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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ�Vg �þ��5$�

3.1 �þVgÚ�þ$�

3.1.1 �þ�Vg
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ�Vg �þ��5$�

aquå§�Ý§\�Ý§Ñ´k��§k���êþ¶

£ãk��§k���êÆé�§·�^�þ¶

��£ãµAÛ�m¥§�^k��ã§¡���þ¶

k��ã��Ý§L«�þ���¶�þ���§^å:�
ª:��ÞL«µ

A −→ B

P¤
−→
AB, �ÝP� |

−→
AB|,´���K¢ê"
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ�Vg �þ��5$�

�þ�L��ª§��±µ−→a ,½ö a

�Ý� 1 ��þ§¡�ü �þ"
−→a
|−→a | ´ü �þ"

å:Úª:�Ó��þ§¡�"�þ§P� 0

gd�þµØ�Ä�þ�å:§��Ä�þ���Ú��"
���¹e§lêÆïÄ�¿Â§�I�Ägd�þ§{¡
�þ"

ü��þµa,b, XJ����§����§Ò`§���§
P�µa = b

²1�þµü��þ§����½��§¡�²1�þ§P
�µa//b

�¡�þµü�±þ��þ§å:�3��:§ª:Ñ3�
�²¡þ§¡§�´�¡�þ"
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ�Vg �þ��5$�

3.1.2 �þ��5$�
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ�Vg �þ��5$�

�þ�\{µ�k�þ
−→
OA,
−−→
OB

²1o>/{Kµ
−→
OA+

−−→
OB =

−→
OC,é���þ

������þµ
−→
OA +

−−→
OB =

−→
OC§����§���

u|
−→
OA|+ |

−−→
OB|

������þµ
−→
OA +

−−→
OB =

−→
OC,������þ��§

���u�þ�Ý��¶

n�/{Kµ���²1�þµ
−→
AC =

−−→
OB, Kkµ

−→
OA+

−→
AC =

−→
OC

�{K·^un�±þ�þ�\{"
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ�Vg �þ��5$�

�þ�\{$�§÷v

1 ��Æµa+ b = b+ a

2 (ÜÆµ(a+ b) + c = a+ (b+ c)

3 0+ a = a

4 K�þ −a ´����§���u |a| ��þ"
5 a− b = a+ (−b) ½ö

−→
OA−

−−→
OB =

−→
BA

6 a− a = 0
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ�Vg �þ��5$�

�þ�ê¦µ�½��ê k, �þ a, ½Âµ

1 ka ��Ý� |k||a|
2 k > 0, ka ���� a ��¶

3 k < 0, ka ���� a ��¶

4 0a = 0, k0 = 0
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ�Vg �þ��5$�

�þ�ê¦§÷vµ

1 1a = a,−1a = −a
2 (kl)a = k(la)

3 k(a+ b) = ka+ kb

4 (k + l)a = ka+ la

5 a 6= 0, a
|a|´ü �þ§P�µa0, a = |a|a0

6 �þ a ��þ b ²1§��=�µa = λb ½ö b = λa

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ�Vg �þ��5$�

Example 1

²¡þ�½�^��§3��þ�½���þα§Kù^��þ
?Û�þµβ, Ñ´ù��þ�ê¦µβ = kα

Example 2

�½²¡þ?¿ü�Ø����þµα, β, K²¡þ?¿���
þ γ§�±L��§���5|Üµγ = aα + bβ

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

3.2 êþÈ§�þÈÚ·ÜÈ

3.2.1 �þ3¶þ�ÝK
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

�þ�Y�µ�½�þ a,b, -µ
−→
OA = a,

−−→
OB = b, ½Â§

��Y�� θ = ∠AOB,P�µ

〈a,b〉 = ∠AOB, 0 ≤ θ ≤ π

�k¶£k��� ¤µ Ú¶	�: A, ÏL: A x¶µ �R
�²¡§�u: A′, ¡�: A 3¶ µ þ�ÝK"

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

½½½ÂÂÂ 2.1

(Ö¥½Â3.1§P82) ��þ
−→
AB �å:Úª:3¶ µ þ�ÝK

©O�: A′ Ú: B′. �þ
−−→
A′B′ �� A′B′ ¡� �þ

−→
AB 3¶

µ þ�ÝKµ

A′B′ �ýé��u |
−−→
A′B′|

−−→
A′B′ �¶ µ ���§A′B′ ��Ò§ÄK�KÒ¶

¶ µ ¡�ÝK¶¶

PÒµPrjµ
−→
AB = A′B′

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

Theorem 2.2

(Ö¥½n 3.1) �þ
−→
AB 3¶ µ þ�ÝK�u�þ��Ý¦¶�

�þ�Y��{uµ

Prjµ
−→
AB = |

−→
AB| cos θ

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

Proof.

�þ
−→
AB �å:Úª:©Oû½
ü�²1�µ-¶R�¡§ �

:=�ÝK� A′B′. ÏL�þ
−→
AB �å: A, ��^¶ µ′ §�

¶ µ ²1����Ó"�þ
−→
AB �¶µ �Y� θ �u�þ

−→
AB

�¶µ′ �Y�. : B ¤3µ¶R�¡�¶ µ′ �u: B′′. Ïd
kµ

Prju
−→
AB = A′B′ = AB′′ = |

−→
AB| cos θ

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

Theorem 2.3

(Ö¥½n3.2) ü��þ�Ú3,¶þ�ÝK§�uü��þ3
T¶þ�ÝK�Ú,=µ

Prjµ(
−→
AB +

−−→
BC) = Prjµ

−→
AB + Prjµ

−−→
BC

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

Proof.

