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½½½ÂÂÂ 1.1

(Ö¥½Â 2.1§P27)ê� F ¥ m×n�ê aij, i = 1, 2, ...,m; j =

1, 2, ..., n§L��e�/ªµm 1 n �µ
a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
...

am1 am2 · · · amn


¡� F þ m×n Ý
§P���i1 A. 1 i 11 j����P
� aij. A�±{üL��µA = (aij).

e F = Q §¡ A knêÝ
§e F = R§¡ A¢êÝ
§
e F = C §¡ AEÝ
"

ÎÒ Fm×n L« F þ�N m× n Ý
"
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A = (aij) = B = (bij) ⇔ aij = bij, i = 1, 2, ...,m; j =

1, 2, ..., n" 5¿µA � B Ñ´ m× n Ý
.

��Ñ´"�Ý
§¡�"Ý
µ0m×n = 0

1Ý
µA = (aij)1×n = (a1, a2, ..., an)

�Ý
µA =


a1
a2
...

an


1Ý
k�¡1�þ§�Ý
k�¡��þ"

1���m = n§¡��
"
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þn�Ý
£�
¤µ


a11 a12 · · · a1n
0 a22 · · · a2n
...

...
...

0 0 · · · ann



en�Ý
£�
¤µ


a11 0 · · · 0

a21 a22 · · · 0
...

...
...

an1 an2 · · · ann



é�Ý
£�
¤µ


a11 0 · · · 0

0 a22 · · · 0
...

...
...

0 0 · · · ann


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IþÝ
£ê¦Ý
¤�Xe�
:
a 0 · · · 0

0 a · · · 0
...

...
...

0 0 · · · a


n �ü Ý
½Â�Xe�
µ

En =


1 0 · · · 0

0 1 · · · 0
...

...
...

0 0 · · · 1


z1z�k����� 1§Ù{��� 0�Ý
§¡���
Ý
"
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~Xµ3���Ý
kµ 1 0 0

0 1 0

0 0 1

  1 0 0

0 0 1

0 1 0

  0 1 0

1 0 0

0 0 1

  0 0 1

1 0 0

0 1 0


 0 1 0

0 0 1

1 0 0

  0 0 1

0 1 0

1 0 0



M�Tó��ÆêÆÆ�, Q3© �5�ê1�Ù Ý




n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�Ý
�\{ ê�Ý
�¦ Ý
�Ý
�¦ �
�� �
�1�ª�1�ª�¦{úª Ý
�=�

2.2 Ý
�$�

M�Tó��ÆêÆÆ�, Q3© �5�ê1�Ù Ý




n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�Ý
�\{ ê�Ý
�¦ Ý
�Ý
�¦ �
�� �
�1�ª�1�ª�¦{úª Ý
�=�

2.2.1 Ý
�\{

ü�Ý
k�Ó�1ê m §�Ó��ê n§�±½Â\{"
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½½½ÂÂÂ 2.1

£Ö¥½Â2.2§P29¤ éÝ
 A = (aij)m×n Ú B = (bij)m×n§
\{½Â�

A+B =


a11 + b11 a12 + b12 · · · a1n + b1n
a21 + b21 a22 + b22 · · · a2n + b2n

...
...

...

am1 + bm1 am2 + bm2 · · · amn + bmn



−A = (−aij) ¡� A = (aij) �KÝ
"Ïd

A−B = A+ (−B) = (aij − bij)
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2.2.1 ê¦Ý
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ê¦Ý
½Â�µ

½½½ÂÂÂ 2.2

£Ö¥½Â2.3§P30¤éÝ
A = (aij), k ∈ F , ½Âê¦Ý

µkA = (kaij)"

Ý
�\{Úê¦§Ñ¡�Ý
��5$�"ù
$�÷v
��Æ§(ÜÆµ

A+B = B + A

(A+B) + C = A+ (B + C)

(kl)A = k(lA)
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2.2.1 Ý
�¦{

éuÝ
 A = (aij)m×p �Ý
 B = (bij)p×n §XJc¡Ý
 A

��ê�u�¡Ý
 B �1ê§�±½ÂÝ
¦{µAB
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�µ~fµ�Ä²¡þ�^=µ_��^=�Ýθ, �Ä�I
�C�µA = (x, y)→ B = (x′, y′). ��þ OA �x−¶�Y��
φ,Kk

x′ = r cos(φ+ θ) = r cosφ cos θ − r sinφ sin θ
y′ = r sin(φ+ θ) = r sinφ cos θ + r cosφ sin θ, r = |OA|
x′ = x cos θ − y sin θ
y′ = y cos θ + x sin θ = x sin θ + y cos θ(

x′

y′

)
=

(
cos θ − sin θ

sin θ cos θ

)(
x

y

)
· · · · · · (1)

5¿µ�þ OA ��þ OB �Y��µθ
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b�²¡2UY_��^=�Ý ψ,B → C(x′′, y′′).5¿�µ
�þ OC ��þ OB �Y��µψ;�þ OC ��þ OA �Y�
�µψ + θ; �âc¡úªµ(

x′′

y′′

)
=

(
cosψ − sinψ

sinψ cosψ

)(
x′

y′

)
· · · · · · (2)(

x′′

y′′

)
=

(
cos(ψ + θ) − sin(ψ + θ)

sin(ψ + θ) cos(ψ + θ)

)(
x

y

)
rª £1¤�\ £2¤§��µ(

x′′

y′′

)
=

(
cosψ − sinψ

sinψ cosψ

)(
cos θ − sin θ

sin θ cos θ

)(
x

y

)
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(
cosψ − sinψ

sinψ cosψ

)(
cos θ − sin θ

sin θ cos θ

)
=

(
cos(ψ + θ) − sin(ψ + θ)

sin(ψ + θ) cos(ψ + θ)

)
=(

cosψ cos θ − sinψ sin θ − sinψ cos θ − cosψ sin θ

sinψ cos θ + cosψ sin θ cosψ cos θ − sinψ sin θ

)
l¥�±wÑ5Æµc��Ý
�1��Ú�¡Ý
���
�§éA�¦§2�Úµ~Xc¡Ý
�1�1¦�¡Ý
�
1��µ(
cosψ − sinψ

)( cos θ

sin θ

)
= cosψ cos θ−sinψ sin θ = cos(ψ+θ)
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½½½ÂÂÂ 2.3

£Ö¥½Â2.4§P31¤ü�Ý
�¦{½Â�µ

A =


a11 a12 · · · a1p
...

...
...

ai1 ai2 · · · aip
...

...
...

am1 am2 · · · amp

 , B =


b11 · · · b1j · · · b1n
b21 · · · b2j · · · b2n
...

...
...

bp1 · · · bpj · · · bpn



AB = (cij)m×n

cij = ai1b1j + ai2b2j + · · ·+ aipbpj

=

p∑
k=1

aikbkj
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1��Ý
 A ��ê7L�u1��Ý
 B �1ê§âU
�¦¶

AB �1ê�u A �1ê§ AB ��ê�u B ��ê¶

AB �1 i 11 j ���� cij§�u A �1 i 1¦u B �
1 j �:

(
ai1 ai2 · · · aip

)


b1j
b2j
...

bpj

 =
∑

k=1,2,...,p

aikbkj

=¦ AB Ú BA Ñk¿Â§�7kµAB = BA"��Ñ´
AB 6= BA. £ë��¡ ~1.¤
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AO§Ý
AB �1 i 1§�±L��µ Ý
A �1i 1 ¦
Ý
 B: (

ai1 ai2 · · · aip
)
B

AB�1 j �§�±ÏL A ¦ B �1 j ���µ

A


b1j
b2j
...

bpj


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Example 1

A = (1, 2, 3), B =

 3

2

1


))).

AB = (10), BA =

 3 6 9

2 4 6

1 2 3


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Ý
¦{ke�5�µ

1 (AB)C = A(BC)

2 A(B + C) = AB + AC, (A+B)C = AC +BC.

3 k(AB) = (kA)B = A(kB).

4 EmAm×n = Am×nEn = Am×n
5 0p×mA = 0p×n, A0n×q = 0m×q
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AB = AC íØÑ B = C

A =

(
2 4

−3 −6

)
, B =

(
−2
1

)
, C =

(
4

−2

)
AB = AC = 0, B 6= C

=¦A 6= 0, B 6= 0 §��U AB = 0,�þ�^"
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Ý
¦{�­�A^µ�5�§|�L�ª"

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b1

· · · · · · · · ·
am1x1 + am2x2 + · · ·+ amnxn = bm
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þ¡ n � m ��5�§|§�±^Ý
L�µ

A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...

am1 an2 · · · ann

 , B =


b1
b2
...

bm

 , X =


x1
x2
...

xn


AX = B · · · · · · (2)
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½ö

x1


a11
a21
...

am1

+ x2


a12
a22
...

am2

+ · · ·+ xn


a1n
a2n
...

amn

 =


b1
b2
...

bm


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AO��þÝ
µ�

e1 =


1

0
...

0

 , e2 =


0

1
...

0

 , ..., ei =


0
...

1
...

0

 , ..., en =


0

0
...

1


� A = (aij)n×p,

e′1A =
(
1 0 · · · 0

)
A =

(
a11 a12 · · · a1p

)
e′2A =

(
0 1 · · · 0

)
A =

(
a21 a22 · · · a2p

)
· · ·

e′iA =
(
0 · · · 1 · · · 0

)
A =

(
ai1 ai2 · · · aip

)
· · ·
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g�KµAÏ�
µ

Eij =



0 0 · · · 0 · · · 0

· · · · · ·
0 0 · · · 1 · · · 0

0 0 · · · 0 · · · 0

· · · · · ·
0 0 · · · 0 · · · 0



1
...

i

i+ 1
...

n

1 2 · · · j · · · n←�Sê

EijEkl = {
Eil, k = j

0, k 6= j
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��kµ5¿� Eij �11, 2, .., i− 1, i+ 1, ..., n 1Ñ´ "�
þ§1i 1�e′j,Ïd

EijA =



0 0 · · · 0 · · · 0 · · · 0

· · · · · · · · ·
aj1 aj2 · · · aji · · · ajj · · · ajn
0 0 · · · 0 · · · 0 · · · 0

· · · · · · · · ·
0 0 · · · 0 · · · 0 · · · 0



1
...

i

i+ 1
...

n

1 ↑ 2 ↑ · · · i ↑ · · · j ↑ · · · n←�Sê
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�
��

éu���
 A§�±½Â A �?¿��êg�:

A0 = E,A2 = AA, · · · , An+1 = AnA, · · ·
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AkAl = Ak+l

(Ak)l = Akl

(AB)k 6= AkBk

Example 2(
cos θ − sin θ

sin θ cos θ

)n
=

(
cos θn − sin θn

sin θn cos θn

)

