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1 £1�ÙSK 6 (4)¤

Dn =

∣∣∣∣∣∣∣∣∣∣∣

1 2 3 · · · n

−1 1 0 · · · 0

−1 0 1 · · · 0
...

...
...

. . .
...

−1 0 0 · · · 1

∣∣∣∣∣∣∣∣∣∣∣
))).

Dn
cn + c1 + c2 + · · ·+ cn−1

=

∣∣∣∣∣∣∣∣∣∣∣

1 2 3 · · ·
∑n

i=1 i

−1 1 0 · · · 0

−1 0 1 · · · 0
...

...
...

. . .
...

−1 0 0 · · · 0

∣∣∣∣∣∣∣∣∣∣∣
(10-1)

M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù SK 1�ÙSK 1nÙSK 1oÙ SK 18Ù SK

= (−1)1+n

n∑
i=1

i×

∣∣∣∣∣∣∣∣∣∣∣

−1 1 · · · 0 0

−1 0 · · · 0 0
...

...
...

...

−1 0 · · · 0 1

−1 0 · · · 0 0

∣∣∣∣∣∣∣∣∣∣∣
= (−1)1+n+n−1+1+1

n∑
i=1

i

=
n∑

i=1

i

){2 §ò¤k�Ñ\�11�µc1 + ci, i ≥ 2
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2 £1�ÙSK 6 (5)¤

Dn =

∣∣∣∣∣∣∣∣∣∣∣∣

a 0 0 · · · 1

0 a 0 · · · 0

0 0 a
... 0

...
...

... · · · ...

1 0 0 · · · a

∣∣∣∣∣∣∣∣∣∣∣∣
)�µU1�1Ðm

Dn = an + (−1)1+n

∣∣∣∣∣∣∣∣∣∣∣

0 a 0 · · · 0

0 0 a · · · 0
...

...
... · · · ...

0 0 0 · · · a

1 0 0 · · · 0

∣∣∣∣∣∣∣∣∣∣∣
= an + (−1)1+2nan−2 = an − an−2

M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù SK 1�ÙSK 1nÙSK 1oÙ SK 18Ù SK

3 O�£1�ÙSK 6 (3)¤

D =

∣∣∣∣∣∣∣∣∣∣∣

a b b · · · b

b a b · · · b

b b a · · · b
...

...
...

. . .
...

b b b · · · a

∣∣∣∣∣∣∣∣∣∣∣

D
c1 + c2 + · · ·+ cn

=

∣∣∣∣∣∣∣∣∣∣∣

a+ (n− 1)b b b · · · b

a+ (n− 1)b a b · · · b

a+ (n− 1)b b a · · · b
...

...
...

. . .
...

a+ (n− 1)b b b · · · a

∣∣∣∣∣∣∣∣∣∣∣
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= (a+ (n− 1)b)

∣∣∣∣∣∣∣∣∣∣∣

1 b b · · · b

1 a b · · · b

1 b a · · · b
...

...
...

. . .
...

1 b b · · · a

∣∣∣∣∣∣∣∣∣∣∣
ri − r1, i ≥ 2

=
(a+ (n− 1)b)

∣∣∣∣∣∣∣∣∣∣∣

1 b b · · · b

0 a− b 0 · · · 0

0 0 a− b · · · 0
...

...
...

. . .
...

0 0 0 · · · a− b

∣∣∣∣∣∣∣∣∣∣∣
= (a+ (n− 1)b)(a− b)n−1
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4 O�£1�ÙSK 6 (6)¤∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 · · · 1 1

1 −1 1 · · · 1 1

1 1 −1 · · · 1 1
...

...
... · · · ...

...

1 1 1 · · · −1 1

1 1 1 · · · 1 −1

∣∣∣∣∣∣∣∣∣∣∣∣∣
)�µ∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 · · · 1 1

1 −1 1 · · · 1 1

1 1 −1 · · · 1 1
...

...
... · · · ...

...

1 1 1 · · · −1 1

1 1 1 · · · 1 −1

∣∣∣∣∣∣∣∣∣∣∣∣∣
ri − r1

i = 2, 3, ..., n
=

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 · · · 1 1

0 −2 0 · · · 0 0

0 0 −2 · · · 0 0
...

...
... · · · ...

...

0 0 0 · · · −2 0

0 0 0 · · · 0 −2

∣∣∣∣∣∣∣∣∣∣∣∣∣
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5 £1�ÙSK 7 (2)¤∣∣∣∣∣∣∣∣
a2 (a+ 1)2 (a+ 2)2 (a+ 3)2

b2 (b+ 1)2 (b+ 2)2 (b+ 3)2

c2 (c+ 1)2 (c+ 2)2 (c+ 3)2

d2 (d+ 1)2 (d+ 2)2 (d+ 3)2

∣∣∣∣∣∣∣∣
)�µ

D =
rj − rj−1
j = 2, 3, 4

∣∣∣∣∣∣∣∣
a2 2a+ 1 2a+ 3 2a+ 5

b2 2b+ 1 2b+ 3 2b+ 5

c2 2c+ 1 2c+ 3 2c+ 5

d2 2d+ 1 2d+ 3 2d+ 5

∣∣∣∣∣∣∣∣
=
rj − rj−1
j = 3, 4

∣∣∣∣∣∣∣∣
a2 2a+ 1 2 2

b2 2b+ 1 2 2

c2 2c+ 1 2 2

d2 2d+ 1 2 2

∣∣∣∣∣∣∣∣ = 0
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6 £1�ÙSK 7 (3)¤∣∣∣∣∣∣∣∣
1 x1 + a1 x21 + b1x1 + b2 x31 + c1x

2
1 + c2x1 + c3

1 x2 + a1 x22 + b1x2 + b2 x32 + c1x
2
2 + c2x2 + c3

1 x3 + a1 x23 + b1x3 + b2 x33 + c1x
2
3 + c2x3 + c3

1 x4 + a1 x24 + b1x4 + b2 x34 + c1x
2
4 + c2x4 + c3

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
1 x1 x21 x31
1 x2 x22 x32
1 x3 x23 x33
1 x4 x24 x34

∣∣∣∣∣∣∣∣
)�µ�gU12�§13�§14�§�¤ü�1�ª�Ú"
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7£1�ÙSK 9 (3)¤

∑
p1p2···pn

∣∣∣∣∣∣∣∣∣
a1p1 a1p2 · · · a1pn
a2p1 a2p2 · · · a2pn

...
...

. . .
...

anp1 anp2 · · · anpn

∣∣∣∣∣∣∣∣∣
ùp´é¤k 1, 2, ..., n �ü�µp1p2 · · · pn ¦Ú"

))).

o�k n! �ü�"?¿��ü�§ok��ü��§����
ÎÒ§¤±�""½ö`µ
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D =
∑

p1p2···pn

∣∣∣∣∣∣∣∣∣
a1p1 a1p2 · · · a1pn
a2p1 a2p2 · · · a2pn

...
...

. . .
...

anp1 anp2 · · · anpn

∣∣∣∣∣∣∣∣∣
=

∑
p2p1···pn

(−1)

∣∣∣∣∣∣∣∣∣
a1p2 a1p1 · · · a1pn
a2p2 a2p1 · · · a2pn

...
...

. . .
...

anp2 anp1 · · · anpn

∣∣∣∣∣∣∣∣∣
= (−1)

∑
p2p1···pn

∣∣∣∣∣∣∣∣∣
a1p2 a1p1 · · · a1pn
a2p2 a2p1 · · · a2pn

...
...

. . .
...

anp2 anp1 · · · anpn

∣∣∣∣∣∣∣∣∣ = −D
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8 £1�ÙSK 10 (2)¤∣∣∣∣∣∣∣∣∣∣

1− a a 0 0 0

−1 1− a a 0 0

0 −1 1− a a 0

0 0 −1 1− a a

0 0 0 −1 1− a

∣∣∣∣∣∣∣∣∣∣
))).

D5 =
r1 + ri

i = 2, 3, 4, 5

∣∣∣∣∣∣∣∣∣∣

−a 0 0 0 1

−1 1− a a 0 0

0 −1 1− a a 0

0 0 −1 1− a a

0 0 0 −1 1− a

∣∣∣∣∣∣∣∣∣∣
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=
r2 + ri
i = 3, 4, 5

∣∣∣∣∣∣∣∣∣∣

−a 0 0 0 1

−1 −a 0 0 1

0 −1 1− a a 0

0 0 −1 1− a a

0 0 0 −1 1− a

∣∣∣∣∣∣∣∣∣∣
=

r3 + ri
i = 4, 5

∣∣∣∣∣∣∣∣∣∣

−a 0 0 0 1

−1 −a 0 0 1

0 −1 −a 0 1

0 0 −1 1− a a

0 0 0 −1 1− a

∣∣∣∣∣∣∣∣∣∣
=
r4 + r5

∣∣∣∣∣∣∣∣∣∣

−a 0 0 0 1

−1 −a 0 0 1

0 −1 −a 0 1

0 0 −1 −a 1

0 0 0 −1 1− a

∣∣∣∣∣∣∣∣∣∣
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= −aD4 + (−1)1+5(−1)4

= −a
(
−aD3 + (−1)1+4(−1)3

)
+ 1

= (−a)2D3 − a+ 1

= (−a)2(−aD2 + (−1)1+3(−1)2)− a+ 1

= (−a)3D2 + a2 − a+ 1

= (−a)3(−aD1 + (−1)1+2(−1)) + a2 − a+ 1

= (−a)4D1 + (−a)3 + a2 − a+ 1

= (−a)4(1− a) + (−a)3 + a2 − a+ 1

= (−a)5 + a4 + (−a)3 + a2 − a+ 1

= −a5 + a4 − a3 + a2 − a+ 1
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�Ä����¹

Dn =

∣∣∣∣∣∣∣∣∣∣∣∣∣

1− a a 0 · · · 0 0

−1 1− a a · · · 0 0

0 −1 1− a a 0 0
...

...
... · · · ...

...

0 0 0 · · · 1− a a

0 0 0 · · · −1 1− a

∣∣∣∣∣∣∣∣∣∣∣∣∣

Dn =
r1 + ri
i ≥ 2

∣∣∣∣∣∣∣∣∣∣∣∣∣

−a 0 0 · · · 0 1

−1 1− a a · · · 0 0

0 −1 1− a a 0 0
...

...
... · · · ...

...

0 0 0 · · · 1− a a

0 0 0 · · · −1 1− a

∣∣∣∣∣∣∣∣∣∣∣∣∣
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UYé12 1§31§���1n− 1 1§�þã1C�§

Dn =
ri + rj

j ≥ i, i = 2, ..., n− 1

∣∣∣∣∣∣∣∣∣∣∣∣∣

−a 0 0 · · · 0 1

−1 −a 0 · · · 0 1

0 −1 −a 0 0 1
...

...
... · · · ...

...

0 0 0 · · · −a 1

0 0 0 · · · −1 1− a

∣∣∣∣∣∣∣∣∣∣∣∣∣
= −aDn−1 + (−1)1+n(−1)n−1 = −aDn−1 + 1

= −a(−aDn−2 + 1) + 1 = a2Dn−2 − a+ 1

= (−a)n−1D1 + (−a)n−2 + · · ·+ a2 − a+ 1

= (−a)n + (−a)n−1 + (−a)n−2 + · · ·+ a2 − a+ 1
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9 £1�ÙSK 10 (3)¤∣∣∣∣∣∣∣∣∣∣

6 1 1 1 1

1 6 1 1 1

1 1 6 1 1

1 1 1 6 1

1 1 1 1 6

∣∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣∣

6 1 1 1 1

1 6 1 1 1

1 1 6 1 1

1 1 1 6 1

1 1 1 1 6

∣∣∣∣∣∣∣∣∣∣
=
r1 + ri
i ≥ 2

∣∣∣∣∣∣∣∣∣∣

10 10 10 10 10

1 6 1 1 1

1 1 6 1 1

1 1 1 6 1

1 1 1 1 6

∣∣∣∣∣∣∣∣∣∣
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= 10

∣∣∣∣∣∣∣∣∣∣

1 1 1 1 1

1 6 1 1 1

1 1 6 1 1

1 1 1 6 1

1 1 1 1 6

∣∣∣∣∣∣∣∣∣∣
=
ri − r1
i ≥ 2

10

∣∣∣∣∣∣∣∣∣∣

1 1 1 1 1

0 5 0 0 0

0 0 5 0 0

0 0 0 5 0

0 0 0 0 5

∣∣∣∣∣∣∣∣∣∣
= 2× 55
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10 £1�ÙSK 10 (4)¤∣∣∣∣∣∣∣∣∣∣

λ −1 0 0 0

0 λ −1 0 0

0 0 λ −1 0

0 0 0 λ −1

k 0 0 0 λ

∣∣∣∣∣∣∣∣∣∣
))).

∣∣∣∣∣∣∣∣∣∣

λ −1 0 0 0

0 λ −1 0 0

0 0 λ −1 0

0 0 0 λ −1

k 0 0 0 λ

∣∣∣∣∣∣∣∣∣∣
= λ5 + (−1)t(23451)(−1)4k

= λ5 + (−1)4(−1)4k = λ5 + k
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11.�� n �1�ª§÷v aij = −aji, i, j = 1, 2, n. K� n

�Ûê�§1�ª��""

))).

D =

∣∣∣∣∣∣∣∣∣
a11 a12 · · · a1n
a21 a22 · · · a2n

...
...

...

an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣
0 a12 · · · a1n
−a12 0 · · · a2n

...
...

...

−a1n −a2n · · · 0

∣∣∣∣∣∣∣∣∣
= (−1)n

∣∣∣∣∣∣∣∣∣
0 −a12 · · · −a1n
a12 0 · · · −a2n

...
...

