 = α1 = (−1, 1, 0, 0, 0)′

β2 = α2 −
(α2, β1)

(β1, β1)
β1 =

(
−1

2
,−1

2
, 1, 0, 0

)′
β3 = α3 −

(α3, β1)

(β1, β1)
β1 −

(α3, β2)

(β2, β2)
β2 =

(
−1

3
,−1

3
,−1

3
, 1, 0

)′
β4 = α4 −

(α4, β1)

(β1, β1)
β1 −

(α4, β2)

(β2, β2)
β2 −

(α4, β3)

(β3, β3)
β3 =

(
−1

4
,−1

4
,−1

4
,−1

4
, 1

)′
.

2P 

η1 =
β1
|β1|

=

(
− 1√

2
,
1√
2
, 0, 0, 0

)′
;

η2 =
β2
|β2|

=

(
− 1√

6
,− 1√

6
,
2√
6
, 0, 0

)′
;

η3 =
β3
|β3|

=

(
− 1

2
√
3
,− 1

2
√
3
,− 1

2
√
3
,

√
3

2
, 0

)′
;

η4 =
β4
|β4|

=

(
− 1

2
√
5
,− 1

2
√
5
,− 1

2
√
5
,− 1

2
√
5
,
2√
5

)′
.

K η1, η2, η3, η4 Ò´ A �áuA�� −1 �ü ���A��þ.

éuA�� 4, 5¿� A �z1���Úþ� 4, ¤±� α5 = (1, 1, 1, 1, 1)′, Bk Aα5 = 4α5, u´

η5 =
α5

|α5|
=

(
1√
5
,
1√
5
,
1√
5
,
1√
5
,
1√
5

)′
Ò´ A �áuA�� 4 �ü A��þ.

y3P

P = (η1, η2, η3, η4, η5) =



− 1√
2
− 1√

6
− 1

2
√
3
− 1

2
√
5

1√
5

1√
2

− 1√
6
− 1

2
√
3
− 1

2
√
5

1√
5

0
2√
6

− 1

2
√
3
− 1

2
√
5

1√
5

0 0

√
3

2
− 1

2
√
5

1√
5

0 0 0
2√
5

1√
5


.

K P ���Ý
, �

P−1AP =



−1 0 0 0 0

0 −1 0 0 0

0 0 −1 0 0

0 0 0 −1 0

0 0 0 0 4


�é�Ý
.
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~K 40. ®� A � 4 �¢é¡Ý
, ÙA��� 3, 3, 3, 7, � (1,−1,−1, 1)′ �A�� 7 �A��þ, ¦

Ý
 A.

)�. ò (1,−1,−1, 1)′ ü z, P� η1 =

(
1

2
,−1

2
,−1

2
,
1

2

)′
, K η1 �Ý
 A �áuA�� 7 �ü A

��þ. u´�31��� η1 ���Ý
 T = (η1, η2, η3, η4), ¦�

T−1AT = diag{7, 3, 3, 3}.

=k

A = Tdiag{7, 3, 3, 3}T ′ = 7η1η
′
1 + 3η2η

′
2 + 3η3η

′
3 + 3η4η

′
4.

du T ���Ý
, ¤±

TT ′ =
(
η1 η2 η3 η4

)


η′1

η′2

η′3

η′4

 = η1η
′
1 + η2η

′
2 + η3η

′
3 + η4η

′
4 = E.

l

η2η
′
2 + η3η

′
3 + η4η

′
4 = E − η1η′1 = E −



1

4
−1

4
−1

4

1

4

−1

4

1

4

1

4
−1

4

−1

4

1

4

1

4
−1

4
1

4
−1

4
−1

4

1

4


=



3

4

1

4

1

4
−1

4
1

4

3

4
−1

4

1

4
1

4
−1

4

3

4

1

4

−1

4

1

4

1

4

3

4


.

?

A = 7η1η
′
1 + 3(η2η

′
2 + η3η

′
3 + η4η

′
4)

=



7

4
−7

4
−7

4

7

4

−7

4

7

4

7

4
−7

4

−7

4

7

4

7

4
−7

4
7

4
−7

4
−7

4

7

4


+



9

4

3

4

3

4
−3

4
3

4

9

4
−3

4

3

4
3

4
−3

4

9

4

3

4

−3

4

3

4

3

4

9

4



=


4 −1 −1 1

−1 4 1 −1
−1 1 4 −1
1 −1 −1 4

 .

5.2 �g.�����

~K 41. � n ?¢é¡Ý
 A ��ÜA��U��^Sü�¤ λ1 ≥ λ2 ≥ · · · ≥ λn, y²:

max
X∈Rn,X 6=0

X ′AX

X ′X
= λ1, min

X∈Rn,X 6=0

X ′AX

X ′X
= λn.

)�. �{�. du A ¢é¡, ¤±�3��Ý
 T ¦�

A = T ′diag{λ1, λ2, · · · , λn}T.

- TX = Y = (y1, y2, · · · , yn)′, K

X ′AX = Y ′diag{λ1, λ2, · · · , λn}Y = λ1y
2
1 + λ2y

2
2 + · · ·+ λny

2
n.

Ó�du Y ′Y = (TX)′TX = X ′X, � X 6= 0 �, k Y ′Y = X ′X = y21 + y22 + · · ·+ y2n > 0, ¤±

λn(y
2
1 + y22 + · · ·+ y2n) ≤ λ1y21 + λ2y

2
2 + · · ·+ λny

2
n ≤ λ1(y21 + y22 + · · ·+ y2n).
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=

max
X∈Rn,X 6=0

X ′AX

X ′X
= λ1, min

X∈Rn,X 6=0

X ′AX

X ′X
= λn.

AO/, � Y = ε1, = X = Tε1, k
X ′AX

X ′X
= λ1; � Y = εn, = X = Tεn, k

X ′AX

X ′X
= λn.

�{�. du λ1 ´¢é¡Ý
 A ���A��, u´ λ1E − A ´��½���½Ý
, lé?¿�

X 6= 0, k X ′(λ1E − A)X ≥ 0, =
X ′AX

X ′X
≤ λ1, Ó�, λ1E − A ´��½���½Ý
, ¤±�3�"� X,

¦� X ′(λ1E −A)X = 0, =
X ′AX

X ′X
= λ1, ù`² max

X∈Rn,X 6=0

X ′AX

X ′X
= λ1.

Ón, �â A− λnE ´��½���½Ý
, �� min
X∈Rn,X 6=0

X ′AX

X ′X
= λn.

5.3 A��3�g.¥�A^

~K 42. � A � n ?¢Ý
, eé?Û n ��"��þ X, Ñk X ′AX > 0, ¦y |A| > 0.

)�. |^ |A| �u¤kA���È. éu¢Ý
, ÙJA��¤éÑy, ¤±JA���È�½��

¢ê. e¡`² A �¢A����u":

e A k¢A��, �� λ0, �éA���¢A��þ� X0(6= 0), = AX0 = λX0, d�k

X ′0AX0 = λ0X
′
0X0.

d^��� X ′0AX0 > 0, w, X ′0X0 > 0, u´ λ0 > 0.

nþ�� |A| > 0.

5.4 |^A��y²Ý
�½

~K 43. ®� A, C � n ?�½Ý
, �Ý
�§ AX +XA = C k��) B, y² B �´�½Ý
.

)�. Äk`² B �¢é¡Ý
: d AB +BA = C 9 A, C �é¡5�� AB′ +B′A = C, = B′ �´

AX +XA = C �), 2d)���5�� B = B′, ÏdÝ
 B �¢é¡Ý
.

ey B �A��Ñ�u": ?� B �¢A�� λ, �ÙéA�¢A��þ� α, = Bα = λα, u´

α′B = λα′. 2d AB +BA ��½5��

α′(AB +BA)α = 2λα′Aα > 0.

2�â A ��½5�� α′Aα > 0, u´ λ > 0, ù`² B ��½Ý
.

5.5 Ý
�q¥�êÆ8B{

~K 44. y²: n ?¢Ý
 A ���qu��þn�Ý
�¿�^�� A �A��Ñ´¢ê.

)�. 7�5. w,, � A ���qu��þn�Ý
 B = (bij), K B �¤k��Ñ´¢ê. du�q

�Ý
k�Ó�A�õ�ª, ¤±

|λE −A| = |λE −B| = (λ− b11)(λ− b22) · · · (λ− bnn).

ù`² A �¤kA��� b11, b22, · · · , bnn, §�Ñ´¢ê.

¿©5. �ÎêÆ8B{. n = 1 ´w,�. b�·Ké n− 1 ?Ý
¤á, y3�Ä A ´ n ?Ý
��

¹:

du A �¤kA��Ñ´¢ê, ·�?�Ù¥��¢A��, �� λ1, � η1 ´ A �áuA�� λ1 �ü

 A��þ, y3r η1 *� Rn ��|IO��Ä, �� η1, η2, · · · , ηn, P T1 = (η1, η2, · · · , ηn), K T1 ´�

�Ý
, �k

T ′1AT1 =

(
λ1 α′

0 An−1

)
.
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w,, An−1 �A��Ñ´ A �A��, ¤± An−1 �A��Ñ´¢ê, d8Bb����3 n− 1 ?��Ý


 T2 ¦� T ′2An−1T2 �þn�Ý
. y3� T3 =

(
1 0

0 T2

)
, K T3 �´��Ý
, P T = T1T3, K T �´

����Ý
, �

T ′AT = T ′3T
′
1AT1T3 =

(
λ1 α′T2

0 T ′2An−1T2

)
´��þn�Ý
.

5.6 Ý
ÜÓ¥�êÆ8B{(�É�n)

~K 45. � A ´ê� P þ����¡Ý
, K A ÜÓuOé�Ý


diag

{(
0 1

−1 0

)
, · · · ,

(
0 1

−1 0

)
, 0, · · · , 0

}
.