8B{§ë�Ö¥y²P33§½�! ppt mÞ0�"
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éu�
 A Úõ�ª f(x), �±½ÂÝ
õ�ªµ

f(x) = amx
m + am−1x

m−1 + · · ·+ a1x+ a0

f(A) = amA
m + am−1A

m−1 + · · ·+ a1A+ a0E

Example 3

A =

(
1 a

0 −1

)
f(x) = x2 − 1

f(A) = A2 − E = 0
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÷v f(A) = 0 �õ�ª f(x)§ ¡� A �"zõ�ª§�
±y²ù��õ�ª�½�3"d	§éuõ�ª f(x), g(x)§
ok

f(A)g(A) = g(A)f(A)
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2.2.5 �
�1�ª�1�ª�¦{úª
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éu�
 A §�±½Â�A�Ód1�ªµ

½½½ÂÂÂ 2.4

£Ö¥½Â 2.5§P31¤d n ��
 A ���§Uì�5 ��
¤�1�ª§�� A �1�ª§P� |A|

A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann



|A| =

∣∣∣∣∣∣∣∣∣
a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣
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g�Kµ�½�� n ��
 A§O�õ�ªµ

f(x) = |xE − A|

�½õ�ª f(x) �gê§Ä�Xê§~ê�"`²ù´�
 A

�"zõ�ª"
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Theorem 2.5

£Ö¥½n2.1§P34¤ �½ü�Ód�
A,B, k ´��ê

|kA| = kn|A|
|AB| = |A||B|

1�^5�§'�{ü"1�^5�§�¡y²"

5¿µ�,k AB 6= BA §�´ |AB| = |BA|

éuü�Ó��
§|AB| = |A||B|§¡�1�ª¦{úª"
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Example 4

A =

 1 1 0

0 2 0

1 1 −1

 , B =

 2 −4 1

1 −5 0

0 −1 −1


¦ |2(AB)5|

))).

|2(AB)5| = 23|(AB)5| = 8|AB|5 = 8|A|5|B|5

|A| = −2, |B| = 5, |2(AB)5| = 8× (−2)5 × 55 = −8× 105
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Example 5

� A = k1En, B = k2En. ¦ |A|+ |B|, |A+B|

))).

|A|+ |B| = |k1En|+ |k2En| = kn1 |En|+ kn2 |En| = kn1 + kn2

|A+B| = |k1En + k2En| = |(k1 + k2)En| = (k1 + k2)
n

|A|+ |B| 6= |A+B|
=¦ AB,BAÑk¿Â§��UAB 6= BA �´ |AB| =
|BA|, A,B´Ó��
"
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Ý
�=�
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½½½ÂÂÂ 2.6

£Ö¥½Â2.6§P36¤� m× n Ý


A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...

am1 am2 · · · amn


rþãÝ
�1C¤�§�C�1§¡ n×m Ý


A′ =


a11 a21 · · · am1

a12 a22 · · · am2
...

...
. . .

...

a1n a2n · · · amn


� A �=�Ý
§½P� AT .
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l����ÝwµA �1 i 11 j ���� A(i, j)§¤�
A′ �1 j 11 i ���� A′(j, i) = A(i, j)

Ý
=�ke�5�µ

(A′)′ = A

(A+B)′ = A′ +B′

(kA)′ = kA′

(AB)′ = B′A′

|A′| = |A|
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y²14^5�µ� A � m × n Ý
§ B � n × p Ý

"(AB)′ �1 i 11 j ����P�(AB)′(i, j),�u AB �1
j 11 i ����,P� (AB)(j, i), �uA �1 j 1¦B �1 i

�µ
aj1b1i + aj2b2i + · · ·+ ajnbni = (AB)(j, i)

2ww B′A′ �1 i 11 j ���§P� (B′A′)(i, j), U½Â�
B′ �1 i 1¦ A′ �1 j �§�u B �1 i �¦ A �1j 1µ

(B′A′)(i, j) = b1iaj1 + b2iaj2 + · · ·+ bniajn =

aj1b1i + aj2b2i + · · ·+ ajnbni = (AB)(j, i) = (AB)′(i, j)

¤±§(AB)′ = B′A′
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e�
 A ÷v A = A′(A = −A′)§¡ A �é¡(�é¡)Ý

"�du:aij = aji(aij = −aji). ü Ý
§é�Ý
Ñ´é¡
Ý
"éuEêÝ


A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...

am1 am2 · · · amn

 , A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...

am1 am2 · · · amn


½½½ÂÂÂ 2.7

£Ö¥½Â2.7§P37¤¡ A � A ��ÝÝ
"- AH = A
′
§¡

� A ��Ý=�Ý
"
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1 A+B = A+B

2 kA = k A

3 AB = A B

4 |A| = |A|
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2.3 �_Ý


2.3.1 _Ý
�½Â
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½½½ÂÂÂ 3.1

£Ö¥½Â 2.8§P38¤ éu n ��
 A§e�3 n ��
 B§
¦� AB = BA = E§¡ A ´�_Ý
§¡ B ´ A �_Ý
"

5¿µ_Ý
e�3§K´���"

BA = AB = E

CA = AC = E

B = BE = BAC = EC = C

e A �_§K§���_Ý
P� A−1
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e�5�´²w�

1 (A−1)−1 = A

2 A�_§K (kA)−1 = 1
k
A−1, k 6= 0.

3 e A,B Ñ´Ó��_Ý
§K (AB)−1 = B−1A−1

4 (A′)−1 = (A−1)′

�yþ¡5�4µ

(A−1)′A′ =(AA−1)′

= E ′ = E

Ón�yµA′(A−1)′ = E,¤±µ(A′)−1 = (A−1)′.
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2.3.2 �_Ý
�½�¦)§��Ý


éu n �Ý
 A = (aij), �Ä aij 3 |A| ��ê{fª Aij, dd
�E��#Ý
"
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|A| =

∣∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n
...

... · · · ...

ai1 ai2 · · · ain
...

... · · · ...

an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣∣∣∣
, A∗ =


A11 A21 · · · An1
...

... · · · ...

A1i A2i · · · Ani
...

... · · · ...

A1n A2n · · · Ann


AO5¿µ

1 A∗ �1��´ |A| �1�1��ê{fª§A∗ 1��´
|A| �1�1��ê{fª§Ù{aí"

2 A∗ �1�1´ |A| �1����ê{fª§A∗ 1�1´
|A| �1����ê{fª§Ù{aí"

3 ···���¡¡¡ A∗ ´́́ A ���������ÝÝÝ


"""
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ÚÚÚnnn 3.2

£Ö¥Ún 2.1§P39¤ é n ��
 A§ k

A∗A = AA∗ = |A|E

Proof.

AA∗ =


a11 a12 · · · a1n
...

... · · · ...

ai1 ai2 · · · ain
...

... · · · ...

an1 an2 · · · ann




A11 A21 · · · An1
...

... · · · ...

A1i A2i · · · Ani
...

... · · · ...

A1n A2n · · · Ann


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Proof.

=


∑n

k=1 aikAik 0 · · · 0

0
∑n

k=1 aikAik · · · 0
...

...
...

0 0 · · ·
∑n

k=1 aikAik



=


|A| 0 · · · 0

0 |A| · · · 0
...

...
...

0 0 · · · |A|


= |A|E
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Theorem 3.3

£Ö¥½n2.2§P40¤ éu n ��
A, A �_��=� |A| 6=
0"� |A| 6= 0, A−1 = 1

|A|A
∗

Proof.

eÝ
 A �_§K�3Ý
 B §÷vµ

AB = E ⇒ |AB| = |A||B| = 1, |A| 6= 0

��§e|A| 6= 0 ⇒ A
1

|A|
A∗ =

1

|A|
A∗A = E

⇒ A−1 =
1

|A|
A∗
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éu n ��
 A

1 |A| = 0 ¡ A�ÛÉÝ
¶

2 |A| 6= 0 §¡ A��ÛÉÝ
"

Example 6

é n ��
 A,B, e AB = E, KB = A−1"

Proof.

AB = E ⇒ |AB| = 1⇒ |A||B| = 1, |A| 6= 0, A�_

¤±
AB = E ⇒ A−1(AB) = A−1E ⇒ B = A−1
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Example 7

A =

(
a11 a12
a21 a22

)
|A| 6= 0

A−1 =
1

a11a22 − a12a21

(
a22 −a12
−a21 a11

)

Proof.
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Example 8

¦÷vÝ
�§ AX = B �Ý
 X, d?µ

A =

 1 2 2

2 1 −2
2 −2 1

 , B =

 8 3

−5 9

2 15


))).

|A| 6= 0, A−1�3"¤±§

X = A−1B =
1

|A|
A∗B

ééé���___ÝÝÝ


A§§§555½½½µµµ A−k = (A−1)k"
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2.4 Ý
�Ð�C�

2.4.1 Ý
Ð�C��Vg
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^\~��{§)�5�§µ

−2x1 − 3x2 + 4x3 = 2 · · · · · · (1)
x1 + 2x2 − x3 = −1 · · · · · · (2)

2x1 + 2x2 − 8x3 = −2 · · · · · · (3)

(1)↔ (2) x1 + 2x2 − x3 = −1 · · · · · · (1)
−→ −2x1 − 3x2 + 4x3 = 2 · · · · · · (2)

1

2
× (3) x1 + x2 − 4x3 = −1 · · · · · · (3)
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(2) + 2× (1) x1 + 2x2 − x3 = −1 · · · · · · (1)
−→ x2 + 2x3 = 0 · · · · · · (2)

(3)− (1) −x2 − 3x3 = 0 · · · · · · (3)

(1)− 2× (2) x1 − 5x3 = −1 · · · · · · (1)
−→ x2 + 2x3 = 0 · · · · · · (2)

(3) + (2) −x3 = 0 · · · · · · (3)

���§|�)�µ

x1 = −1, x2 = 0, x3 = 0
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þã)�§|��{§¢�
n«C�µ

1 p�ü��§� �¶

2 ^���"ê¦,���§¶

3 r���§��ê\�,���§þ�¶

�5�§|�ùn�C�§ØUC�§|�)"
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±Ý
�ªL�þã�5�§µ −2 −3 4 2

1 2 −1 −1
2 2 −8 −2


(1)↔ (2)

1
2
(3)

 1 2 −1 −1
−2 −3 4 2

1 1 −4 −1


(2) + 2× (1)

(3)− (1)

 1 2 −1 −1
0 1 2 0

0 −1 −3 0


(1)− 2× (2)

(3) + (2)

