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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�mn ��þ�Vg n ��þ��5$�

4.1 n ��þVgÚ�5$�

4.1.1 n ��þ�Vg

1. k�	�eAÛ�m�~fµ
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�mn ��þ�Vg n ��þ��5$�

AÛ�þ�L��ªµ���m§½ö²¡þ§À½IOÄ
.µi, j,K?Û²¡�þ α �±éA��ê|µ

α = xi + yj↔ (x, y).

�m¥§À½IOÄ.µi, j,k, K?Û�þ α éA n�k
Sê|¶

α = axi + ayj + azk↔ (ax, ay, az)

7L5¿§²¡þ§�½ü�Ø²1��þµα, β, K²¡
þ?¿���þ γ,��±L«�µ

γ = xα + yβ ↔ (x, y)

�m¥§�½n�Ø�¡��þµα, β, γ,K?Û���m�
þ δ,��±L�µ

δ = xα + yβ + zγ ↔ (x, y, z)
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�mn ��þ�Vg n ��þ��5$�

���½µn�ê|µ(x1, x2, x3) Ò´�IOÄ. i, j,ke
��I"

·�ò��ê|§n�ê|�Vg§í2��õ§=AÛ�
þ�©þí2�n�±þ§n �kSê| (a1, a2, . . . , an)§
Òk n ��þ�Vg"
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�mn ��þ�Vg n ��þ��5$�

2. n ��þ�½Â

½½½ÂÂÂ 1.1

£Ö¥½Â 4.1§P109¤ ê� F p� n �kSê|:

a1, a2, . . . , an L��µ

α = (a1, a2, . . . , an)

¡� n ��þ§½ n ��þ"

1nÙ�AÛ�þ§Ò´ 3 ��m�þ"n �IOü �
þµ

ε1 = (1, 0, ..., 0)

ε2 = (0, 1, ..., 0)

· · ·
εn = (0, 0, ..., 1)
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�mn ��þ�Vg n ��þ��5$�

3. �þ�L��ªµ

1�þµ
α = (a1, a2, . . . , an)

��þµ

α =


a1
a2
...

an


ê a1, a2, . . . , an ©O¡�þ α �11§12§..., 1 n �©
þ"

�âê� F ´¢ê R§Eê C§¡�¢�þ§E�þ"n
�¢�þ��NP� Rn§n �E�þ��NP� Cn.
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�mn ��þ�Vg n ��þ��5$�

�k�þ α = (a1, a2, . . . , an), β = (b1, b2, . . . , bn)

ü� n ��þ��α = β§��=�éA©þ��µa1 =

b1, a2 = b2, . . . , an = bn.

"�þµ0 = (0, 0, ..., 0)

K�þ: −α = (−a1,−a2, . . . ,−an).
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�mn ��þ�Vg n ��þ��5$�

Example 1

A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...

am1 am2 · · · amn

 , aij ∈ F

KÝ
 A �±©¬���þ|¤§½ö1�þ|¤µ

A =
(
α1 α2 · · · αn

)
, αj =


a1j
a2j
...

amj



A =


β1
β2
· · ·
βm

 , βi =
(
ai1 ai2 · · · ain

)
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�mn ��þ�Vg n ��þ��5$�

4.1.2 n ��þ��5$�

n ��þ��5$�kü«µ\{Úê¦
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�mn ��þ�Vg n ��þ��5$�

1. �þ�\{

½½½ÂÂÂ 1.2

�k�þ α = (a1, a2, . . . , an), β = (b1, b2, . . . , bn),5½\{�µ

α + β = (a1 + b1, a2 + b2, . . . , an + bn)

5¿µ7L´�Ó�ê��þ�\{"

�þ�~{�µ

α− β = α + (−β)
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�mn ��þ�Vg n ��þ��5$�

2. �þ�ê¦

½½½ÂÂÂ 1.3

�kê� F ¥�þ α = (a1, a2, . . . , an),5½ê¦�µ

kα = (ka1, ka2, . . . , kan), k ∈ F

5¿µ�þ�\{Úê¦$�§¡��5$�§÷v
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�mn ��þ�Vg n ��þ��5$�

3. �5$��5�

1 ��Æµα + β = β + α.

2 (ÜÆµ(α + β) + γ = α + (β + γ)"

3 0 + α = α"

4 −α + α = 0.

5 1α = α,−1α = −α, 0α = 0.