)�. êÆ8B{. � n = 1 �, A = 0, ·Kw,¤á; � n = 2 �, �� A =

(
0 a

a 0

)
, e a = 0, K

(Ø�¤á, e a 6= 0, Kò A �1�1�1�!þ¦±
1

a
, =� A '

(
0 1

1 0

)
, ¤±d�·K�¤á. �e

5�·Ké?ê�u�u n− 1 (n ≥ 3) ��¡Ý
¤á, y3�Ä n ?�¡Ý
 A = (aij) ��¹:

(i) e a12 6= 0, Kò A �Xe©¬

A =

(
A1 A2

−A′2 A4

)
.

Ù¥ A1 =

(
0 a12

−a12 0

)
, w, A1 �_, ¤±� P =

(
E2 −A−11 A2

O En−2

)
, Òk

P ′AP =

(
A1 O

O A4 +A′2A
−1
1 A2

)
.

�â n = 2 ��¹��Ý
 A1 '

(
0 1

−1 0

)
, w, A4 +A′2A

−1
1 A2 � n− 2 ?�¡Ý
, ¤±d8Bb�

��

A4 +A′2A
−1
1 A2 ' diag

{(
0 1

−1 0

)
, · · · ,

(
0 1

−1 0

)
, 0, · · · , 0

}
.

l

A ' P ′AP ' diag

{(
0 1

−1 0

)
,

(
0 1

−1 0

)
, · · · ,

(
0 1

−1 0

)
, 0, · · · , 0

}
.

(ii) e a12 = 0, ��3 a1j 6= 0 (3 ≤ j ≤ n), d��±ò A �1 j �\�1 2 �, ò1 j 1\�1 2 1,

ùÒò A ÏLÜÓ��ª=z�
 (i), u´·K�¤á.

(iii) e a11 = a12 = · · · = a1n = 0, @o A =

(
0 0

0 An−1

)
, Ù¥ An−1 � n− 1 ?�¡Ý
. k�©¬

Ð�Ý
 Q =

(
1

En−1

)
, k

Q′AQ =

(
An−1

0

)
.

�â8Bb���

An−1 ' diag

{(
0 1

−1 0

)
, · · · ,

(
0 1

−1 0

)
, 0, · · · , 0

}
.

¤±

A ' Q′AQ ' diag

{(
0 1

−1 0

)
,

(
0 1

−1 0

)
, · · · ,

(
0 1

−1 0

)
, 0, · · · , 0

}
.
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5.7 �g.�.5½n�ÎÒ�

~K 46. � n ��g. f(X) = X ′AX �Ý
 A �_, � xk+1 = · · · = xn = 0 �, f(X) = 0, Ù¥

k ≤ n

2
, y²�g. f(X) �ÎÒ� t ÷v |t| ≤ n− 2k.

)�. du A �_, ¤±��g. f(X) ²L�òz�5O� X = CY C�

f(X) = f(CY ) = y21 + · · ·+ y2p − y2p+1 − · · · − y2n.

K t = p− (n− p) = 2p− n, K |t| ≤ n− 2k �du −n+ 2k ≤ 2p− n ≤ n− 2k, = k ≤ p ≤ n− k.
k� y1 = · · · = yp = xk+1 = · · · = xn = 0, ù´'u x1, · · · , xn ��§|, ��§�ê p+ (n− k) < n,

= p < k �, �§|k�"), �� X0, K Y0 = C−1X0 �", = yp+1, · · · , yn Ø��", ¤± 0 = f(X0) =

f(CY0) = −y2p+1 − · · · − y2n < 0, ùÒ��
gñ, ¤±Ak p ≥ k.
Ón, p ≤ n− k.

~K 47. y²: e�� n (n ≥ 2) ��"¢�g.�±©)¤ü�¢Xê��gàgõ�ª�¦È, K

§���u 2 �ÎÒ��u 0, ½ö��u 1.

)�. Ø���g.

f(x1, x2, · · · , xn) =
n∑
i=1

aixi

n∑
i=1

bixi.

Ù¥ a1, a2, · · · , an � b1, b2, · · · , bn þØ��".

(i) e (a1, a2, · · · , an) � (b1, b2, · · · , bn) �5�', K�3~ê k 6= 0, ¦� bi = kai (i = 1, 2, · · · , n), K
d�k

f(x1, x2, · · · , xn) = k(a1x1 + a2x2 + · · ·+ anxn)
2.

du a1, a2, · · · , an Ø��", Ø�� a1 6= 0, @o��5O�y1 = a1x1 + a2x2 + · · ·+ anxn;

yi = xi (i = 2, 3, · · · , n).

´�þã�5O��òz, �3dO�e, k

f(x1, x2, · · · , xn) = ky21 .

ù`² f ��� 1.

(ii) e (a1, a2, · · · , an) � (b1, b2, · · · , bn) �5Ã', KÝ


(
a1 a2 · · · an

b1 b2 · · · bn

)
��� 2, l�½�

3������"fª, Ø��

∣∣∣∣∣ a1 a2

b1 b2

∣∣∣∣∣ 6= 0, d���5O�


a1x1 + a2x2 + · · ·+ anxn = z1 + z2;

b1x1 + b2x2 + · · ·+ bnxn = z1 − z2;

xi = zi, (i = 3, 4, · · · , n).

´�þã�5O��òz, �3dO�e, k

f(x1, x2, · · · , xn) = (z1 + z2)(z1 − z2) = z21 − z22 .

ù`² f ��� 2 �ÎÒ�� 0.

5.8 �é�z�y²

~K 48. ®�Ý


A =


1 0 0 0

a 1 0 0

a1 b 2 0

a2 b1 c 2


�é�z, ¯: a, a1, a2, b, b1, c ÷v�o^�?
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)�. w, |λE − A| = (λ− 1)2(λ− 2)2, ¤± A �A��� 1 (2 ), 2 (2 ), ¤±e A �é�Ý
�

q, K

r(A− E) = r(A− 2E) = 4− 2 = 2.

��¡, é A− E �Ð�C�, k

A− E =


0 0 0 0

a 0 0 0

a1 b 1 0

a2 b1 c 1

 −→


0 0 0 0

a 0 0 0

0 0 1 0

0 0 0 1

 −→


1 0 0 0

0 1 0 0

0 0 a 0

0 0 0 0

 .

¤± r(A− E) = 2 �¿�^�´ a = 0.

,��¡, é A− 2E �Ð�C�, k

A− 2E =


−1 0 0 0

a −1 0 0

a1 b 0 0

a2 b1 c 0

 −→

−1 0 0 0

0 −1 0 0

0 0 0 0

0 0 c 0

 −→


1 0 0 0

0 1 0 0

0 0 c 0

0 0 0 0

 .

¤± r(A− 2E) = 2 �¿�^�´ c = 0.

u´e A �é�Ý
�q, Kk a = c = 0,  a1, a2, b, b1 �±�?¿ê.

~K 49. ®�Ý
 A ∈Mn(C) ÷v

A+A2 +
1

2!
A3 +

1

3!
A4 + · · ·+ 1

2021!
A2022 = O.

y²: A �é�z.

)�. Põ�ª

f(x) = x+ x2 +
x3

2!
+ · · ·+ x2022

2021!
= xg(x).

Ù¥

g(x) = 1 + x+
x2

2!
+ · · ·+ x2021

2021!
.

K f(x) ´ A �"zõ�ª, d~K 6 �� g(x) 3Eê�þÃ�. 2(Ü g(0) 6= 0 �� f(x) 3Eê�þ

Ã�, ¤± f(x) 3Eê��±©)�p��gÏª�¦È, ? A �±é�z.

5.9 ����Ó�é�z

~K 50. � A Ú B Ñ´ n ��
, AB = BA, � A k n �pÉ�A��, y²:

(1) �3�_Ý
 C, ¦� C−1AC Ú C−1BC Ó��é�
;

(2) �3õ�ª f(x) = c0 + c1x+ c2x
2 + · · ·+ cn−1x

n−1 ¦� f(A) = B.

)�. (1) du A k n �pÉ�A�� λ1, λ2, · · · , λn, ¤± A �é�z, =�3�_Ý
 C ¦�

C−1AC = diag{λ1, λ2, · · · , λn}.

(Ü AB = BA �k

(C−1AC)(C−1BC) = (C−1BC)(C−1AC).

P C−1BC = (µij), @oþªÒ`²

λiµij = λjµij (i, j = 1, 2, · · · , n).

2(Ü λ1, λ2, · · · , λn üüpÉ�� µij = 0 (i 6= j), �Ò´`

C−1BC = diag{µ11, µ22, · · · , µnn}

��é�Ý
.
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(2) épÉ� λ1, λ2, · · · , λn 9 (1) ¥� µ11, µ22, · · · , µnn, �Ä'u c0, c1, · · · , cn−1 ��5�§|

c0 + c1λi + c2λ
2
i + · · ·+ cn−1λ

n−1
i = µii, i = 1, 2, · · · , n. (13)

ÙXê1�ª� ∣∣∣∣∣∣∣∣∣∣∣∣∣

1 λ1 λ21 · · · λn−11

1 λ2 λ22 · · · λn−12

1 λ3 λ23 · · · λn−13

...
...

...
...

...

1 λn λ2n · · · λn−1n

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∏
1≤i<j≤n

(λj − λi) 6= 0.

¤±�§| (13) �3��). ù`²�3���õ�ª

f(x) = c0 + c1x+ c2x
2 + · · ·+ cn−1x

n−1

÷v f(λi) = µii, ?

C−1f(A)C = f(C−1AC) = diag{f(λ1), f(λ2), · · · , f(λn)} = diag{µ11, µ22, · · · , µnn} = C−1BC.