...

a1n a2n · · · 0

∣∣∣∣∣∣∣∣∣ = (−1)nD′

= (−1)nD = −D ⇒ D = 0
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12 (1�Ù 13£1¤)

D =

∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 −1 0 · · · 0 0

a2 x −1 · · · 0 0

a3 0 x · · · 0 0
...

...
...

...
...

...

an−1 0 0 · · · x −1

an 0 0 · · · 0 x

∣∣∣∣∣∣∣∣∣∣∣∣∣
))).

D =
r2 + xr1

∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 −1 0 · · · 0 0

a2 + a1x 0 −1 · · · 0 0

a3 0 x · · · 0 0
...

...
...

...
...

...

an−1 0 0 · · · x −1

an 0 0 · · · 0 x

∣∣∣∣∣∣∣∣∣∣∣∣∣
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D =
r3 + xr2

∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 −1 0 · · · 0 0

a2 + a1x 0 −1 · · · 0 0

a3 + a2x+ a1x
2 0 0 · · · 0 0

...
...

...
...

...
...

an−1 0 0 · · · x −1

an 0 0 · · · 0 x

∣∣∣∣∣∣∣∣∣∣∣∣∣

= · · · =

∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 −1 0 · · · 0 0

a2 + a1x 0 −1 · · · 0 0

a3 + a2x+ a1x
2 0 0 · · · 0 0

...
...

...
...

...
...

an−1 + · · ·+ a1x
n−2 0 0 · · · 0 −1

an + an−1x+ · · ·+ a1x
n−1 0 0 · · · 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣
= (an + an−1x+ · · ·+ a1x

n−1)(−1)1+n(−1)n−1
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13 y²µ

D =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1k 0 · · · 0
...

... · · · ... 0 · · · 0

ak1 ak2 · · · akk 0 · · · 0

c11 c12 · · · c1k b11 · · · b1r
...

... · · · ...
... · · · ...

cr1 cr2 · · · crk br1 · · · brr

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣
a11 a12 · · · a1k
a21 a22 · · · a2k

...
...

. . .
...

ak1 ak2 · · · akk

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣
b11 b12 · · · b1r
b21 b22 · · · b2r
...

...
. . .

...

br1 br2 · · · brr

∣∣∣∣∣∣∣∣∣
= AB
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))).

^8B{y²µk = 1, kµ

D =

∣∣∣∣∣∣∣∣∣
a11 0 · · · 0

c11 b11 · · · b1r
...

... · · · ...

cr1 br1 · · · brr

∣∣∣∣∣∣∣∣∣ = a11

∣∣∣∣∣∣∣
b11 · · · b1r
... · · · ...

br1 · · · brr

∣∣∣∣∣∣∣
8Bb�§é���k − 1 ¤á§�Ä k. é1�ª D�1�1
��µa11, a12, ..., a1k, b�§�31�ª A ¥�{fªÚ�ê{
fª©O�µ

M11,M12, ...,M1k;A11, A12, ..., A1k
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1�ª D U1�1Ðmµ

D = a11

∣∣∣∣∣∣∣∣∣
M11 0

∗
b11 · · · b1r
... · · · ...

br1 · · · brr

∣∣∣∣∣∣∣∣∣− a12
∣∣∣∣∣∣∣∣∣
M12 0

∗
b11 · · · b1r
... · · · ...

br1 · · · brr

∣∣∣∣∣∣∣∣∣+ · · ·

+a1i(−1)1+i

∣∣∣∣∣∣∣∣∣
M1i 0

∗
b11 · · · b1r
... · · · ...

br1 · · · brr

∣∣∣∣∣∣∣∣∣+ · · ·

+a1k(−1)1+k

∣∣∣∣∣∣∣∣∣
M1k 0

∗
b11 · · · b1r
... · · · ...

br1 · · · brr

∣∣∣∣∣∣∣∣∣
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D = a11M11

∣∣∣∣∣∣∣
b11 · · · b1r
... · · · ...

br1 · · · brr

∣∣∣∣∣∣∣+ a12(−1)1+2M12

∣∣∣∣∣∣∣
b11 · · · b1r
... · · · ...

br1 · · · brr

∣∣∣∣∣∣∣+ · · ·

+a1i(−1)1+iM1i

∣∣∣∣∣∣∣
b11 · · · b1r
... · · · ...

br1 · · · brr

∣∣∣∣∣∣∣+ · · ·

+a1k(−1)1+kM1k

∣∣∣∣∣∣∣
b11 · · · b1r
... · · · ...

br1 · · · brr

∣∣∣∣∣∣∣
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= (a11A11 + a12A12 + · · ·+ a1kA1k)

∣∣∣∣∣∣∣
b11 · · · b1r
... · · · ...

br1 · · · brr

∣∣∣∣∣∣∣
D =

∣∣∣∣∣∣∣
a11 · · · a1k

... · · · ...

ak1 · · · akk

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
b11 · · · b1r
... · · · ...

br1 · · · brr

∣∣∣∣∣∣∣
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y{2µ

ak+i,j = { ci,j, j = 1, ..., k

bi,j−k, j = k + 1, ..., k + r

D =
∑

p1···pkpk+1···pk+r

(−1)t(p1···pkpk+1···pk+r)

a1p1 · · · akpkak+1,pk+1
· · · ak+r,pk+r

Note: aij = 0, i = 1, 2, ..., k, j = k + 1, ..., k + r, ¤±§�eI�
ü��I�Äµ

p1, p2, ..., pk ∈ {1, 2, ..., k}

l
qkµ

pk+1, pk+2, ..., pk+r ∈ {k + 1, k + 2, ..., k + r}
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(−1)t(p1···pkpk+1···pk+r) = (−1)t(p1···pk)+t(pk+1···pk+r)

+ (−1)t(p1···pk)(−1)t(pk+1···pk+r)

-µ
qi = pk+i − k, i = 1, 2, ..., r; ak+i,pk+i

= biqi

K
q1q2...qr ∈ {1, 2, ..., r}

(−1)t(q1q2...qr) = (−1)t(pk+1···pk+r)
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D =
∑

p1···pk∈{1,2,...,k};pk+1···pk+r∈{k+1,...,k+r}

(−1)t(p1···pk)(−1)t(pk+1···pk+r)

a1p1 · · · akpkak+1,pk+1
· · · ak+r,pk+r

D =
∑

p1···pk∈{1,2,...,k};q1···qr∈{1,...,r}

(−1)t(p1···pk)(−1)t(q1···qr)

a1p1 · · · akpkb1,q1 · · · br,qr
=

∑
p1···pk∈{1,2,...,k}

(−1)t(p1···pk)a1p1 · · · akpk∑
q1···qr∈{1,...,r}

(−1)t(q1···qr)b1,q1 · · · br,qr
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14. ü� n �1�ª:A = |aij|, B = |bij|�¦Èµ|aij||bij| =

|cij|, ùp
cij = ai1b1j + ai2b2j + · · ·+ ainbnj

= A �1 i 1¦ B �1 j �"

))).

�E�� 2n �1�ª

D =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n 0 0 · · · 0

a21 a22 · · · a2n 0 0 · · · 0
...

... · · · ...
...

... · · · ...

an1 an2 · · · ann 0 0 · · · 0

−1 0 · · · 0 b11 b12 · · · b1n
0 −1 · · · 0 b21 b22 · · · b2n
...

... · · · ...
...

... · · · ...

0 0 · · · −1 bn1 bn2 · · · bnn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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�
r1�ª D �1�1µa11, a12, ..., a1n��§�1C
�µ

1 1 n+ 1 1¦ a11§\�1 1 1¶r1 + a11rn+1

2 1 n+ 2 1¦ a12§\�1 1 1¶r1 + a12rn+2

3 · · ·
4 1 n+ n 1¦ a1n§\�1 1 1¶r1 + a1nrn+n

��1�ª��
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D =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 · · · 0 c11 c12 · · · c1n
a21 a22 · · · a2n 0 0 · · · 0

...
... · · · ...

...
... · · · ...

an1 an2 · · · ann 0 0 · · · 0

−1 0 · · · 0 b11 b12 · · · b1n
0 −1 · · · 0 b21 b22 · · · b2n
...

... · · · ...
...

... · · · ...

0 0 · · · −1 bn1 bn2 · · · bnn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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�
r1�ª D �1�1µa21, a22, ..., a2n��§�1C
�µ

1 1 n+ 1 1¦ a21§\�1 2 1¶r2 + a21rn+1

2 1 n+ 2 1¦ a22§\�1 2 1¶r2 + a22rn+2

3 · · ·
4 1 n+ n 1¦ a2n§\�1 2 1¶r2 + a2nrn+n

��1�ª��
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D =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 · · · 0 c11 c12 · · · c1n
0 0 · · · 0 c21 c22 · · · c2n
...

... · · · ...
...

... · · · ...

an1 an2 · · · ann 0 0 · · · 0

−1 0 · · · 0 b11 b12 · · · b1n
0 −1 · · · 0 b21 b22 · · · b2n
...

... · · · ...
...

... · · · ...

0 0 · · · −1 bn1 bn2 · · · bnn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
±þL§§��UY�1�ª�1 n 1§����1�ªµ
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D =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 · · · 0 c11 c12 · · · c1n
0 0 · · · 0 c21 c22 · · · c2n
...

... · · · ...
...

... · · · ...

0 0 · · · 0 cn1 cn2 · · · cnn
−1 0 · · · 0 b11 b12 · · · b1n
0 −1 · · · 0 b21 b22 · · · b2n
...

... · · · ...
...

... · · · ...

0 0 · · · −1 bn1 bn2 · · · bnn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
é1�ª2�1e�C�µ

1 11 �Ú1 n+ 1 ��� �¶
2 12 �Ú1 n+ 2 ��� �¶
3 · · ·
4 1n �Ú1 n+ n ��� �¶
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l
��1�ªµ

D = (−1)n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

c11 c12 · · · c1n 0 0 · · · 0

c21 c22 · · · c2n 0 0 · · · 0
...

... · · · ...
...

... · · · ...

cn1 cn2 · · · cnn 0 0 · · · 0

b11 b12 · · · b1n −1 0 · · · 0

b21 b22 · · · b2n 0 −1 · · · 0
...

... · · · ...
...

... · · · ...

bn1 bn2 · · · bnn 0 0 · · · −1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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D = (−1)n

∣∣∣∣∣∣∣∣∣
c11 c12 · · · c1n
c21 c22 · · · c2n
...

... · · · ...

cn1 cn2 · · · cnn

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣
−1 0 · · · 0

0 −1 · · · 0
...

... · · · ...

0 0 · · · −1

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣
c11 c12 · · · c1n
c21 c22 · · · c2n
...

... · · · ...

cn1 cn2 · · · cnn

∣∣∣∣∣∣∣∣∣

M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù SK 1�ÙSK 1nÙSK 1oÙ SK 18Ù SK

15. XJ�� n �1�ª�z�1§�k�� 1 ½ −1 §Ù
§��� 0 §ù�1�ª��´�oº
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16. O�n �1�ª∣∣∣∣∣∣∣∣∣∣∣

1 1 · · · 1 1

0 0 · · · 2 1
...

...
...

...
...

0 n− 1 · · · 0 1

n 0 · · · 0 1

∣∣∣∣∣∣∣∣∣∣∣
))). ∣∣∣∣∣∣∣∣∣∣∣

1 1 · · · 1 1

0 0 · · · 2 1
...

...
...

...
...

0 n− 1 · · · 0 1

n 0 · · · 0 1

∣∣∣∣∣∣∣∣∣∣∣
cn − 1

2
cn−1, ...

cn − 1
n
c1
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=

∣∣∣∣∣∣∣∣∣∣∣

1 1 · · · 1 1− 1
2
− · · · − 1

n

0 0 · · · 2 0
...

...
...

...
...

0 n− 1 · · · 0 0

n 0 · · · 0 0

∣∣∣∣∣∣∣∣∣∣∣
= (−1)t(n···21)(

n∑
i=2

(1− 1

i
))

n∏
1

k

= (−1
n(n+1)

2 )n!(
n∑

i=2

(1− 1

i
))
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17. O� 4 �1�ª:

D =

∣∣∣∣∣∣∣∣
1 1 1 1

a b c d

a2 b2 c2 d2

a4 b4 c4 d4

∣∣∣∣∣∣∣∣
))).

�E�� 5 ����1�ªµ

D(a, b.c, d, x) =

∣∣∣∣∣∣∣∣∣∣

1 1 1 1 1

a b c d x

a2 b2 c2 d2 x2

a3 b3 c3 d3 x3

a4 b4 c4 d4 x4

∣∣∣∣∣∣∣∣∣∣
M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù SK 1�ÙSK 1nÙSK 1oÙ SK 18Ù SK

5¿� a45 = x3 �{fªM45Ò´¤¦�1�ª D,

D(a, b, c, d, x) = A15 + xA25 + x2A35 + x3A45 + x4A55

= (b− a)(c− a)(d− a)(x− a)

(c− b)(d− b)(x− b)(d− c)(x− c)(x− d)

= (b− a)(c− a)(d− a)(c− b)(d− b)(d− c)
(x− a)(x− b)(x− c)(x− d)

= (b− a)(c− a)(d− a)(c− b)(d− b)(d− c)
(x4 − (a+ b+ c+ d)x3 + · · · )

A45 = −(a+ b+ c+ d)(b− a)(c− a)(d− a)(c− b)(d− b)(d− c)
M45 = (a+ b+ c+ d)(b− a)(c− a)(d− a)(c− b)(d− b)(d− c)
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18. y²Ûóü��Ó��"

y{1µ�Ûóü��8Ü©O�S, T§ïá��N�µ

S −→ T :

∀σ ∈ S, σ��1, 2

f
7→ τ = f(σ) ∈ T

y²ù´ü�:

σ1, σ2 ∈ S, f(σ1) = f(σ2)⇒ σ1 = σ2

⇒ |S| ≤ |T |

aq�yµ|T | ≤ |S|
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y{ 2§ �E��1�ª§¤k��� 1:

D =

∣∣∣∣∣∣∣∣∣
1 1 · · · 1

1 1 · · · 1
...