6 k(lα) = (kl)α

7 k(α + β) = kα + kβ

8 (k + l)α = kα + lα
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

4.2 �þ|��5�'Ú�5Ã'

4.2.1 �5�'Ú�5Ã'�½Â

1. �þ��5L«
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

½½½ÂÂÂ 2.1

(Ö¥½Â 4.4§P110) éu n ��þ β, α1, α2, ..., αm, e�3 m

�êµk1, k2, ..., km,÷vµ

β = k1α1 + k2α2 + · · ·+ kmαm

¡ β ´ α1, α2, ..., αm ��5|Ü§½¡ β d α1, α2, ..., αm �5
L«"

Example 2

?ÛAÛ�þ�±d ε1 = (1, 0, 0), ε2 = (0, 1, 0), ε3 = (0, 0, 1)�
5L«µ

α = (a1, a2, a3) = a1ε1 + a2ε2 + a3ε3
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

Example 3

�5�§|µ

a11x1+ a12x2+ · · ·+ a1mxm = b1
a21x1+ a22x2+ · · ·+ a2mxm = b2

...
... · · · ...

...

an1x1+ an2x2+ · · ·+ anmxm = bn

·��±^�þ��5|ÜL«µ

x1


a11
a21
...

an1

+ x2


a12
a22
...

an2

+ · · ·+ xm


a1m
a2m
...

anm

 =


b1
b2
...

bn
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

�XêÝ
 A ���þÚ�5�§|�~ê�þ©O�µ

αj =


a1j
a2j
...

anj

 , j = 1, 2, ...,m, β =


b1
b2
...

bn


x1α1 + x2α2 + · · ·+ xmαm = β

·�Ïé�5�§|�)§Ò´Ïéêµk1, k2, ..., km, ¦�
β ´ α1, α2, ..., αm ��5|Üµ

β = k1α1 + k2α2 + · · ·+ kmαm
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½
Example 4

�½�þ

α1 =

 1

1

1

α2 =

 1

1

0

α3 =

 1

0

0



¯?Û�þβ =

 a

b

c

´Ä�±�¦��5L«º

·��±�µ

x1α1 + x2α2 + x3α3 = β

�du)�§µ

 1 1 1

1 1 0

1 0 0

 x1
x2
x3

 =

 a

b

c
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

�â�40{K§ù��§Ø=k)§�)´���"

 1 1 1 a

1 1 0 b

1 0 0 c

→
 0 1 1 a− c

0 1 0 b− c
1 0 0 c


→

 0 0 1 a− b
0 1 0 b− c
1 0 0 c


→

 1 0 0 c

0 1 0 b− c
0 0 1 a− b
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→

 1 0 0 c

0 1 0 b− c
0 0 1 a− b


 x1

x2
x3

 = A−1

 a

b

c

 =

 c

b− c
a− b


β =

 a

b

c

 = c

 1

1

1

+ (b− c)

 1

1

0

+ (a− b)

 1

0

0


β = a

 1

0

0

+ b

 0

1

0

+ c

 0

0

1
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

AÛ¿Âµ�m¥§n�:µM1(1, 1, 1),M2(1, 1, 0),M3(1, 0, 0)

éAn��þµ

−−−→
OM1 = (1, 1, 1) = α1,

−−−→
OM2 = (1, 1, 0) = α2,

−−−→
OM3 = (1, 0, 0) = α3

ùn��þ´Ø�¡�§�±��n��þ�m�#Ä." ?
¿��IOÄ.e��þ β = (a, b, c) = ai + bj + ck 3ù�#Ä
.e��I´µ cα1 + (b− c)α2 + (a− b)α3. AOµ

i = (1, 0, 0) = 0α1 + (0− 0)α2 + (1− 0)α3 = α3

j = (0, 1, 0) = 0α1 + (1− 0)α2 + (0− 1)α3 = α2 − α3

k = (0, 0, 1) = 1α1 + (0− 1)α2 + (0− 0)α3 = α1 − α2
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

Example 5

� n×m Ý
 A Ú m× p Ý
§�ÄÝ
¦È: Ý
 AB ��
�þ´ A ���þ��5|Ü§½ödA ���þ�5L«"
|ÜXê5guÝ
 B ��"

AB = C =
(
γ1 γ2 · · · γp

)
γj =


c1j
c2j
...

cnj

 , j = 1, 2, ..., p

AB =
(
α1 α2 · · · αm

)


b11 b12 · · · b1p
b21 b22 · · · b2p
...

... · · · ...

bm1 bm2 · · · bmp
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

αj =


a1j
a2j
...

anj

 , j = 1, 2, ...,m

AB =
( ∑m

j=1 αjbj1
∑m

j=1 αjbj2 · · ·
∑m

j=1 αjbjp
)

γ1 =
m∑
j=1

αjbj1, γ2 =
m∑
j=1

αjbj2, ..., γp =
m∑
j=1

αjbjp

¤±§ Ý
 AB ���þ´ A ���þ��5|Ü§½ödA
���þ�5L«"|ÜXê5guÝ
 B ��"

þã5Æ§�±�·��O��5é�B|µ~X Ý
 B

�1���"§KÝ
 AB �1���½�""
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½
Example 6

·��ÄÝ
¦È AB = C �1:

AB = C =


δ1
δ2
...