Xã«" −→
AC =

−→
AB +

−−→
BC

2O����þ�ÝKµ

Prju
−→
AB = A′B′,Prju

−−→
BC = B′C ′

Prju
−→
AC = A′C ′ = A′B′ +B′C ′

= Prju
−→
AB + Prju

−−→
BC

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

3.2.2 AÛ�þ�êþÈ

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

êþÈ��µ��§å�þ�^u,�ÔN§¦��) 
£"

½½½ÂÂÂ 2.4

(Ö¥½Â3.2§P83) �kü�AÛ�þ a,b§Y�� θ§K�þ
a,b �êþÈ½Â�µ

a • b = |a||b| cos θ

êþÈ�¡�SÈ§qL��µ(a,b) = a • b

AO5¿µ(a,b) L«SÈ§〈a,b〉L«Y�"

(a,b) = a • a = |a|2, |a| =
√

(a,b)

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

(a,b)�"§��=� a = 0 ½ö b = 0, ½ö 〈a,b〉 = π
2

5½"�þR�u?Û�þ"Ïd§(a,b)�"§��=�
a Ú bR�¶

�âÝKO�úª§·��kµ

(a,b) = |a|Prjab = |b|Prjba

�â½Â§kµ

cos〈a,b〉 = a • b
|a||b|

êþÈke�5�µ

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

1 a • b = b • a⇔ (a,b) = (b, a)

2 (ka) • b = k(a • b)⇔ (ka,b) = k(a,b)

(ka) • b = |ka||b| cos(ka,b) = |k||a||b| cos(ka,b)

=

{
k|a||b| cos(a,b), k > 0

−k|a||b|(− cos(a,b)), k ≤ 0

}
= k|a||b| cos(a,b)

k(a • b) = k|a||b| cos(a,b)

3 (a+ b) • c = a • c+ b • c

(a+ b) • c = |c|Prjc(a+ b)

= |c|Prjca+ |c|Prjcb
= a • c+ b • c

4 a • a ≥ 0, a • a = 0 ��=� a = 0

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

Example 3

²1o>/úªµ²1o>/�o^>d�þ a,b |¤"

y²²1o>/úªµ

|a+ b|2 + |a− b|2 = 2(|a|2 + |b|2)

�âSÈ5�§��O�"
M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

|a+ b|2 = (a+ b, a+ b) = (a, a) + 2(a, b) + (b, b)

|a− b|2 = (a− b, a− b) = (a, a)− 2(a, b) + (b, b)

|a+ b|2 + |a− b|2 =
(a, a) + 2(a, b) + (b, b) + (a, a)− 2(a, b) + (b, b)

= 2(a, a) + 2(b, b) = 2(|a|2 + |b|2)

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

3.2.3 AÛ�þ��þÈ

�þ�êþÈ´��ê§�´�þ��þÈ´���þ§±e
´½Â"

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

½½½ÂÂÂ 2.5

(Ö¥½Â3.3§P85) �½ü��þµx,y, ½Âx,y��þÈ
�µz = x× y§

1 |x× y| = |x||y| sin〈x,y〉
2 x× y ⊥x,x× y ⊥y
3 x,y,x× y = z �¤mÃX

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

5¿µ

|a× b|´ a,b �>�²1o>/¡È"

n��þ a,b, a × b �¤mÃX,mÃo��­d a � b §
-�� a× b ���"

a,b²1§K a× b = 0

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

�þÈke�5�µ

a× b = −b× a

(ka)× b = k(a× b) = a× (kb)

(a+ b)× c = a× c+ b× c

a× (b+ c) = a× b+ a× c

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

y²1n^5�µ|^�¡·ÜÈ�5�µ∀γ

((a+ b)× c) • γ = (c× γ) • (a+ b)

= (c× γ) • a+ (c× γ) • b
= (γ × a) • c+ (γ × b) • c
= (a× c) • γ + (b× c) • γ

= (a× c+ b× c) • γ
⇒ (a+ b)× c = a× c+ b× c

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

3.2.4 AÛ�þ�·ÜÈ

(Üc¡ü«�þ$�§k·ÜÈ�Vg"

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

�½n��þµa,b, c

½½½ÂÂÂ 2.6

(Ö¥½Â3.4§P86) ®�n��þµa,b, c. k��þÈµa× b,

2�êþÈµ
(a× b) • c

ù�ê¡�n��þ�·ÜÈ"P�µ[abc]

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

1 ·ÜÈ´��ê§ýé��u��± a,b, c �>�²18¡
N�NÈ.

[abc] = (a× b) • c = |a× b||c| cosα

²18¡N�pÝ h = ±|c| cosα
2 XJn��þµa,b, c ÎÜmÃX:�þ a× b �����þ

c 3²¡ π £d�þa,bû½�¤Ó�ý§·ÜÈ��Ò§
ÎÜ�ÃX§�KÒ¶

3 AÛã/9)º§ë�Ö¥ã3.16§P86.

4 [abc] = 0⇔ a,b, c �¡¶

5 [abc] = [bca] = [cab]ÎÜmÃX"

6 [abc] = −[bac] = −[cba] = −[acb]

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

3.2.5 AÛ�þ��I

�m�IXµ���: O,n^�pR��I¶µx−¶§y−¶§z−¶§
©O¡�Y²î¶§Y²p¶§R�ç¶"n�¶��©OP
�µOx,Oy,Oz, ÎÜmÃX"¡ Oxyz ��m���IX" �
m�IXr�m©�l�©�m§¡�l�%�§xOy Y²�
þo�§xOy Y²�eo�"

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

�m¥:M�n�ê| (x, y, z): �½�m¥��: M , 3
Ox,Oy,Oz n�¶þ©OkÝK:§éA�Iµx, y, z§P�k
Sn�ê|µ (x, y, z). ¡�: M �n��Iµî�I§p�I
Úç�I"��k��éA'Xµ�m¥:�n�kSê|§