...
...

1 1 · · · 1

∣∣∣∣∣∣∣∣∣ =
∑

p1p2···pn

(−1)t(p1p2···pn)

=óü��ê−Ûü��ê = 0

¤±Ûóü��Ó��"
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19. ?Øü�ü� x1x2 · · ·xn Úü� xnxn−1 · · ·x1�_Sê
'X"

))).

éuü� p1p2 · · · pn, 2½Â��êµ

s(pi) = |{pk|pk < pi, k = 1, 2, ..., i− 1}|

= pi ��>'§��êi��ê"Ïdkµ

t(pi) + s(pi) = i− 1

é¤k i ¦Úµ

n∑
i=1

t(pi) +
n∑

i=1

s(pi) =
n∑

i=1

(i− 1)

t(p1p2 · · · pn) + t(pnpn−1 · · · p1) =
n(n− 1)

2
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20.(1�ÙSK13.3)∣∣∣∣∣∣∣∣∣
1 + a1 1 1 · · · 1

1 1 + a2 1 · · · 1
...

...
...

...

1 1 1 · · · 1 + an

∣∣∣∣∣∣∣∣∣ =
n∏

i=1

ai

(
1 +

n∑
j=1

1

aj

)

))).

n = 1, D1 = a1(1 +
1

a1
) = 1 + a1

8Bb� n− 1 ¤á"�Ä Dn :
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Dn =

∣∣∣∣∣∣∣∣∣
1 + a1 1 1 · · · 1

1 1 + a2 1 · · · 1
...

...
...

...

1 1 1 · · · 1

∣∣∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣∣∣
1 + a1 1 1 · · · 0

1 1 + a2 1 · · · 0
...

...
...

...

1 1 1 · · · an

∣∣∣∣∣∣∣∣∣
ri − rn

i = 1, 2, ..., n− 1
=

∣∣∣∣∣∣∣∣∣
a1 0 0 · · · 0

0 a2 0 · · · 0
...

...
...

...

1 1 1 · · · 1

∣∣∣∣∣∣∣∣∣+ anDn−1

=
n−1∏
i=1

ai + an

n−1∏
i=1

ai

(
1 +

n−1∑
j=1

1

aj

)

=
n∏

i=1

ai

(
1

an
+ 1 +

n−1∑
j=1

1

aj

)
=

n∏
i=1

ai

(
1 +

n∑
j=1

1

aj

)
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21. £1�ÙSK13.4¤O�:x 6= y∣∣∣∣∣∣∣∣∣∣∣∣∣

x+ y xy 0 · · · 0 0

1 x+ y xy · · · 0 0

0 1 x+ y · · · 0 0
...

...
...

...
...

0 0 0 · · · x+ y xy

0 0 0 · · · 1 x+ y

∣∣∣∣∣∣∣∣∣∣∣∣∣
=
xn+1 − yn+1

x− y

))).

D1 = x+ y,D2 = x2 + xy + y2 =
x3 − y3

x− y
8Bb½��ªé Dn−1 ¤áµ�Ä Dn
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Dn =

∣∣∣∣∣∣∣∣∣∣∣∣∣

x xy 0 · · · 0 0

1 x+ y xy · · · 0 0

0 1 x+ y · · · 0 0
...

...
...

...
...

0 0 0 · · · x+ y xy

0 0 0 · · · 1 x+ y

∣∣∣∣∣∣∣∣∣∣∣∣∣

+

∣∣∣∣∣∣∣∣∣∣∣∣∣

y xy 0 · · · 0 0

0 x+ y xy · · · 0 0

0 1 x+ y · · · 0 0
...

...
...

...
...

0 0 0 · · · x+ y xy

0 0 0 · · · 1 x+ y

∣∣∣∣∣∣∣∣∣∣∣∣∣
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c2 − yc1
=

∣∣∣∣∣∣∣∣∣∣∣∣∣

x 0 0 · · · 0 0

1 x xy · · · 0 0

0 1 x+ y · · · 0 0
...

...
...

...
...

0 0 0 · · · x+ y xy

0 0 0 · · · 1 x+ y

∣∣∣∣∣∣∣∣∣∣∣∣∣
+ yDn−1

c3 − yc2
=

∣∣∣∣∣∣∣∣∣∣∣∣∣

x 0 0 · · · 0 0

1 x 0 · · · 0 0

0 1 x · · · 0 0
...

...
...

...
...

0 0 0 · · · x+ y xy

0 0 0 · · · 1 x+ y

∣∣∣∣∣∣∣∣∣∣∣∣∣
+ yDn−1
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= · · · =

∣∣∣∣∣∣∣∣∣∣∣∣∣

x 0 0 · · · 0 0

1 x 0 · · · 0 0

0 1 x · · · 0 0
...

...
...

...
...

0 0 0 · · · x

0 0 0 · · · 1 x

∣∣∣∣∣∣∣∣∣∣∣∣∣
+ yDn−1

= xn + y
xn − yn

x− y
=
xn+1 − yn+1

x− y
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22. O�: ∣∣∣∣∣∣∣∣∣∣∣∣∣

x a a · · · a a

b x a · · · a a

b b x · · · a a
...

...
...

...
...

b b b · · · x a

b b b · · · b x

∣∣∣∣∣∣∣∣∣∣∣∣∣
))). ∣∣∣∣∣∣∣∣∣∣∣∣∣

x a a · · · a a

b x a · · · a a

b b x · · · a a
...

...
...

...
...

b b b · · · x a

b b b · · · b x

∣∣∣∣∣∣∣∣∣∣∣∣∣
ri − ri+1

i = 1, 2, .., n− 1
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∣∣∣∣∣∣∣∣∣∣∣∣∣

x− b a− x 0 · · · 0 0

0 x− b a− x · · · 0 0

0 0 x− b · · · 0 0
...

...
...

...
...

0 0 0 · · · x− b a− x
b b b · · · b x

∣∣∣∣∣∣∣∣∣∣∣∣∣
take sum by colum 1

= (x− b)Dn−1 + b(−1)n+1(a− x)n−1

= (x− b)Dn−1 + b(x− a)n−1

= (x− b)((x− b)Dn−2 + b(x− a)n−2) + b(x− a)n−1

= (x− b)2Dn−2 + b(x− a)n−2(x− b) + b(x− a)n−1
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= (x− b)n−2D2 + b(x− a)2(x− b)n−3

+ · · ·+ b(x− a)n−2(x− b) + b(x− a)n−1

D2 =

∣∣∣∣ x a

b x

∣∣∣∣ =

∣∣∣∣ x− b a− x
b x

∣∣∣∣ = x(x− b)− b(a− x)

Dn = (x− b)n−2(x(x− b)− b(a− x)) + b(x− a)2(x− b)n−3

+ · · ·+ b(x− a)n−2(x− b) + b(x− a)n−1

= x(x− b)n−1 + b(x− a)(x− b)n−2 + b(x− a)2(x− b)n−3

+ · · ·+ b(x− a)n−2(x− b) + b(x− a)n−1
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){2µ∣∣∣∣∣∣∣∣∣∣∣∣∣

x a a · · · a a

b x a · · · a a

b b x · · · a a
...

...
...

...
...

b b b · · · x a

b b b · · · b x

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣

x− b+ b a a · · · a a

0 + b x a · · · a a

0 + b b x · · · a a
...

...
...

...
...

0 + b b b · · · x a

0 + b b b · · · b x

∣∣∣∣∣∣∣∣∣∣∣∣∣

= (x− b)Dn−1 + b

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 a a · · · a a

1 x a · · · a a

1 b x · · · a a
...

...
...

...
...

1 b b · · · x a

1 b b · · · b x

∣∣∣∣∣∣∣∣∣∣∣∣∣
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i ≥ 2 =

ci + c1(−a)
(x−b)Dn−1 +b

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 · · · 0 0

1 x− a 0 · · · 0 0

1 b− a x− a · · · 0 0
...

...
...

...
...

1 b− a b− a · · · x− a 0

1 b− a b− a · · · b− a x− a

∣∣∣∣∣∣∣∣∣∣∣∣∣
Dn = (x− b)Dn−1 + b(x− a)n−1

= (x− b)((x− b)Dn−2 + b(x− a)n−2) + b(x− a)n−1

= (x− b)2Dn−2 + b(x− b)(x− a)n−2 + b(x− a)n−1
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23. O�µ

Dn =

∣∣∣∣∣∣∣∣∣∣∣∣∣

x1 a a · · · a a

b x2 a · · · a a

b b x3 · · · a a
...

...
... · · · ...

b b b · · · xn−1 a

b b b · · · b xn

∣∣∣∣∣∣∣∣∣∣∣∣∣
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Dn
ri − ri+1

i = 1, 2, ..., n− 1
=∣∣∣∣∣∣∣∣∣∣∣∣∣

x1 − b a− x2 0 · · · 0 0

0 x2 − b a− x3 · · · 0 0

0 0 x3 − b · · · 0 0
...

...
... · · · ...

0 0 0 · · · xn−1 − b a− xn
b b b · · · b xn

∣∣∣∣∣∣∣∣∣∣∣∣∣
= (x1 − b)Dn−1 + b(−1)n+1

n∏
i=2

(a− xi)

Dn = (x1 − b)Dn−1 + b
n∏

i=2

(xi − a) · · · · · · (1)
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Dn = D′n = (x1 − a)D′n−1 + a
n∏

i=2

(xi − b)

Dn = (x1 − a)Dn−1 + a
n∏

i=2

(xi − b) · · · · · · (2)

(1)− (2)⇒

Dn−1(a− b) = b
n∏

i=2

(xi − a)− a
n∏

i=2

(xi − b)

a 6= b⇒

Dn−1 =
1

a− b
(b

n∏
i=2

(xi − a)− a
n∏

i=2

(xi − b))
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a 6= b⇒

Dn =
1

a− b
(b

n∏
i=1

(xi − a)− a
n∏

i=1

(xi − b))

a = b⇒

Dn = (x1 − a)Dn−1 + a
n∏

i=2

(xi − a)

= (x1 − a)((x2 − a)Dn−2 + a
n∏

i=3

(xi − a)) + a
n∏

i=2

(xi − a)

= (x1 − a)(x2 − a)Dn−2 + a
n∏

i 6=2

(xi − a) + a
n∏

i 6=1

(xi − a)
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Dn = (x1 − a)(x2 − a)Dn−2 + a
2∑

k=1

n∏
i 6=k

(xi − a)

=
2∏

i=1

(xi − a)Dn−2 + a
2∑

k=1

n∏
i 6=k

(xi − a)

Dn =
n−2∏
i=1

(xi − a)D2 + a
n−2∑
k=1

n∏
i 6=k

(xi − a)

D2 =

∣∣∣∣ xn−1 − a a− xn
a xn

∣∣∣∣ = xn(xn−1 − a) + a(xn − a)

Dn = xn

n−1∏
i=1

(xi − a) + a
n−1∑
k=1

n∏
i 6=k

(xi − a)
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Dn = (xn − a+ a)
n−1∏
i=1

(xi − a) + a
n−1∑
k=1

n∏
i 6=k

(xi − a)

=
n∏

i=1

(xi − a) + a
n∑

k=1

n∏
i 6=k

(xi − a)
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1�ÙSK
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4. £1�ÙSK4¤� A,B Ñ´ n ��
§y²µ

1 ��=� AB = BA �§(A±B)2 = A2 ± 2AB +B2;

2 ��=� AB = BA �§A2 −B2 = (A+B)(A−B);

3 ��=� AB = BA �,

(A+B)m =
m∑
k=0

Ck
mA

kBm−k,m ≥ 1,

Ù¥ Ck
m L«|Üêµm ���À� k ����|Üê"
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))).

1 ��O�µ

(A±B)2 = A2 ± AB ±BA+B2 = A2 ± 2AB +B2

⇔ ±AB ±BA = ±2AB

⇔ AB = BA

2

(A+B)(A−B) = A2 − AB +BA−B2 = A2 −B2

⇔ −AB +BA = 0⇔ AB = BA

3 ¿©5§��O�"7�5§� m = 2, d1�^5��
�AB = BA.
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5. £1�ÙSK5¤O�µ (2).

(
1 1

0 1

)n

))).

(
1 1

0 1

)2

=

(
1 2

0 1

)
8Bb�µ

(
1 1

0 1

)n

=

(
1 n

0 1

)
(

1 1

0 1

)n+1

=

(
1 1

0 1

)(
1 1

0 1

)n

=

(
1 1

0 1

)(
1 n

0 1

)
=

(
1 n+ 1

0 1

)
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(3).

 0 a b

0 0 c

0 0 0

n

))).

 0 a b

0 0 c

0 0 0

2

=

 0 a b

0 0 c

0 0 0

 0 a b

0 0 c

0 0 0


=

 0 0 ac

0 0 0

0 0 0

 ,

 0 a b

0 0 c

0 0 0

3

=

 0 a b

0 0 c

0 0 0

 0 a b

0 0 c

0 0 0

2

=

 0 a b

0 0 c

0 0 0

 0 0 ac

0 0 0

0 0 0

 =

 0 0 0

0 0 0

0 0 0


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n ≥ 3,

 0 a b

0 0 c

0 0 0

n

= 0

(4).