= f(A) = B.

5.10 ��Ý


~K 51. � A1, A2, · · · , Am � n ?�
, ÷v A1 +A2 + · · ·+Am = En, K±en�^��d:

(1) A1, A2, · · · , Am Ñ´��Ý
;

(2) r(A1) + r(A2) + · · ·+ r(Am) = n;

(3) é?¿ i 6= j (i, j = 1, 2, · · · ,m)Ñk AiAj = 0.

)�. (1)⇒(2) |^ r(Ai) = tr(Ai) k

r(A1) + r(A2) + · · ·+ r(Am) = tr(A1) + tr(A2) + · · ·+ tr(Am) = tr(A1 +A2 + · · ·+Am) = tr(En) = n.

(2)⇒(3) �Ämn×mn �Oé�Ý
�Ð�C�, Xe:

A1

A2

A3

. . .

Am


−→



A1 A2 A3 · · · Am

A2

A3

. . .

Am


−→



E A2 A3 · · · Am

A2 A2

A3 A3

...
. . .

Am Am



−→



E O O · · · O

A2 A2 −A2
2 −A2A3 · · · −A2Am

A3 −A3A2 A3 −A2
3 · · · −A3Am

...
...

...
. . .

...

Am −AmA2 −AmA3 · · · Am −A2
m


−→



E O O · · · O

O A2 −A2
2 −A2A3 · · · −A2Am

O −A3A2 A3 −A2
3 · · · −A3Am

...
...

...
. . .

...

O −AmA2 −AmA3 · · · Am −A2
m


u´d r(A1) + r(A2) + · · ·+ r(Am) = n ��

A2 −A2
2 −A2A3 · · · −A2Am

−A3A2 A3 −A2
3 · · · −A3Am

...
...

. . .
...

−AmA2 −AmA3 · · · Am −A2
m

 = O.

ù`²é?¿ i 6= j (i, j = 2, 3, · · · ,m)Ñk A2
i = Ai, � AiAj = 0. y3éu A1 +A2 + · · ·+Am = En ü>

m¦ Ai (i = 2, 3, · · · ,m) k

A1Ai +A2Ai + · · ·+AnAi = Ai.
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= A1Ai + Ai = Ai, ùÒ`² A1Ai = O é?¿� i = 2, 3, · · · ,m Ñ¤á, Ón�k AiA1 = O é?¿�

i = 2, 3, · · · ,m Ñ¤á. ¤±é?¿ i 6= j (i, j = 1, 2, · · · ,m) Ñk AiAj = O.

(3)⇒(1) ��é A1 +A2 + · · ·+Am = En ü>m¦ Ai (i = 1, 2, · · · ,m) Òk

A1Ai +A2Ai + · · ·+AmAi = A2
i = Ai.

¤± A1, A2, · · · , Am Ñ´��Ý
.

5.11 �q�ÜÓ�nÜA^

~K 52. A,B Ñ´ n ?�½Ý
, K AB �´�½Ý
�¿�^�´ AB = BA.

)�. 7�5. e AB ��½Ý
, K AB �¢é¡Ý
, @o

AB = (AB)′ = B′A′ = BA.

¿©5. e AB = BA, K (AB)′ = AB, ¤± AB �¢é¡Ý
, ,	, du A ��½Ý
, ¤±�3�

_Ý
 C, ¦� A = CC ′, @o

AB = CC ′B = CC ′BCC−1 ∼ C ′BC ' B.

Ù¥ ∼ L«�q, ' L«ÜÓ, du B ��½Ý
, ¤± C ′BC ���½Ý
, ÙA��þ�u", ?�Ù

�q�Ý
 AB �A���þ�u", 2(Ü AB ¢é¡=� AB ��½Ý
.

~K 53. ®� A ´ n ?�½Ý
, B ´ n ?��½Ý
, K |A+ B| ≥ |A|+ |B|, ¿�=� B = O �

�Ò¤á.

)�. du A �½, ¤± |A| > 0, |A+B| ≥ |A|+ |B| Ò�du |E +A−1B| ≥ 1 + |A−1B|.
du A �½, ¤± A−1 ��½, l�3�_Ý
 C ¦� A−1 = CC ′, ¤±

A−1B = CC ′B = CC ′BCC−1 ∼ C ′BC ' B.

d B ��½�� C ′BC ��½, � C ′BC �A��� λ1, λ2, · · · , λn, K λi ≥ 0 (i = 1, 2, · · · , n) � |A−1B| =
λ1λ2 · · ·λn. du A−1B ∼ C ′BC, ¤± A−1B �A���´ λ1, λ2, · · · , λn, l E + A−1B �A���

1 + λ1, 1 + λ2, · · · , 1 + λn, �

|E +A−1B| = (1 + λ1)(1 + λ2) · · · (1 + λn) ≥ 1 + λ1λ2 · · ·λn = 1 + |A−1B|.

�=� λ1 = λ2 = · · · = λn = 0 ��Ò¤á, ù�du C ′BC �"Ý
, �Ò�du B = O.

~K 54. ®� A, D ©O´ n ?, m ?¢�
, B ´ n×m �¢Ý
, �

(
A B

B′ D

)
´�½Ý
, K

(1) A, D, D −B′A−1B, A−BD−1B′ Ñ´�½Ý
;

(2)

∣∣∣∣∣ A B

B′ D

∣∣∣∣∣ ≤ |A||D|, �=� B = O ��Ò¤á.

)�. (1) du

(
A B

B′ D

)
�½, ¤±§�¤kÌfªÑ�u", ¤± A, D �^SÌfªÑ�u", ù

Ò�� A, D Ñ´�½Ý
.

Ó�, |^�É�n��

(
A O

O D −B′A−1B

)
�

(
A−BD−1B′ O

O D

)
Ñ´�½Ý
, §��¤k

ÌfªÑ�u", lD−B′A−1B � A−BD−1B′ �^SÌfªÑ�u", =D−B′A−1B, A−BD−1B′

�Ñ´�½Ý
.

(2) |^�É�n, ·��� ∣∣∣∣∣ A B

B′ D

∣∣∣∣∣ = |A||D −B′A−1B|.
5¿� |A| > 0, ¤±

∣∣∣∣∣ A B

B′ D

∣∣∣∣∣ = |A||D −B′A−1B| ≤ |A||D| �du |D −B′A−1B| ≤ |D|.
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du D −B′A−1B ´���½Ý
, � B′A−1B ´����½Ý
, (Ü~K 53, ·�k

|D| = |(D −B′A−1B) +B′A−1B| ≥ |D −B′A−1B|+ |B′A−1B| ≥ |D −B′A−1B|.

��Ò¤á�¿�^�´ B′A−1B = O, ùÒ�du B = O. �Ï´: XJ B′A−1B = O, �� A−1 = C ′C,

Ù¥ C ´¢�_�
, K (BC)′(BC) = O, l r(B) = r(BC) = r((BC)′(BC)) = 0, = B = O.

¤±, ·�Ò��

∣∣∣∣∣ A B

B′ D

∣∣∣∣∣ ≤ |A||D|, �=� B = O ��Ò¤á.

5.12 Ý
�§ AX −XB = O

~K 55. � A, B ©O´Eê�þ� n ?, m ?Ý
, y²: Ý
�§ AX = XB �k")�¿�^�

´ A, B vkú��A��.

)�. 7�5. ®�Ý
�§ AX = XB �k"), e A, B �3ú��A��, �� λ, K λ �´ A, B′

�ú�A��, � α, β ©O�éA�A��þ, = Aα = λα, B′β = λβ, ? β′B = λβ′, y3�ÄÝ


X0 = αβ′, du α, β �", ¤± X0 6= O, Ó�

AX0 = Aαβ′ = λαβ′ = α(λβ′) = αβ′B = X0B.

ù`² X0 �Ý
�§ AX = XB ��"), �®�gñ. ¤± A, B vkú��A��.

¿©5. � X = C �Ý
�§ AX = XB �), = AC = CB, @o

A2C = A(AC) = A(CB) = (AC)B = (CB)B = CB2.

±daí�� AkC = CBk (k = 1, 2, · · · ), ?é?¿�õ�ª g(λ), k

g(A)C = Cg(B).

y3P g(λ) � B �A�õ�ª, @o g(B) = O, dþª��

g(A)C = O. (14)

2P f(λ) � A �A�õ�ª, du A, B vkú��A��, ¤± f(λ), g(λ) 3Eê�þvkú��, ?

(f(λ), g(λ)) = 1, ¤±�3õ�ª u(x), v(x), ¦�

u(x)f(x) + v(x)g(x) = 1.

òÝ
 A �\, (Ü f(A) = O k

u(A)f(A) + v(A)g(A) = v(A)g(A) = E.

ù`² g(A) �_, u´d (14) ª�� C = O, =Ý
�§ AX = XB �k").

~K 56. �ê� P þ�m ?Ý
 A � n ?Ý
 B Ãú��EA��, C �ê� P þ�m× n Ý
,

KÝ
�§ AX −XB = C �3��).

)�. � V ´ê� P þ¤km× n Ý
�¤��5�m, ½Â V þ��5C� A �

A (X) = AX −XB, X ∈ V.

du A, B Ãú��A��, ¤± AX −XB = O �k"), = A � V þ�ü�, qdu V �k���m,

l A � V þ�÷�, ?�Ú�� A ´ V þ�Ó�N�. u´, é?¿� C ∈ V , Ñ�3��� X0 ∈ V ,

¦� A (X0) = C, =Ý
�§ AX −XB = C �3��) X0.
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5.13 Ý
©)

~K 57. ®� A ´�� n ?�½Ý
, y²: �3�½Ý
 C ¦� A = C2, ¿�ùp� C ´���.