 1 0 −5 −1
0 1 2 0

0 0 −1 0


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½½½ÂÂÂ 4.1

£½Â2.9§P43¤Ý
�n«Ð�1C�

1 éNü1§~X 1 i, j 1éN§P�µri ↔ rj
2 �"ê k ¦Ý
�,1§~X§�"ê k ¦1 i 1§P
�µk × ri

3 ê¦,�1\�,	�1�§~X§ê k ¦1 j 1\�1 i

1§P�µri + krj

�A�1�¤�§���A�Ð��C�§PÒ¥� ri U
� ci ¶

Ð�1½�C�§Ñ¡�Ý
�Ð�C�¶

Ý
�Ð�C�´�_�§~Xµri+ krj �_C��µri−
krj
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5¿µ

d�5�§|éA�Ý
§Ý
�Ð�1C�§ØUC�5
�§|�)¶

XXXJJJÝÝÝ


 A ²²²LLLkkk���gggÐÐÐ���CCC���§§§CCC¤¤¤ÝÝÝ


 B §§§KKK¡¡¡ÝÝÝ



 A ���ÝÝÝ


 B ���ddd"""

Ý
�dkn^5�µg�5§é¡5§D45"

1 g�5µÝ
�Ùg��d¶

2 é¡5µeA � B �d§K B � A �d;

3 D45µeA � B �d§eB � C �d, K A � C �d.
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2.4.2 |^Ð�C�z{Ý
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/Xe�Ý
§¡�1�F.Ý
µ

D =


3 4 1 2 0 7

0 1 3 0 1 5

0 0 0 1 a b

0 0 0 0 0 1

0 0 0 0 0 0


AÚµ

1 "���1§Ñ3�"��1�e�¶

2 z1m©Ñ´Ømä�"�§�êlþ�eî�4O"

3 "Ý
��±¡�1�F/Ý
"

4 ?ÛÝ
Ñ�±²LÐ�1C�§z�1�F/Ý
"
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Example 9

A =


3 2 3 4 5 9

3 1 0 2 1 5

0 1 3 2 6 10

6 4 6 8 12 24


r2 − r1
r4 − 2r1


3 2 3 4 5 9

0 −1 −3 −2 −4 −4
0 1 3 2 6 10

0 0 0 0 2 6


r3 + r2


3 2 3 4 5 9

0 −1 −3 −2 −4 −4
0 0 0 0 2 6

0 0 0 0 2 6


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(−1)r2
r4 − r3


3 2 3 4 5 9

0 1 3 2 4 4

0 0 0 0 2 6

0 0 0 0 0 0


��§éu m × n Ý
 A = (aij)§o�±ÏLe�Ú½§z�
1�F/Ý
µ

1 �	1���� a11, a21, ..., am1§ww´Ä��"§XJ�
´"§2�	1��¶

2 b�1��Ø��"§'X ai1 6= 0, ��1 i �Ú1 1 �¶

3 Ø�� a11 6= 0 §�1C�µri + (− ai1
a11

)r1, i = 2, 3, ..., n, z
�Ý
 B:
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A −→


a11 a12 · · · a1n
0
...

0

 = B

éÝ
 B �me�Ý
§ ­EþãL§§Ò�±ÅÚ��
1�F.Ý
"

111���{{{///ÝÝÝ


 Aµ

1 A ´1�F.Ý
¶

2 A ��"1§�å1���"��Ñ´ 1§�ù� 1 ¤3�
�§Ù§��Ñ´""
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N´wÑ5§1�F.Ý
§²L1�§n«Ð�1C�§
Ò�±z�1�{/Ý
"~X§c¡~fµ

3 2 3 4 5 9

0 1 3 2 4 4

0 0 0 0 2 6

0 0 0 0 0 0


r1 − 2r2

1
2
r3


3 0 −3 0 −3 1

0 1 3 2 4 4

0 0 0 0 1 3

0 0 0 0 0 0


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r1 + 3r3
r2 − 4r3


3 0 −3 0 0 10

0 1 3 2 0 −8
0 0 0 0 1 3

0 0 0 0 0 0


1
3
r1


1 0 −1 0 0 10

3

0 1 3 2 0 −8
0 0 0 0 1 3

0 0 0 0 0 0


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���dddIIIOOO///ÝÝÝ


µµµ???ÛÛÛ������ÝÝÝ


§§§²²²LLL111ÚÚÚ������ÐÐÐ���CCC
���§§§zzz������dddIIIOOO///µµµ

D =



1 0 · · · 0 0 · · · 0

0 1 · · · 0 0 · · · 0
...

...
...

...
...

0 0 · · · 1 0 · · · 0

0 0 · · · 0 0 · · · 0
...

...
...

...
...

0 0 · · · 0 0 · · · 0


5¿§�þ�´��ü Ý
 Er, �±{üL«�µ

D =

(
Er 0r×(n−r)

0(m−r)×r 0(m−r)×(n−r)

)
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A Ð�C�
−→

(
Er 0r×(n−r)

0(m−r)×r 0(m−r)×(n−r)

)

1 ?¿Ý
Ñ�±ÏLÐ�1C�§z�1�F.Ý
¶

2 ?¿Ý
Ñ�±ÏLÐ�1C�§z�1�{/Ý
¶

3 ?¿Ý
Ñ�±ÏLÐ�C�§z�IO/Ý
¶
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Ð�C�äk�_5§ = Ý
 A ²LÐ�C�z� B§B
��±ÏLÐ�Ý
z� A"

1�«Ð�C�£��ü1½�¤§�±^1�§n«Ð�
C�O�¶~X��Ý
�1�1Ú1�1§r1 ↔ r2
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 a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
...

 r1+r2

 a11 + a21 a12 + a22 · · · a1n + a2n
a21 a22 · · · a2n
...

...
...


r2−r1

 a11 + a21 a12 + a22 · · · a1n + a2n
−a11 −a12 · · · −a1n
...

...
...


r1+r2

 a21 a22 · · · a2n
−a11 −a12 · · · −a1n
...

...
...


−1r2

 a21 a22 · · · a2n
a11 a12 · · · a1n
...

...
...


M�Tó��ÆêÆÆ�, Q3© �5�ê1�Ù Ý




n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�¦Ý
���{

2.5 Ý
��

2.5.1 Ý
���Vg
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?ÛÝ
Ñ�±²LÐ�C�§z�IO/µ

A Ð�C�
−→

(
Er 0r×(n−r)

0(m−r)×r 0(m−r)×(n−r)

)
¯Kµù�ê r ´Ø´��(½�º=dÝ
 A û½§Ø�6
uÐ�C�"�!�£�ù�¯K"
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�½Ý
 A§·�½Â±eVgµ

1 fÝ
§yKÝ
�eZ1§eZ�§�e��Uì�kg
S�¤�Ý
¶

2 f�
§fÝ
�¥��
§=1ê�u�ê�fÝ
¶

3 fªµf�
�1�ª"

g�KµÝ
 A ²LÐ�C�§z�Ý
 B§¯ B �fª� A

�fªk�o'Xº
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A =


1 2 3 4 5 6 7

2 3 4 5 6 7 8

3 4 5 6 7 8 9

4 5 6 7 8 9 1


A �fÝ
§

(
1 3 5

3 5 7

) (
1 2 3

)  6 7 8

7 8 9

8 9 1



����´f�
§éA��3-�fªµ

∣∣∣∣∣∣
6 7 8

7 8 9

8 9 1

∣∣∣∣∣∣
�e5§?Ø�e§Ý
Ð�C��§fª�Cz�¹µ
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�âÝ
1�n«Ð�C�§±��5 × 4 Ý
�~§©�
¹?Øµ

1. ��ü1µA→ B, Ø����11§121§
a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44
a51 a52 a53 a54

 r1 ↔ r2
A→ B


a21 a22 a23 a24
a11 a12 a13 a14
a31 a32 a33 a34
a41 a42 a43 a44
a51 a52 a53 a54


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(1).B �fª§XJØ¹1 1, 2 1§Ò�u A �Ó�fª¶∣∣∣∣∣∣∣∣∣
ai1j1 ai1j2 · · · ai1jk
ai2j1 ai2j2 · · · ai2jk
...

...
. . .

...

aikj1 aikj2 · · · aikjk

∣∣∣∣∣∣∣∣∣ , 2 < i1 < i2 < · · · < ik

(2). B �fª§XJ¹1 1, 2 1¥�,1§'X1�1£�uA
�1�1¤§Ò�u A �Ó�fª¶∣∣∣∣∣∣∣∣∣

a1j1 a1j2 · · · a1jk
ai2j1 ai2j2 · · · ai2jk
...

...
. . .

...

aikj1 aikj2 · · · aikjk

∣∣∣∣∣∣∣∣∣ , 2 = i1 < i2 < · · · < ik

M�Tó��ÆêÆÆ�, Q3© �5�ê1�Ù Ý




n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�¦Ý
���{

(3) B �fª§XJÓ�¹1 1, 2 1§Ò�u A �Ó�fª
��1�Ú1�1¶∣∣∣∣∣∣∣∣∣

a2j1 a2j2 · · · a2jk
a1j1 a1j2 · · · a1jk
...

...
. . .

...

aikj1 aikj2 · · · aikjk

∣∣∣∣∣∣∣∣∣ , 1 = i1 < 2 = i2 < · · · < ik
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2. Ý
 A �,�1¦�"ê k,Aari
→ B,Ø�� i = 2

a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44
a51 a52 a53 a54

 kr2


a11 a12 a13 a14
ka21 ka22 ka23 ka24
a31 a32 a33 a34
a41 a42 a43 a44
a51 a52 a53 a54



1 B �fª§XJØ¹1 2 1§Ò�u A �Ó�fª¶

2 B �fª§XJ¹1 21§Ò�u A �Ó�fª¦ k¶
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3. 1 j 1¦ê a \�1 i 1(Ø��i = 2, j = 5)µA→ B

A =


a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44
a51 a52 a53 a54



r2 + ar5
B =


a11 a12 a13 a14

a21 + aa51 a22 + aa52 a23 + aa53 a24 + aa54
a31 a32 a33 a34
a41 a42 a43 a44
a51 a52 a53 a54


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1 B �fª§XJØ¹1 2 1§Ò�u A �Ó�fª¶∣∣∣∣∣∣∣∣∣
ai1j1 ai1j2 · · · ai1jk
ai2j1 ai2j2 · · · ai2jk
...

...
. . .