 1 a 0

0 1 a

0 0 1

n

))).

 1 a 0

0 1 a

0 0 1

2

=

 1 a 0

0 1 a

0 0 1

 1 a 0

0 1 a

0 0 1


=

 1 2a a2

0 1 2a

0 0 1


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 1 a 0

0 1 a

0 0 1

3

=

 1 a 0

0 1 a

0 0 1

 1 2a a2

0 1 2a

0 0 1

 =

 1 3a 3a2

0 1 3a

0 0 1


 1 a 0

0 1 a

0 0 1

4

=

 1 a 0

0 1 a

0 0 1

 1 3a 3a2

0 1 3a

0 0 1

 =

 1 4a 6a2

0 1 4a

0 0 1


 1 a 0

0 1 a

0 0 1

n

=

 1 na n(n−1)
2

a2

0 1 na

0 0 1


 1 a 0

0 1 a

0 0 1

n+1

=

 1 a 0

0 1 a

0 0 1

 1 na n(n−1)
2

a2

0 1 na

0 0 1

n
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=

 1 (n+ 1)a (n+1)n
2

a2

0 1 (n+ 1)a

0 0 1



(5)

(
3 4

4 −3

)n

))).

(
3 4

4 −3

)2

=

(
3 4

4 −3

)(
3 4

4 −3

)
= 52

(
1 0

0 1

)
(

3 4

4 −3

)3

=

(
3 4

4 −3

)
52

(
1 0

0 1

)
= 25

(
3 4

4 −3

)
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(
3 4

4 −3

)2n

= 5nI(
3 4

4 −3

)2n+1

= 5n

(
3 4

4 −3

)

£6¤

  1

−3

2

 (
2 1 2

) n

  1

−3

2

 (
2 1 2

) 2

=

  1

−3

2

 (
2 1 2

)   1

−3

2

 (
2 1 2

) 
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= 3

  1

−3

2

 (
2 1 2

)  ,

  1

−3

2

 (
2 1 2

) 3

=

  1

−3

2

 (
2 1 2

)   1

−3

2

 (
2 1 2

) 2

= 3

  1

−3

2

 (
2 1 2

)   1

−3

2

 (
2 1 2

) 
= 32

  1

−3

2

 (
2 1 2

) 
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8Bb�µ  1

−3

2

 (
2 1 2

) n

= 3n−1

 1

−3

2

 (
2 1 2

)
  1

−3

2

 (
2 1 2

) n+1

=

  1

−3

2

 (
2 1 2

)   1

−3

2

 (
2 1 2

) n

= 3n

  1

−3

2

 (
2 1 2

) 
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6 (Ö¥1�ÙSK8§6�K)¦_Ý

0 a1 0 · · · 0

0 0 a2 · · · 0
...

...
...

...

0 0 0 · · · an−1
an 0 0 · · · 0

 ,
n∏

i=1

ai 6= 0

))).

let A =

 a1 · · · 0
...

. . .
...

0 · · · an−1

, thenA−1 =

 a−11 · · · 0
...

. . .
...

0 · · · a−1n−1


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))). 
0 a1 0 · · · 0

0 0 a2 · · · 0
...

...
...

...

0 0 0 · · · an−1
an 0 0 · · · 0

 =

(
0 A

an 0

)


0 a1 0 · · · 0

0 0 a2 · · · 0
...

...
...

...

0 0 0 · · · an−1
an 0 0 · · · 0


−1

=

(
0 a−1n

A−1 0

)
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7 £Ö¥1�ÙSK9¤¦Ý
 X

(1)

(
2 5

1 3

)
X =

(
4 −6

2 1

)
))).

X =

(
2 5

1 3

)−1(
4 −6

2 1

)

(2)X

 2 1 −1

2 1 0

1 −1 1

 =

(
1 −1 3

4 3 2

)
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))).


2 1 −1

2 1 0

1 −1 1

1 −1 3

4 3 2

 c1 + 2c3
c2 + c3


0 0 −1

2 1 0

3 0 1

7 2 3

8 5 2



c1 − 2c2


0 0 −1

0 1 0

3 0 1

3 2 3

−2 5 2

 c3 − 1
3
c1


0 0 −1

0 1 0

3 0 0

3 2 2

−2 5 8
3



c1 ↔ c3


−1 0 0

0 1 0

0 0 3

2 2 3
8
3

5 −2

 −1c1
1
3
c3


1 0 0

0 1 0

0 0 1

−2 2 1

−8
3

5 −2
3


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X =

(
−2 2 1

−8
3

5 −2
3

)
�nµ (

A

X

)
Ð��C�

m¦A−1

(
E

XA−1

)
(3)

(
1 4

−1 2

)
X

(
2 0

−1 −1

)
=

(
3 1

0 −1

)

(4) A∗X = A−1 + 2X,A =

 1 1 −1

−1 1 1

1 −1 1


)�µ

|A|X = E + 2AX, (|A|E − 2A)X = E
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8 £Ö¥1�ÙSK10¤ A =

 2 0 0

1 2 0

1 1 2

, ÷v AB =

A+B, ¦ B.

)�µ

AB −B = A⇒ (A− E)B = A

B = (A− E)−1A(
A− E A

) Ð�1C�

�¦(A− E)−1
(
E (A− E)−1A

)
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9 £Ö¥1�ÙSK11¤ ®� AP = PB, Ù¥

B =

 1 0 0

0 0 0

0 0 −1

 , P =

 1 0 0

2 −1 0

2 1 1



)�µ

A = PBP−1

A9 = PB9P−1
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10£Ö¥1�ÙSK13¤Suppose that A(E−C−1B)′C ′ = E,

where

B =


1 −1 0 0

0 1 −1 0

0 0 1 −1

0 0 0 1

 , C =


2 1 3 4

0 2 1 3

0 0 2 1

0 0 0 2


¦ A

)�µ

(E − C−1B)′C ′ = (C −B)′ = C ′ −B′

A = (C ′ −B′)−1
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11£Ö¥1�ÙSK14¤Áyµeé,��ê k, �
 Ak =

0,K
(E − A)−1 = E + A+ · · ·+ Ak−1

))).

(E + A+ · · ·+ Ak−1)(E − A) =

E + A+ · · ·+ Ak−1 − (A+ A2 + · · ·+ Ak−1 + Ak) = E

(E − A)−1 = E + A+ · · ·+ Ak−1
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12£Ö¥1�ÙSK15¤Suppose that A =

 1 0 1

0 2 0

0 0 1

 , C =

 1 0 0

0 2 0

1 0 0

 , B �3 ��_Ý
§¦µ

1 (A+ 3E)−1(A2 − 9E)

2 (BC ′ − E)′(AB−1)′ + [(BA−1)′]−1

)�µ (1)

(A+ 3E)−1(A2 − 9E) =(A+ 3E)−1(A+ 3E)(A− 3E)

= A− 3E
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(2)

(BC ′ − E)′(AB−1)′ + [(BA−1)′]−1

= [(AB−1)(BC ′ − E)]′ + [(BA−1)−1]′

=
(
AC ′ − AB−1

)′
+
(
AB−1

)′
=
(
AC ′ − AB−1 + AB−1

)′
= CA′
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13£1�ÙSK16¤A� n��
§f(x) = xm+am−1x
m−1+

· · ·+ a0, a0 6= 0. e f(A) = 0. y²Ý
 A �_"

))).

f(A) = Am + am−1A
m−1 + · · ·+ a0E = 0

Am + am−1A
m−1 + · · ·+ a1A = −a0E

(Am−1 + am−1A
m−1 + · · ·+ a1E)A = −a0E

|Am−1 + am−1A
m−1 + · · ·+ a1E||A| = (−a0)n 6= 0

⇒ |A| 6= 0,

A �_"
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14£1�ÙSK17¤� A´ m×nÝ
§eé?¿ n× 1Ý

 X§Ñk AX = 0 , K A = 0

))).

©O���þµ

e1 =


1

0
...

0

 , e2 =


0

1
...

0

 , · · · , en =


0

0
...

1



Ae1 =


a11
a21

...

an1

 = 0, Ae2 =


a12
a22

...

an2

 = 0, ..., Aen =


a1n
a2n

...

ann

 = 0

∴ A = 0
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15£1�ÙSK18¤�Ý
 A ´ n �¢é¡�
§XJ
A2 = 0, K A = 0.

))).

A = A′, A2 = 0

A′A = AA′ = A2 = 0

A =
(
α1 α2 · · · αn

)
, A′ =


α′1
α′2
· · ·
α′n

 , αj =


a1j
a2j

...

anj



A′A =


α′1
α′2
· · ·
α′n

( α1 α2 · · · αn

)
= 0
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A′A =


α′1α1 α′1α2 · · · α′1αn

α′2α2 α′2α2 · · · α′2αn
...

...
...

α′nα1 α′nα2 · · · α′nαn

 = 0

α′1α1 = 0⇒
n∑

i=1

a2i1 = 0⇒ ai1 = 0, i = 1, 2, ..., n

α′2α2 = 0⇒
n∑

i=1

a2i2 = 0⇒ ai2 = 0, i = 1, 2, ..., n

· · ·

α′nαn = 0⇒
n∑

i=1

a2in = 0⇒ ain = 0, i = 1, 2, ..., n

∴ A = 0
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16£1�ÙSK19¤� A2 = En,y²µ

R(A− En) +R(A+ En) = n.

))).

A2 = En ⇒ |A| 6= 0

(A+ En)(A− En) = A2 − En = 0

⇒ R(A− En) +R(A+ En) ≤ n

R(A− En) +R(A+ En)

≥ R(A− En + A+ En) = R(2A) = R(A) = n
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17£1�ÙSK20¤� A´ m×nÝ
§B ´ n×pÝ
"
®� R(A) = n, y²µ

R(AB) = R(B).

))).

�k�_Ý
 P,Q

PAQ =

(
En

0

)
⇒ PAB = PAQQ−1B =

(
En

0

)
Q−1B

=

(
Q−1B

0

)
R(AB) = R(PAB) = R(Q−1B) = R(B)
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18£1�ÙSK21¤� A,B Ñ´ m× n Ý
§Ý
 A ²L
Ð�1C�z� B. ^��þL�ùü�Ý
µ

A =
(
α1 α2 · · · αn

)
, B =

(
β1 β2 · · · βn

)
K� βi =

∑n
j=1,j 6=i kjβj�§kαi =

∑n
j=1,j 6=i kjαj.

))).

Let ki = 1, Ý
��Ý
=z�e��5|Ü'Xµ

n∑
j=1

kjαj = 0,
n∑

j=1

kjβj = 0

·��y²µ
n∑

j=1

kjαj = 0⇔
n∑

j=1

kjβj = 0
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))).

^Ý
L��5|Ü'Xµ

n∑
i=1

kiαi = 0⇔
(
α1 α2 · · · αn

)


k1
k2
...

kn

 = 0

⇔ AX = 0,¦)µk1, k2, ..., kn

n∑
i=1

kiβi = 0⇔
(
β1 β2 · · · βn

)


k1
k2
...

kn

 = 0

⇔ BX = 0,¦)µk1, k2, ..., kn
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))).

A
Ð�1C�

↔
B

AX = 0⇔ BX = 0,Ó)�§

A


k1
k2
...

kn

 = 0⇔ B


k1
k2
...

kn

 = 0

n∑
j=1

kjαj = 0⇔
n∑

j=1

kjβj = 0

){ 2µ Ï�Ý
 A ²LÐ�1C�z�B, ¤±�3�_Ý

P ,÷vµB = PA,�kÓ)�§µ

AX = 0⇔ PAX = 0⇔ BX = 0
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A


k1
k2
...

kn

 = 0⇔ B


k1
k2
...

kn

 = 0

n∑
j=1

kjαj = 0⇔
n∑

j=1

kjβj = 0
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19£1�ÙSK23¤O�µ
3 4 0 0

4 −3 0 0

0 0 −1 1

0 0 0 2


2n

= D

)�µ

D =

(
A2n 0

0 B2n

)
, A =

(
3 4

4 −3

)
, B =

(
−1 1

0 2

)
A2 =

(
52 0

0 52

)
, B2 =

(
1 1

0 4

)
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20£1�ÙSK24¤� A ´ n× n Ý
§y² R(A) ≤ 1 �
�=��3ü� n× 1 Ý
 U, V§¦� A = UV ′.

))).

�Iy7�5"� R(A) = 1§ Ø�� a11 6= 0

A =


a11 a12 · · · a1n
a21 a22 · · · a2n

...
...

...

an1 an2 · · · ann


∣∣∣∣ a11 a1j
a21 a2j

∣∣∣∣ = 0, j ≥ 2

a2j =
a21
a11

a1j = k2a1j, k2 =
a21
a11

, j ≥ 2
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))).

a2j = k2a1j, j = 1, 2, ..., n

by the same way,a3j = k3a1j, j = 1, 2, ..., n

· · · · · ·
anj = kna1j, j = 1, 2, ..., n

A =


a11 a12 · · · a1n
k2a11 k2a12 · · · k2a1n

...
...

...

kna11 kna12 · · · kna1n



=


1

k2
...

kn

( a11 a12 · · · a1n
)
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21£1�ÙSK25.3¤� A ´ n × n �_Ý
§A∗ ´��
Ý
"y²µ

1 A∗ = |A|A−1

2 (A∗)−1 = 1
|A|A = (A−1)∗

3 (−A)∗ = (−1)n−1A∗

4 |A∗| = |A|n−1

))).

