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1 �m¥�þ��þ�ÝK
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�½�m¥ü�:A =

 x1
x2
x3

 , B =

 y1
y2
y3

,

½½½ÂÂÂ 1.1

�þ
−−→
OB ��þ

−→
OA �ÝK�þ§´��þ

−→
OP §Ù¥: P 3

�� OA þ§��þ
−−→
PB R�u�þ

−→
OA.

5¿µ�þ
−−→
PB ��Ý |

−−→
PB| ½Â�: B ��� OA �å

l"
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�

−→
OP = k

−→
OA

−−→
PB =

−−→
OB −

−→
OP

−→
OA •

−−→
PB = 0

−→
OA • (

−−→
OB −

−→
OP ) = 0

−→
OA • (

−−→
OB − k

−→
OA) = 0

k =

−→
OA •

−−→
OB

−→
OA •

−→
OA
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y3^��þ©O�OþãL«µ

−→
OA =

 x1
x2
x3

 = X,
−−→
OB =

 y1
y2
y3

 = Y

�þ�SÈ�±^Ý
�¦ÈL«µ

k =
X ′Y

X ′X
,
−→
OP = k

−→
OA =

X ′Y

X ′X
X = X

X ′Y

X ′X

AO§P
−→
OP =

XX ′

X ′X
Y
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éu��þ X,¡Ý
 XX′

X′X
��þ X �ÝKÝ
§P�µ

PX =
XX ′

X ′X

dd§?¿�þ Y 3�þ X �ÝK�þP�µ

YX =
−→
OP = PXY

Theorem 1.2

�½�m�þ X, Y , K�þ Y 3�þ X �ÝK�þ�µ

YX = PXY =
XX ′

X ′X
Y, PX =

XX ′

X ′X

¡��þ X �ÝKÝ
"
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2 n��þ�SÈ§ål§��
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�kü� n ��þ X, Y ,

½½½ÂÂÂ 2.1

éu�þ X =


x1
x2
...

xn

 ��þ Y =


y1
y2
...

yn

 §ü��þ�SÈ
½Â�µ

(X, Y ) = X ′Y = x1y1 + x2y2 + · · ·+ xnyn

N´y²µ
(X,X) ≥ 0

�Ò¤á§��=� X = 0
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SÈäkV�55�Úé¡5�µ

(X, Y ) = (Y,X)

(kX, Y ) = k(X, Y ), (X, kY ) = k(X, Y )

(X + Y, Z) = (X,Z) + (Y, Z), (X, Y + Z) = (X, Y ) + (X,Z)
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½½½ÂÂÂ 2.2

éu�þ X =


x1
x2
...

xn

 �þX��Ý�µ

|X| =
√
X ′X =

√
x21 + x22 + · · ·+ x2n
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Theorem 2.3

|(X, Y )| ≤ |X||Y |

�Ò¤á§��=� X � Y �5�'"

Proof.

� X � Y �5�', �±� Y = kX,

|(X, Y )| = |(X, kX)| = |k||(X,X)| =
|k||X|2 = |k||X||X| = |X||kX| = |X||Y |

� X � Y �5�', λX − Y 6= 0,∀λ.

0 < (λX − Y, λX − Y ) = λ2(X,X)− 2λ(X, Y ) + (Y, Y )

⇒ 4(X, Y )2 − 4(X,X)(Y, Y ) < 0

⇒ (X, Y )2 < (X,X)(Y, Y )⇒ |(X, Y )| < |X||Y |
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if |(X, Y )| = |X||Y |, it means that:

(λX − Y, λX − Y ) = λ2(X,X)− 2λ(X, Y ) + (Y, Y ) = 0

k) λ0, Ïdkµ

λ0X − Y = 0, Y = λ0X

�� X � Y �5�'"
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½½½ÂÂÂ 2.4

é�þ X Ú�þ Y §½Â§��Y� θ ÷vµ

cos θ =
(X, Y )

|X||Y |
, θ = arccos

(X, Y )

|X||Y |

0 ≤ θ ≤ π

XJü��þ�Y�� π
2
, ¡ü��þ��"

�âY�½Â§�þ X ��þ Y ��§��=� (X, Y ) =

X ′Y = 0
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�kü� n ��þ X, Y , �Ä�þ Y ��þ X )¤��þ
�m L(X) = {aX|a ∈ F}�ål"

½½½ÂÂÂ 2.5

éu�þ X =


x1
x2
...

xn

 ��þ Y =


y1
y2
...

yn

 §ü��þ�ål
½Â�µ

|X − Y | =
√
(x1 − y1)2 + (x2 − y2)2 + · · ·+ (xn − yn)2
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½½½ÂÂÂ 2.6