)�. du A �½, ¤±�3��Ý
 T ¦�

A = T ′diag{λ1, λ2, · · · , λn}T.

Ù¥ λ1, λ2, · · · , λn Ñ´ A ��A��. (Ü diag{λ1, λ2, · · · , λn} = diag{
√
λ1,
√
λ2, · · · ,

√
λn}2 ��

A = T ′diag{
√
λ1,
√
λ2, · · · ,

√
λn}TT ′diag{

√
λ1,
√
λ2, · · · ,

√
λn}T = C2.

Ù¥ C = T ′diag{
√
λ1,
√
λ2, · · · ,

√
λn}T w,´��¢é¡Ý
.

b���3�½Ý
D ¦� A = D2, @oÒk C2 = D2. ·�y3b� λ1, λ2, · · · , λs ´ A �¤kpÉ

A��, éA�ê©O� r1, r2, · · · , rs. K
√
λ1,
√
λ2, · · · ,

√
λs Ò´ C,D �ú��A��, �éAê�

´ r1, r2, · · · , rs. ¤±�3��Ý
 T1, T2 ¦�

T ′1CT1 = T ′2DT2 = diag{
√
λ1Er1 ,

√
λ2Er2 , · · · ,

√
λsErs}.

u´

C = T1diag{
√
λ1Er1 ,

√
λ2Er2 , · · · ,

√
λsErs}T ′1, D = T2diag{

√
λ1Er1 ,

√
λ2Er2 , · · · ,

√
λsErs}T ′2.

d C2 = D2 ��

T1diag{λ1Er1 , λ2Er2 , · · · , λsErs}T ′1 = T2diag{λ1Er1 , λ2Er2 , · · · , λsErs}T ′2.

u´

T ′2T1diag{λ1Er1 , λ2Er2 , · · · , λsErs} = diag{λ1Er1 , λ2Er2 , · · · , λsErs}T ′2T1.

P T2T
′
1 = (Bij), Ù¥ Bij � ri × rj Ý
, Kdþª��

λjBij = λiBij , i, j = 1, 2, · · · , s.

u´ Bij = O (i 6= j), =

T ′2T1 = diag{B11, B22, · · · , Bss}.

l T ′2T1 � diag{
√
λ1Er1 ,

√
λ2Er2 , · · · ,

√
λsErs} ����, =

T ′2T1diag{
√
λ1Er1 ,

√
λ2Er2 , · · · ,

√
λsErs} = diag{

√
λ1Er1 ,

√
λ2Er2 , · · · ,

√
λsErs}T ′2T1.

¤±

T1diag{
√
λ1Er1 ,

√
λ2Er2 , · · · ,

√
λsErs}T ′1 = T2diag{

√
λ1Er1 ,

√
λ2Er2 , · · · ,

√
λsErs}T ′2.

= C = D, ùÒ`²
©)´���.

~K 58. y²: é?� n ?¢�_Ý
 A, Ñ�3��Ý
 T1, T2 ¦�

A = T1diag{λ1, λ2, · · · , λn}T2.

Ù¥ λ21, λ
2
2, · · · , λ2n ´ A′A ��ÜA��, � λi > 0 (i = 1, 2, · · · , n).

)�. du A �¢�_Ý
, l A′A ��½Ý
, u´�3��Ý
 T2 ¦�

A′A = T ′2diag{λ21, λ22, · · · , λ2n}T2.

=k

A = A′−1T ′2diag{λ21, λ22, · · · , λ2n}T2 = A′−1T ′2diag{λ1, λ2, · · · , λn}diag{λ1, λ2, · · · , λn}T2.

P T1 = A′−1T ′2diag{λ1, λ2, · · · , λn}, K

A = T1diag{λ1, λ2, · · · , λn}T2.

¿�

T1T
′
1 = A′−1T ′2diag{λ1, λ2, · · · , λn}diag{λ1, λ2, · · · , λn}T2A−1 = A′−1(A′A)A−1 = E.

¤± T1 ����Ý
.
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5.14 ��õ�ª�Ý
õ�ª)¤��5�m

~K 59. � A ´ê� P þ��� n ?�"Ý
, A ���õ�ªm(x) �gê� r, K8Ü

V = {f(A) | f(x) ∈ P [x]}

'uÝ
�\{�êþ¦{�¤�� r ��5�m, ¿� E,A, · · · , Ar−1 Ò´ V ��|Ä.

)�. w, V 'uÝ
�\{�êþ¦È´µ4�, ¤± V ´Mn(P ) ����5f�m. �e5y²

E,A, · · · , Ar−1 Ò´ V ��|Ä.

(i) b��3Ø��"� k0, k1, · · · , kr−1 ¦�

k0E + k1A+ · · ·+ kr−1A
r−1 = O.

K g(x) = k0 + k1x + · · · + kr−1x
r−1 Ò´ A ���gê'm(x) �$�"zõ�ª, ù�m(x) ���õ�

ªgñ, ¤± k0 = k1 = · · · = kr−1 = 0, = E,A, · · · , Ar−1 ´�5Ã'�.

(ii) é?¿� f(x) ∈ P [x], d�{Ø{��3 q(x), r(x) ∈ P [x] ¦�

f(x) = q(x)m(x) + r(x).

Ù¥ r(x) = 0 ½ö ∂(r(x)) < ∂(m(x)), �d, ·�� r(x) = br−1x
r−1 + · · ·+ b1x+ b0, l

f(A) = q(A)m(A) + r(A) = br−1A
r−1 + · · ·+ b1A+ b0E.

ùÒ`² V ¥?¿Ý
 f(A) Ñ�±d E,A, · · · , Ar−1 �5LÑ.

nÜ (i) � (ii), �� E,A, · · · , Ar−1 Ò´ V ��|Ä, dimV = r.

6. �5C�

6.1 Ø����“?¿5”

~K 60. ®� V ´ê� P þ� n ��5�m, V1, V2 ´ V �f�m, ¿�÷v dimV1 + dimV2 = n,

K�3 V þ��5C� A ¦� KerA = V1, A V = V2.

)�. � α1, · · · , αr ´ V1 ��|Ä, *� V �Ä α1, · · · , αr, αr+1, · · · , αn, Ó�� βr+1, · · · , βn ´
V2 ��|Ä. y3½Â�5C� A , ¦�§3Ä α1, · · · , αr, αr+1, · · · , αn e���A αi = 0, i = 1, 2, · · · , r.

A αi = βi, i = r + 1, · · · , n

Äk, ²wk

A V = L(A α1, · · · ,A αr,A αr+1, · · · ,A αn) = L(βr+1, · · · , βn) = V2.

Ùg, é?¿� α ∈ V1, �� α = k1α1 + · · ·+ krαr, K

A α = k1A α1 + · · ·+ krA αr = 0.

= α ∈ KerA , ùÒ`² V1 ⊆ KerA . ��, é?¿� α ∈ KerA , Ø�� α = l1α1 + · · ·+ lrαr + lr+1αr+1 +

· · ·+ lnαn, K

A α = lr+1βr+1 + · · ·+ lnβn = 0.

d βr+1, · · · , βn �5Ã'� lr+1 = · · · = ln = 0, = α = l1α1 + · · ·+ lrαr ∈ V1, ùÒ`² KerA ⊆ V1. ¤±

KerA = V1.
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6.2 �5N��Ä�Ý
�A^

~K 61. ®� Mn(C) L«¤k n ?EÝ
|¤��5�m, σ : Mn(C) → C ´���5N�, ¿

�÷vé?¿� A, B ∈ Mn(C), Ñk σ(AB) = σ(BA), y²�3 λ ∈ C ¦�é?¿� A ∈ Mn(C), Ñk
σ(A) = λtr(A).

)�. du σ ´���5N�, ¤±é?¿� A, B ∈ Mn(C), k σ(AB − BA) = σ(AB) − σ(BA) = 0,

y3� A = Eij , B = Eji, Òk

σ(EijEji)− σ(EjiEij) = σ(Eii − Ejj) = σ(Eii)− σ(Ejj) = 0.

¤±é?¿� i, j Ñk σ(Eii) = σ(Ejj), ·��

σ(E11) = σ(E22) = · · · = σ(Enn) = λ.

� i 6= j �, k

σ(Eij) = σ(EikEkj) = σ(EkjEik) = σ(O) = 0.

2(Ü�55�, é?¿�Ý
 A = (aij) =

n∑
i,j=1

aijEij , k

σ(A) = σ

 n∑
i,j=1

aijEij

 =

n∑
i,j=1

aijσ(Eij) =

n∑
i=1

aiiσ(Eii) = λ

n∑
i=1

aii = λtr(A).

6.3 Ý
�mþ��5C�

~K 62. � sl2(R) L«¢ê� R þ,�"��?Ý
�8Ü.

(1) y² sl2(R) ´ R þ��5�m, ¿¦ sl2(R) ��|Ä;

(2) é A ∈ sl2(R), ½ÂN� τA(B) = AB −BA, B ∈ sl2(R), y² τA ´ sl2(R) þ��5C�.

(3) � A =

(
0 1

0 0

)
�, ¦ τA �¤kA��, A��þ9��õ�ª.

)�. (1) é?¿� A,B ∈ sl2(R), k tr(A) = tr(B) = 0, ?é?¿�¢ê k, l, k

tr(kA+ lB) = ktr(A) + ltr(B) = 0.

= kA+ lB ∈ sl2(R), ù`² sl2(R) � R þ��5�m, ,	, P

A1 =

(
1 0

0 −1

)
, A2 =

(
0 1

0 0

)
, A3 =

(
0 0

1 0

)
.

w, A1, A2, A3 �5Ã', �é?¿ A ∈ sl2(R), Ø��

A =

(
a b

c −a

)
.

k A = aA1 + bA2 + cA3, ¤± A1, A2, A3 � sl2(R) ��|Ä.