(1)AA∗ = |A|E ⇒ A∗ = |A|A−1.
(2)AA∗ = |A|E ⇒ (A∗)−1 = 1

|A|A,

A−1(A−1)∗ = |A−1|E ⇒ (A−1)∗ = |A−1|A = 1
|A|A = (A∗)−1
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))).

(3)

−A = (−aij),�ê{fª�µ(−1)n−1Aij

(−A)∗ = (−1)n−1A∗

(4). AA∗ = |A|E ⇒ |A||A∗| = |A|n

⇒ |A∗| = |A|n−1, (A∗)−1 =
1

|A|
A

(2). (A−1)∗ = |A−1|(A−1)−1 =
1

|A|
A

⇒ (A−1)∗ = (A∗)−1
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){2.

))).

(−A)∗ = | − A|(−A)−1 = (−1)n|A|(−1)A−1

= (−1)n+1|A|A−1 = (−1)n+1A∗
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22£1�ÙSK27¤4��


A =
(
α X Y Z

)
, B =

(
β X Y Z

)
.

|A| = 4, |B| = 1,¦µ|A+B|

))).

Let

A+B =
(
α + β 2X 2Y 2Z

)
|A+B| =

∣∣ α 2X 2Y 2Z
∣∣+
∣∣ β 2X 2Y 2Z

∣∣
8|A|+ 8|B| = 40
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23.£1�ÙSK28¤ � A � n ��
§n ´Ûê"e
A′A = En, |A| = 1§y²µ|En − A| = 0.

))).

A′ = A−1, |En − A| = |En − A|′ = |En − A′|
= |En − A−1| = |A−1||A− En| = |A− En|

|En − A| = |A− En| = (−1)n|En − A| = −|En − A|
⇒ |En − A| = 0
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24.£1�ÙSK29¤ � A � n ��
§"eé?Û n × 1

Ý
 B,AX = B§k)"y²µA ´�_Ý
"

))).

�IO��þ:

e1 =


1

0
...

0

 , e2 =


0

1
...

0

 , · · · , en =


0

0
...

1


AX = ei, i = 1, 2, ..., n�)©OP�

X1, X2, ..., Xn, AXi = ei, i = 1, 2, ..., n

⇒ A
(
X1 X2 · · · Xn

)
=
(
e1 e2 · · · en

)
= En

∴ A−1 =
(
X1 X2 · · · Xn

)
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25.£1�ÙSK30¤ �

A =
(
α1 α2 · · · αn+1 · · · αn+m

)
´ n+m ��
§|A| = a. ¦

|B| =
∣∣ αn+1 αn+2 · · · αn+m α1 α2 · · · αn

∣∣
)�µÝ
 A �1 n + 1 �²L n g��§�1 1 �§1�ª
�UCÎÒ (−1)n. Ý
 A �1 n + 2 �²L n g��§�1
2 �§1�ª�UCÎÒ (−1)n,...,Ý
 A �1 n + m �²L n

g��§�1 m �§1�ª�UCÎÒ (−1)n. ÜOUCÎÒ
(−1)nm. ¤± |B| = (−1)nma.
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26£1�ÙSK31¤ � A,B,C,D � n ��
"e A �
_§ AC = CA§k)"y²µ∣∣∣∣ A B

C D

∣∣∣∣ = |AD − CB|

))). (
E

−CA−1 E

)(
A B

C D

)
=

(
A B

0 D − CA−1B

)
∣∣∣∣ A B

C D

∣∣∣∣ = |A(D − CA−1B| = |AD − CB|
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27.£1�ÙSK33¤ � A � n ��ÛÉ�
§ B ´ n× 1

Ý
§ b´~ê"y²µ(
A B

B′ b

)
�_⇔ B′A−1B 6= b

))). (
E 0

−B′A−1 E

)(
A B

B′ b

)
=

(
A B

0 b−B′A−1B

)
⇒
∣∣∣∣ A B

B′ b

∣∣∣∣ =

∣∣∣∣ A B

0 b−B′A−1B

∣∣∣∣ = |A|(b−B′A−1B)∣∣∣∣ A B

B′ b

∣∣∣∣ 6= 0⇔ b−B′A−1B 6= 0
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28.£1�ÙSK34¤ � A � n ��
§ A∗ ´��Ý
§
y²µ

R(A∗) =


n,R(A) = n

1, R(A) = n− 1

0, R(A) < n− 1


))).

R(A) = n⇒ |A| 6= 0, |A∗| 6= 0⇒ R(A∗) = n

R(A) = n− 1⇒ |A| = 0, AA∗ = 0⇒ R(A) +R(A∗) ≤ n

R(A∗) ≤ 1, R(A) = n− 1⇒ ∃�ê{fª Aij 6= 0

∴ R(A∗) = 1.

R(A) < n− 1⇒ All Aij = 0, A∗ = 0
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29.£1�ÙSK35¤�Ý
 A ´ n ��
"¡ Tr(A) =∑n
i=1 aii �Ý
 A �,"y3�Ý
 A,B Ñ´ n ��
§y

²µ

1 Tr(A+B) = Tr(A) + Tr(B)

2 Tr(kA) = kTr(A)

3 Tr(AB) = Tr(BA)

4 AB −BA 6= En

5 eÝ
 A �_§Tr(B) = Tr(ABA−1)
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5�4 �âc¡n^5�§w,¤á"

15^5�µ

Tr(ABA−1) = Tr(BA−1A) = Tr(B)
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))).

5� 1, 2²w¤á" £3¤. ?¿ n ��
 A§�ÄA�õ�
ªµ|λE − A|, k¶

|λE − A| =

∣∣∣∣∣∣∣∣∣
λ− a11 −a12 · · · −a1n
−a21 λ− a22 −a2n

...
...

...

−a12 −a12 · · · λ− ann

∣∣∣∣∣∣∣∣∣
= λn −

n∑
i=1

aiiλ
n−1 + · · ·+ (−1)n|A|

= λn − Tr(A)λn−1 + · · ·+ (−1)n|A|
∵ |λE − AB| = |λE −BA| ⇒ Tr(AB) = Tr(BA)
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30.£1�ÙSK36¤� A� n��
§ R(A) = 1,Tr(A) =

2,¦|λE − A|.

))).

R(A) = 1⇒ ∃α =


a1
a2
...

an

 , β =
(
b1 b2 · · · bn

)

A = αβ =


a1b1 a1b2 · · · a1bn
a2b1 a2b2 · · · a2bn

...
...

...

anb1 anb2 · · · anbn


|λEn − A| = |λEn − αβ| = λn−1|λ− βα|

λn − Tr(A)λn−1 = λn − 2λn−1
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31. Suppose B is a r × r matrix, and C is a r × n matrix with

R(C) = r. Prove:

1 If BC = 0, Then B = 0

2 if BC = C, Then B = E

))).

There exist inverse matrix Qr×r, Pn×n

QCP =
(
Er 0

)
· · · · · · (1)

⇒ BC = BQ−1QCPP−1 =
(
BQ−1 0

)
P−1 · · · · · · (2)

BC = 0⇒(2)
(
BQ−1 0

)
P−1 = 0

⇒
(
BQ−1 0

)
= 0⇒ BQ−1 = 0, B = 0
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))).

BC = C ⇒(2)
(
BQ−1 0

)
P−1 = C

⇒
(
BQ−1 0

)
= CP · · · · · · (3)

QCP =
(
Er 0

)
⇒ CP = Q−1

(
Er 0

)
=
(
Q−1 0

)
· · · · · · (4)

⇒(3)+(4)
(
BQ−1 0

)
=
(
Q−1 0

)
⇒ BQ−1 = Q−1 ⇒ B = E
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32. ®�3 × 3¢Ý
 A = (aij),÷v aij = Aij(i, j = 1, 2, 3),

Ù¥ Aij ´ aij ��ê{fª ,� a11 6= 0 , O�1�ª |A| .

))).

A∗ =

 A11 A21 A31

A12 A22 A32

A13 A23 A33

 =

 a11 a21 a31
a12 a22 a32
a13 a23 a33

 = A′

|A∗A| = |A|3, A∗ = A′ ⇒ |A|2 = |A|3

|A|2(|A| − 1) = 0

|A| = a11A11 + a12A12 + a13A13 = a211 + a212 + a213 6= 0

|A| = 1
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33. ®��
 A,÷v A2 − A− 2E = 0,¦A−1, (A+ 2E)−1

))).

A2 − A− 2E = 0⇒ A2 − A = 2E ⇒ A
1

2
(A− E) = E

A−1 =
1

2
(A− E)

A2 = A+ 2E ⇒ (A+ 2E)−1 = (A−1)2 =
1

4
(A− E)2

=
1

4
(A2 − 2A+ E) =

1

4
(−A+ 3E)

∴ (A+ 2E)−1 =
1

4
(−A+ 3E)
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34. ®��
 A =

 1 1 −1

−1 1 1

1 −1 1

,÷v

A∗X

(
1

2
A∗
)∗

= 8A−1X + E,

¦X.

))).

5¿úªµAA∗ = |A|E, |A||A∗| = |A|n

|A| = 4, A∗ = |A|A−1(
1

2
A∗
)∗

=

∣∣∣∣12A∗
∣∣∣∣ (1

2
A∗
)−1

=
1

4
|A∗|(A∗)−1

=
1

4
|A|2|A|−1A = A

M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù SK 1�ÙSK 1nÙSK 1oÙ SK 18Ù SK

))).

�\�5�ªµ

|A|A−1XA = 8A−1X + E

4A−1XA = 8A−1X + E ⇒ 4XA = 8X + A

4X(A− 2E) = A⇒ 4X = A(A− 2E)−1

(
A− 2E

A

)
=



−1 1 −1

−1 −1 1

1 −1 −1

1 1 −1

−1 1 1

1 −1 1


→



−1 0 0

−1 −2 2

1 0 −2

1 2 −2

−1 0 2

1 0 0


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))).

→



−1 0 0

0 −2 0

1 0 −2

0 2 0

−1 0 2

1 0 0


→



−1 0 0

0 −2 0

0 0 −2

0 2 0

0 0 2

1 0 0



→



1 0 0

0 1 0

0 0 1

0 −1 0

0 0 −1

−1 0 0


=

(
E

A(A− 2E)−1

)
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))).

A(A− 2E)−1 =

 0 −1 0

0 0 −1

−1 0 0


X =

1

4

 0 −1 0

0 0 −1

−1 0 0


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35. � A ´ n× n Ý
 ,y² : �3�� n× n �"Ý
 B,

¦ AB = 0 �¿© 7�^�´ |A| = 0 .

))).

AB = 0, if |A| 6= 0⇒ A�_, A−1(AB) = 0

⇒ B = 0,gñ

|A| = 0⇒ R(A) = r < n⇒

∃�_Ý
, P,Q, PAQ =

(
Er 0

0 0

)
take X,X = Q

(
0 0

0 En−r

)
6= 0(why)

Q−1X =

(
0 0

0 En−r

)
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PAX = PAQQ−1X

=

(
Er 0

0 0

)(
0 0

0 En−r

)
= 0

⇒ PAX = 0⇒ AX = P−1PAX = 0

Note X = Q

(
0 0

0 En−r

)
6= 0
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36. Ý
 A =



0 a1 0 · · · 0 0

0 0 a2 · · · 0 0

0 0 0 · · · 0 0
...

...
... · · · ...

...

0 0 0 · · · 0 an−1
an 0 0 · · · 0 0


, a1a2 · · · an 6= 0.

¦ A−1.

))).

Let A =

(
0 B

an 0

)
, B =


a1

a2
. . .

an−1

 .
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))).

A−1 =

(
0 a−1n

B−1 0

)

=


0 · · · 0 a−1n

a−11 · · · 0 0
...

. . .
...

...

0 · · · a−1n−1 0


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37. Let A =


1 1 1 1

1 −1 1 −1

1 1 −1 −1

1 −1 −1 1

 , find A−1

))).

A =

(
B B

B −B

)
, B =

(
1 1

1 −1

)
(
B B E 0

B −B 0 E

)
B−1r1

(
E E B−1 0

B −B 0 E

)
r2 −Br1

(
E E B−1 0

0 −2B −E E

)
−2−1B−1r2

(
E E B−1 0

0 E 2−1B−1 −2−1B−1

)
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r1 − r2
(
E 0 2−1B−1 2−1B−1

0 E 2−1B−1 −2−1B−1

)
A−1 =

1

2

(
B−1 B−1

B−1 −B−1
)
, B−1 =

1

−2

(
−1 −1

−1 1

)
=

1

2
B

A−1 =
1

4

(
B B

B −B

)
=

1

4
A
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38. � A � n@ n Ý
 , y² :XJ A2 = E, @o rank ( A +

E) + rank( A - E) = n

))).

A2 = E ⇒ (A+ E)(A− E) = 0

⇒ R(A+ E) +R(A− E) ≤ n

R(A+ E) +R(A− E) = R(A+ E) +R(E − A)

≥ R(A+ E + E − A) = R(2E) = n

∴ R(A+ E) +R(A− E) = n
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39. � A ´ m× n Ý
, K A ´�÷��¿©7�^���

3 m ?�_
 P ¦ PA =

(
En

0

)
Ó�/, A�1÷��¿©

7�^���3 n?�_Ý
 Q,AQ =
(
Em 0

)
))).

Suppose that

A =


a11 a12 · · · a1n
a21 a22 · · · a2n

...
... · · · ...

am1 am2 · · · amn


Note that: R(A) = n ≤ m. Ï��3 n �fªØ�"§¤±Ý

A �1���3�� ai1 6= 0, Ø�� a11 6= 0. ÄK�±�¦Ð�
Ý
 E(1, i)§��1 1 1Ú1 i 1"
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m∏
i=2

E(i, 1(− ai1
a11

))A =


a11 a12 · · · a1n
0 a′22 · · · a′2n
...