�½�þ n ��þ Y Ú��n � �þ�m L, �þY ��þ�
m L �ål ½Â�µ

d = min{|Y −X||X ∈ L}

=�þ X �H�þ�m L �§���� |Y −X|
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3. �þ Y �n ��þ�m�ÝK
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b�k�þ�m L(X) = {aX|a ∈ F}, ½Â�þ Y ��þ�
m L(X) �ÝK��þ YX ∈ L(X),÷v^�µ

X ′(Y − YX) = 0

5¿§XJ Y ∈ L(X), KkY − YX = aX ∈ L(X)

(Y − YX)′(Y − YX) = aX ′(Y − YX) = 0⇒ Y = YX
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Q, YX ∈ L(X),� YX = aX

X ′(Y − YX) = 0⇒ X ′(Y − aX) = 0

a =
X ′Y

X ′X
⇒ YX =

X ′Y

X ′X
X = X

X ′Y

X ′X
=
XX ′

X ′X
Y

½½½ÂÂÂ 3.1

éu n���þ X§ ¡Ý
 XX′

X′X
��þ X �ÝKÝ
"
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Theorem 3.2

éu?¿�þ Y Ú�þ�m L(X) = {aX|a ∈ F}, �þ Y 3�
m L �ÝK�µ

YX =
XX ′

X ′X
Y

�|Y − YX | ��þ Y ��m L(X) �ål"

Proof.

(Ø�1�Ü©®²y²"y3y²1�Ü©" é?¿�þ
aX ∈ L(X)§kµ|Y − YX | ≤ |Y − aX|

M�Tó��ÆêÆÆ�, Q3© �5�êÝKÝ
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|Y − aX| = |Y − YX + YX − aX|, YX − aX ∈ L(X)

⇒ Y − YX��uYX − aX
⇒ |Y − YX |2 + |YX − aX|2 = |Y − aX|2

⇒ |Y − YX | ≤ |Y − aX|

y." 5¿µ��§��þ X ��þ Y �� �§kµ

|X|2 + |Y |2 = |X + Y |2

M�Tó��ÆêÆÆ�, Q3© �5�êÝKÝ
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ù´Ï�µ

|X + Y |2 = (X + Y,X + Y )

= (X,X) + 2(X, Y ) + (Y, Y )

= |X|2 + |Y 2|

UY±þg�§�Ä�����þ�m L(X1, X2, ..., Xr)§
d�5Ã'��þµX1, X2, ..., Xr )¤"ïÄ�þ Y ��þ�
m L(X1, X2, ..., Xr) �ålÚÝK"
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½½½ÂÂÂ 3.3

b�k�þ�m L(X1, X2, ..., Xr), ½Â�þ Y ��þ�m
L(X1, X2, ..., Xr) �ÝK��þ YL ∈ L(X1, X2, ..., Xr),÷v^
�µ

X ′(Y − YL) = 0,∀X ∈ L(X1, X2, ..., Xr)

5¿§� Y ∈ L(X1, X2, ..., Xr), Ï� Y − YL ∈ L, kµ

(Y − YL)′(Y − YL) = 0⇒ Y − YL = 0, Y = YL
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y3� n ��þ Y =


y1
y2
...

yn

, �þ�m L d�5Ã'�þ

α1 =


a11
a21
...

an1

 , , α2 =


a12
a22
...

an2

 , ..., αr =


a1r
a2r
...

anr


)¤"

X ′(Y − YL) = 0⇔ α′j(Y − YL) = 0, j = 1, 2, ..., r
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b�
A =

(
α1 α2 · · · αr

)
YL = x1α1 + x2α2 + · · ·+ xrαr

YL = A


x1
x2
...

xr


Ïdkµ

0 = A′(Y − YL) = A′(Y − AX) = 0, X =


x1
x2
...

xr


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A′AX = A′Y,X = (A′A)−1A′Y

YL = AX = A(A′A)−1A′Y

A(A′A)−1A′ = PA

¡�Ý
 A ���m�ÝKÝ
" o(±þ?Ø§��(Øµ
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Theorem 3.4

éun ���þ Y Ú�5Ã'��þ α1, α2, ..., αr )¤�f�
m L(α1, α2, ..., αr)

A =
(
α1 α2 · · · αr

)
YL = PAY = A(A′A)−1A′Y

��þ Y 3�þ�m L �ÝK"
� |Y − YL| ´�þ Y ��
m L �ål"
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Proof.