...

aikj1 aikj2 · · · aikjk

∣∣∣∣∣∣∣∣∣ , 2 /∈ i1 < i2 < · · · < ik
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1 B �fª§XJÓ�¹1 2, 51§Ò�u A �,�Ó�fª
²L1C���§�´�uA �Ó�fª¶~X�414�∣∣∣∣∣∣∣∣

a21 + aa51 a22 + aa52 a23 + aa53 a24 + aa54
a31 a32 a33 a34
a41 a42 a43 a44
a51 a52 a53 a54

∣∣∣∣∣∣∣∣
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1 B �fª§XJØ¹1 51§�´¹1 21§Ò�u A �
,�Ó�fª\þ,��A �Ó�fª�a�£����K
Ò¤¶~Xc4 14 �§∣∣∣∣∣∣∣∣

a11 a12 a13 a14
a21 + aa51 a22 + aa52 a23 + aa53 a24 + aa54

a31 a32 a33 a34
a41 a42 a43 a44

∣∣∣∣∣∣∣∣
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�¦Ý
���{

(ØµÝ
 A ²L1£�¤Ð�C�§z�Ý
 B �§K
B �fª´ A�Ó�fª��5L«µ=B�fª´A �Ó�f
ª²Lê¦Ú\{���" duÐ�C�´�_�§¤±§A
�fª�´ B�Ó�fª��5L«.
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�¦Ý
���{

��Ý
 A§�­��´ A �����fª"

½½½ÂÂÂ 5.1

(Ö¥½Â 2.10§P47) Ý
 A ��"fª¥§�ê����§
��Ý
 A ��§P�µR(A)

"Ý
��P� 0"~X§�	±eÝ
��µ

A =

 1 1 1 1

2 2 2 2

3 3 3 3

 B =

 1 1 1

1 3 5

2 2 2

 C =

(
0 1

1 2

)

R(A) = 1, R(B) = 2, R(C) = 2

M�Tó��ÆêÆÆ�, Q3© �5�ê1�Ù Ý




n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�¦Ý
���{

é m× n Ý
 A ±e5�´²w�µ

1 A = (aij)m×n, R(A) ≤ min{m,n}
2 R(A) = R(A′)

3 R(A1) ≤ R(A), A1 ´ A �fÝ
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�¦Ý
���{

£Ö¥½n2.3¤

Theorem 5.2

£Ö¥½n 2.3§P48¤ Ð�C�ØUCÝ
��"

Proof.

1�«Ð�C��±d1�§n«�¤"¤±§�Ié1�§
n«Ð�C�y²"
1�«Ð�C�N´y²§Ï�C�c��fª§�����
"¦ê"±e�Ä1n«Ð�C�"
y²�'�§Ò´`²µÝ
 A �Ý
 B �Ó�fª�±p�
�5L«§c¡±1�§�1�C��~§·�®²y²
ù
�5�"y3·�Ò���¹5y²"±eb½Ý
 A´ m×n
Ý
"
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�¦Ý
���{

b�µi ≤ j

A =



...
...

...
...

ai1 ai2 · · · ain
...

...
...

aj1 aj2 · · · ajn
...

...
...

...


ri+krj



...
...

...
...

ai1 + kaj1 ai2 + kaj2 · · · ain + kajn
...

...
...

aj1 aj2 · · · ajn
...

...
...

...

 = B
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�¦Ý
���{

b�Ý
 A ��� r§= R(A) = r§·��y²µ

R(B) ≤ r = R(A).

�âÝ
���½Â§�I�y² B �¤k s ≥ r + 1 �fª�
�""'�Ý
 A � B§�O=31 i 1§¤±·�©�¹?
Ø:
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�¦Ý
���{

B � s �fª Ds§Ø¹1 i 1§Kù�fª�´ A � s �
fª§Ïd Ds �"¶∣∣∣∣∣∣∣∣∣

aµ1ν1 aµ1ν2 · · · aµ1νs
aµ2ν1 aµ2ν2 · · · aµ2νs
...

...
. . .

...

aµsν1 aµsν2 · · · aµsνs

∣∣∣∣∣∣∣∣∣
µ1 < µ2 < · · · < µs ∈ {1, 2, ...,m} − {i}
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�¦Ý
���{

B � s �fª Ds§¹1 i 1§Ø¹1 j 1§K Ds �±©
)� A ��� s �fªÚ,	�� s fª£²L1���
±C�A�fª,~X§ ajν1 , ..., ajνs�UìÝ
 A�1^S£
Ä§ ½ö��®²´ A �fª¤� k ��Ú§Ïd Ds �
"¶ ∣∣∣∣∣∣∣∣∣∣∣∣

aµ1ν1 aµ1ν2 · · · aµ1νs
...

...
. . .

...

aiν1 + kajν1 aiν2 + kajν2 · · · aiνs + kajνs
...

...
. . .

...

aµsν1 aµsν2 · · · aµsνs

∣∣∣∣∣∣∣∣∣∣∣∣
µ1 < µ2 < · · · < µs ∈ {1, 2, ...,m} − {j}, i ∈ {µ1, ..., µs}
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�¦Ý
���{

B � s�fª Ds§¹1 i1§Ó�¹1 j 1§K Ds �±©
)� A ��� s �fªÚ,	�� s fª£kü1�Ó¤
� k ��Ú§Ïd Ds �""∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

aµ1ν1 aµ1ν2 · · · aµ1νs
...

...
. . .

...

aiν1 + kajν1 aiν2 + kajν2 · · · aiνs + kajνs
...

...
. . .

...

ajν1 ajν2 · · · ajνs
...

...
. . .

...

aµsν1 aµsν2 · · · aµsνs

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
µ1 < µ2 < · · · < µs
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�¦Ý
���{

o(±þín§Ý
 B �?Û s �fª7½´Ý
 A � s

�fª��5|Ü"Q, A �¤k s ≥ r + 1 �fª�"§¤
± B �¤k s ≥ r + 1 �fª�". Ïd R(B) ≤ r = R(A). q
Ï�Ý
 B ��±²LÐ�C�§z� A" Ó��n§kµ
R(A) ≤ R(B).
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�¦Ý
���{

5¿��dIO/Ý
µ(
Er 0

0 0

)
Ù�� r"¤±k(Øµm × nÝ
 A ��� r§��=�Ý

A �±²LÐ�C�z�IO/µ(

Er 0r×(n−r)
0(m−r)×r 0(m−r)×(n−r)

)
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�¦Ý
���{

2.5.2 ¦Ý
���{
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�¦Ý
���{

�âc¡��£§·��±8B�e¦Ý
��µ

1 ÏLÐ�Ð�1C�z�1�F.Ý
¶

2 �"1��ê�uÝ
��"
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�¦Ý
���{

�?1Ð�1C�

Example 10
1 −2 1 0 −1
2 −4 1 2 2

−1 2 0 1 1

3 −6 1 2 1

 −→


1 −2 1 0 −1
0 0 1 −2 −4
0 0 0 1 2

0 0 0 0 0


Ý
 A ��� 3.


1 −2 1 0 −1
2 −4 1 2 2

−1 2 0 0 1

3 −6 1 2 1

 r2 − 2r1, r3 + r1,

r4 − 3r1


1 −2 1 0 −1
0 0 −1 2 4

0 0 1 0 0

0 0 −2 2 4


M�Tó��ÆêÆÆ�, Q3© �5�ê1�Ù Ý




n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�¦Ý
���{


1 −2 1 0 −1
0 0 −1 2 4

0 0 1 0 0

0 0 −2 2 4

 r3 + r2, r4 − 2r2
→


1 −2 1 0 −1
0 0 −1 2 4

0 0 0 2 4

0 0 0 −2 −4


r4 + r3
→


1 −2 1 0 −1
0 0 −1 2 4

0 0 0 2 4

0 0 0 0 0

 2−1r3,−1r2
→


1 −2 1 0 −1
0 0 1 −2 −4
0 0 0 1 2

0 0 0 0 0


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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�¦Ý
���{

Q,Ý
��Ø�uÝ
�1ê½�ê§¤±kµ

1 �÷�Ý
µÝ
���uÝ
��ê¶

2 1÷�Ý
µÝ
���uÝ
�1ê¶

3 ÷�Ý
µ�� n ��
 A§Ý
���u n"

4 AO§�
 A ´÷�Ý
§U½Â§��=� |A| 6= 0.

5 �
 A ´÷�Ý
 ⇔ |A| 6= 0⇔ A �_"
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�¦Ý
���{

XJ?1Ð�C�§z��dIO/µA = (aij)m×n

�÷�Ý
µA→
(

En
0(m−n)×n

)
1÷�Ý
µA→

(
Em 0m×(n−m)

)
÷�Ý
µA→ En
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�Ð�Ý
�Vg Ð�Ý
�5� Ý
�d�¿�^� Ð�C�¦�_Ý
�_Ý


2.6 Ð�Ý


2.6.1 Ð�Ý
�Vg

Ð�Ý
5
uÐ�C�§·��ïáÐ�C��Ð�Ý
�
éA'X"
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�Ð�Ý
�Vg Ð�Ý
�5� Ý
�d�¿�^� Ð�C�¦�_Ý
�_Ý


£Ö¥½Â 2.11§P50¤

½½½ÂÂÂ 6.1

ü Ý
²L�gÐ�C�����
§¡�Ð�Ý
"

�âÐ�C�§Ð�Ý
©n«µ
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�Ð�Ý
�Vg Ð�Ý
�5� Ý
�d�¿�^� Ð�C�¦�_Ý
�_Ý


ü Ý
��ü1£�¤§1 i 1£�¤Ú1 j 1£�¤�
�µ

E(i, j) =



1
. . .

1

0 · · · 1

1
...

. . .
...

1

1 · · · 0

1
. . .

1


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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�Ð�Ý
�Vg Ð�Ý
�5� Ý
�d�¿�^� Ð�C�¦�_Ý
�_Ý


ü Ý
1 i 1£�¤¦u�"ê kµ

E(i(k)) =



1
. . .

1

k

1
. . .

1


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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�Ð�Ý
�Vg Ð�Ý
�5� Ý
�d�¿�^� Ð�C�¦�_Ý
�_Ý


ü Ý
1 j 1¦uê k, \�1 i 1µ

E(i, j(k)) =



1
. . .

1 · · · k
. . .

1
. . .

1


5¿µ�u1 i �¦ê k §\�1 j �"
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�Ð�Ý
�Vg Ð�Ý
�5� Ý
�d�¿�^� Ð�C�¦�_Ý
�_Ý


2.6.2 Ð�Ý
�5�
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�Ð�Ý
�Vg Ð�Ý
�5� Ý
�d�¿�^� Ð�C�¦�_Ý
�_Ý


£1¤Ð�Ý
Ñ´�_Ý
§
�_Ý
�´Ð�Ý
µ

E(i, j)−1 = E(i, j)

E(i(k))−1 = E(i(
1

k
)), k 6= 0

E(i, j(k))−1 = E(i, j(−k))

���y"
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�Ð�Ý
�Vg Ð�Ý
�5� Ý
�d�¿�^� Ð�C�¦�_Ý
�_Ý


£2¤Ð�Ý
�=��´Ð�Ý
µ

E(i, j)′ = E(i, j)

E(i(k))′ = E(i(k), k 6= 0

E(i, j(k))′ = E(j, i(k))

���y"
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�Ð�Ý
�Vg Ð�Ý
�5� Ý
�d�¿�^� Ð�C�¦�_Ý
�_Ý


(3) � A ´ m × n Ý
§éÝ
 A �11C�§�du�
¦�A�Ð�Ý
¶éÝ
 A �1�C�§�dum¦�A�
Ð�Ý
"

E(i, j)A =



a11 a12 · · · a1n
...