M ↔ (x, y, z)
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Ä�ü �þµ÷n�¶����§©O�n�ü �þ§
P�µi, j,k, ¡�Ä�ü �þ"ke�Ä�5�µ

i • i = j • j = k • k = 1

i • j = i • k = j • k = 0

i× j = k, j× k = i,k× i = j

j× i = −k,k× j = −i, i× k = −j
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�þ��Iµ�½: M(x, y, z), �����þ
−−→
OM = a, K

kµ

a = xi+ yj+ zk

a = (Prjxa)i+ (Prjya)j+ (Prjza)k
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�: M 3²¡ OXY �ÝK:� M ′,Kkµ

−−→
OM =

−−→
OM ′ +

−→
OR =

−→
OP +

−→
OQ+

−→
OR

= Prjx
−−→
OM i+ Prjy

−−→
OM j+ Prjz

−−→
OMk

= xi+ yj+ zk
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½½½ÂÂÂ 2.7

(Ö¥½Â3.5§P89) �½�þ a =
−−→
OM, XJkµ

a = axi+ ayj+ azk

¡ (ax, ay, az) ��þ a 'uÄ�ü �þ i, j,k ��I"
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Example 4

�k M1(x1, y1, z1) Ú M2(x2, y2, z2) §¦�þ
−−−−→
M1M2 ��I"

))).

−−−−→
M1M2 =

−−−→
OM2 −

−−−→
OM1

= (x2 − x1)i+ (y2 − y1)j+ (z2 − z1)k
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3.2.6 �þ��I$�

k
�þ��IL�ª§K�þ�$��±=z��þ��I
$�. �k�þµ

a = axi+ ayj+ azk = (ax, ay, az)

b = bxi+ byj+ bzk = (bx, by, bz)

c = cxi+ cyj+ czk = (cx, cy, cz)
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ke�O�úªµ

1 a+ b = (ax + bx, ay + by, az + bz)

2 a− b = (ax − bx, ay − by, az − bz)
3 ka = (kax, kay, kaz)

4 a • b = axbx + ayby + azbz

5 a×b =

∣∣∣∣∣∣
i j k

ax ay az
bx by bz

∣∣∣∣∣∣ =
∣∣∣∣ ay az
by bz

∣∣∣∣ i−∣∣∣∣ ax az
bx bz

∣∣∣∣ j+∣∣∣∣ ax ay
bx by

∣∣∣∣k
6 [abc] =

∣∣∣∣∣∣
ax ay az
bx by bz
cx cy cz

∣∣∣∣∣∣
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Proof.

(5)

a× b = (axi+ ayj+ azk)(bxi+ byj+ bzk)

= axbxi× i+ axbyi× j+ axbzi× k

+aybxj× i+ aybyj× j+ aybzj× k

+azbxk× i+ azbyk× j+ azbzk× k

= axbyi× j+ aybxj× i+ axbzi× k

+azbxk× i+ aybzj× k+ azbyk× j

= (axby − aybx)k− (axbz − azbx)j+ (aybz − azby)i∣∣∣∣∣∣
i j k

ax ay az
bx by bz

∣∣∣∣∣∣
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(6)

Proof.

3 £5¤�y²¥§ò i, j,k ^ cx, cy, cz O�=�"

�þ���µ|a| =
√
a • a =

√
a2x + a2y + a2z

�þ�¶�Y�µ�þ�Ox,Oy,Oz ¶�Y�P�µα, β, γ.
Kkµ

cosα =
ax
|a|
, cos β =

ay
|a|
, cos γ =

az
|a|

α, β, γ, ¡��þ a ����"k5�µ

cos2 α + cos2 β + cos2 γ = 1

(cosα, cos β, cos γ) = a0 ´ü �þ"
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Example 5

®�n�:µM(1, 1, 1), A(2, 2, 1), B(2, 1, 2). ¦�µ∠AMB Ú
n�/ 4AMB �¡È"

))).

−−→
MA = (1, 1, 0),

−−→
MB = (1, 0, 1),

−−→
MA •

−−→
MB = 1

|
−−→
MA| =

√
2, |
−−→
MB| =

√
2, cos∠AMB =

1

2
,∠AMB =

π

3

−−→
MA×

−−→
MB =

∣∣∣∣∣∣
i j k

1 1 0

1 0 1

∣∣∣∣∣∣ = i− j− k

S4AMB =
1

2
|
−−→
MA×

−−→
MB| =

√
3

2
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Example 6

®��m¥o�:µA(1, 1, 1), B(4, 4, 4), C(3, 5, 5), D(2, 4, 7). ¦
o¡N ABCD �NÈ"

))).

�	�þµ
−→
AB,
−→
AC,
−−→
AD. ±ùn^�þ�c�²18¡N�N

È�u·ÜÈµ
[
−→
AB
−→
AC
−−→
AD]

�ýé�"o¡N ABCD �NÈ�ue�ê�ýé
�µ1

6
[
−→
AB
−→
AC
−−→
AD]
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))).

−→
AB = (3, 3, 3),

−→
AC = (2, 4, 4),

−−→
AD = (1, 3, 6)

[
−→
AB
−→
AC
−−→
AD] =

∣∣∣∣∣∣
3 3 3

2 4 4

1 3 6

∣∣∣∣∣∣ = 36− 24 + 6 = 18

VABCD =
1

6
× 18 = 3
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Example 7

�
a× b+ b× c+ c× a = 0

`²�þµa,b, c �¡"

))).

a× b+ b× c+ c× a = 0

(a× b+ b× c+ c× a) • c = 0 • c = 0

[abc] + [bcc] + [cac] = 0

⇒[abc] = 0

a,b, c �¡"
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Example 8

®� a,b, c �ü �þ§÷v

a+ b+ c = 0

O�µ
a • b+ b • c+ c • a

))).

a • (a+ b+ c) = a • 0 = 0

a • a+ a • b+ a • c = 0

1 + a • b+ a • c = 0 · · · · · · (1)
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))).

aq��µ

b • a+ 1 + b • c = 0 · · · · · · (2)
c • a+ c • b+ 1 = 0 · · · · · · (3)
(1) + (2) + (3)⇒

3 + 2(a • b+ b • c+ c • a) = 0

a • b+ b • c+ c • a = −3

2
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Example 9

®��þ
a = i,b = j− 2k, c = 2i− 2j+ k

¦ü �þ d,÷v
d : d⊥c, {a,b,d}

�¡"

))).

