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�½��ê� F §éu�
 A ∈ F nÚ F þõ�ª

f(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0

-µ
f(A) = anA

n + an−1A
n−1 + · · ·+ a1A+ a0E

¡�Ý
 A �õ�ª§P� f(A)

e f(A) = 0, ="Ý
§Ò¡õ�ª f(x) ´Ý
 A �"z
õ�ª"

¯Kµ�½�Ý
 A §´Ä�3 A �"zõ�ª f(x)º
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Example 1

�

A =

(
1 a

0 −1

)
, f(x) = x2 − 1

f(A) = A2 − E =

(
1 a

0 −1

)2

− E =(
1 a

0 −1

)(
1 a

0 −1

)
− E = E − E = 0

éu����
 A §·���y²k"zõ�ª f(x)"
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kQã½n

Theorem 2.1

éun �Ý
 f(x)§�3�� n gõ�ª f(x)§÷v f(A) = 0

�e5§·�I��
O�ó�§5y²þã½n"
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½½½ÂÂÂ 2.2

éu n ��
 A§- f(λ) = |λE −A|§¡�Ý
 A �A�õ�
ª"

f(λ) =|λE − A|

=

∣∣∣∣∣∣∣∣∣
λ− a11 −a12 · · · −a1n
−a21 λ− a22 · · · −a2n
...

...
. . .

...

−an1 −an2 · · · λ− ann

∣∣∣∣∣∣∣∣∣
=λn −

n∑
k=1

akkλ
n−1 + · · ·+ (−1)n|A|
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�kõ�ªµfij(λ), -
f11(λ) f12(λ) · · · f1n(λ)

f21(λ) f22(λ) · · · f2n(λ)
...

...
. . .

...

fn1(λ) fn2(λ) · · · fnn(λ)


¡�õ�ªÝ
"�âÝ
�\{ê¦5K§�±�¤Xê�
Ý
�õ�ªµ

λnAn + λn−1An−1 + · · ·+ λA1 + A0
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~Xµ λ3 + λ2 + 2λ+ 1 λ3 + 2λ2 + 1 λ3 + 2λ+ 1

λ3 ++2λ+ 1 λ3 + λ2 + 2λ+ 1 +λ2 + 2λ+ 1

λ3 + 2λ+ 1 λ3 + 2λ+ 1 λ3 + λ2


=

 λ3 λ3 λ3

λ3 λ3 0

λ3 λ3 λ3

+

 λ2 2λ2 0

0 λ2 λ2

0 0 λ2


+

 2λ 0 2λ

2λ 2λ 2λ

2λ 2λ 0

+

 1 1 1

1 1 1

1 1 0


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= λ3

 1 1 1

1 1 0

1 1 1

+ λ2

 1 2 0

0 1 1

0 0 1


+λ

 2 0 2

2 2 2

2 2 0

+

 1 1 1

1 1 1

1 1 0


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éu n �Ý
 A �A�õ�ª f(λ) = |λE −A|,�±½Â§
���Ý
µ

(λE − A)∗ =


A11(λ) A21(λ) · · · An1(λ)

A12(λ) A22(λ) · · · An2(λ)
...

...
. . .

...

A1n(λ) A2n(λ) · · · Ann(λ)


= Bn−1λ

n−1 +Bn−2λ
n−2 + · · ·+B1λ+B0

¡�Ý
 λE − A ���Ý
"
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�â��Ý
�5�§é��õ�ªÝ
§kµ

(λE − A)(λE − A)∗ = |λE − A|E

= λnE −
n∑

k=1

akkλ
n−1E + · · ·+ (−1)n|A|E

= λnE + an−1λ
n−1E + · · ·+ a1λE + a0E

5¿d?b½µ

|λE − A| = λn + an−1λ
n−1 + · · ·+ a1λ+ a0 = f(λ)
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qÏ�

(λE − A)(λE − A)∗

= (λE − A)(Bn−1λ
n−1 +Bn−2λ

n−2 + · · ·+B1λ+B0)

= Bn−1λ
n + (Bn−2 − ABn−1)λ

n−1 + · · ·+ (B0 − AB1)λ− AB0
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dþ��µ

Bn−1 = E · · · (1)
Bn−2 − ABn−1 = an−1E · · · (2)
Bn−3 − ABn−2 = an−2E · · · (3)

· · · = · · · · · ·
B0 − AB1 = a1E · · · (n)
−AB0 = a0E · · · (n+ 1)

þ¡1��ªf¦Ý
A, ��µABn−1 = AE = A, \�þ¡1
��ªf§��µ

Bn−2 = an−1E + A

2^Ý
 A ¦þ¡ªf§�� ABn−2 = an−1A+ A2
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\�þ¡1£3¤ª§��µ

Bn−3 = an−2E + an−1A+ A2

UYþãL§§��

B0 = a1E + a2A+ · · ·+ an−1A
n−2 + An−1

þª¦Ý
 A §\�1 (n+ 1) �ªf§��

0 = a0E + a1A+ a2A
2 + · · ·+ an−1A

n−1 + An
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¤±��
§Ý
 A �"zõ�ªµf(λ) = |λE − A|

f(A) = a0E + a1A+ a2A
2 + · · ·+ an−1A

n−1 + An = 0

Theorem 4.1

éuÝ
 A, �ÙA�õ�ª� f(λ) = |λE − A|§ Kkµ

f(A) = 0
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