... · · · ...

0 a′m2 · · · a′mn



E(1(
1

a11
))

m∏
i=2

E(i, 1(− ai1
a11

))A =


1 a′12 · · · a′1n
0 a′22 · · · a′2n
...

... · · · ...

0 a′m2 · · · a′mn


Let P1 = E(1(

1

a11
))

m∏
i=2

E(i, 1(− ai1
a11

))

¤±���_Ý
 P1
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P1A =


1 a′12 · · · a′1n
0 a′22 · · · a′2n
...

... · · · ...

0 a′m2 · · · a′mn


aqé1 2 ���§1 3 ���§...,1 n ���?Øµ���
_Ý
µP2, P3, ..., Pn

PnPn−1 · · ·P2P1A =



1 0 · · · 0

0 1 · · · 0
...

...
. . .

...

0 0 · · · 1

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0


=

(
En

0

)
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��-µP = PnPn−1 · · ·P2P1. Kkµ

PA =

(
En

0

)
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40. m × nÝ
 A ��� r, Kk m × r ��÷�Ý
 P Ú
r × n �1÷� Ý
 Q, ¦ A = PQ. (SK7�í2�)

))).

�3�_Ý
,P1(m��
), Q1(n��
)

P1AQ1 =

(
Er 0r×(n−r)

0(m−r)×r 0(m−r)×(n−r)

)
=

(
Er

0(m−r)×r

)(
Er 0r×(n−r)

)
⇒A = P−11

(
Er

0(m−r)×r

)(
Er 0r×(n−r)

)
Q−11
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))).

-

Pm×r = P−11

(
Er

0(m−r)×r

)
, Qr×n =

(
Er 0r×(n−r)

)
Q−11

A = Pm×rQr×n

R(Pm×r) = R

(
P−11

(
Er

0(m−r)×r

))
= R

(
Er

0(m−r)×r

)
= r

R(Qr×n) = R
((

Er 0r×(n−r)
)
Q−11

)
= R

(
Er 0r×(n−r)

)
= r
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))).

AO§�R(A) = 1,

P =


a1
a2
...

am

 , Q =
(
b1 b2 · · · bn

)

A =


a1b1 a1b2 · · · a1bn
a2b1 a2b2 · · · a2bn

...
...

. . .
...

amb1 amb2 · · · ambn


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1nÙSK
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23. ¦L: M0(2, 1, 3) ���� L : x+1
3

= y−1
2

= z
−1 R��

�����§"

))).

1�Ú§¦²L: M0(2, 1, 3) ¿���� L R��²¡ π :

3(x− 2) + 2(y − 1)− 1(z − 3) = 0

=µπ : 3x+ 2y − z − 5 = 0 1�Ú§¦ π � �� L ��:µò
��ëê�§µ

x = 3t− 1, y = 2t+ 1, z = −t

�\²¡�§µ

3(3t− 1) + 2(2t+ 1) + t− 5 = 0

14t = 6, t =
3

7
,M1(

2

7
,
13

7
,−3

7
)
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M1(
2
7
, 13

7
,−3

7
)��:"¤¦��d:

M0(2, 1, 3),M1(
2

7
,
13

7
,−3

7
)

û½,¤¦���µ

x− 2
2
7
− 2

=
y − 1
13
7
− 1

=
z − 3

−3
7
− 3

x− 1

−2
=
y − 1

1
=
z − 3

−4

M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù SK 1�ÙSK 1nÙSK 1oÙ SK 18Ù SK

25. ¦L: M(−1, 2, 3),R�u��µ

L :
x

4
=
y

5
=
z

6

�²1u²¡µ

π : 7x+ 8y + 9z + 10 = 0

����§"

))).

�¤¦��� L1,���þ�µs1. L1 � L R�§Kk§��
���þR�µ s1⊥s = (4, 5, 6). L1 � π ²1§Kks1⊥n =

(7, 8, 9)
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s1 = s× n =

∣∣∣∣∣∣
i j k

4 5 6

7 8 9

∣∣∣∣∣∣ = −3i + 6j− 3k

� L1 ���þµ(1,−2, 1), K L1 �§�µ

x+ 1

1
=
y − 2

−2
=
z − 3

1
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33. ¦: M(−1, 2, 0) 3²¡ π : x + 2y − z + 1 = 0 þ�Ý
K"

))).

M(−1, 2, 0) 3²¡ π : x+ 2y− z + 1 = 0 þ�ÝK::²L M ¿
��²¡ πR���� L,�²¡ π ��:Ò´ÝK:M1. L �
��þ´²¡ π �{�þµ(1, 2,−1). ¤±�� L �

x+ 1

1
=
y − 2

2
=

z

−1

ò x = t− 1, y = 2t+ 2, z = −t �\²¡ π ��§µ

t− 1 + 2(2t+ 2) + t+ 1 = 0, t = −2

3

ÝK:�µ(−5
3
, 2
3
, 2
3
)
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34. ¦��Lµ
2x− 4y + z = 0

3x− 2z − 9 = 0

3²¡ π : 4x− y + z = 1þ�ÝK��"

))).

©Ûµé�²L�� L�� π R��²¡π1§²¡π1, π ���
=�ÝK�"�

π1 : λ(2x− 4y + z) + µ(3x− 2z − 9) = 0

Ù{�þ�µ(2λ+ 3µ,−4λ, λ− 2µ)§�²¡ π �{�þR�µ

4(2λ+ 3µ) + 4λ+ λ− 2µ = 0

13λ+ 10µ = 0, µ = 13, λ = −10
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π1 : 19x+ 40y − 36z − 117 = 0

π : 4x− y + z = 1

L1 :

{
19x+ 40y − 36z − 117 = 0

4x− y + z = 1

}
�ÝK��
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35. ¦: A(2, 4, 3) 3��µL : x = y = z þÝK:�I§
¿¦Ñ:A �T���ål"

))).

©ÛµÄk¦Ñ²L:A§¿���� L R��²¡ π,,�¦
Ñ²¡ π ��� L ��:§=�ÝK:" �â:{ªµ

π : x− 2 + y − 4 + z − 3 = 0

x+ y + z − 9 = 0

ò��ëê�§ x = y = z = t �\²¡ π ��§§��t = 3.

¤±ÝK:� M(3, 3, 3).

|
−−→
AM | =

√
2

�ål"
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¦:����ål^úªµ

d =
|s×
−→
OA|
|s|

s×
−→
OA =

∣∣∣∣∣∣
i j k

1 1 1

2 4 3

∣∣∣∣∣∣ = −i− j + 2k

|s×
−→
OA| =

√
6

d =

√
6√
3

=
√

2
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36. ��� L ²L: M(−4,−5, 3), ¿���� L1 Ú L2 �
�§Ù¥µ

L1 : x+1
3

= y+3
−2 = z−2

−1
L2 : x−2

2
= y+1

3
= z−1
−5

¦���§ L.

))).

�¤¦���§ L �µ

x+ 4

m
=
y + 5

n
=
z − 3

p

L � L1 ��§��µ

−−−→
MM1 = (3, 2,−1), [ss1

−−−→
MM1] =

∣∣∣∣∣∣
m n p

3 −2 −1

3 2 −1

∣∣∣∣∣∣ = 0
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4m+ 12p = 0⇒ m+ 3p = 0

L � L2 ��§��µ

−−−→
MM2 = (6, 4,−2) = 2(3, 2,−1)

[ss2
−−−→
MM2] =

∣∣∣∣∣∣
m n p

2 3 −5

3 2 −1

∣∣∣∣∣∣ = 7m− 13n− 5p = 0

{
m+ 3p = 0

7m− 13n− 5p = 0

}
, p = 1,m = −3, n = −2

L :
x+ 4

−3
=
y + 5

−2
=
z − 3

1
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){2µ ©Û§: M ©OÚ�� L1, L2 û½²¡ π1, π2. ù
ü�²¡��� L ²L: M ,�©O� L1, L2 �¡§·��I
`² L ©O�§���"

MÚ�� L1û½�²¡�� π1 : L1þ���:M1(−1,−3, 2).

−−−→
MM1 = (3, 2,−1), s1 = (3,−2,−1)

n1 = s1 ×
−−−→
MM1 =

∣∣∣∣∣∣
i j k

3 −2 −1

3 2 −1

∣∣∣∣∣∣ = 4(i + 3k)

π1 : 1(x+ 4) + 0(y + 5) + 3(z − 3) = 0

x+ 3z − 5 = 0
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1 MÚ�� L2û½�²¡�� π2 : L1þ���:M2(2,−1, 1).

−−−→
MM2 = (6, 4,−2) = 2(3, 2,−1), s2 = (2, 3,−5)

n2 = s2 ×
−−−→
MM2 =

∣∣∣∣∣∣
i j k

2 3 −5

3 2 −1

∣∣∣∣∣∣ = 7i− 13j− 5k

π2 : 7(x− 2)− 13(y + 1)− 5(z − 1) = 0

7x− 13y − 5z − 22 = 0

2 ¤¦���

L :

{
x+ 3z − 5 = 0

7x− 13y − 5z − 22 = 0

}
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L ����þ�µ

s = n1 × n2 =

∣∣∣∣∣∣
i j k

1 0 3

7 −13 −5

∣∣∣∣∣∣ = 13(3i + 2j− k)

�±wÑµ
s ∦ s1, s ∦ s2

¤±��L ��� L1 Ú�� L2 Ñ���"
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37. �²¡ π ÷vµ

R�u²¡ z = 0

²L: M0(1,−1, 1) ��� L :

{
y − z + 1 = 0

x = 0

}
�R�"

¦²¡ π ��§"

))).

©Ûµ²¡ π²L:M0(1,−1, 1)§�Ä¦ π�{�þ n. πR�
u²¡ z = 0, ¤±kµ n⊥(0, 0, 1). �: M0(1,−1, 1) ��� L

R�� L1, K n⊥s1, s1 ´L1 ���þ"¤±µn = (0, 0, 1)× s1.
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1�Úµ¦²L:M0(1,−1, 1)¿����LR��²¡ π1 :

5¿���L ���þ=�π1�{�þµ

s = (0, 1,−1)× (1, 0, 0) =

∣∣∣∣∣∣
i j k

0 1 −1

1 0 0

∣∣∣∣∣∣ = −(j + k)

π1 : y + 1 + z − 1 = y + z = 0

1�Úµ¦ π1 ����L ��: M1 :
y − z + 1 = 0

x = 0

y + z = 0

 , x = 0, y = −1

2
, z =

1

2

M1(0,−
1

2
,
1

2
)
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1nÚµL1 ����þ�
−−−−→
M0M1 = (−1, 1

2
,−1

2
).����

þµ
s1 = (−2, 1,−1)

1oÚµO�²¡π �{�þµ

n = (0, 0, 1)× s1 =

∣∣∣∣∣∣
i j k

0 0 1

−2 1 −1

∣∣∣∣∣∣ = −(i + 2j)

1ÊÚµ�Ñ²¡ π ��§µ

x− 1 + 2(y + 1) = x+ 2y + 1 = 0
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38. ¦��

L1 :
x− 3

2
=
y

1
=
z − 1

0

Ú��

L2 :
x+ 1

1
=
y − 2

0
=
z

1

�úR��§���:§9úR��§"
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))).

�N'�´¦�:"Äk��� L1 ��'ëê�µ

M1 = (3, 0, 1)

s1 = (2, 1, 0)

ëê�§µ x = 3 + 2t, y = t, z = 1

úR��:µP1 (3 + 2t, t, 1)

²L: P1 ��� L1 R��²¡�µ

π1 : 2(x− 3− 2t) + y − t = 0

2x+ y − 5t− 6 = 0
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2��� L2 ��'ëê�µ

M2 = (−1, 2, 0)

s2 = (1, 0, 1)

ëê�§µ x = u− 1, y = 2, z = u

úR��:µP2 (u− 1, 2, u)

²L: P2 ��� L2 R��²¡�µ

π2 : (x− u+ 1) + z − u = 0

x+ z − 2u+ 1 = 0
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5¿�: P2 3úR�þ§7,3²¡ π1 þ§¤±kµ

2(u− 1) + 2− 5t− 6 = 2u− 5t− 6 = 0

5¿�: P1 3úR�þ§7,3²¡ π2 þ§¤±kµ

3 + 2t+ 1− 2u+ 1 = −2u+ 2t+ 5 = 0

)�§|µ

2u− 5t = 6

−2u+ 2t = −5

t = −1

3
, u =

13

6
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���:µ

P1(
7

3
,−1

3
, 1)

P2(
7

6
, 2,

13

6
)

){2. �âc¡b�§úR���� L1 ��:�� P1(3 +

2t, t, 1), úR���� L2 ��:�� P2(u − 1, 2, u). Kkµ
−−→
P1P2 ²1u s1 × s2, ¤±µ

s1 × s2 =

∣∣∣∣∣∣
i j k

2 1 0

1 0 1

∣∣∣∣∣∣ = i− 2j− k

−−→
P1P2 = (u− 2t− 4, 2− t, u− 1)
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u− 2t− 4

1
=

2− t
−2

=
u− 1

−1{
2−t
−2 = u−1

−1
u−2t−4

1
= u−1
−1

}
⇒ 2u = 4− t

2u = 2t+ 5

t = −1

3
, u =

13

6

P1(
7

3
,−1

3
, 1), P2(

7

6
, 2,

13

6
)
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1oÙSK
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1.£Ö¥SK3¤� A ´�_Ý
§α1, α2, ..., αk, ´ k �n
���þ"y²µ

α1, α2, ..., αk

�5Ã'§��=�

Aα1, Aα2, ..., Aαk

�5Ã'.