...
...

aj1 aj2 · · · ajn
...

...
...

ai1 ai2 · · · ain
...

...
...

am1 am2 · · · amn



M�Tó��ÆêÆÆ�, Q3© �5�ê1�Ù Ý




n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�Ð�Ý
�Vg Ð�Ý
�5� Ý
�d�¿�^� Ð�C�¦�_Ý
�_Ý


5¿�µE(i, j) �1 i 1´µ

e′j =
(
0 · · · 0 · · · 1 · · · 0

)
1 · · · i · · · j� · · · n

©O¦ A �1 1, 2, ..., n�Ò��E(i, j)A�1 i 1µ(
aj1 aj2 · · · ajn

)
= e′jA
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�Ð�Ý
�Vg Ð�Ý
�5� Ý
�d�¿�^� Ð�C�¦�_Ý
�_Ý


5¿�µE(i, j) �1 j 1´µ

e′i =
(
0 · · · 1 · · · 0 · · · 0

)
1 · · · i� · · · j · · · n

©O¦ A �1 1, 2, ..., n�Ò��E(i, j)A�1 j 1µ(
ai1 ai2 · · · ain

)
= e′iA

d	§E(i, j)�Ù§1µ1 k 6=, i, j 1Ò´ e′k, ¦ Ý
 A 1
1, 2, ..., n �§��E(i, j)A �1 k 1�´ A�1 k 1"
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�Ð�Ý
�Vg Ð�Ý
�5� Ý
�d�¿�^� Ð�C�¦�_Ý
�_Ý


E(i(k))A =


a11 a12 · · · a1n
...

...
...

kai1 kai2 · · · kain
...

...
...

am1 am2 · · · amn


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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�Ð�Ý
�Vg Ð�Ý
�5� Ý
�d�¿�^� Ð�C�¦�_Ý
�_Ý


E(i, j(k))A =



a11 a12 · · · a1n
...

...
...

ai1 + kaj1 ai2 + kaj2 · · · ain + kajn
...

...
...

aj1 aj2 · · · ajn
...

...
...

am1 am2 · · · amn



5¿ E(i, j(k)) �1 i 1´

e′i + ke′j
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�Ð�Ý
�Vg Ð�Ý
�5� Ý
�d�¿�^� Ð�C�¦�_Ý
�_Ý


¤± E(i, j(k))A�1 i 1deªû½µ

(e′i + ke′j)A = e′iA+ ke′jA

=
(
ai1 ai2 · · · ain

)
+ k

(
aj1 aj2 · · · ajn

)
=
(
ai1 + kaj1 ai2 + kaj2 · · · ain + kajn

)
E(i, j(k)) �Ù§1, 1t 6= i Ñ´ e′t, ¤± E(i, j(k))A�1t 1´

e′tA =
(
at1 at2 · · · atn

)
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o(�eÐ�C��Ð�Ý
�'Xµ

(1) 1�aÐ�C�

A→ E(i, j)A⇔ A
ri ↔ rj → B = E(i, j)A

A→ AE(i, j)⇔ A
ci ↔ cj → B = AE(i, j)

(2) 1�aÐ�C�

A→ E(i(k))A⇔ A
kri → B = E(i(k))A

A→ AE(i(k))⇔ A
kci → B = AE(i(k))
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(3) 1naÐ�C�

A→ E(i, j(k))A⇔ A
ri + krj → B = E(i, j(k))A

A→ AE(i, j(k))⇔ A
cj + kci → B = AE(i, j(k))

AO5¿µ

1 �¦Ð�Ý
§éAÐ�1C�¶m¦Ð�Ý
§éAÐ�
�C�"

2 �¦ E(i, j(k))§´r1 j 1� k�§\�1 i1¶m¦
E(i, j(k))§´r1 i �� k �§\�1 j �¶
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2.6.3 Ý
�d�¿�^�
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Theorem 6.2

£Ö¥½n2.4§P52¤ n �Ý
 A �_§��=��3k��
Ð�Ý
 P1, P2, ..., Pk§¦�

A = P1P2 · · ·Pk.

Proof.

¿©5w,"7�5µÝ
 A �_, KÝ
 A ��� n. ²
LÐ�1Ú�C�§Ý
 A �±C�ü Ý
 E" Ï�Ð�
C�´�_�§��duü Ý
²LÐ�1Ú�C�§z�
Ý
 A"�âÐ�C��Ð�Ý
�éA'X§�3Ð�Ý

µP1, ..., Pl, Pl+1, ..., Pk, ¦�

P1 · · ·PlEPl+1 · · ·Pk = A

Ïdkµ
A = P1 · · ·PlPl+1 · · ·Pk
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�5� Ý
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íííØØØ 6.3

£Ö¥íØ 2.1,P53¤ü�m×nÝ
 A� B�d�¿©7�^
�´µ�3 m ��_Ý
P Ún ��_Ý
 Q§¦�µPAQ =

B. AO§�3�_Ý
 P,Q, ¦�µPAQ =

(
Er 0

0 0

)
, ù

pr = R(A).

Proof.

¿©5µ=�3 m ��_Ý
P Ún ��_Ý
 Q§¦
�µPAQ = B. �âc¡½n§�_Ý
 P Ú Q ©OL«
¤Ð�Ý
�¦Èµ

P = P1 · · ·Ps, Q = Q1 · · ·Qt

¤±kµ
P1 · · ·PsAQ1 · · ·Qt = B

Ïd§Ý
 A � B �d" 7�5w,"
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XJ��ÄÐ�1C�§½ö��ÄÐ��C�§Òkµ

1 Ý
 A ²LÐ�1C�z� B§��=�µ�3�_Ý

P§¦� PA = B.

2 Ý
 A ²LÐ��C�z� B§��=�µ�3�_Ý

Q§¦� AQ = B.
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�5� Ý
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íííØØØ 6.4

£Ö¥íØ 2.2,P53¤ éu m × n �Ý
 A§m ��_Ý
 P

Ú n ��_Ý
 Q§kµ

R(A) = R(PA) = R(AQ) = R(PAQ)

Proof.

ù´Ï��_Ý
´Ð�Ý
�¦È§
Ð�Ý
éA�Ð�
C�§ØUCÝ
��"
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�Vg Ð�Ý
�5� Ý
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íííØØØ 6.5

£Ö¥íØ 2.3, P53¤ éu�_Ý
 A§²LÐ�1C�§�
±z�ü Ý
"

Proof.

d½n6.2§Ý
 A �±L��Ð�Ý
�¦Èµ

A = P1P2 · · ·Pk = P1P2 · · ·PkE

Ïdk§
P−1k · · ·P

−1
2 P−11 A = E
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2.6.4 Ð�C�¦�_Ý
�_Ý
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éu�_Ý
 A§b�²LÐ�1C�µ

P1, P2, ..., Ps

P1P2 · · ·PsA = E · · · · · · (5)
⇒ P1P2 · · ·PsE = A−1 · · · · · · (6)

�ª £5¤Ú £6¤`²§�Ó�Ð�C�P1, P2, ..., Ps§Ó�r
Ý
 A z�ü Ý
 E Úrü Ý
 E z� A−1"

(A,E)n×2n
Ð�1C�
P1,P2,...,Ps

P1P2 · · ·Ps(A,E) = (P1P2 · · ·PsA,P1P2 · · ·PsE)
= (E,A−1)
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¦±eÝ
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Example 11

D =

 1 2 3

2 3 1

3 1 2



 1 2 3 1 0 0

2 3 1 0 1 0

3 1 2 0 0 1

 →

 1 2 3 1 0 0

0 −1 −5 −2 1 0

0 −5 −7 −3 0 1


 1 0 −7 −3 2 0

0 −1 −5 −2 1 0

0 0 18 7 −5 1

 =

 1 0 0 − 5
18

1
18

7
18

0 1 0 1
18

7
18

− 5
18

0 0 1 7
18

− 5
18

1
18


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Example 12

A =

 1 1 1

0 1 1

0 0 1



(
A E

)
=

 1 1 1 1 0 0

0 1 1 0 1 0

0 0 1 0 0 1

 r1 − r2
→ 1 0 0 1 −1 0

0 1 1 0 1 0

0 0 1 0 0 1

 r2 − r3
→

 1 0 0 1 −1 0

0 1 0 0 1 −1
0 0 1 0 0 1



A−1 =

 1 −1 0

0 1 −1
0 0 1


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 ©¬Ý
�Vg�O� ©¬Ý
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�Vg Ð�Ý
�5� Ý
�d�¿�^� Ð�C�¦�_Ý
�_Ý


é�_Ý
A ÚÝ
 B§þ¡�Ý
 (A,E) �¤ (A,B)§
k

(A,B) Ð�1C�
P1,P2,...,Ps

P1P2 · · ·Ps(A,B) = (P1P2 · · ·PsA,P1P2 · · ·PsB)

= (E,A−1B)
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XJ�ÄÐ��C�§þ¡�¦�_Ý
A�_Ý
C�µ(
A

E

)
2n×n

P1 · · ·Ps

=

(
AP1 · · ·Ps
EP1 · · ·Ps

)
=

(
E

A−1

)
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Example 13

|^�C�§¦_Ý


D =

 1 2 3

2 3 1

3 1 2





1 2 3

2 3 1

3 1 2

1 0 0

0 1 0

0 0 1


→



1 0 0

2 −1 −5
3 −5 −7
1 −2 −3
0 1 0

0 0 1


→



1 0 0

0 −1 0

−7 −5 18

−3 −2 7

2 1 −5
0 0 1


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→



1 0 0

0 1 0

0 0 18

− 5
18

1
18

7
1
18

− 7
18
−5

7
18

− 5
18

1


→



1 0 0

0 1 0

0 0 1

− 5
18

1
18

7
18

1
18

7
18

− 5
18

7
18

− 5
18

1
18


=

(
E

D−1

)
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Example 14

A =

 1 1 1

0 1 1

0 0 1



(
A

E

)
=



1 1 1

0 1 1

0 0 1

1 0 0

0 1 0

0 0 1


c2 − c1, c3 − c1

→



1 0 0

0 1 1

0 0 1

1 −1 −1
0 1 0

0 0 1


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

1 0 0

0 1 1

0 0 1

1 −1 −1
0 1 0

0 0 1


c3 − c2
→



1 0 0

0 1 0

0 0 1

1 −1 0

0 1 −1
0 0 1



A−1 =

 1 −1 0

0 1 −1
0 0 1


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Ý
¦_�í2

·�òÝ
¦_�¯��{í2�e¡n«�¹§)Ý
�
§µ� A� n��_Ý
, B �m ��_Ý
§

1 AX = C

2 XB = C

3 AXB = C
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1. AX = C,X = A−1C(
A C

)Ð�1C� (
E A−1C

)
�nµ

P (A,C) = (PA, PC) = (E,A−1C), P = A−1

2. XB = C,X = CB−1(
A

E

)
Ð��C�

(
E

CB−1

)
�nµ (

B

C

)
Q =

(
BQ

CQ

)
=

(
E

CB−1

)
, Q = B−1
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3 AXB = C,X = A−1CB−1(
A C