δn

 , δi =
(
ci1 ci2 · · · cip

)
, i = 1, 2, ..., n

B =


β1
β2
...

βm

 , βi =
(
bi1 bi2 · · · bip

)
, i = 1, 2, ...,m

AB =


a11 a12 · · · a1m
a21 a22 · · · a2m
...

...
. . .

...

an1 an2 · · · anm




β1
β2
...

βm

 =


∑m

j=1 a1jβj∑m
j=1 a2jβj

...∑m
j=1 anjβj
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

m∑
j=1

a1jβj = δ1,
m∑
j=1

a2jβj = δ2

· · · ,
m∑
j=1

anjβj = δn

¤±§ Ý
 AB �1�þ´ B �1�þ��5|Ü§½ödB
�1�þ�5L«"|ÜXê5guÝ
 A �1"

þã5Æ§�±�·��O��5é�B|µ~X Ý
 A

�1�1�"§KÝ
 AB �1�1�½�""
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���§é n ���þ§ke��5L�ªµ

e1 =


1

0
...

0

 e2 =


0

1
...

0

 · · · en =


0

0
...

1


±þù
�þ¡�IOÄ."

α =


a1
a2
...

an

 = a1e1 + a2e2 + · · ·+ anen

?Û n ���þ α �±d e1, e2, ..., en �5L«"
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

���§é n �1�þ§ke��5L�ªµ

e′1 = (1, 0, · · · , 0)

e′2 = (0, 1, · · · , 0)
...

...

e′n = (0, 0, · · · , 1)

±þù
�þ¡�IOÄ."

α = (a1, a2, · · · , an)

= a1e
′
1 + a2e

′
2 + · · ·+ ane

′
n

?Û n �1�þ α �±d e′1, e
′
2, ..., e

′
n �5L«"
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

���¹e§�� n �ê|(a1, a2, · · · , an) Ò%@�IOÄ
.

e′1, e
′
2, ..., e

′
n

e��I�5L«"

"�þ�±�?Û�|�þ�5L«µ

0 = 0α1 + 0α2 + · · ·+ 0αm

ü�AÛ α, β �þ²1,��=�Ù¥���,���5L
«µβ = kα.

n�AÛ α, β, γ �þ�¡§��=�Ù¥���±�Ù§
ü��5L«"
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

2 �þ��5�'��5Ã'

½½½ÂÂÂ 2.2

£ Ö ¥ ½ Â4.5§P111¤ � ½ � | � Ó � ê � �
þµα1, α2, · · · , αm, XJ�3Ø��"�êµk1, k2, ..., km,
¦�µ

k1α1 + k2α2 + · · ·+ kmαm = 0

Ò¡�þ| α1, α2, · · · , αm �5�'"ÄK§Ò¡ù��þ|�
5Ã'"

5¿§þã�ªm>� 0 �L"�þ§�ê� αi, i =

1, 2, ...m �Ó"
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

Example 7

�ä�þ|

α1 = (1, 1, 1), α2 = (1, 1, 0), α3 = (1, 0, 0)

´Ä�5�'.

�
k1α1 + k2α2 + k3α3 = 0
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

(k1, k1, k1) + (k2, k2, 0) + (k3, 0, 0) = 0

(k1 + k2 + k3, k1 + k2, k1) = 0

k1 + k2 + k3 = 0

k1 + k2 = 0

k1 = 0

k3 = k2 = k1 = 0

Ïd§�þ|

α1 = (1, 1, 1), α2 = (1, 1, 0), α3 = (1, 0, 0)

�5Ã'"
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

3. �5�'��5�§|

�|�þ´Ä�5�'§��§|�'Xµb� m � n �
�þα1, α2, ..., αm�¤�Cþ/ªµ

α1 =


a11
a21
...

an1

 , α2 =


a12
a22
...

an2

 , · · · , αm =


a1m
a2m
...

anm
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

´Ä�3�|Ø��"�ê k1, k2, ..., km, ¦�µ

k1α1 + k2α2 + · · ·+ kmαm = 0

⇔ k1


a11
a21
...

an1

+ k2


a12
a22
...

an2

+ · · ·+ km


a1m
a2m
...

anm

 = 0

þã�ª§�duµ

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½


a11 a12 · · · a1m
a21 a22 · · · a2m
...

...
. . .