Let

d = xi+ yj+ zk

d⊥c⇒ 2x− 2y + z = 0

[abd] = 0⇒

∣∣∣∣∣∣
1 0 0

0 1 −2
x y z

∣∣∣∣∣∣ = 0
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))).

2y + z = 0{
2x− 2y + z = 0

2y + z = 0

}
����)�þµs = (2, 1,−2), ü zµ

d = ± s

|s|
= (

2

3
,
1

3
,
−2
3
)
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Example 10

®��þ
a = i+ j,b = j+ k, |c| = |a| = |b|

Ú
〈a,b〉 = 〈a, c〉 = 〈b, c〉,

¦�þ c.

))).

Let

c = xi+ yj+ zk, |c| = |a| =
√
2

x2 + y2 + z2 = 2

cos〈a,b〉 = (a,b)

|a||b|
=

1

2

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����þ3¶þ�ÝK AÛ�þ�êþÈ AÛ�þ��þÈ AÛ�þ�·ÜÈ AÛ�þ��I �þ��I$�

))).

cos〈a, c〉 = a•c
|a||c| =

x+y√
2(x2+y2+z2)

= 1
2

cos〈b, c〉 = b•c
|b||c| =

y+z√
2(x2+y2+z2)

= 1
2

x+ y = 1

y + z = 1

x2 + y2 + z2 = 2

x = z

y = 1− z
z2 + (1− z)2 + z2 = 2

3z2 − 2z − 1 = 0, (3z + 1)(z − 1) = 0

z1 = 1, z2 = −
1

3

c1 = (1, 0, 1), c2 = (
1

3
,
2

3
,
1

3
)
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3.3 �m¥�²¡���

3.3.1 �m¥²¡��§
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®�²¡ π þ��:µM0(x0, y0, z0), Ú�^R�²¡��
"�þµn = (A,B,C), ¡�²¡ π � {{{���þþþ"·�¦²¡ π

��§"

b½²¡þ?¿��:�µM(x, y, z),
−−−→
M0M R�u²¡ π

�{�þn = (A,B,C)"u´kµ

n •
−−−→
M0M = 0

A(x− x0) +B(y − y0) + C(z − z0) = 0 · · · · · · (1)

��§�m¥,�: M(x, y, z) ÷vþã�§£1¤§7,3²
¡ π þ"¤±þã�§�x
²¡ π þ:�$Ä;,§¡�²
¡ π �:::{{{ªªª���§§§"

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ
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3þã:{ª�§p§-µD = −(Ax0 + By0 + Cz0). ·�
kµ

Ax+By + Cz +D = 0 · · · · · · (2)

ù�¡�²²²¡¡¡������������§§§"XJ�½��²¡π ��§ £2¤§
·��±y²�þµn = (A,B,C) Ò´²¡ π �{�þ"?�
²¡þü�:µ M1(x1, y1, z1),M2(x2, y2, z2). ò§�©O�\�
§ £2¤µ

Ax1 +By1 + Cz1 +D = 0

Ax2 +By2 + Cz2 +D = 0

A(x1 − x2) +B(y1 − y2) + C(z1 − z2) = 0

⇒ n •
−−−−→
M2M1 = 0
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Example 11

®�²¡ π ²L: M0(2, 1, 0)§��þ a = (1, 0, 1),b = (0, 1, 0)

²1"Á¦²¡ π ��§.

�â®�^�§²¡ π ��þ a× b R�"

a× b =

∣∣∣∣∣∣
i j k

1 0 1

0 1 0

∣∣∣∣∣∣
=− i+ k = (−1, 0, 1)

�â:{ª²¡�§§kµ

−1(x− 2) + 0(y − 1) + 1(z − 0) = 0

−x+ 2 + z = 0
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e¡~f§`²²¡þ�n�:§�±û½²¡�§"

Example 12

®�²¡ π²Ln�:µM1(x1, y1, z1),M2(x2, y2, z2),M3(x3, y3, z3),¦
²¡π ��§"

))).

²¡πþn�:§û½πþü��þµ

−−−−→
M1M2 = (x2−x1, y2−y1, z2−z1),

−−−−→
M1M3 = (x3−x1, y3−y1, z3−z1)

éu�m¥?¿��: M(x, y, z),3²¡πþ§��=��þ
−−−→
M1M ��þ

−−−−→
M1M2,

−−−−→
M1M3�¡§�du·ÜÈµ

[
−−−→
M1M

−−−−→
M1M2

−−−−→
M1M3] = 0
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dd��²¡�§µ∣∣∣∣∣∣
x− x1 y − y1 z − z1
x2 − x1 y2 − y1 z2 − z1
x3 − x1 y3 − y1 z3 − z1

∣∣∣∣∣∣ = 0 · · · · · · (5)

¡�²¡�nnn:::ªªª���§§§"

Example 13

®�²¡ π �n^Ì¶�£Ox,Oy,Oz¤��:©O
�µ(a, 0, 0), (0, b, 0), (0, 0, c), abc 6= 0.¦²¡�§"

))).