Proof.

Let B =
(
α1 α2 · · · αk

)
. then

AB =
(
Aα1 Aα2 · · · Aαk

)
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Proof.

B ���þd�þ|µα1, α2, ..., αk |¤§Q,α1, α2, ..., αk,´
�5Ã'|§Ïd�§µ

BX =
(
α1 α2 · · · αk

)


x1
x2
...

xk


BX = x1α1 + x2α2 + xkαk = 0

�k")"
AB ���þd�þ|µ

Aα1, Aα2, ..., Aαk

|¤§Aα1, Aα2, ..., Aαk ´Ä�5Ã'|§�ûue��§
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Proof.

ABX =
(
Aα1 Aα2 · · · Aαk

)


x1
x2
...

xk


ABX = x1Aα1 + x2Aα2 + xkAαk = 0

´Äk�")" Ï�Ý
 A �_§¤±�§ BX = 0 ��§
ABX = 0 ´Ó)�§µ

BX0 = 0⇔ ABX0 = 0

Q, BX = 0 �k")§¤± ABX = 0 ��k")§¤±�þ
|µAα1, Aα2, ..., Aαk ´�5Ã'|"
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2. £Ö¥1oÙSK5¤�äe�·K´Ä¤áµ

£1¤ek~ê k1, k2, k3 ¦� k1α1 + k2α2 + k3α3 = 0, K�
þ| α1, α2, α3 �5�'¶

£2¤e�þ β ØUL«� �þ α1, α2 ��5|Ü§K�þ
| α1, α2, β �5Ã'¶

£3¤e�þ| α1, α2 �5Ã'§�þ β ØU� α1, α2 �5
L«§K�þ α1, α2, β �5Ã'.

£4¤e�þ| α1, α2, α3 �5�'§KÙ¥?Û���þ�
±�Ù{�þ�5L«¶
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£5¤e�þ| α1, α2, α3 ¥?¿���þ�±�Ù{�þ�
5L«§K�þ|α1, α2, α3�5�'"

£6¤e�þ| α1, α2, α3 ¥?¿ü�Ñ´�5Ã'§K�þ
| α1, α2, α3 �5Ã'"

£7¤�q�|êµk1, k2, k3 ¦� k1α1 + k2α2 + k3α3 = 0, �
α3 �±d α1, α2 �5L«"K k3 6= 0.

£8¤e�þ| α1, α2, α3 ´�5�'�§K α1 �±�Ù{
�þ�5L«"
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))).

£1¤ �Ø"� k1 = k2 = k3 = 0 �§�5Ã'�n��þ�÷
v k1α1 + k2α2 + k3α3 = 0.

£2¤�Ø"���þ| α1, α2 �5�'§K α1, α2, β �´�5
�'�"
£3¤é�"�y{µe α1, α2, β ´�5�'�§K�3Ø��
"�êµk1, k2, k3§÷vµ

k1α1 + k2α2 + k3β = 0

ddwÑ§k3 6= 0, ÄK k1, k2 Ø��"§l
 α1, α2 ´�5�
'�§�cJgñ"�´ k3 6= 0,q� ,	��cJgñ"¤
±§ α1, α2, β ´�5Ã'�"
£4¤�Ø"AT´µ�3���þ�Ù{�þ�5L«"

M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù SK 1�ÙSK 1nÙSK 1oÙ SK 18Ù SK

))).

£5¤ �("

£6¤�Ø"��þ|µα1 =

 1

0

0

 , α2 =

 0

1

0

 , α3 =

 1

1

0

,?¿ü��5Ã'§�n��þ�5�'"

£7¤�Ø"� α3 = 0, "�þ§K k3 �±�""½ö§¤k
k1, k2, k3 Ñ�"§�ª¤á§ù� α3 �α1, α2 �5L«§vk
?Û'X§

£8¤�Ø"~X α1 =

 1

0

0

 , α2 =

 0

1

0

 , α3 =

 0

2

0

,K

α1, α2, α3 �5�'§�´ α1 ØU� α2, α3 �5L«"
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3 (Ö¥1oÙSK6) e�þ| α1, α2, ..., αm �5Ã'§�
þ β �±d§��5L«§K�5L«�Xê´���"=

β = k1α1 + k2α2 + · · ·+ kmαm

Xê k1, k2, ..., km ´���"

4 (Ö¥1oÙSK7) e�þ β �±dα1, α2, ..., αm ���
5L«§K�þ|α1, α2, ..., αm �5Ã'"

))).

�
β = a1α1 + a2α2 + · · ·+ amαm

�y{§XJµα1, α2, ..., αm �5�'§K�3Ø��"�
êµb1, b2, ..., bm, ¦�µ
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b1α1 + b2α2 + · · ·+ bmαm = 0⇒
β = (a1 + b1)α1 + (a2 + b2)α2 + · · ·+ (am + bm)αm

a1 = a1 + b1, a2 = a2 + b2, ..., am = am + bm

b1 = b2 = · · · = bm = 0

�b1, b2, ..., bmØ�Ü�"gñ"¤±§α1, α2, ..., αm �5Ã'"
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5. (Ö¥1oÙSK8)��þ α1, α2, α3 �5�'§α2, α3, α4

�5Ã'§y²µ

1 α1 �d α2, α3 �5L«§

2 α4 Ø�d α1, α2, α3 �5L«§

))).

(1) α1, α2, α3 �5�', �3Ø��"�êµk1, k2, k3, ¦�µ

k1α1 + k2α2 + k3α3 = 0

dα2, α3, α4 �5Ã'§��µα2, α3 �5Ã'"Ïdµk1 6= 0,

α1 = −k2
k1
α2 −

k3
k1
α3 · · · · · · (1)
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£2¤�y{§b� α4 �d α1, α2, α3 �5L«§=k�5
L�ªµ

α4 = a1α1 + a2α2 + a3α3 · · · · · · (2)

�ª£1¤�\�ª£2¤§��µ

α4 = a1(−
k2
k1
α2 −

k3
k1
α3) + a2α2 + a3α3

= (−a1
k2
k1

+ a2)α2 + (−a1
k3
k1

+ a3)α3

�þα4 �d α2, α3 �5L«§l
α2, α3, α4 �5�'§�®�
^ �gñ§¤±α4 Ø�d α1, α2, α3 �5L«"
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7 (Ö¥1oÙSK9) ®� �þ α1, α2, α3, β �5Ã'§-

β1 = α1 + β, β2 = α2 + 2β, β3 = α3 + 3β

y²µβ1, β2, β3, β �5Ã'.

))).

Suppose that:

k1β1 + k2β2 + k3β3 + k4β = 0⇒
k1(α1 + β) + k2(α2 + 2β) + k3(α3 + 3β) + k4β = 0

⇒ k1α1 + k2α2 + k3α3 + (k1 + 2k2 + 3k3 + k4)β = 0

�þ α1, α2, α3, β �5Ã', ¤±

k1 = 0, k2 = 0, k3 = 0, k1 + 2k2 + 3k3 + k4 = 0

¤± k4 = 0,��β1, β2, β3, β �5Ã'.
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8£Ö¥1oÙSK10¤��þ| α1, α2, ..., αm �±d�þ
| β1, β2, ..., βm �5L«"eα1, α2, ..., αm ´�5Ã'|§K�
þ| β1, β2, ..., βm �´�5Ã'|"

))).

�âK¿§kµ

α1 = a11β1 + a21β2 + · · ·+ am1βm
α2 = a12β1 + a22β2 + · · ·+ am2βm

· · · · · ·
αm = a1mβ1 + a2mβ2 + · · ·+ ammβm
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))).

|^Ý
L�§�þw�´��þ§k(
α1 α2 · · · αm

)
=

(
β1 β2 · · · βm

)


a11 a12 · · · a1m
a21 a22 · · · a2m

...
...

. . .
...

am1 am2 · · · amm


m ≤ R

(
α1 α2 · · · αm

)
≤ R

(
β1 β2 · · · βm

)
≤ m

⇒ R
(
β1 β2 · · · βm

)
= m

Ïd§�þ| β1, β2, ..., βm ´�5Ã'|"
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9£Ö¥1oÙSK11¤��þ α �d α1, α2, α3�5L«§
�ØUd α2, α3�5L«"y²µ α1 �d α, α2, α3�5L«.
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10£Ö¥1oÙSK12¤��þ|µα1, α2, ..., αm ��þ|
µα1, α2, ..., αm, β ����§y²§�´�d�þ|"

))).

It is sufficient to prove that α1, α2, ..., αm �4�Ã'|�´
α1, α2, ..., αm, β �4�Ã'|"
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11£Ö¥1oÙSK13¤(½ê a ¦��þ|µ

α1 =


a

1
...

1

 , α2 =


1

a
...

1

 , ..., αn =


1

1
...

a


���n.

))).

Let

A =


a 1 · · · 1

1 a · · · 1
...

...
...

1 1 · · · a

 , |A| = (a+ n− 1)(a− 1)n−1

|A| 6= 0 ��=� a 6= 1− n, 1
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12£Ö¥1oÙSK14¤�Ý
 A´ n×pÝ
§B´ p×m
Ý
§|^�þy²µ

R(AB) ≤ min{R(A), R(B)}

))).

Let A =


a11 a12 · · · a1p
a21 a22 · · · a2p

...
...

...

an1 an2 · · · anp

 , B =


b11 b12 · · · b1m
b21 b22 · · · b2m
...

...
...

bp1 bp2 · · · bpm



Suppose that

AB = C =
(
C11 C12 · · · C1m

)
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A =
(
A11 A12 · · · A1p

)
, B =

(
B11 B12 · · · B1m

)
AB = A

(
B11 B12 · · · B1m

)
=
(
AB11 AB12 · · · AB1m

)
C1j = AB1j =

(
A11 A12 · · · A1p

)


b1j
b2j
...

bpj


C1j = b1jA11 + b2jA12 + · · ·+ bpjA1p, j = 1, 2, ...,m

¤±§Ý
 C ���þ|�±d A ���þ|�5L«,

R(C) ≤ R(A).
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AB = C =


C11

C21
...

Cn1

 , A =


A11

A21
...

An1

 , B =


B11

B21
...

Bp1



AB =


A11

A21
...

An1

B =


A11B

A21B
...

An1B



Ci1 = Ai1B =
(
ai1 ai2 · · · aip

)
B11

B21

· · ·
Bp1


Ci1 = ai1B11 + ai2B21 + · · ·+ aipBp1, i = 1, 2, ...,m
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Ý
C�1�þ|�±dÝ
 B �1�þ|�5L«§Ïd
R(C) ≤ R(B).

R(AB) = R(C) ≤ min{R(A), R(B)}
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13£Ö¥1oÙSK15¤�k�þ|µ

α1 =

 1

2

1

 , α2 =

 2

1

3

 , α3 =

 3

1

4

 , α4 =

 0

2

0

 , α5 =

 1

1

1



Á¦µ

1 T�þ|��¶

2 T�þ|�4�Ã'|¶

3 ^4�Ã'|�5L«Ù§�þ"
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�EÝ
A µÐ�1C�ØUCÝ
��þ��5'X

A =

 1 2 3 0 1

2 1 1 2 1

1 3 4 0 1

 Ð�1C�

r2 − 2r1, r3 − r1

 1 2 3 0 1

0 −3 −5 2 −1

0 1 1 0 0


r1 − 2r3
r2 + 3r3

 1 0 1 0 1

0 0 −2 2 −1

0 1 1 0 0

 r1 + 1
2
r2

r3 + 1
2
r2

 1 0 0 1 1
2

0 0 −2 2 −1

0 1 0 1 −1
2


r2 ↔ r3

 1 0 0 1 1
2

0 1 0 1 −1
2

0 0 −2 2 −1

 −1
2
r3

 1 0 0 1 1
2

0 1 0 1 −1
2

0 0 1 −1 1
2


α3 = α1 + α2 − α3, α4 =

1

2
α1 −

1

2
α2 +

1

2
α3
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14£Ö¥1oÙSK16¤Áyµd�þµα1 =

 1

0

0

 , α2 =

 1

1

0

 , α3 =

 1

1

2

)¤��þ�mÒ´ R3

))).

�Iy²�m¥?¿���þ α =

 a

b

c

�±d α1, α2, α3 �5

L«§=µα ∈ L(α1, α2, α3)
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Let A =
(
α1 α2 α3

)
, then |A| 6= 0, we know α1, α2, α3 �

5Ã'"b�

AX = α

(
α1 α2 α3

) x

y

z

 =

 a

b

c


 1 1 1 a

0 1 1 b

0 0 2 c

 r1 − r2
1
2
r3

 1 0 0 a− b
0 1 1 b

0 0 1 c
2


r2 − r3

=

 1 0 0 a− b
0 1 0 b− c

2

0 0 1 c
2


x = a− b, y = b− c

2
, z =

c

2
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 a

b

c

 = (a− b)

 1

0

0

+ (b− c

2
)

 1

1

0

+
c

2

 1

1

2


¤±µα ∈ L(α1, α2, α3),R

3 = L(α1, α2, α3)
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15£Ö¥1oÙSK17¤d α1 =


1

2

1

0

 , α2 =


1

0

1

0

)¤

��þ�m� V1. d β1 =


0

1

0

0

 , β2 =


3

0

3

0

)¤��þ�m
� V2. y² V1 = V2.

))).