0 B

)
cn1

Ð�1C�

(
E A−1C

0 B

)
�m�

Ð��C�

(
E A−1CB−1

0 E

)
�nµ (

P 0

0 E

)(
A C

0 B

)(
E 0

0 Q

)
=

(
PA PAQ

0 BQ

)
=

(
E A−1CB−1

0 E

)
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�O�

2.7 ©¬Ý
�Vg�O�

2.7.1 ©¬Ý
�Vg
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�Ð�C�©¬Ý
�O�

��Ý
§ÏL�
î�§ç�§©¤eZ�¬§z���
¬w����ê���Ý
§��Ý
�©¬µ


a11 a12 a13 a14 a15
a21 a22 a23 a24 a25
a31 a32 a33 a34 a35
a41 a42 a43 a44 a45

 =



a11 a12
...a13 a14 a15

a21 a22
...a23 a24 a25

· · · · · · · · · · · · · · ·
a31 a32

...a33 a34 a35

a41 a42
...a43 a44 a45


=

(
A11 A12

A21 A22

)
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��§m × n Ý
 A§1©¤µm1 +m2 + · · · +ms = m§
�©¤µn1 + n2 + · · ·+ nt = n.

A =


A11 A12 · · · A1t

A21 A22 · · · A2t
...

...
. . .

...

As1 As2 · · · Ast


©¬þn�Ý
Ú©¬en�Ý
µ

A11 A12 · · · A1s

0 A22 · · · A2s
...

...
...

0 0 · · · Ass

 ,


A11 0 · · · 0

A21 A22 · · · 0
...

...
...

As1 As2 · · · Ass


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 ©¬Ý
�Vg�O� ©¬Ý
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�O�

©¬é�Ý
µ
A11 0 · · · 0

0 A22 · · · 0
...

...
...

0 0 · · · Ass


Oé�Ý
§Ù¥z��©¬Ý
´�
µ

A11 0 · · · 0

0 A22 · · · 0
...

...
...

0 0 · · · Ass


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�O�

2.7.2 ©¬Ý
�O�
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Ú\A�~^ÎÒµéu m× n Ý
 A§k~^©¬µ

1 n ���þü�µA =
(
A11 A12 · · · A1n

)
2 m �1�þü�µ


A11

A21
...

Am1


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\{�ê¦µü�Ý
�1ê��§�ê��§©¬�ª�
Ó§K�±�\Úê¦§�{�éA�©¬Ý
�\Úê
¦"


A11 A12 · · · A1s

A21 A22 · · · A2s
...

...
...

At1 At2 · · · Ats

+


B11 B12 · · · B1s

B21 B22 · · · B2s
...

...
...

Bt1 Bt2 · · · Bts



=


A11 +B11 A12 +B12 · · · A1s +B1s

A21 +B21 A22 +B22 · · · A2s +B2s
...

...
...

At1 +Bt1 At2 +Bt2 · · · Ats +Bts


ê¦aq"
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�Ð�C�©¬Ý
�O�

©¬Ý
�¦{µb� A� m×nÝ
§B � n×pÝ
"
A ���©¬{�Ý
 B �1�©¬{�Óµ

A =


A11 A12 · · · A1t

A21 A22 · · · A2s
...

...
...

As1 At2 · · · Ast

 , B =


B11 B12 · · · B1r

B21 B22 · · · B2s
...

...
...

Bt1 Bt2 · · · Btr



AB =


C11 C12 · · · C1r

C21 C22 · · · C2r
...

...
...

Cs1 Cs2 · · · Csr

 , Cij =
∑

k=1,...,t

AikBkj
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Ý
¦{¥§~��A«­�©¬{µA = (aij)m×n, B =

(bij)n×p,�AO5¿ 11§2§5§6 ùo«L��{"

£1¤ Ý
 A g�w��¬(1 × 1)§Ý
 B�p���þ�
ü�(1× p)µ

AB = A
(
B11 B12 · · · B1p

)
=

(
AB11 AB12 · · · AB1p

)
(

1 2 3

2 3 1

) 1 2

2 3

3 1

 = A
(
B11 B12

)
=
(
AB11 AB12

)

M�Tó��ÆêÆÆ�, Q3© �5�ê1�Ù Ý




n Ý
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�O�

£2¤ Aw� m�1�þ�ü�(m× 1¤§Ý
 B g���
¬(1× 1)µ

AB =


A11

A21
...

Am1

B

=


A11B

A21B
...

Am1B


(

1 2 3

2 3 1

) 1 2

2 3

3 1

 =

(
A11

A21

)
B =

(
A11B

A21B

)
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£3¤ Aw� m�1�þ�ü�(m× 1¤§Ý
 B ���þ
ü�(1× p)µ

AB =


A11

A21
...

Am1

( B11 B12 · · · B1p

)

=


A11B11 A11B12 · · · A11B1p

A21B11 A21B12 · · · A21B1p
...

...
...

Am1B11 Am1B12 · · · Am1B1p


(

1 2 3

2 3 1

) 1 2

2 3

3 1

 =

(
A11

A21

)(
B11 B12

)
=

(
A11B11 A11B12

A21B11 A21B12

)
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£4¤ 1��Ý
 A L����þü�(1× n)§1��Ý

B L��1�þü�(n× 1)µ

AB =
(
A11 A12 · · · A1n

)


B11

B21
...

Bn1


= A11B11 + A12B21 + · · ·+ A1nBn1

= (ai1b1j) + (ai2b2j) + · · ·+ (ainbnj)(
1 2 3

2 3 1

) 1 2

2 3

3 1

 =
(
A11 A12 A13

) B11

B21

B31


= A11B11 + A12B21 + A13B31
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£5¤1��Ý
 A L����þü�(1× n)§1��Ý

B Ø©¬(n× p)µ

AB =
(
A11 A12 · · · A1n

)


b11 b12 · · · b1p
b21 b22 · · · b2p
...

...
...

bn1 bn2 · · · bnp


= (A11b11 + A12b21 + · · ·+ A1nbn1, A11b12 + A12b22 + · · ·+ A1nbn2,

· · · , A11b1p + A12b2p + · · ·+ A1nbnp)

ù�©¬{§��þÚ1�«��µ
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A11b11 + A12b21 + · · ·+ A1nbn1 =

(
A11 A12 · · · A1n

)


b11
b21
...

bn1

 = AB11

A11b12 + A12b22 + · · ·+ A1nbn2 =

(
A11 A12 · · · A1n

)


b12
b22
...

bn2

 = AB12

· · · · · ·
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A11b1p + A12b2p + · · ·+ A1nbnp =

(
A11 A12 · · · A1n

)


b1p
b2p
...

bnp

 = AB1p

(
1 2 3

2 3 1

) 1 2

2 3

3 1

 =
(
A11 A12 A13

) 1 2

2 3

3 1


=
(
A11 + 2A12 + 3A13 2A11 + 3A12 + A13

)
dd��§Ý
 AB ��´ A ����5|Ü§|ÜXê5g
u B ���þ"
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£6¤1��Ý
 A Ø©¬(m × n)§1��Ý
 B ©¬�
1�þü�(n× 1)µ

AB =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
...

am1 am2 · · · amn




B11

B21
...

Bn1



=


a11B11 + a12B21 + · · ·+ a1nBn1

a21B11 + a22B21 + · · ·+ a2nBn1
...

am1B11 + am2B21 + · · ·+ amnBn1


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ù�©¬{§��þÚ1�«©{�Óµ

a11B11 + a12B21 + · · ·+ a1nBn1 =

(
a11 a12 · · · a1n

)


B11

B21
...

Bn1

 = A11B

a21B11 + a22B21 + · · ·+ a2nBn1 =

(
a21 a22 · · · a2n

)


B11

B21
...

Bn1

 = A21B

· · · · · ·
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�O�

dd�±wÑ§Ý
 AB �1´ B �1��5|Ü§|Ü
Xê5guc¡Ý
 A �1��"

(
1 2 3

2 3 1

) 1 2

2 3

3 1

 =

(
1 2 3

2 3 1

) B11

B21

B31


=

(
B11 + 2B21 + 3B31

2B11 + 3B21 +B31

)
dd��§Ý
 AB �1´ B �1��5|Ü,|ÜXê5gu
A �1�þ"
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�O�

n× n ü Ý
 E �±�ì�©¬�µ

E =
(
e1 e2 · · · en

)
e1 =


1

0
...

0

 , e2 =


0

1
...

0

 · · · en =


0

0
...

1


Aej =

(
A11 A12 · · · A1n

)
ej = A1j

e′iA = e′i


A11

A21
...

An1

 = Ai1

e′iAej = aij
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�5�§|�L�µ

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b1

· · · · · · · · ·
am1x1 + am2x2 + · · ·+ amnxn = bm

A = (aij)m×n, X =


x1
x2
...

xn

 , B =


b1
b2
...

bm


AX = B
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(
A11 A12 · · · A1n

)


x1
x2
...

xn

 =


b1
b2
...

bm



x1A11 + x2A12 + · · ·+ xnA1n =


b1
b2
...

bm



x1


a11
a21
...

am1

+ x2


a12
a22
...

am2

+ · · ·+ xn


a1n
a2n
...

amn

 =


b1
b2
...

bm


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O
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��µ

A =


A11 A12 · · · A1s

A21 A22 · · · A2s
...

...
...

As1 As2 · · · Ass



A2 =


∑s

k=1A1kAk1
∑s

k=1A1kAk2 · · ·
∑s

k=1A1kAks∑s
k=1A2kAk1

∑s
k=1A2kAk2 · · ·

∑s
k=1A2kAks

...
...

...∑s
k=1AskAk1

∑s
k=1AskAk2 · · ·

∑s
k=1AskAks


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A =


1 2 1 0

2 1 0 1

0 0 1 0

0 0 0 1

 =

(
A11 E2

0 E2

)

A2 =

(
A11 E2

0 E2

)(
A11 E2

0 E2

)

=

(
A2

11 A11 + E2

0 E2

)
=


5 4 2 2

4 5 2 2

0 0 1 0

0 0 0 1


©¬�Kµ¦þr"Ý
§©¤�¬"
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A =


A11 A12 · · · A1s

A21 A22 · · · A2s
...