A^n:ª²¡�§§keªµ¡�²¡�åª�§§�±�
���úª¦^"
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∣∣∣∣∣∣
x− a y z

0− a b 0

0− a 0 c

∣∣∣∣∣∣ = 0⇒(x− a)bc+ yac+ zab = 0

xbc+ yac+ zab = abc⇒x

a
+
y

b
+
z

c
= 1
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Example 14

�²¡ π ²L Oz ¶Ú: M(2, 3, 4)§¦²¡�§"

))).

){1µ �²¡�§�µ

Ax+By + Cz +D = 0

Oz ¶þÀ�ü�:µ(0, 0, 0), (0, 0, 1)Ú: M(2, 3, 4)§�\²¡
�§§��µ

D = 0, C = 0, 2A+ 3B = 0

⇒ A = 3k, B = −2k, k 6= 0

3x− 2y = 0
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){2µ^:{ª�§µ²¡þk�þµ
−−→
OM = (2, 3, 4),

−→
OA =

(0, 0, 1), K{�þ�µ

−−→
OM ×

−→
OA =

∣∣∣∣∣∣
i j k

2 3 4

0 0 1

∣∣∣∣∣∣ = 3i− 2j, A = 3, B = −2, C = D = 0.

−→n = 3i− 2j. ²¡²L�:O(0, 0, 0),Ïdµ²¡þ?��:M =

(x, y, z),
−−→
OM⊥−→n

−−→
OM • −→n = 0⇒ 3x− 2y = 0.
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){3µn:ª§²¡²Ln�:µ

O(0, 0, 0), A(0, 0, 1),M(2, 3, 4),

¤±kµ ∣∣∣∣∣∣
x y z

0 0 1

2 3 4

∣∣∣∣∣∣ = 0

−3x+ 2y = 0⇒ 3x− 2y = 0
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3.3.2 �m¥����§
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���þµ��� L ²1��þ s §¡��� L � ���������
þþþ"

®��� L ÏL: M0(x0, y0, z0) Ú������þ s §¦
�� L ��§"

?��m¥�:M(x, y, z),ù�:M(x, y, z)3�� Lþ§

��=��þ
−−−→
M0M ����þs = (m,n, p) ²1" Ïd

kµ
−−−→
M0M = ks = (km, kn, kp)

x− x0
m

=
y − y0
n

=
z − z0
p

· · · · · · (7)

¡��� L � IIIOOO���§§§§½¡ :::���ªªª���§§§£:§���
þ¤"
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éuIO�§¥����þ§I�5¿µ

1 e m = 0, ���þ� Ox ¶R�" K���§�(���±
eü�²¡���)µ

x = x0
y − y0
n

= z−z0
p

2 e m = 0, n = 0, p 6= 0, ���þR�u²¡ xOy, ���§
�µ²L: (x0, y0) �²¡ xOy R����µ

x = x0

y = y0

3 éu n = 0 ½ö p = 0,aq?Ø"
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���IO�§p§-µ

x− x0
m

=
y − y0
n

=
z − z0
p

= t

Kkµ

x = mt+ x0

(8) · · · · · · y = nt+ y0

z = pt+ z0

£8¤¡���� ëëëêêê���§§§"
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ü�²¡���´�^��§¤±^ü�²¡�§5û½�
� Lµ

A1x+B1y + C1z +D1 = 0

A2x+B2y + C2z +D2 = 0 · · · · (9)

ù��§¡� ������������������§§§"
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ÏL���²¡kéõ§ÀJ'�{'�ü�²¡5L��
§é­�"

�â²¡�IO�§§�±��²¡����§�µ

x− x0
m

=
y − y0
n

x− x0
m

=
z − z0
p

½ö�duµ

x− x0
m

=
y − y0
n

y − y0
n

=
z − z0
p
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Example 15

®��� L ²Lü�:µM1(x1, y1, z1),M2(x2, y2, z2), ¦���
§"

))).

���þ�µs = (x2 − x1, y2 − y1, z2 − z1), �âIOª���
§§��µ

x− x1
x2 − x1

=
y − y1
y2 − y1

=
z − z1
z2 − z1

· · · · · · (10)

¡���� üüü:::ªªª���§§§"
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Example 16

��� L ����§�µ

x+ 3y + 2z = 0

x+ 4y + 2z = 0

¦�� L �IO�§Úëê�§"

))).

1��²¡�{�þ�µn1 = (1, 3, 2). 1��²¡�{�þ
�µn2 = (1, 4, 2). �� L ����þR�uùü�{�þ§Ï

 Ù���þ�µ

n1 × n2 =

∣∣∣∣∣∣
i j k

1 3 2

1 4 2

∣∣∣∣∣∣ = −2i+ k = (−2, 0, 1)
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q²¡²L:µ(0, 0, 0), �IO�§Úëê�§©O�:

x

−2
=
y

0
=
z

1

x = −2t, y = 0, z = t
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3.3.3  �'X

²¡�²¡� �'X"­Ü§²1Ø­Ü§��"

������ �'X"­Ü§²1Ø­Ü§��§É¡"

���²¡� �'X"3²¡þ§²1Ø3²¡þ§�u
�:"

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ



�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����m¥����§ 3.3.3  �'X ål ²¡å

Äk?Ø²¡�²¡� �'X"�k²¡ π1 Ú π2:

π1 : A1x+B1y + C1z +D1 = 0

π2 : A2x+B2y + C2z +D2 = 0

Ai, Bi, Ci,Ø��"(i = 1, 2)