(2) ?� B,C ∈ sl2(R), ²w tr(AB −BA) = tr(AB)− tr(BA) = 0, ¤± τA � sl2(R) þ�C�, �?�

k, l ∈ R, k

τA(kB + lC) = A(kB + lC)− (kB + lC)A = k(AB −BA) + l(AC − CA) = kτA(B) + lτA(C).

= τA � sl2(R) þ��5C�.

(3) du 
τA(A1) = AA1 −A1A = −2A2;

τA(A2) = AA2 −A2A = O;

τA(A3) = AA3 −A3A = A1.
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¤± τA 3 A1, A2, A3 ù|Äe�Ý
�

M =


0 0 1

−2 0 0

0 0 0

 .

²w |λE3 −M | = λ3, ¤± τA �A��� 0, ¿�)�§|MX = 0 ��Ä:)X� (0, 1, 0)′, ¤± τA �A

��þ� kA2, Ù¥ k 6= 0. ,	, N´uyM2 6= O, ¤± τA ���õ�ª� λ3.

6.4 Ý
����Ó�þn�z

~K 63. ®� n �Ý
 A �_, B �", � AB = BA, ¦y A+B �_.

)�. ky² A, B �Ó��quþn�Ý
, �d·�æ^êÆ8B{. � n = 1 �, (Øw,¤á. y

3b�ü� n − 1 ?�Ý
���, K§��±Ó��qu��þn�Ý
. e¡?Øü� n ?Ý
 A, B

��¹: � V ´Eê�þ��� n ��5�m, α1, α2, · · · , αn � V ��|Ä, ½Â V þ�ü��5C�

A , B, ¦�§�3ù|Äe�Ý
©O� A, B, e AB = BA, K A B = BA , y3� λ � A ���EA

��, Vλ �éA�A�f�m. é?¿� α ∈ Vλ, k A α = λα, ?

A (Bα) = BA α = λBα.

ù`² Bα ∈ Vλ, ¤± Vλ � B �ØCf�m, @o B|Vλ Ò´ Vλ þ��5C�, Ù3Eê�þ�½�

3A���A��þ, Ø��� B|Vλ(β) = µβ, Ù¥ β ∈ Vλ ´�"�A��þ, ,	 β ∈ Vλ ¿�X�k
A β = λβ. y3� β 3Ä α1, α2, · · · , αn e��I� X1(6= 0), KéAk

AX1 = λX1, BX1 = µX1.

ò X1 *� Cn ��|Ä, �� X1, X2, · · · , Xn, P P = (X1, X2, · · · , Xn), K P � n ?�_EÝ
, �

P−1AP =

(
λ ∗
0 An−1

)
, P−1BP =

(
µ ∗
0 Bn−1

)
.

d AB = BA �� P−1APP−1BP = P−1BPP−1AP , =k(
λ ∗
0 An−1

)(
µ ∗
0 Bn−1

)
=

(
µ ∗
0 Bn−1

)(
λ ∗
0 An−1

)
.

= (
λµ ∗
0 An−1Bn−1

)
=

(
λµ ∗
0 Bn−1An−1

)
.

u´An−1Bn−1 = Bn−1An−1,d8Bb���: �3 n−1?�_Ý
Q1,¦�Q−11 An−1Q1 �Q−11 Bn−1Q1

þ�þn�Ý
, y3P n ?�_Ý
 Q = diag{1, Q1}, �P C = PQ, K

C−1AC =

(
λ ∗
0 Q−11 An−1Q1

)
, C−1BC =

(
µ ∗
0 Q−11 Bn−1Q1

)
.

þ�þn�Ý
. dêÆ8B{��·K¤á.

éuþn�Ý
 C−1AC, C−1BC, Ùé����©O�Ý
 A, B �A��. du B ��"Ý
, ¤±

B �A��þ�", = C−1BC �é��þ�", @o C−1AC + C−1BC = C−1(A + B)C � C−1AC Ò´

é�����Ó�þn�Ý
, l

|A+B| = |C−1(A+B)C| = |C−1AC| = |A| 6= 0.

= A+B �_.
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6.5 ¦)ØCf�m

~K 64. � V ´Eê�þ� n ��5�m, �5C� A 3Ä ε1, ε2, · · · , εn e�Ý
´��e��
¬, ��

J =


λ

1
. . .

. . . λ

1 λ

 .

y²:

(1) V ¥�¹ ε1 � A−f�m�k V g�;

(2) V ¥?��" A−f�mÑ�¹ εn;

(3) V ØU©)¤ü��²�� A−f�m��Ú;

(4) V ¥k�=k n+ 1 � A−f�m, §�©O´ {0}, L(εn), L(εn−1, εn), · · · , L(ε1, ε2, · · · , εn).

)�. (1) �W ´�¹ ε1 �A−f�m, KA ε1 = λε1 + ε2 ∈W �� ε2 ∈W , Ón�� ε3 ∈W , 4í,

k ε1, · · · , εn ∈W , ¤±W = V .

(2) � U ´��A−f�m, ��"� β ∈ U , � β = ksεs + · · ·+ kn−1εn−1 + knεn (s ≤ n), Ù¥ ks 6= 0,

d A β ∈ U �

ks(λεs + εs+1) + · · ·+ kn−1(λεn−1 + εn) + knεn = λβ + ksεs+1 + · · ·+ kn−1εn ∈ U.

¤± ksεs+1 + · · · + kn−1εn ∈ U , Ó���{, �� ksεs+2 + · · · + kn−2εn ∈ U , 4í, �� ksεn ∈ U , du

ks 6= 0, ¤± εn ∈ U , ùÒy²
(Ø.

(3) |^ (2) w,
.

(4) w,, {0}, L(εn), L(εn−1, εn), · · · , L(ε1, ε2, · · · , εn) ´A � n+1 �ØCf�m. �e5y²A �

?¿ØCf�mÑ´§�Ù¥���:

� N ´?¿ A−f�m, XJ N = {0}, Kv�o�`�. � N 6= {0} �, � β1, · · · , βs ´§��|Ä,

y3b� βi = aitεt + ai,t+1εt+1 + · · ·+ ainεn (i = 1, 2, · · · , s), Ù¥ t ≥ 1, ���k�� i ¦� ait 6= 0.

é ait 6= 0, �Ä βi, d A βi ∈ N k

ait(λεt + εt+1) + ai,t+1(λεt+1 + εt+2) + · · ·+ ai,n−1(λεn−1 + εn) + ainεn

=λβi + (aitεt+1 + ai,t+1εt+2 + · · ·+ ai,n−1εn) ∈ N.

l aitεt+1 + ai,t+1εt+2 + · · ·+ ai,n−1εn ∈ N , 4ík

aitεt+2 + ai,t+1εt+3 + · · ·+ ai,n−2εn ∈ N,
...

aitεn−1 + ai,t+1εn ∈ N,

aitεn ∈ N.

du ait 6= 0, d����ªf aitεn ∈ N �� εn ∈ N , �\��ê1��ªf aitεn−1 + ai,t+1εn ∈ N

Ò�±�� εn−1 ∈ N , �g þí, ���� εt ∈ N , ùÒ`² L(εt, εt+1, · · · , εn) ⊆ N , w, N ⊆
L(εt, εt+1, · · · , εn), ùÒ��
 N = L(εt, εt+1, · · · , εn).

6.6 ØCf�m��Ú©)(©Y*)

~K 65. � V = P [x]n, ½Â V þ��5C� A �

A (f(x)) = xf ′(x)− f(x), f(x) ∈ V.

¦ A −1(0) � A (V ), ¿`² V = A −1(0)⊕A (V ).
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)�. ��¡, é?¿ f(x) ∈ A −1(0), k A (f(x)) = xf ′(x)− f(x) = 0, ù`²(
f(x)

x

)′
=
xf ′(x)− f(x)

x2
= 0.

¤±
f(x)

x
�~�¼ê, �� k, =k f(x) = kx, u´

A −1(0) = L(x).

,��¡, � 1, x, x2, · · · , xn−1 � V ��|Ä, duA (1) = x · 0− 1 = −1;

A (xk) = x · kxk−1 − xk = (k − 1)xk, k = 1, 2, · · · , n− 1.

u´

A (V ) = L(A (1),A (x),A (x2),A (x3), · · · ,A (xn−1))

= L(−1, 0, x2, 2x3, · · · , (n− 1)xn)

= L(1, x2, x3, · · · , xn).

,	, w,�k

V = L(1, x, x2, · · · , xn) = L(x)⊕ L(1, x2, x3, · · · , xn) = A −1(0)⊕A (V ).

~K 66. � V ´ê� P þ�k���5�m,  A ´ V þ����5C�, e A �A�õ�ª f(λ)

3 P [x] ¥�©)¤�gÏª�¦È

f(λ) = (λ− λ1)r1(λ− λ2)r2 · · · (λ− λs)rs .

Ù¥ λ1, λ2, · · · , λs üüpÉ. y² V �½�©)¤ØCf�m��Ú

V = V1 ⊕ V2 ⊕ · · · ⊕ Vs.

Ù¥ Vi = {ξ | (A − λiE )riξ = 0, ξ ∈ V }, Ù¥ E L« V þ�ð�C�.

)�. ÄkPõ�ª

fi(λ) = (λ− λi)ri , Fi(λ) =
f(λ)

fi(λ)
= f1(λ) · · · fi−1(λ)fi+1(λ) · · · fs(λ), i = 1, 2, · · · , s.

K

Vi = {ξ | (A − λiE )riξ = 0, ξ ∈ V } = {ξ | fi(A )ξ = 0, ξ ∈ V }.

¿�

f(λ) = f1(λ)f2(λ) · · · fs(λ) = Fi(λ)fi(λ), i = 1, 2, · · · , s.