�Iy²µ�þ|α1, α2, Ú�þ| β1, β2,�5�d,=�±p�
�5L«"
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Äky²µ β1, β2 ∈ V1, �duµ

β1 = k11α1 + k21α2, β2 = k12α1 + k22α2(
β1 β2

)
=
(
α1 α2

)( k11 k12
k21 k22

)

A =
(
α1 α2

)
=


1 1

2 0

1 1

0 0

 , B =
(
β1 β2

)
=


0 3

1 0

0 3

0 0


(
α1 α2 β1 β2

)
=


1 1 0 3

2 0 1 0

1 1 0 3

0 0 0 0


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→


1 1 0 3

0 −2 1 −6

0 0 0 0

0 0 0 0

→


1 0 1
2

0

0 1 −1
2

3

0 0 0 0

0 0 0 0


β1 =

1

2
α1 −

1

2
α2, β2 = 3α2, β1, β2 ∈ V1

(
α1 α2 β1 β2

)
=


1 1 0 3

2 0 1 0

1 1 0 3

0 0 0 0

→


1
3

1
3

0 1

2 0 1 0

0 0 0 0

0 0 0 0


α1 = 2β1 +

1

3
β2, α2 =

1

3
β2, α1, α2 ∈ V2
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16£Ö¥1oÙSK18¤�

V1 ={(x1, x2, ..., xn)|x1, x2, ..., xn ∈ R, x1 + x2 + ...+ xn = 0}
V1 ={(x1, x2, ..., xn)|x1, x2, ..., xn ∈ R, x1 + x2 + ...+ xn = 1}

¯µV1 Ú V2 ´Ø´�þ�mº��oº

))).

if α, β ∈ V1, then

α+β = (x1+y1, x2+y2, ..., xn+yn), x1+y1+x2+y2+...+xn+yn = 0

hence α + β ∈ V1.

kα = (kx1, kx2, ..., kxn), kx1 + kx2 + ...+ kxn = 0, kα ∈ V1

V1 ´���þ�m"

M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù SK 1�ÙSK 1nÙSK 1oÙ SK 18Ù SK

V2 Ø´�þ�m§Ï�é\{Úê¦Øµ4µ

α, β ∈ V2
α + β = (x1 + y1, x2 + y2, ..., xn + yn)

x1 + y1 + x2 + y2 + ...+ xn + yn = 2

⇒ α + β 6∈ V2
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17£Ö¥1oÙSK19¤�

α1 =

 1

2

1

 , α2 =

 2

3

3

 , α3 =

 3

7

1


β1 =

 3

1

4

 , β2 =

 5

2

1

 , β3 =

 1

1

−6


y²µ

1 ùü|�þÑ´ R3 �Ä¶

2 ¦1��Ä�1��Ä�LÞÝ
¶

3 ¦�þ (0,−2, 3) ©O3ùü|Äe��I¶
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))).

(1) �Iy²ùü|�þÑ´�5Ã'|"Let A =(
α1 α2 α3

)
, B =

(
β1 β2 β3

)
|A| 6= 0, |B| 6= 0. ¤±§

�Ñ´�5Ã'|§Ñ�±�� R3 �Ä..

(2) �£1¤�£2¤�LÞÝ
�P ,Kkµ

B = AP, P = A−1B

(
A B

)
=

 1 2 3 3 5 1

2 3 7 1 2 1

1 3 1 4 1 −6


→

 1 2 3 3 5 1

0 −1 1 −5 −8 −1

0 1 −2 1 −4 −7


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 1 0 5 −7 −11 −1

0 −1 1 −5 −8 −1

0 0 −1 −4 −12 −8


→

 1 0 0 −27 −71 −41

0 1 0 9 20 9

0 0 1 4 12 8


P =

 −27 −71 −41

9 20 9

4 12 8



(3). � α =

 0

2

3

,©O±e��§¦�Iµ
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α =

 0

2

3

 =
(
α1 α2 α3

) x

y

z

 = A

 x

y

z


 x

y

z

 = A−1

 0

2

3


 1 2 3 0

2 3 7 2

1 3 1 3

→
 1 2 3 0

0 −1 1 2

0 1 −2 3

→
 1 0 5 4

0 −1 1 2

0 0 −1 5


→

 1 0 0 29

0 −1 0 7

0 0 −1 5

→
 1 0 0 29

0 1 0 −7

0 0 1 −5


α = 29α1 − 7α2 − 5α3
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α =

 0

2

3

 =
(
β1 β2 β3

) x

y

z

 = B

 x

y

z


 x

y

z

 = B−1

 0

2

3


 3 5 1 0

1 2 1 2

4 1 −6 3

→
 0 −1 −2 −6

1 2 1 2

0 −7 −10 −5

→
 1 2 1 2

0 1 2 6

0 −7 −10 −5


→

 1 0 −3 −10

0 1 2 6

0 0 4 37

→
 1 0 0 71

4

0 1 0 −25
2

0 0 1 37
4


α =

71

4
β1 −

25

2
β2 +

37

4
β3
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18£Ö¥1oÙSK20¤�a1, a2, ..., ak ´k, k ≤ n �pØ�
Ó�ê§y²µ

α1 =


1

a1
...

an−11

 , α2 =


1

a2
...

an−11

 , ..., αk =


1

ak
...

an−11


�5Ã'"

))).

-µ

β1 =


1

a1
...

ak−11

 , β2 =


1

a2
...

ak−11

 , ..., βk =


1

ak
...

ak−11


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�â�40{K§|B| =

∣∣∣∣∣∣∣∣∣
1 1 · · · 1

a1 a2 · · · ak
...

...
...

ak−11 ak−1k · · · ak−1k

∣∣∣∣∣∣∣∣∣ 6= 0, ¤

±µβ1, β2, ..., βk, �5Ã'§O\©þC�µα1, α2, ..., αk, �´
�5Ã'"
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19£Ö¥1oÙSK21¤��þ|α1, α2, ..., αr,��þ|
β1, β2, ..., βs,����§�α1, α2, ..., αr,�±d�þ| β1, β2, ..., βs,�
5L«§y²ùü��þ|�d"

))).

�Iy²µ β1, β2, ..., βs, ��±� α1, α2, ..., αr,�5L«"
�α1, α2, ..., αr,�4�Ã'|�

Ω1 = {α1, α2, ..., αd}, d = R(α1, α2, ..., αr)

�β1, β2, ..., βs,�4�Ã'|�

Ω2 = {β1, β2, ..., βd}, d = R(β1, β2, ..., βs)

�â�5L«�D45§Ω1 �±d Ω2 �5L«µ
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(
α1 α2 ... αd

)
=
(
β1 β2 ... βd

)


a11 a12 · · · a1d
a21 a22 · · · a2d

...
...

...

ad1 ad2 · · · add


(
α1 α2 ... αd

)
=
(
β1 β2 ... βd

)
A

A =


a11 a12 · · · a1d
a21 a22 · · · a2d

...
...

...

ad1 ad2 · · · add

 , R(A) ≥ R(α1, α2, ..., αd) = d

(
β1 β2 ... βd

)
=
(
α1 α2 ... αd

)
A−1

¤±§ β1, β2, ..., βd, ��±� α1, α2, ..., αd,�5L«"l
 Ω1

� Ω2 �d§�Ñü��þ|�d"
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20£Ö¥1oÙSK22¤��þ|α1, α2, ..., αr, αr+1, · · · , αm,

��� s, �þ|µα1, α2, ..., αr ��´ t. y²µt ≥ r + s−m.

))).

Let

A =
(
α1 α2 · · · αr

)
, B =

(
αr+1 αr+2 · · · αm

)
and let C =

(
A B

)
. ¤±kµ

s = R(C) = R
(
A B

)
≤ R(A) +R(B)

But R(A) = t, R(B) ≤ m− r. Therefore:

s ≤ t+m− r ⇒ t ≥ s+ r −m
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21£Ö¥1oÙSK23¤�k n ���þ| α1, α2, ..., αsÚ
n ���þ| β1, β2, ..., βt . �µ

A =
(
α1 α2 · · · αs

)
, B =

(
β1 β2 · · · βt

)
y²µ α1, α2, ..., αs�±d n ���þ| β1, β2, ..., βt �5L«
�¿©7�^�´µ�3Ý
 C, ÷vµA = BC

))).

C = (cij)t×s, A = BC

⇔ αj = c1jβ1 + c2jβ2 + ...+ ctjβt = A


c1j
c2j
...

ctj


j = 1, 2, ..., s
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22£Ö¥1oÙSK24¤�Ý
 A ²LÐ��C�z�Ý

 B, y² A ���þ|� B ���þ|�d"

))).

A
Ð��C�

m¦�_Ý
P
B = AC

�âþ�K§B ���þd A ���þ�5L«. 5¿� C ´
�_Ý
§A = BC−1, A ���þ��±dB ���þ�5L
«"
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23£Ö¥1oÙSK25¤�k��þ| α1, α2, ..., αsÚ��
þ| β1, β2, ..., βr,÷vµ(

β1 β2 · · · βr
)

=
(
α1 α2 · · · αs

)
K

K� s× rÝ
"�α1, α2, ..., αs�5Ã'§y² β1, β2, ..., βr�5
Ã'�^�´R(K) = r.

))).

7�5µif β1, β2, ..., βr�5Ã', then R
(
β1 β2 · · · βr

)
= r.

Hence r ≤ R(K) ≤ r, R(K) = r. ¿©5µif R(K) = r, then

R(
(
α1 α2 · · · αs

)
K) ≥ R

(
α1 α2 · · · αs

)
+R(K)− s

R
(
β1 β2 · · · βr

)
≥ R(K) = r

R
(
β1 β2 · · · βr

)
= r, β1, β2, · · · , βr

�5Ã'"
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24£Ö¥1oÙSK26¤� α1, α2, ..., αn ´�| n ��þ"
y²T�þ|�5Ã'�¿©7�^�´µ?¿n ��þ�±d
§��5L«"

Proof.

7�5µ�â Rn �ê� n§eα1, α2, ..., αn�5Ã'§K�Ä
.§?¿�þ�±�§��5L«¶¿©5µ�Ä�IOü 
�þÑ�±�§��5L«§�§�g�Ò´4�Ã'|§Ï

´�5Ã'�þ"
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25£Ö¥1oÙSK27¤�α1, α2, ..., αn´Rn���Ä§α ∈
Rn. e (α, αi) = 0, i = 1, 2, ..., n, then α = 0.

))).

α =
n∑

i=1

kiαi, (α, α) =
n∑

i=1

ki(α, αi) = 0

Hence α = 0
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26£Ö¥1oÙSK28¤�α1, α2, ..., αn ´ Rn���5��
�Ä§

α = x1α1 + x2α2 + ...+ xnαn, β = y1α1 + y2α2 + ...+ ynαn,

Prove: (α, β) =
∑n

i=1 xiyi

))).

Note that:

(αi, αj) = { 0, i 6= j

1, i = j
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27£Ö¥1oÙSK30¤ò�þ|µ

α1 =


1

1

0

0

 , α2 =


1

0

1

1

 , α3 =


1

1

1

1


5���z"

))).

1�Ú§ÅÚ��zµ

β1 = α1 =


1

1

0

0


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β2 = α2 −
(α2, β1)

(β1, β1)
β1 =


1

0

1

1

− 1

2


1

1

0

0



β2 =


1

0

1

1

−


1
2
1
2

0

0

 =


1
2

−1
2

1

1


β3 = α3 −

(α3, β1)

(β1, β1)
β1 −

(α3, β2)

(β2, β2)
β2

=


1

1

1

1

− 2

2
β1 −

4

5
β2 =


1

1

1

1

−


1

1

0

0

−


2
5

−2
5

4
5
4
5

 =


−2

5
2
5
1
5
1
5


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Ùg§5�z

γ1 =
1

|β1|
β1 =

1√
2


1

1

0

0

 , γ2 =
1

|β2|
β2 =

√
2√
5


1
2

−1
2

1

1

 ,

γ3 =
1

|β3|
β3 =

√
5√
2


−2

5
2
5
1
5
1
5


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28£Ö¥1oÙSK31¤�Ý
 A,B Ñ´n ���Ý
§
y²µ

1 A−1 ´��Ý
¶

2 AB ´��Ý
¶

Proof.

1 ®�A′A = E, ¤±A−1 = A′, (A−1)′A−1 = (A′)′A−1 =

AA−1 = E

2 (AB)′AB = B′A′AB = E

¤± A−1, AB Ñ´��Ý
"
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 P ´ Rn ¥5���Ä
α1, α2, ..., αn, � Rn ¥5���Ä β1, β2, ..., βn �LÞÝ
"y
²µP ´��Ý
"

Proof.

�â®�^�§kµ(
β1 β2 · · · βn

)
=
(
α1 α2 · · · αn

)
P

A =
(
α1 α2 · · · αn

)
, B =

(
β1 β2 · · · βn

)
, A = BP

P = B−1A,A,B ´��Ý


B−1, A´��Ý
, P = B−1A

´��Ý
.
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1 y²e¡ü�Ý
�qµ

A =


1 0 0 0

0 2 0 0

0 0 3 0

0 0 0 4

 , B =


4 0 0 0

0 3 0 0

0 0 2 0

0 0 0 1


){1 µ�Ý
µ

T =


0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0


KkµT = T−1 
�

T−1AT =


0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0




1 0 0 0

0 2 0 0

0 0 3 0

0 0 0 4




0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

 = B
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){2µ �kÄ.µα1, α2, α3, α4 Ú�5C�§÷vµ

f
(
α1 α2 α3 α4

)
=
(
α1 α2 α3 α4

)
A

because α4, α3, α2, α1 is also another bases, we have

fα4 = 4α4

fα3 = 3α3

fα2 = 2α2

fα1 = 1α1

⇒ f
(
α4 α3 α2 α1

)
4 0 0 0

0 3 0 0

0 0 2 0

0 0 0 1


Hence the matrix A is similar to B.
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