(1) ü²¡­Ü§�duü�²¡�§�)£:¤´�Ó�µ

A1

A2

=
B1

B2

=
C1

C2

=
D1

D2

(2) ²1�Ø­Ü§{�þ��µü�²¡�§vkú�)µ

A1

A2

=
B1

B2

=
C1

C2

6= D1

D2
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(3) ü�²¡��u�^��µü�²¡�{�þØ²1"
5½µü�²¡�Y��§��{�þ�Y�ϕµ

n1 = (A1, B1, C1),n1 = (A2, B2, C2)

cosϕ =
|A1A2 +B1B2 + C1C2|√

A2
1 +B2

1 + C2
1 ·
√
A2

2 +B2
2 + C2

2

0 ≤ ϕ ≤ π

2
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Example 17

¦e¡ü�²¡�Y�ϕµ

x+ 2y − z + 8 = 0

2x+ y + z − 7 = 0

n1 = (1, 2,−1),n2 = (2, 1, 1),n1 • n2 = 3

|n1| =
√
6, |n2| =

√
6

cosϕ =
1

2
⇒ ϕ =

π

3
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������ �'Xµ�kü^��µ

L1 :
x−x1
m1

= y−y1
n1

= z−z1
p1

L2 :
x−x2
m2

= y−y2
n2

= z−z2
p2

mi, ni, pi Ø��"(i = 1, 2.)

��µL1 ²L: M1(x1, y1, z1), ���þ�µs1(m1, n1, p1).

��µL2 ²L: M2(x2, y2, z2), ���þ�µs2(m2, n2, p2).
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(1) ü^��­Üµ¿�^�´����§�k�Ó:µ

m1

m2

=
n1

n2

=
p1
p2

x2 − x1
m2

=
y2 − y1
n2

=
z2 − z1
p2

(2) ²1Ø­Üµ¿�^�´²1Ã�Ó:µ

m1

m2

=
n1

n2

=
p1
p2

x2 − x1
m2

=
y2 − y1
n2

=
z2 − z1
p2

Ø¤á
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(3) ü^���u�:,�du±en��þ�¡µ

s1 = (m1, n1, p1), s2 = (m2, n2, p2),
−−−−→
M1M2[

s1s2
−−−−→
M1M2

]
= (s1 × s2) •

−−−−→
M1M2 = 0∣∣∣∣∣∣

x2 − x1 y2 − y1 z2 − z1
m1 n1 p1
m2 n2 p2

∣∣∣∣∣∣ = 0


�s1, s2 Ø²1"

(4) ü^��´É¡��§�du±e·ÜÈØ�""[
s1s2
−−−−→
M1M2

]
6= 0
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(5) ü��Y�úª�µ���þ�m�Y�ϕ�ü^��
�Y�µ0 ≤ ϕ ≤ π

2

cosϕ = |m1m2+n1n2+p1p2|√
m2

1+n
2
1+p

2
1·
√
m2

2+n
2
2+p

2
2

L1 R�uL2 ��=� m1m2 + n1n2 + p1p2 = 0
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����m¥����§ 3.3.3  �'X ål ²¡å

���²¡� �'X§�k�� L Ú²¡ π ©O�µ

L : x−x1
m

= y−y1
n

= z−z1
p

π : Ax+By + Cz +D = 0

(1) L 3²¡ π þ§�du�� L R�u²¡ π �{�þ§�
: M1(x1, y1, z1) 3²¡πþµ

mA+ nB + pC = 0

Ax1 +By1 + Cz1 +D = 0

(2) L Ø3²¡ π þ§�´²1u²¡π§�duµL R�u²
¡�{�þ§�´: M1(x1, y1, z1) Ø3²¡þµ

mA+ nB + pC = 0

Ax1 +By1 + Cz1 +D 6= 0
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(3) L �²¡ π �u�:§�du L ØR�u²¡�{�
þµ

mA+ nB + pC 6= 0, 0 ≤ ϕ ≤ π

2

L 3²¡ π k��ÝK�� L1 (ü�²¡π, π1���§Ù¥²
¡ π1�²¡πR�¿²L L �²¡ ), §��m�Y� ϕ ¡��

� L �²¡ π �Y�
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5¿��� L �²¡{�þ n�Y��µ

cos(
π

2
− ϕ) = |n•s|

|n||s|

sinϕ = |Am+Bn+Cp|
√
A2+B2+C2

√
m2+n2+p2

�� L �²¡ π R�§��=�

n//s
A
m

= B
n
= C

p
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Example 18

®�²¡Ú���µ

π : x+ 4y − z + 2 = 0

L : x+1
1

= y+1
−2 = z

2

¦�:ÚY�"

))).

���ëê�§�µ

x = −1 + t, y = −1− 2t, z = 2t

�\²¡�§��µ
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−1 + t+ 4(−1− 2t)− 2t+ 2 = 0

−9t− 3 = 0, t = −1

3

x = −4

3
, y = −1

3
, z = −2

3

���:�µM0(−4
3
, y = −1

3
, z = −2

3
).O�Y�µ

n = (1, 4,−1), s = (1,−2, 2)

cos(
π

2
− ϕ) = |1− 8− 2|√

18
√
9

=
1√
2

sinϕ =

√
2

2

ϕ =
π

4
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3.3.4 ål

: M1 �: M2 �ål"

: M0(x0, y0, z0)�²¡ π : Ax+By+Cz+D = 0�ål"

ü�²1²¡�ålµ=z�:�²¡�ål

����Ù²1²¡�ål§aqO�"

:����ål"

ü�²1��m�ål§�±=z�:����ål"

ü^É¡��m�ål"
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: M1 �: M2 �ål§d�þ
−−−−→
M1M2 ��� |

−−−−→
M1M2| û

½"