,	, (Ü λ1, λ2, · · · , λs üüpÉ��

(F1(λ), F2(λ), · · · , Fs(λ)) = 1, (Fi(λ), fi(λ)) = 1, i = 1, 2, · · · , s.

u´�3 ui(λ) ∈ P [x] (i = 1, 2, · · · , s), ¦�

u1(λ)F1(λ) + u2(λ)F2(λ) + · · ·+ us(λ)Fs(λ) = 1.

l

u1(A )F1(A ) + u2(A )F2(A ) + · · ·+ us(A )Fs(A ) = E .

¤±é?¿� α ∈ V , k

α = u1(A )F1(A )α+ u2(A )F2(A )α+ · · ·+ us(A )Fs(A )α. (15)
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du f(λ) � A �A�õ�ª, ¤± f(A ) = O, u´

fi(A )ui(A )Fi(A )α = ui(A )Fi(A )fi(A )α = ui(A )f(A )α = 0, i = 1, 2, · · · , s.

= ui(A )Fi(A )α ∈ Vi (i = 1, 2, · · · , s), ¤± (15) ª`²

V ⊆ V1 + V2 + · · ·+ Vs.

 V1, V2, · · · , Vs w,þ� V �f�m, g,�k V1 + V2 + · · ·+ Vs ⊆ V , u´

V = V1 + V2 + · · ·+ Vs. (16)

,	, e αi ∈ Vi (i = 1, 2, · · · , s) ÷v

0 = α1 + α2 + · · ·+ αs. (17)

du fi(x) | Fj(x) (i 6= j), ¤±d fi(A )αi = 0 �� Fj(A )αi = 0 (i 6= j), ?þªüà�^ Fj(A ) Bk

Fj(A )αj = 0.

,	, du (Fj(x), fj(x)) = 1, ¤±�3 aj(x), bj(x) ∈ P [x], ¦� aj(x)Fj(x) + bj(x)fj(x) = 1, l

aj(A )Fj(A ) + bj(A )fj(A ) = E .

u´éuþã αj Òk

αj = aj(A )Fj(A )αj + bj(A )fj(A )αj = 0, j = 1, 2, · · · , s.

dd�� (17) ª¤éA�"�þ©)��, l (16) ªéA�Ú��Ú, =

V = V1 ⊕ V2 ⊕ · · · ⊕ Vs.

~K 67. - A �ê� P þ� n ��5�m V ��5C�, �÷v A 2 = A , y²:

(1) A −1(0) = {α−A (α) | α ∈ V };
(2) V = A −1(0)⊕A (V );

(3) XJB ´ V ��5C�, A −1(0) Ú A (V ) þ�B �ØCf�m, K A B = BA .

)�. (1) w,, é?¿� α ∈ V , Ñk

A (α−A α) = A α−A 2α = A α−A α = 0.

ù`² {α−A α | α ∈ V } ⊆ A −1(0). ,	, é?¿� α ∈ A −1(0), k A α = 0, l

α = α−A α ∈ {α−A α | α ∈ V }.

ù`² A −1(0) ⊆ {α−A α|α ∈ V }, u´

A −1(0) = {α−A α|α ∈ V }.

(2) w, A −1(0) � A V Ñ´ V ��5f�m, Ó�é?¿� α ∈ V , Ñk

α = (α−A α) + A α.

d (1) �� α−A α ∈ A −1(0), ,	w, A α ∈ A V , ù`²

V = A −1(0) + A V.

�dÓ�, e α ∈ A −1(0) ∩A V , K A α = 0, ��3 η ∈ V ¦� A η = α, u´

A (A η) =

A α = 0;

A 2η = A η = α.
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¤± α = 0, ù`² A −1(0) ∩A V = {0}, u´

V = A −1(0)⊕A V.

(3) d (2) �é?¿� α ∈ V , k α = (α − A α) + A α, Ù¥ α − A α ∈ A −1(0), A α ∈ A V . du

A −1(0) � A V þ�B−f�m, ¤±B(α −A α) ∈ A −1(0), �B(A α) ∈ A V , = A B(α −A α) = 0, �

�3 β ∈ V ¦�BA α = A β, u´

A Bα = A B(α−A α) + A BA α = 0 + A (BA α) = A (A β) = A β = BA α.

d α �?¿5�� A B = BA .

~K 68. ®� A ´ê� P þ n ��5�m V þ��5C�, y² V = ImA ⊕KerA �¿�^�´

r(A ) = r(A 2).

)�. 7�5. e V = ImA ⊕ KerA , Ké?¿� α ∈ V , Ñk©)ª α = α1 + α2, Ù¥ α1 ∈ ImA ,

α2 ∈ KerA , u´�3 β ∈ V , ¦� A β = α1, � A α2 = 0, l

A α = A α1 + A α2 = A (A β) + 0 = A 2β ∈ ImA 2.

d α �?¿5�� ImA ⊆ ImA 2, w,qk ImA 2 ⊆ ImA , ¤± ImA = ImA 2, AO/, �k

dim ImA = dim ImA 2, = r(A ) = r(A 2).

¿©5. e r(A ) = r(A 2), K dim ImA = dim ImA 2, l�â�êúª

dim ImA k + dimKerA k = n (k = 1, 2)

�� dimKerA = dimKerA 2, d�(Ü KerA ⊆ KerA 2 ��

KerA = KerA 2.

?� α ∈ ImA ∩ KerA , K�3 β ∈ V , ¦� A β = α, � A α = 0, u´ A (A β) = A α = 0, =

β ∈ KerA 2 = KerA , @o α = A β = 0, ù`² KerA ∩ ImA = {0}, u´ ImA +KerA ��Ú, d�ê

úª��

dim(ImA ⊕KerA ) = dim ImA + dimKerA = n = dimV.

u´ V = ImA ⊕KerA .

7. λ−Ý


7.1 �äÝ
´Ä�q

~K 69. y²Ý
 A =


0 1 2

1 0 −2
−1 1 3

 �Ý
 B =


−1 1 3

3 0 −4
−2 1 4

 Ø�q.

)�. é λE −A � λE −B �Ð�C�, z�IO/:

λE −A =


λ −1 −2
−1 λ 2

1 −1 λ− 3

 −→


0 λ− 1 −λ2 + 3λ− 2

0 λ− 1 λ− 1

1 −1 λ− 3

 −→


1 0 0

0 λ− 1 λ− 1

0 λ− 1 −λ2 + 3λ− 2



−→


1 0 0

0 λ− 1 λ− 1

0 0 −λ2 + 2λ− 1

 −→


1 0 0

0 λ− 1 0

0 0 (λ− 1)2

 .
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λE −B =


λ+ 1 −1 −3
−3 λ 4

2 −1 λ− 4

 −→


0 −1 0

λ2 + λ− 3 λ −3λ+ 4

−λ+ 1 −1 λ− 1

 −→


1 0 0

0 λ− 1 −λ+ 1

0 λ2 + λ− 3 −3λ+ 4



−→


1 0 0

0 λ− 1 −λ+ 1

0 λ2 − 2λ 1

 −→


1 0 0

0 λ− 1 + (λ− 1)(λ2 − 2λ) 0

0 λ2 − 2λ 1

 −→


1 0 0

0 1 0

0 0 (λ− 1)3

 .

u´ A �Ð�Ïf� λ− 1, (λ− 1)2,  B �Ð�Ïf� (λ− 1)3, ¤± A, B Ø�q.

7.2 ¦Ý
�e��IO/�LÞÝ


~K 70. �Ý
 A =


1 0 0

x 1 0

1 0 −2

.

(1) Ý
 A �UkN��e��IO/?

(2) ¦� x �Û��, A ��qé�z?

(3) � x = 1 �, ¦�_Ý
 P , ÷v P−1AP = J , J � A �e��IO/.

)�. (1) w,

|λE −A| =

∣∣∣∣∣∣∣∣
λ− 1 0 0

−x λ− 1 0

−1 0 λ+ 2

∣∣∣∣∣∣∣∣ = (λ− 1)2(λ+ 2).

¤± A ���õ�ª��U� (λ − 1)(λ + 2) ½ (λ − 1)2(λ + 2). @o(Ü��õ�ª�����ØCÏf

��:

� (λ− 1)(λ+ 2) � A ���õ�ª�, A �ØCÏf� 1, λ− 1, (λ− 1)(λ+ 2), l A �Ð�Ïf�

λ− 1, λ− 1, λ+ 2, u´ A �e��IO/�
1 0 0

0 1 0

0 0 −2

 .

� (λ − 1)2(λ + 2) � A ���õ�ª�, A �ØCÏf� 1, 1, (λ − 1)2(λ − 2), l A �Ð�Ïf�

(λ− 1)2, λ+ 2, u´ A �e��IO/� 
1 1 0

0 1 0

0 0 −2

 .

(2) d (1) ��, � (λ− 1)(λ+ 2) � A ���õ�ª�, A �é�z, ù�du

(A− E)(A+ 2E) =


0 0 0

x 0 0

1 0 −3




3 0 0

x 3 0

1 0 0

 =


0 0 0

3x 0 0

0 0 0

 = O.

= x = 0 �, A �é�z.

(3) � x = 1 �, k

A =


1 0 0

1 1 0

1 0 −2

 .

d� A �e��IO/�

J =


1 1 0

0 1 0

0 0 −2

 .
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e P−1AP = J , K AP = PJ , eP P = (X1, X2, X3), Kk

AX1 = X1, AX2 = X1 +X2, AX3 = −2X3.

��¡, é A− E ?1Ð�1C�z��F/, ��

A− E =


0 0 0

1 0 0

1 0 −3

 −→


1 0 0

0 0 −3
0 0 0

 .

u´ (A− E)X = 0 ���A)� X1 = (0, 1, 0)′, = AX1 = X1.