...
...

As1 As2 · · · Ass



A′ =


A′11 A′21 · · · A′s1
A′12 A′22 · · · A′s2
...

...
...

A′1s A′2s · · · A′ss


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A =


1 2 1 0

2 1 0 1

0 0 1 0

0 0 0 1

 =

(
A11 E2

0 E2

)

A′ =

(
A′11 0

E ′2 E ′2

)

=

(
A11 0

E2 E2

)
=


1 2 0 0

2 1 0 0

1 0 1 0

0 1 0 1


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AO§~^�=�µ1C�§�C1µ

(
A11 A12 · · · A1n

)′
=


A′11
A′12
...

A′1n




A11

A21
...

Am1


′

=
(
A′11 A′21 · · · A′m1

)
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A =


A11 A12 · · · A1s

0 A22 · · · A2s
...

...
...

0 0 · · · Ass



|A| =

∣∣∣∣∣∣∣∣∣
A11 A12 · · · A1s

0 A22 · · · A2s
...

...
...

0 0 · · · Ass

∣∣∣∣∣∣∣∣∣ = |A11||A22| · · · |Ass|
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en�.µ

A =


A11 0 · · · 0

A21 A22 · · · 0
...

...
...

As1 As2 · · · Ass



|A| =

∣∣∣∣∣∣∣∣∣
A11 0 · · · 0

A21 A22 · · · 0
...

...
...

As1 As2 · · · Ass

∣∣∣∣∣∣∣∣∣ = |A11||A22| · · · |Ass|
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A =


A11 0 · · · 0

0 A22 · · · 0
...

...
...

0 0 · · · Ass



|A| =

∣∣∣∣∣∣∣∣∣
A11 0 · · · 0

0 A22 · · · 0
...

...
...

0 0 · · · Ass

∣∣∣∣∣∣∣∣∣ = |A11||A22| · · · |Ass|
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� A1, A2, ..., As Ñ´�_Ý
§Kk

A =


A1 0 · · · 0

0 A2 · · · 0
...

...
...

0 0 · · · As



A−1 =


A−11 0 · · · 0

0 A−12 · · · 0
...

...
...

0 0 · · · A−1s


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A =


0 A1

0 A2 0
...

...
...

As 0



A−1 =


0 A−1s
0 A−1s−1 0
...

...

A−11 0


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Example 15

A =


1 2 0 0

2 1 0 0

0 0 2 1

0 0 1 2

 =

(
A11 0

0 A22

)

A−1 =

(
A−111 0

0 A−122

)
=


−1

3
2
3

0 0
2
3
−1

3
0 0

0 0 2
3
−1

3

0 0 −1
3

2
3


|A| = |A11||A22| = −9
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�Vg Ý
�$� �_Ý
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�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�©¬Ý
�O�

�dIO.Ý
�A^µ

Example 16

� m× nÝ
 A ��� r §KÝ
 A �±L�����÷�Ý

Ú1÷�Ý
�¦È.

))).

�â®�^�§�3�_Ý
 P,Q , ÷veªµ

PAQ =

(
Er 0r×(n−r)

0(m−r)×r 0

)
=

(
Er

0(m−r)×r

)(
Er 0r×(n−r)

)
⇒ A = P−1

(
Er
0

)(
Er 0

)
Q−1 = B1B2

B1 = P−1
(
Er
0

)
, B2 =

(
Er 0

)
Q−1
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�O�

5¿�µB1 ´ m × r Ý
§Ù� R(B1) = r§�÷�Ý

¶B2 ´ r × n Ý
§Ù� R(B2) = r§1÷�Ý
"(Øy
."

Example 17

y² R(AB) ≤ min{R(A), R(B)}

))).

�R(A) = r,�3�_Ý
 P,Q,÷vµ

PAQ =

(
Er 0r×(n−r)

0(m−r)×r 0

)
PAB = PAQQ−1B =

(
Er 0r×(n−r)

0(m−r)×r 0

)
Q−1B
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�O�

Let Q−1B =

(
B1

B2

)
,then

PAB =

(
Er 0r×(n−r)

0(m−r)×r 0

)
Q−1B

=

(
Er 0r×(n−r)

0(m−r)×r 0

)(
B1

B2

)
=

(
B1

0

)
R(AB) = R(PAB) = R

(
B1

0

)
= R(B1) ≤ r

2�Ý
 B ´ n× p Ý
§Ù�� R(B) = r.
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 Ý
�Ð�C� Ý
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�O�

�3�_Ý
 P,Q §÷vµ

PBQ =

(
Er 0r×(p−r)

0(n−r) × r 0

)
ABQ = AP−1PBQ = AP−1

(
Er 0r×(p−r)

0(n−r) × r 0

)
AP−1 =

(
A1 A2

)
,

ABQ =
(
A1 A2

)( Er 0r×(p−r)
0(n−r) × r 0

)
=
(
A1 0

)
R(AB) = R(ABQ) = R

(
A1 0

)
= R(A1) ≤ r
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
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�Ð�C�|^©¬Ð�C�¦©¬Ý
��

2.8 ©¬Ý
�Ð�C�

2.8.1 ©¬Ý
Ð�C��Vg
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�|^©¬Ð�C�¦©¬Ý
��

©¬Ý
�n«Ð�C�µ

1 ��©¬Ý
�,ü1£�¤¶

2 ^�_Ý
 P �¦£m¦¤©¬Ý
�,1£�¤

3 ^Ý
 K �¦£m¦¤©¬Ý
�,1£,�¤§\�,
	�1£�¤�¶

7L5¿§±þ$�A�´�1�§=ÎÜÝ
�$�5K"
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�|^©¬Ð�C�¦©¬Ý
��

1 ü Ý
1�©{�Ó§©¬����Ý
§��©¬ü 
Ý
µé��þÑ´�
£ü Ý
¤µ

E =


E1

E2

. . .

Es


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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�|^©¬Ð�C�¦©¬Ý
��

©¬ü Ý
§²Ln«Ð�C�£1½ö�¤§��n«
Ð�©¬Ý
µ

(1)1�«©¬Ð�Ý
µ��ü¬1µ
E1

Ej

Ei
Es

 ,


E1

Ei

Ej
Es


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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�|^©¬Ð�C�¦©¬Ý
��

(2)1�«©¬Ð�Ý
µ,¬1¦�_Ý

E1

P

Es

 , P�_Ý


(3)1n«©¬Ð�Ý
µ,¬1£½�¤¦Ý
§\�,	�
¬1£�¤(

Em 0m×n
0n×m En

)
r2 +Kn×mr1
1C�

→
(

Em 0m×n
Kn×m En

)
(

Em 0m×n
0n×m En

)
c1 + c2Kn×m

�C�
→
(

Em 0m×n
Kn×m En

)
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�Vg Ý
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 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�|^©¬Ð�C�¦©¬Ý
��

(
Em 0m×n
0n×m En

)
r1 +Km×nr2
1C�

→
(

Em Km×n
0n×m En

)
(

Em 0m×n
0n×m En

)
c2 + c1Km×n

�C�
→
(

Em Km×n
0n×m En

)
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�|^©¬Ð�C�¦©¬Ý
��

�¦©¬Ð�Ý
§éA�A�Ð�1C�¶m¦©¬Ð�
Ý
§éA�A�Ð��C�

£1¤��1½�(
0 Em
En 0

)(
An×n Cn×m
Dm×n Bm×m

)
=

(
D B

A C

)
(

An×n Cn×m
Dm×n Bm×m

)(
0 En
Em 0

)
=

(
C A

B D

)
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�|^©¬Ð�C�¦©¬Ý
��

(2) ,�1¦�_Ý
§½,��¦�_Ý
"(
P 0

0 E

)(
A C

D B

)
=

(
PA PC

D B

)
(
A C

D B

)(
P 0

0 E

)
=

(
AP C

DP B

)

A =



1 2
... 1 0 0

2 1
... 0 1 0

· · · · · · · · · · · · · · ·
1 0

... 2 1 0

0 1
... 1 2 0

0 0
... 0 0 1


=

(
A B

C D

)

(
P 0

0 E

)(
A B

C D

)
=

(
PA PB

C D

)
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
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�Ð�C�|^©¬Ð�C�¦©¬Ý
��

A =



1 2
... 1 0 0

2 1
... 0 1 0

· · · · · · · · · · · · · · ·
1 0

... 2 1 0

0 1
... 1 2 0

0 0
... 0 0 1


=

(
A B

C D

)

(
A B

C D

)(
P 0

0 E

)
=

(
AP B

CP D

)
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�|^©¬Ð�C�¦©¬Ý
��

(3) ,�1¦Ý
 K \�,�1§½,��Ý
 K§\�
,��µ(

En 0

K Em

)(
An×n B

C Dm×m

)
=

(
A B

C +KA D +KB

)
(
An×n B

C Dm×m

)(
En 0

K Em

)
=

(
A+BK B

C +DK D

)
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�|^©¬Ð�C�¦©¬Ý
��



1 2
... 1 0 0

2 1
... 0 1 0

· · · · · · · · · · · · · · ·
1 0

... 2 1 0

0 1
... 1 2 0

0 0
... 0 0 1


=

(
A B

C D

)
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�|^©¬Ð�C�¦©¬Ý
��

©O�ÄÝ
 A �_§½ D �_§��e¡ü��ªµ(
E2 0

−CA−1 E3

)(
A B

C D

)
=

(
A B

0 D − CA−1B

)
(
A B

C D

)(
E2 0

−D−1C E3

)
=

(
A−BD−1C B

0 D

)
g�Kµþ¡ü��ª§ü>�Ý
�1�ª§�±���o
O�úªº
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�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�|^©¬Ð�C�¦©¬Ý
��

é©¬Ý
?1±þÐ�C�§ke�5�µ

é s× n Ý
 A§ s×m Ý
 B§÷vµn+m = s, kµ

|A...B| = (−1)mn|B...A|

é©¬Ý
?1©¬Ð�C�§ØUC©¬Ý
��¶

é©¬�
?11na©¬Ð�C�§ØUCù�©¬�

�1�ª��"b� A,D ©O�_§∣∣∣∣ A B

C D

∣∣∣∣ = ∣∣∣∣ A B

0 D − CA−1B

∣∣∣∣
=

∣∣∣∣ A−BD−1C B

0 D

∣∣∣∣
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�Vg Ý
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�Ð�C� Ý
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 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�|^©¬Ð�C�¦©¬Ý
��

¤±kµ ∣∣∣∣ A B

C D

∣∣∣∣ = |A||D − CA−1B|

= |A−BD−1C||D|

(Ø: b�k�_�
 A Ú D, Kkµ∣∣∣∣ A B

C D

∣∣∣∣ = |A||D − CA−1B|
=|A−BD−1C||D|
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�Vg Ý
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�Ð�C�|^©¬Ð�C�¦©¬Ý
��

(4)XJ A,D ��
§�(
A B Em 0

C D 0 En

)
1C�

(
Em 0 A1 B1

0 En C1 D1

)
Kk (

A B

C D

)−1
=

(
A1 B1

C1 D1

)
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n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�|^©¬Ð�C�¦©¬Ý
��



1 2
... 1 0

2 1
... 0 1

· · · · · · · · · · · ·
1 0

... 0 1

0 1
... 1 1


=

(
A E

E D

)

(
E −A
0 E

)(
A E E 0

E D 0 E

)
=

(
0 E − AD E −A
E D 0 E

)
r1 ↔ r2
→

(
E D 0 E

0 E − AD E −A

)
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�Ð�C�|^©¬Ð�C�¦©¬Ý
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(E − AD)−1r2
→

(
E D 0 E

0 E (E − AD)−1 −(E − AD)−1A

)
r1 −Dr2
→

(
E 0 −D(E − AD)−1 E +D(E − AD)−1A

0 E (E − AD)−1 −(E − AD)−1A

)
(
A B

C D

)−1
=

(
−D(E − AD)−1 E +D(E − AD)−1A

(E − AD)−1 −(E − AD)−1A

)
A =

(
1 2

2 1

)
, B = C = E,D =

(
0 1

1 1

)
E − AD =

(
1 0

0 1

)
−
(

1 2

2 1

)(
0 1

1 1

)
=

(
1 0

0 1

)
−
(

2 3

1 3

)
=

(
−1 −3
−1 −2

)
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�Ð�C�|^©¬Ð�C�¦©¬Ý
��

(E − AD)−1 =
1

−1

(
−2 3

1 −1

)
=

(
2 −3
−1 1

)
−D(E − AD)−1 =

(
0 −1
−1 −1

)(
2 −3
−1 1

)
=

(
1 −1
−1 2

)
E +D(E − AD)−1A = E +

(
−1 1

1 −2

)(
1 2

2 1

)
=

(
1 0

0 1

)
+

(
1 −1
−3 0

)
=

(
2 −1
−3 1

)
−(E − AD)−1A = −

(
2 −3
−1 1

)(
1 2

2 1

)
−
(
−4 1

1 −1

)
=

(
4 −1
−1 1

)
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�Ð�C�|^©¬Ð�C�¦©¬Ý
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(
A B

C D

)−1
=


1 −1 2 −1
−1 2 −3 1

2 −3 4 −1
−1 1 −1 1


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Example 18

y²1�ª¦{úªµA,BÑ´ n ��


|AB| = |A||B|

Proof.

|AB| =
∣∣∣∣ AB 0

B E

∣∣∣∣ = ∣∣∣∣ 0 −A
B E

∣∣∣∣
= (−1)n2

∣∣∣∣ B E

0 −A

∣∣∣∣ = (−1)n2+n

∣∣∣∣ B E

0 A

∣∣∣∣
= |B||A| = |A||B|
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Example 19

£Ö¥~16¤ A ´ n ��_�
§D ´ m ��
, y²µ∣∣∣∣ A B

C D

∣∣∣∣ = |A||D − CA−1B|
Proof.(

E 0

−CA−1 E

)(
A B

C D

)
=

(
A B

0 D − CA−1B

)
∣∣∣∣ A B

C D

∣∣∣∣ =

∣∣∣∣ A B

0 D − CA−1B

∣∣∣∣
= |A||D − CA−1B|
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AO§� n = m,AC = CA, Kkµ∣∣∣∣ A B

C D

∣∣∣∣ = |A||D − CA−1B| = |AD − CB|
Example 20

£Ö¥~17¤ � A ´ m× n Ý
§B ´ n×m Ý
§m > n, λ

´?¿ê§y²µ

|λEm − AB| = λm−n|λEn −BA| · · · · · · (7)
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�Vg Ý
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�Ð�C� Ý
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�Ð�C�|^©¬Ð�C�¦©¬Ý
��
Proof.

In two cases, we prove the formula:

1. λ 6= 0 :

|λEm − AB| =
∣∣∣∣ λEm − AB 0

B En

∣∣∣∣
r1 + Ar2

=

∣∣∣∣ λEm A

B En

∣∣∣∣ r2 − λ−1Br1 =

∣∣∣∣∣
︷︸︸︷
λEm A

0 {En − 1
λ
BA

∣∣∣∣∣
= λm−n

∣∣∣∣ Em A

λEn −BA

∣∣∣∣ = λm−n|λEn −BA|

(2) λ = 0, by R(AB) ≤ R(A) ≤ n < m (see 2.8.2 5� 5), we have

|AB| = 0. Hence

|λEm − AB| = 0 = λm−n|λEn −BA|
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(3) AO§� n = 1,

|λEm − AB| = λm−1(λ−BA)

~Xµ

A =

 1

2

3

 , B =
(
1 2 3

)

|λE3 −

 1

2

3

( 1 2 3
)
| = λ2(λ− 14)

(4) λ = 1,k
|Em − AB| = |En −BA|
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�Vg Ý
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(5) m = n,k

|λEm − AB| = |λEn −BA|

�yµλ > 0�§ë�c¡�y²"λ = 0, kµ

| − AB| = (−1)n|AB| = (−1)n|A||B|
= (−1)n|B||A| = (−1)n|BA| = | −BA|
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1�«y²�{µ� m ≥ n

1. λ 6= 0:(
λEm A

B En

)(
Em 0

−B En

)
=

(
λEm − AB A

0 En

)
(
λEm A

B En

)(
Em − 1

λ
A

0 En

)
=

(
λEm 0

B En − 1
λ
BA

)
|λEm − AB| = λm|En −

1

λ
BA| = λm−n|λEn −BA|

2. λ = 0, ©O�Ä m > n,m = n
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Example 21

(Ö¥~ 18)¦eãÝ
�_Ý
µÙ¥§A � m ��_Ý

§B � n ��_Ý
, C ´ m× n Ý
§D ´ n×m Ý
§(

0 A

B 0

)
,

(
A C

0 B

)
,

(
A 0

D B

)
,

(
C A

B 0

)

))).

(1).(
0 A Em 0

B 0 0 En

)
→
(

0 En
Em 0

)(
0 A Em 0

B 0 0 En

)
=

(
B 0 0 En
0 A Em 0

)
B−1r1
A−1r2

(
En 0 0 B−1

0 Em A−1 0

)
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(2).(
A C Em 0

0 B 0 En

)
→
(
Em −CB−1
0 En

)(
A C Em 0

0 B 0 En

)
=

(
A 0 Em −CB−1
0 B 0 En

)
A−1r1
B−1r2

(
Em 0 A−1 −A−1CB−1
0 En 0 B−1

)
(3).(

A 0 Em 0

D B 0 En

)
→
(

Em 0

−DA−1 En

)(
A 0 Em 0

D B 0 En

)
=

(
A 0 Em
0 B −DA−1 En

)
A−1r1
B−1r2

(
Em 0 A−1 0

0 En −B−1DA−1 B−1

)
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(4).(
C A Em 0

B 0 0 En

)
r1 − CB−1r2

(
0 A Em −CB−1
B 0 0 En

)
r1 ↔ r2

(
B 0 0 En
0 A Em −CB−1

)
B−1r1
A−1r2

(
En 0 0 B−1

0 Em A−1 −A−1CB−1
)
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2.8.2 |^©¬Ð�C�¦©¬Ý
��

�!y²Ý
��A^5�"

M�Tó��ÆêÆÆ�, Q3© �5�ê1�Ù Ý




n Ý
�Vg Ý
�$� �_Ý
 Ý
�Ð�C� Ý
�� Ð�Ý
 ©¬Ý
�Vg�O� ©¬Ý
�Ð�C�|^©¬Ð�C�¦©¬Ý
��

(1)

R

(
A 0

0 B

)
= R(A) +R(B)

Suppose that R(A) = r, R(B) = s, �3�_Ý
µP1, P2, Q1, Q2

P1AQ1 =

(
Er 0

0 0

)
, P2BQ2 =

(
Es 0

0 0

)
then

(
P1 0

0 P2

)(
A 0

0 B

)(
Q1 0

0 Q2

)
=


Er 0 0 0

0 0 0 0

0 0 Es 0

0 0 0 0


Ï
kþã(Ø"
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(2)

R

(
A C

0 B

)
≥ R(A) +R(B)

Suppose that R(A) = r, R(B) = s, �3�_Ý
µP1, P2, Q1, Q2

P1AQ1 =

(
Er 0

0 0

)
, P2BQ2 =

(
Es 0

0 0

)
then

(
P1 0

0 P2

)(
A C

0 B

)(
Q1 0

0 Q2

)
=


Er 0 C11 C12

0 0 C21 C22

0 0 Es 0

0 0 0 0


ùpµ

(
C11 C12

C21 C22

)
= P1CQ2
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Ð�1�C�


Er 0 0 0

0 Es 0 0

0 0 C22 0

0 0 0 0


(3) R(A

...B) ≤ R(A) +R(B)

P1AQ1 =

(
Er 0

0 0

)
Then

P1

(
A B

)( Q1 0

0 E

)
=
(
P1AQ1 P1B

)
=

(
Er 0 B1

0 0 B2

)
Ð��C�

(
Er 0 0

0 B2 0

)
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Hence we get

R
(
A B

)
= R(A) +R(B2)

≤ R(A) +R(B)

(4) R(A+B) ≤ R(A) +R(B), A,B : m× n(
Em Em
0 Em

)(
A 0

0 B

)(
En En
0 En

)
=

(
A A+B

0 B

)
∴ R(A) +R(B) = R

(
A 0

0 B

)
= R

(
A A+B

0 B

)
≥ R(A+B)
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(5) R(AB) ≤ min{R(A), R(B)}, A : m× n,B : n× p

(
A 0m×p

)( En B

0 Ep

)
=
(
A AB

)
R(A) = R

(
A 0

)
= R

(
A AB

)
≥ R(AB)

(
En 0n×m
A Em

)(
B

0m×p

)
=

(
B

AB

)
R(B) = R

(
B

0

)
= R

(
B

AB

)
≥ R(AB)
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(6) R(AB) ≥ R(A) +R(B)− n,A : m× n,B : n× p(
Em −A
0 En

)(
A 0

En B

)
=

(
0 −AB
En B

)
c2 − c1B

(
0 −AB
En 0

)
R(AB) + n = R

(
0 −AB
En 0

)
= R

(
A 0

En B

)
≥ R(A) +R(B)

AO§XJ AB = 0, Kkµ

R(A) +R(B) ≤ n
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AOJ2µ

¦Ý
1�ª��§��±éÝ
?11na£¬¤Ð�C
�¶

¦Ý
��R(A),�±?1?¿Ð�£¬¤C�"
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