: M0(x0, y0, z0)�²¡ π : Ax+By+Cz+D = 0�ålµ

²¡þ���: M1(x1, y1, z1), ���þµ
−−−−→
M1M0. �Ä�þ−−−−→

M1M0 3²¡{�þ N = (A,B,C) �ÝKµPrjN
−−−−→
M1M0,

M�Tó��ÆêÆÆ�, Q3© �5�ê1nÙ AÛ�þ
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K: M0 �²¡ π �ål�µ

d = |PrjN
−−−−→
M1M0|

� N0 ´� N ���ü �þ§Kkµ

PrjN
−−−−→
M1M0 = |

−−−−→
M1M0| cos θ

= |N0||
−−−−→
M1M0| cos θ

= N0 •
−−−−→
M1M0

5¿�µ

N0 =
(

A√
A2+B2+C2 ,

B√
A2+B2+C2 ,

C√
A2+B2+C2

)
−−−−→
M1M0 = (x0 − x1, y0 − y1, z0 − z1)
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�: M1(x1, y1, z1) 3²¡ π þ§Ïdkµ

Ax1 +By1 + Cz1 +D = 0

N0 •
−−−−→
M1M0 =

A(x0−x1)+B(y0−y1)+C(z0−z1)√
A2+B2+C2

d = |A(x0−x1)+B(y0−y1)+C(z0−z1)√
A2+B2+C2 |

= |Ax0+By0+Cz0−(Ax1+By1+Cz1)√
A2+B2+C2 |

= |Ax0+By0+Cz0+D√
A2+B2+C2 |
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¤±²¡	�: M0(x0, y0, z0) �²¡Ax+By+Cz+D = 0

�ål,O�úª�µ

d = |Ax0 +By0 + Cz0 +D√
A2 +B2 + C2

|

Example 19

¦: M(1, 1, 1) �²¡ 2x+ 2y − z + 10 = 0 �ål" �âål
úª§

d = |2+2−1+10√
4+4+1

|
= 13√

9

= 13
3
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ü�²1²¡�ålµ=z�:�²¡�ål§=3Ù¥�
�²¡þ��: M0(x0, y0, z0) §O�ù�:�,	��²
¡�ål"

Example 20

O�±eü�²¡�ålµ

π1 : 3x+ 4y + 5z + 10 = 0

π2 : 3x+ 4y + 5z + 20 = 0

3²¡ π1 þ���:µM0(0, 0,−2),Kk

d = | −10+20√
9+16+25

|

= 10
5
√
2
=
√
2
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����Ù²1²¡�ål§aqO�"

:����ålµ

M1(x1, y1, z1), L :
x− x0
m

=
y − y0
n

=
z − z0
p

.
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�Äþã²1o>/�¡Èµ±�þ
−−−−→
M0M1 Ú�����

�þ s = (m,n, p) �>§d�pÝ§=: M1 ����ål"

S� = |s×
−−−−→
M0M1|

= d× |s|

d = |s×
−−−−→
M0M1|
|s|

Example 21

¦: M1(1, 0, 2) ��� L : x+1
2

= x+1
1

= z
1
�ål"

s = (2, 1, 1),
−−−−→
M0M1 = (2, 1, 2)

s×
−−−−→
M0M1 =

∣∣∣∣∣∣
i j k

2 1 1

2 1 2

∣∣∣∣∣∣ = (1,−2, 0)
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|s×
−−−−→
M0M1| =

√
5

|s| =
√
6, d =

√
5√
6

ü�²1��m�ål§�±=z�:����ål"
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ü^É¡��m�ålµ�kÉ¡��µ

L1 :
x−x1
m1

= y−y1
n1

= z−z1
p1

L2 :
x−x2
m2

= y−y2
n2

= z−z2
p2
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����m¥����§ 3.3.3  �'X ål ²¡å

P1(x1, y1, z1), s1 = (m1, n1, p1)

P2(x2, y2, z2), s2 = (m2, n2, p2)

s1 × s2

´ü�²¡�úR�þ"�þ
−−→
P1P2 3�þ s1 × s2 �ÝK�µ

Prjs1×s2
−−→
P1P2

ålúªµd = |Prjs1×s2
−−→
P1P2|

=
∣∣∣|−−→P1P2| cos θ

∣∣∣
=

∣∣∣−−→P1P2 • s1×s2
|s1×s2|

∣∣∣
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����m¥����§ 3.3.3  �'X ål ²¡å
Example 22

�kü^É¡��§¦§��ålµ

L1 :
x
1
= y

2
= z

3

L2 : x− 2 = y = z − 3

))).

s1 × s2 =

∣∣∣∣∣∣
i j k

1 2 3

1 1 1

∣∣∣∣∣∣ = (−1, 2,−1)

−−→
P1P2 = (−2, 0,−3)

|s1 × s2| =
√
6

d =
∣∣∣−−→P1P2 • s1×s2√

6

∣∣∣ = 5√
6
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����m¥����§ 3.3.3  �'X ål ²¡å

3.3.5 ²¡å

²¡å µ²L�� L �¤k²¡�8Ü§¡���²¡
å"
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����m¥����§ 3.3.3  �'X ål ²¡å

�½�� L ����§��µ

L : A1x+B1y + C1z +D1 = 0 · · · · · · (11)
A2x+B2y + C2z +D2 = 0 · · · · · · (12)

5¿§d?ü�{�þµn1 = (A1, B1, C1) � n2 = (A2, B2, C2)

´Ø²1�§�vk'~'Xµ

A1

A2

=
B1

B2

=
C1

C2

= λ

=þã'~'XØ¤á"
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����m¥����§ 3.3.3  �'X ål ²¡å

²L�� L�²¡ π§´Äk��Ú��L�ªQº·�y
²µ�½d²¡ π1 Ú π2 û½���:

π1 : A1x+B1y + C1z +D1 = 0

π2 : A2x+B2y + C2z +D2 = 0

π : λ1(A1x+B1y + C1z +D1) + λ2(A2x+B2y + C2z +D2) = 0

· · · · · · (13)