éuþã X1, �Ä�§| (A− E)X = X1, d�éO2Ý
�Ð�1C�z��F/, Òk

(A− E,X1) =


0 0 0 0

1 0 0 1

1 0 −3 0

 −→


1 0 0 1

0 0 −3 −1
0 0 0 0

 .

dd�� (A− E)X = X1 ���A)� X2 =

(
1, 0,

1

3

)′
, =k AX2 = X1 +X2.

,	, é A+ 2E ?1Ð�1C�z��F/, ��

A+ 2E =


3 0 0

1 3 0

1 0 0

 −→


1 0 0

0 3 0

0 0 0

 .

dd�� (A+ 2E)X = 0 ���A)� X3 = (0, 0, 1)′, dd��

P = (X1, X2, X3) =


0 1 0

1 0 0

0
1

3
1


÷v AP = PJ , ,	, N´uy |P | 6= 0, ¤±d��k P−1AP = J .

7.3 A�õ�ª�uõ�ª�A^

~K 71. A ,B ´ê� P þ n ��5�m V þ��5C�, ®�A �A�õ�ª�u��õ�ª, þ

� f(λ) = λn + a1λ
n−1 + · · ·+ an−1λ+ an. K

(1) A 3,�|Ä α1, α2, · · · , αn e�Ý
�

A =



0 −an
1 0 −an−1

1 0 −an−2
. . .

. . .
...

1 0 −a2
1 −a1


;

(2) é (1) ¥� α1, k α1, A α1, · · · , A n−1α1 � V ��|Ä;

(3) e A B = BA , K�3 l0, l1, · · · , ln−1 ∈ P , ¦�B =

n−1∑
j=0

ljA
j, = F (A ) = C(A ).

)�. (1) ?¿� ε1, ε2, · · · , εn ´ V ��|Ä, ��5C� A 3ù|Äe�Ý
� B, K B �A�õ

�ª�u��õ�ª, ��õ�ª�u����ØCÏf, ¤± B �ØCÏf©O� 1, 1, · · · , 1, f(λ).
,	�Ä λE −A, �±uyÙ1 2, 3, · · · , n 1�1 1, 2, · · · , n− 1 �)¤� n− 1 ?fª� (−1)n−1,

l7k Dn−1(λ) = 1, @o d1(λ) = d2(λ) = · · · = dn−1(λ) = 1, Ó� dn(λ) = Dn(λ) = |λE −A| = f(λ).

¤± A, B k���Ó�ØCÏf, l§��q, =�3�_Ý
 P ¦� P−1BP = A, d��

(α1, α2, · · · , αn) = (ε1, ε2, · · · , εn)P.
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�� α1, α2, · · · , αn �� V ��|Ä, ��5C� A 3ù|Äe�Ý
� P−1BP = A.

(2) d (1) ���5C� A 3Ä α1, α2, · · · , αn e�Ý
� A, �â A c n− 1 ��AÏ5, ��

A α1 = α2, A α2 = α3, · · · , A αn−1 = αn.

l A α1 = α2, A 2α1 = α3, · · · , A n−1α1 = αn, = α1, A α1, · · · , A n−1α1 ´�m V ��|Ä.

(3) du A B = BA , lé?¿���ê m Ñk A mB = BA m. é?¿ α ∈ V , �â (2), k�

α =

n−1∑
i=0

kiA
iα1, Ó�, ·��Bα1 =

n−1∑
j=0

ljA
jα1. u´

Bα =B

(
n−1∑
i=0

kiA
iα1

)
=

n−1∑
i=0

kiBA iα1 =

n−1∑
i=0

kiA
iBα1

=

n−1∑
i=0

kiA
i

n−1∑
j=0

ljA
jα1

 =

n−1∑
j=0

ljA
j

(
n−1∑
i=0

kiA
iα1

)

=

n−1∑
j=0

ljA
jα.

d α �?¿5��B =

n−1∑
j=0

ljA
j , = F (A ) = C(A ).

7.4 ²��¯K

~K 72. y²: n ≥ 2 �, Jn(0) Ø�3²��.

)�. �y{: b��3Ý
 B ¦� Jn(0) = B2, du Jn(0) ´�"Ý
, ¤± B �´�"Ý
, = B

�A���k". Ø�� B �e��IO/�

J = diag{Os, Jr1(0), Jr2(0), · · · , Jrt(0)}.

Ù¥ Os � s× s �"Ý
, s+ r1 + r2 + · · ·+ rt = n, � ri ≥ 2 (i = 1, 2, · · · , t), @o

B2 ∼ J2 = diag{Os, Jr1(0)2, Jr2(0)2, · · · , Jrt(0)2}.

w, Jri(0)
2 (i = 1, 2, · · · , t) ��� ri − 2, ¤±

n− 1 = r(Jn(0)) = r(B2) = r(J2) = (r1 − 2) + (r2 − 2) + · · ·+ (rt − 2) = n− s− 2t.

l s+ 2t = 1, @o�U´ s = 1, t = 0, ù� n ≥ 2 ´gñ�, ¤± Jn(0) (n ≥ 2) Ø�3²��.

7.5 Ý
 n g��O�

~K 73. �o��


A =


1 2 0 0

2 1 0 0

0 0 4 −1
0 0 4 0

 .

¦ A2020.

)�. �
�B, P B =

(
1 2

2 1

)
, C =

(
4 −1
4 0

)
, K

A =

(
B O

O C

)
.
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5¿� B = B1 − E2, Ù¥ B1 =

(
2 2

2 2

)
÷v

B2
1 =

(
2 2

2 2

)(
2 2

2 2

)
=

(
8 8

8 8

)
= 4B1.

±daí�� Bk1 = 4k−1B1 (k = 1, 2, · · · ), u´(Ü B1 � −E2 ���, Òk

B2020 = (B1 − E2)
2020 =

2020∑
k=0

Ck2020(−1)2020−kBk1 =

2020∑
k=1

Ck20204
k−1(−1)2020−kB1 + E2

=
1

4

2020∑
k=1

Ck20204
k(−1)2020−kB1 + E2 =

1

4

[
2020∑
k=0

Ck20204
k(−1)2020−k − 1

]
B1 + E2

=
(4− 1)2020 − 1

4
B1 + E2 =


32020 + 1

2

32020 − 1

2
32020 − 1

2

32020 + 1

2

 .

,	5¿� C = 2E2 + C1, Ù¥ C1 =

(
2 −1
4 −2

)
÷v

C2
1 =

(
2 −1
4 −2

)(
2 −1
4 −2

)
= O.

u´ Ck1 = O (k ≥ 2), @o(Ü C1 � 2E2 ���, Òk

C2020 = (2E2 + C1)
2020 = 22020E2 + 2020 · 22019C1 =

(
2021 · 22020 −2020 · 22019

2020 · 22021 −2019 · 22020

)
.

¤±

A2020 =

(
B2020 O

O C2020

)
=



32020 + 1

2

32020 − 1

2
0 0

32020 − 1

2

32020 + 1

2
0 0

0 0 2021 · 22020 −2020 · 22019

0 0 2020 · 22021 −2019 · 22020


.

~K 74. ®�

A =


1 0 0

1 0 1

1 1 0

 .

(1) y²: An = An−2 +A2 − I (n ≥ 3).

(2) ¦ A2021.

)�. (1) ²w |λI −A| = (λ− 1)(λ2 − 1) = λ3 − λ2 − λ+ 1, ¤±dM�î-p4½n��

A3 −A2 −A+ I = O. (18)

= A3 = A2 +A− I, ¤±� n = 3 �(Ø¤á, y3b�·Ké n = k (k ≥ 3) ¤á, =

Ak = Ak−2 +A2 − I. (19)

K� n = k + 1 �, (Ü (18) ª� (19) ªÒk

Ak+1 = AAk = A(Ak−2 +A2 − I) = Ak−1 +A3 −A = Ak−1 +A2 − I.

¤±dêÆ8B{, k An = An−2 +A2 − I (n ≥ 3).

(2) d 1 4í��

A2021 = A2019 +A2 − I = A2017 + 2(A2 − I) = · · · = A3 + 1009(A2 − I)

= A+ 1010(A2 − I) =


1 0 0

2021 0 1

2021 1 0

 .
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8. î¼�m

8.1 ��A��z¦IO��Ä

~K 75. � R2×2 þ��5C� A (X) = AX −XA, A ∈ R2×2, Ù¥ A =

(
1 1

1 2

)
.

(1) y² (X,Y ) = tr(X ′AY ) ´ R2×2 þ�SÈ;

(2) ¦ ImA 3 (1) ¤½ÂSÈe��|IO��Ä.

)�. (1) 5¿� A ´��¢é¡Ý
, ¤±é?¿� X,Y, Z ∈ R2×2 9¢ê k, w,k

(X,Y ) = tr(X ′AY ) = tr(Y ′A′X) = tr(Y ′AX) = (Y,X).

(kX, Y ) = tr(kX ′AY ) = ktr(X ′AY ) = k(X,Y ).

(X + Y, Z) = tr((X ′ + Y ′)AZ) = tr(X ′AZ) + tr(Y ′AZ) = (X,Z) + (Y,Z).

,	, �â A �^SÌfªþ�u"�� A ��½Ý
, ¤±�3 2 �¢�_Ý
 C, ¦� A = C ′C, @oé

?¿ X ∈ R2×2, P Y = CX = (yij)2×2, Òk

(X,X) = tr(X ′AX) = tr(X ′C ′CX) = tr((CX)′(CX)) = tr(Y ′Y ) =

2∑
i,j=1

y2ij ≥ 0.