½n�1�Ü©®²y²"y3y²1�Ü©µ?��þ�m
L(α1, α2, ..., αr) ¥�: P, F"y²

|Y − YL| ≤ |Y − P |

Ï�YL − P ∈ L

|Y − P | = |Y − YL + YL − P |, (YL − P )′(Y − YL) = 0

|Y − YL|2 ≤ |Y − YL|2 + |YL − P |2 = |Y − P |2

¤±kµ
|Y − YL| ≤ |Y − P |

M�Tó��ÆêÆÆ�, Q3© �5�êÝKÝ
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'uÝK����O½nµ

Theorem 3.5

éun ���þ Y Ú�5Ã'��þ α1, α2, ..., αr )¤�f�
m L(α1, α2, ..., αr)" α ∈ L��þ Y 3�þ�m L �ÝK,��
=�

|Y − α| ≤ |Y − β|,∀β ∈ L

Proof.

½n�7�5®²y²"y3y²¿©5µ�Iy² YL−α = 0.

Ï�α− YL ∈ L

|Y − α| = |Y − YL + YL − α|, (YL − α)′(Y − YL) = 0

|Y − YL|2 ≤ |Y − YL|2 + |YL − α|2 = |Y − α|2 ≤ |Y − YL|2

M�Tó��ÆêÆÆ�, Q3© �5�êÝKÝ
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¤±kµ

|Y − YL|2 + |YL − α|2 = |Y − α|2 = |Y − YL|2

|YL − α|2 = 0, YL = α

M�Tó��ÆêÆÆ�, Q3© �5�êÝKÝ
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4. AÛ�þ�m¥A^¯K
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4.1 :����ÝK
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4.1 :����ÝK

�k:µ P = (x1, y1, z1) Ú��µ

l :
x− x0
m

=
y − y0
n

=
z − z0
p

M = (x0, y0, z0) ���þ�:§
−→s = (m,n, p) �������

þ"
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½½½ÂÂÂ 4.1

�½�� l Ú��	�: P = (x1, y1, z1)§²L: P Ú�� l R
��²¡� π, K²¡ π ��� l ��: Pl ¡�: P 3�� l

�ÝK:"

�: P 3�� l þ�ÝK:� Pl = (x, y, z). �þ MPl �
�þ MP 3�þ−→s = (m,n, p) �ÝK"
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−−→
MPl =

−→s ′−→s
−→s −→s ′

−−→
MP

=
1

m2 + n2 + p2

 m2 mn mp

nm n2 np

pm pn p2

 x1 − x0
y1 − y0
z1 − z0



� Pl = (x0 + tm, y0 + tn, z0 + tp),
−−→
MPl = t

 m

n

p



M�Tó��ÆêÆÆ�, Q3© �5�êÝKÝ
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t

 m

n

p

 =
−→s ′−→s
−→s −→s ′

−−→
MP ′

=
1

m2 + n2 + p2

 m

n

p

( m n p
) x1 − x0

y1 − y0
z1 − z0


=
m(x1 − x0) + n(y1 − y0) + p(z1 − z0)

m2 + n2 + p2

 m

n

p


t =

−→s
|−→s |2

•
−−→
MP =

1

|−→s |
−→s0 •
−−→
MP
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Pl = (x, y, z), x = x0 + tm = x0 +
m

|−→s |
−→s0 •
−−→
MP

y = y0 + tn = y0 +
n

|−→s |
−→s0 •
−−→
MP

z = y0 + tp = z0 +
p

|−→s |
−→s0 •
−−→
MP

��l ²L�: O(0, 0, 0) =M,
−−→
MP = (x1, y1, z1),

t = 1
|−→s |
−→s0 •
−−→
MP = mx1+ny1+pz1

m2+n2+p2

Pl = (x, y, z), x = tm =
m2x1 +mny1 +mpz1

m2 + n2 + p2
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Pl = (x, y, z), y = tn =
nmx1 + n2y1 + npz1

m2 + n2 + p2

Pl = (x, y, z), z = tp =
pmx1 + pny1 + p2z1

m2 + n2 + p2
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Example 1

¦: A(2, 4, 3) 3��µL : x = y = z þÝK:�I§¿¦Ñ
:A �T���ål"

))).

©ÛµÄk¦Ñ²L:A§¿���� L R��²¡ π,,�¦
Ñ²¡ π ��� L ��:§=�ÝK:" �â:{ªµ

π : x− 2 + y − 4 + z − 3 = 0

x+ y + z − 9 = 0

ò��ëê�§ x = y = z = t �\²¡ π ��§§��t = 3.

¤±ÝK:� M(3, 3, 3).

|
−−→
AM | =

√
2

�ål"
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){2§ A^c¡úªµ

−→s = (1, 1, 1) = (m,n, p)

P = (2, 4, 3) = (x1, y1, z1)

t =
2 + 4 + 3

3
= 3 x = tm = 3, y = tn = 3, z = tp = 3

Pl = (3, 3, 3) |
−−→
PPl| =

√
2
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