�²L�� L �²¡���§"

N´wÑ§�� L þ�:ÑÓ�÷v £11¤ Ú £12¤ §
Ï
�½÷v £13¤§`²�� L 3²¡ π þ"
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����m¥����§ 3.3.3  �'X ål ²¡å

��§XJk²¡ π ²L�� L §3�� L þ�½��
:µM1(x1, y1, z1). L:M1(x1, y1, z1)§������ L R��
²¡ ω§K¤k²LL �²¡�{�þ§�±À� ωþd: M1

Ñu��þ"5¿µn1 ´²¡ π1 �{�þ§ n2 ´²¡ π2 �
{�þ§� π �{�þ� n = (A,B,C), K{�þµn1,n2,n Ñ
3²¡ω þ§Ïdkµ
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����m¥����§ 3.3.3  �'X ål ²¡å

n = λ1n1 + λ2n2

A = λ1A1 + λ2A2

B = λ1B1 + λ2B2

C = λ1C1 + λ2C2
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����m¥����§ 3.3.3  �'X ål ²¡å

�â:{ª²¡�§µ

(λ1A1 + λ2A2)(x− x1) + (λ1B1 + λ2B2)(y − y1)
+(λ1C1 + λ2C2)(z − z1) = 0

λ1(A1x+B1y + C1z)− λ1(A1x1 +B1y1 + C1z1)

+λ2(A2x+B2y + C2z)− λ2(A2x1 +B2y1 + C2z1) = 0

λ1(A1x+B1y + C1z) + λ1D1

+λ2(A2x+B2y + C2z) + λ2D2 = 0

���§π : λ1(A1x+B1y + C1z +D1)

+λ2(A2x+B2y + C2z +D2) = 0
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����m¥����§ 3.3.3  �'X ål ²¡å

(Øµ²L�� L �?Û²¡ π§äkXe²¡�§µ

λ1(A1x+B1y + C1z +D1)

+λ2(A2x+B2y + C2z +D2) = 0

5¿µ λ1 = 0, π = π2;λ2 = 0, π = π1; ù��§§¡�d�� L

û½�²¡å�§"λ1, λ2 ¡�ëê"du λ1, λ2 ØÓ��"§
~Xµλ1 6= 0, K�§�±L��µ

A1x+B1y + C1z +D1

+λ(A2x+B2y + C2z +D2) = 0 · · · · · · (14)
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����m¥����§ 3.3.3  �'X ål ²¡å

Example 23

¦��µ

L : 2x− y + z − 1 = 0

x+ y − z + 1 = 0

3²¡ π : x+ 2y − z = 0 �ÝK�§"
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����m¥����§ 3.3.3  �'X ål ²¡å

))).

d�� L û½�²¡åp§k��²¡π1 �²¡ π R�§§�
���Ò´�� L �ÝK��"�µ

π1 : λ1(2x− y + z − 1) + λ2(x+ y − z + 1) = 0

π1�{��µ(2λ1 + λ2,−λ1 + λ2, λ1 − λ2).
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����m¥����§ 3.3.3  �'X ål ²¡å

ü�²¡�{�þp�R�§�kµ

n • n1 = 0

2λ1 + λ2 + 2(−λ1 + λ2)− (λ1 − λ2) = 0

−λ1 + 4λ2 = 0

λ2 = 1, λ1 = 4

π1 : 9x− 3y + 3z − 3 = 0

π1 : 3x− y + z − 1 = 0

��ÝK�§�µ

L1 :3x− y + z − 1 = 0

x+ 2y − z = 0
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����m¥����§ 3.3.3  �'X ål ²¡å

Example 24

¦��µ

L1 : x+ y − z − 1 = 0

2x+ y − z − 2 = 0

���µ

L2 :
x

−2
=
y

1
=
z + 2

0

m�ål"

))).

©Ûµ3 L1 û½�²¡å¥§é��²¡ π ��� L2 ²1§
K¯K=z�¦²¡ π ��� L2 �ål"
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����m¥����§ 3.3.3  �'X ål ²¡å

k`²ùü^��´É¡�§Ï�

s1 =

∣∣∣∣∣∣
i j k

1 1 −1
2 1 −1

∣∣∣∣∣∣ = (0,−1,−1)

s2 = (−2, 1, 0)
L1 :M1(1, 0, 0), L2 :M2(0, 0,−2),

−−−−→
M1M2 = (−1, 0,−2)[

s1s2
−−−−→
M1M2

]
=

∣∣∣∣∣∣
0 −1 −1
−2 1 0

−1 0 −2

∣∣∣∣∣∣ = 3

Ùg§Ïé L1²¡å¥��� L2 ²1�²¡ π,5¿µÙ{�
þ� L2 R�§��
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����m¥����§ 3.3.3  �'X ål ²¡å

λ1(x+ y − z − 1) + λ2(2x+ y − z − 2) = 0

(λ1 + 2λ2)x+ (λ1 + λ2)y − (λ1 + λ2)z − λ1 − 2λ2 = 0

s2 • (λ1 + 2λ2, λ1 + λ2,−λ1 − λ2) = 0

−2λ1 − 4λ2 + λ1 + λ2 = 0

λ1 + 3λ2 = 0

λ1 = −3, λ2 = 1

��²¡ π ��§�µ

−x− 2y + 2z + 1 = 0

O� L2 þ: M2(0, 0,−2) � ²¡ π �ålµ
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�þVgÚ�þ$� êþÈ§�þÈÚ·ÜÈ �m¥�²¡����m¥����§ 3.3.3  �'X ål ²¡å

d =
|2(−2) + 1|√

9
=

3

3
= 1

¤±�� L1 ��� L2 �ål�u 1.
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� ��
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