¿�� (X,X) = 0 �, k yij = 0 (i, j = 1, 2), = Y = O, 2�â C �_Òk X = O.

nþ�� (X,Y ) = tr(X ′AY ) ´ R2×2 þ�SÈ.

(2) �

E11 =

(
1 0

0 0

)
, E12 =

(
0 1

0 0

)
, E21 =

(
0 0

1 0

)
, E22 =

(
0 0

0 1

)
´ V ��|Ä, d�´�

A (E11) =

(
0 −1
1 0

)
, A (E12) =

(
−1 −1
0 1

)
, A (E21) =

(
1 0

1 −1

)
, A (E22) =

(
0 1

−1 0

)
.

w, A (E11), A (E12) �5Ã', �

A (E21) = A (E11)−A (E12), A (E22) = −A (E11).

ù`² A (E11),A (E12) � ImA ��|Ä, �e5|^��A��zòÙC�IO��Ä:

Äk�

B1 = A (E11) =

(
0 −1
1 0

)
.

2�

B2 = A (E12)−
(A (E12), B1)

(B1, B1)
B1 =

(
−1 −1
0 1

)
+

1

3

(
0 −1
1 0

)
=

1

3

(
−3 −4
1 3

)
.

,	, N´O� (B1, B1) = 3, (B2, B2) =
5

3
, ¤± ImA ��|IO��Ä�

C1 =
B1√

(B1, B1)
=

√
3

3

(
0 −1
1 0

)
, C2 =

B2√
(B2, B2)

=

√
15

15

(
−3 −4
1 3

)
.

8.2 ��C��º¡��

~K 76. ®� A ´ n �î¼�m V þ����5C�, y² A �º¡���¿�^�´ A 3 V �

?¿�|IO��Äe�Ý
Ñ/X E − 2δδ′, Ù¥ δ ´ Rn ¥�ü �þ.
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)�. 7�5. e A ´��º¡��, Ø��

A α = α− 2(α, η)η, α ∈ V.

Ù¥ η ´ V ¥�ü �þ, òÙ*� V ��|IO��Ä, �� η, η2, · · · , ηn, duA η = η − 2(η, η)η = −η;

A ηi = ηi − 2(ηi, η)η = ηi, i = 2, 3, · · · , n.

¤± A 3 η, η2, · · · , ηn ù|Äe�Ý
�

A =


−1

1

. . .

1

 = E − 2E11 = E − 2ε1ε
′
1.

Ù¥ E11 �L1�11����� 1, Ù{��� 0 �Ä�Ý
, ε1 ∈ Rn �L1��©þ� 1, Ù{©þ� 0

�ü �þ.

u´, é V �?¿�|IO��Ä α1, α2, · · · , αn, � η, η2, · · · , ηn � α1, α2, · · · , αn �LÞÝ
�
T , K T ´����Ý
, � A 3 α1, α2, · · · , αn e�Ý
�

B = T ′AT = T ′(E − 2ε1ε
′
1)T = E − 2(T ′ε1)(T

′ε1)
′.

P T ′ε1 = δ, K B = E − 2δδ′, �du (δ, δ) = ε′1TT
′ε1 = (ε1, ε1) = 1, ¤± δ �� Rn ¥�ü �þ.

¿©5. ?� α1, α2, · · · , αn � V ��|IO��Ä, � A 3dÄe�Ý
� A = E − 2δδ′, Ù¥ δ

� Rn ¥�ü �þ. du δδ′ ´,� δ′δ = 1 �� 1 Ý
, l δδ′ �A��� 1 (1 ), 0 (n− 1 ), ¤±

A = E − 2δδ′ �A��� −1 (1 ), 1 (n− 1 ), ,	 A �´��¢é¡Ý
, u´�3��Ý
 T , ¦�

T ′AT =


−1

1

. . .

1

 .

y3� (β1, β2, · · · , βn) = (α1, α2, · · · , αn)T , K β1, β2, · · · , βn �´ V ��|IO��Ä, � A 3ù|Ä

e�Ý
� T ′AT , =k A β1 = −β1;

A βi = βi, i = 2, 3, · · · , n.

u´, é?¿� α ∈ V , Ø�� α = k1β1 + k2β2 + · · ·+ knβn, Ñk

A α = −k1β1 + k2β2 + · · ·+ knβn

= k1β1 + k2β2 + · · ·+ knβn − 2k1β1

= α− 2(α, β1)β1.

ù`² A ´��º¡��.

8.3 é¡C��SÈO�úª

~K 77. ®�A ´ n �î¼�m V þ��5C�, ε1, ε2, · · · , εn ´ V ��|Ä, ÙÝþÝ
� G, A

3ù|Äe�Ý
� A. K A �é¡C��¿�^�´ A′G = GA.

)�. � α = (ε1, ε2, · · · , εn)X, β = (ε1, ε2, · · · , εn)Y ´ V ¥?¿�ü��þ, u´A α = A (ε1, ε2, · · · , εn)X = (ε1, ε2, · · · , εn)AX;

A β = A (ε1, ε2, · · · , εn)Y = (ε1, ε2, · · · , εn)AY.
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u´

A �é¡C� ⇐⇒ ∀α, β ∈ V Ñk (A α, β) = (α,A β)

⇐⇒ ∀X,Y ∈ RnÑk (AX)′GY = X ′G(AY )

⇐⇒ ∀X,Y ∈ Rn Ñk X ′(A′G)Y = X ′(GA)Y

⇐⇒ A′G = GA.

8.4 �¡C��ØCf�m

~K 78. � n �î¼�m V ¥��5C� σ ¡��é¡�, XJéu?¿� α, β ∈ V , k

(σ(α), β) = −(α, σ(β)).

y²:

(1) e λ ´�¡�5C� σ ���¢A��, K λ = 0.

(2) σ ´�¡�5C��¿©7�^�´ σ 3?¿IO��Äe�Ý
��¡Ý
.

(3) XJ V1 ´�¡�5C� σ �ØCf�m, K V1 ���Ö V ⊥1 �´ σ �ØCf�m.

)�. (1) e λ � σ �A��, � α ∈ V �éA�A��þ, Kk

λ(α, α) = (σ(α), α) = −(α, σ(α)) = −λ(α, α).

= 2λ(α, α) = 0,  (α, α) > 0, ¤± λ = 0.

(2) ?� ε1, ε2, · · · , εn � V ��|IO��Ä, � σ 3dÄe�Ý
� A. é?¿� α, β ∈ V , �

α = (ε1, ε2, · · · , εn)X, β = (ε1, ε2, · · · , εn)Y, X, Y ∈ Rn.

@o σ(α) = (ε1, ε2, · · · , εn)AX, σ(β) = (ε1, ε2, · · · , εn)AY , u´

(σ(α), β) = (AX)′Y = X ′A′Y ;

(α, σ(β)) = X ′(AY ) = X ′AY.

 σ ��¡�5C��¿�^�´é?¿� α, β ∈ V , k (σ(α), β) = −(α, σ(β)), =é?¿� X,Y ∈ Rn, k
X ′A′Y = −X ′AY , ùq�du A′ = −A, = A ��¡Ý
.

(3) ?� α ∈ V ⊥1 , é?¿� β ∈ V1, du V1 � σ �ØCf�m, ¤± σ(β) ∈ V1, l

(σ(α), β) = −(α, σ(β)) = 0.

ù`² σ(α) ∈ V ⊥1 , = V ⊥1 �´ σ �ØCf�m.

8.5 ��

~K 79. � A ´ n �î¼�m V þ��5C�, ¦y�3���C� A ∗ ÷v

(A (u), v) = (u,A ∗(v)), ∀u, v ∈ V.

)�. �35. ?� ε1, ε2, · · · , εn ´ V ��|IO��Ä, � A 3ù|Äe�Ý
� A, � A ∗ �� V

þ��5C�, Ù3 ε1, ε2, · · · , εn ù|Äe�Ý
� A′, @oé?¿� u, v ∈ V , Ø��

u = (ε1, ε2, · · · , εn)X, v = (ε1, ε2, · · · , εn)Y, X, Y ∈ Rn.

Kk

A (u) = (ε1, ε2, · · · , εn)AX, A ∗(v) = (ε1, ε2, · · · , εn)A′Y.

@o�âSÈ�O�úªÒk

(A (u), v) = (AX)′Y = X ′(A′Y ) = (u,A ∗(v)).
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��5. e V þ�C�B �÷v (A (u), v) = (u,B(v)), ∀u, v ∈ V , Kk

(u,A ∗(v)) = (u,B(v)), ∀u, v ∈ V.

=

(u,A ∗(v)−B(v)) = 0, ∀u, v ∈ V.

AO/, � u = A ∗(v)−B(v) �� A ∗(v)−B(v) = 0, (Ü v �?¿5��B = A ∗.

~K 80. � A , A ∗ ´ n �î¼�m V þ��5C�, �é?¿ α, β ∈ V , ok (A α, β) = (α,A ∗β),

y²: KerA = (ImA ∗)⊥, � V = KerA ⊕ ImA ∗.

)�. ��¡, ?� α ∈ KerA , β ∈ V , d®�Òk

(α,A ∗β) = (A α, β) = (0, β) = 0.

ù`² α ∈ (ImA ∗)⊥, =k KerA ⊆ (ImA ∗)⊥.

,��¡, ?� α ∈ (ImA ∗)⊥, Ké?¿ β ∈ V , k A ∗β ∈ ImA ∗, l(Ü®�Òk

0 = (α,A ∗β) = (A α, β).

AO/, � β = A α, Òk (A α,A α) = 0, u´ A α = 0, = α ∈ KerA , ù`² (ImA ∗)⊥ ⊆ KerA .

¤± KerA = (ImA ∗)⊥, ?�k V = ImA ∗ ⊕ (ImA ∗)⊥ = KerA ⊕ ImA ∗.
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