...

an1 an2 · · · anm




k1
k2
...

km

 = 0, AK = 0

A =


a11 a12 · · · a1m
a21 a22 · · · a2m
...

...
. . .

...

an1 an2 · · · anm

 , K =


k1
k2
...

km


=�5�§µAX = 0 ´Äk�")µk1, k2, ..., km. XJk�"
)§K�þ|µα1, α2, ..., αm �5�'§ÄK�5Ã'"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

(Øµéu m � n ���þ αj, j = 1, 2, ...,m§-Ý
 A

dù m ���þ|¤:

A =
(
α1 α2 · · · αm

)
K α1, α2, ..., αm �5�'§��=� �5�§µAX = 0 k�
")�þµ

X0 =


k1
k2
...

km

 6= 0, AX0 = 0

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

Example 8

Ý
 A � n×m Ý
§K R(A) < m ��=��3m ��"�
þX0, AX0 = 0.

Proof.

¿©5µ®�k X0 6= 0, AX0 = 0, KkµR(X0) = 1

R(A) +R(X0) ≤ m⇒ R(A) ≤ m−R(X0) = m− 1

7�5µ=®� R(A) < m§ Kk�_Ý
 P,Q

PAQ =

(
Er 0

0 0

)
, r = R(A) < m

PA
(
Q11 Q12 · · · Q1m

)
=

(
Er 0

0 0

)

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

þ¡ªf`²Ý
 PAQ �����"§¤±kµ

PAQ =
(
PAQ11 PAQ12 · · · PAQ1m

)
=

(
Er 0

0 0

)
PAQ1m = 0⇒ AQ1m = 0,

5¿�Ý
 Q �_§¤± Q1m 6= 0. y."

c¡®²`²µÝ
 An×m ���þ|�5�'§��=�
�5�§ AX = 0 k�")§¤±·�q�±`µ

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

An×m ���þ|�5�'"��=�R(A) < m.

�â�§ AX = 0 ´Äk�")§�äÝ
 A ���þ´
Ä�5�'§��±��e�¯¢µ

3 � 2 ��þ�½�5�'¶

4 � 3 ��þ�½�5�'µ

n+ 1 � n ��þ�½�5�'"
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

ü�£AÛ¤�þ α1, α2 ²1§��=��3Ø��"�
êµk1, k2, ÷vµk1α1 + k2α2 = 0.

n�£AÛ¤�þ α1, α2, α3 �¡§��=��3Ø��"
�êµk1, k2, k3, ÷vµk1α1 + k2α2 + k3α3 = 0.

���þ|¹k��f�þ|�5�'§Kù��þ|��
��5�'"=µ

{αi1 , αi2 , · · · , αil} ⊆ {α1, α2, · · · , αm}
αi1 , αi2 , · · · , αil , l ≤ m,�5�'

⇒ α1, α2, · · · , αm,�5�'

�þ��5��d5�µ���þ| {α1, α2, · · · , αm} ´�
5Ã'�§KÙ?¿f�þ|�´�5Ã'�"

���þ|¹k"�þ§Kù��þ|�5�'"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

���þ|�5Ã'§�duµ

k1α1 + k2α2 + · · ·+ kmαm = 0

⇔ k1 = k2 = · · · = km = 0.

ü�£AÛ¤�þ α, β Ø²1§��=�§��5Ã'"

n�£AÛ¤�þ α, β Ø�¡§��=�§��5Ã'"

c¡½Â� n � n �IO�þ|µe1, e2, · · · , en�5Ã'"
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

e¡ù�~f§`²XÛ�ä�|�þ´�5�'�´�5
Ã'"

Example 9

��þ| α1, α2, α3 ´�5Ã'|§y²�þ|µ

β1 = α1 + α2 + α3, β2 = α2 + α3, β3 = α3

´�5Ã'|"

))).

�kê k1, k2, k3 ¦�µ

k1β1 + k2β2 + k3β3 = 0

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

ò®�^��\µ

k1(α1 + α2 + α3) + k2(α2 + α3) + k3α3 = 0

k1α1 + (k1 + k2)α2 + (k1 + k2 + k3)α3 = 0

α1, α2, α3,�5Ã'

⇒ k1 = 0, k1 + k2 = 0, k1 + k2 + k3 = 0

⇒ k1 = k2 = k3 = 0

β1, β2, β3,�5Ã'

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

Example 10

£Ö¥SK3¤� A ´�_Ý
§α1, α2, ..., αm, ´ m �n ��
�þ"y²µ

α1, α2, ..., αm

�5Ã'§��=�

Aα1, Aα2, ..., Aαm

�5Ã'.

Proof.

Let B =
(
α1 α2 · · · αm

)
. then

AB =
(
Aα1 Aα2 · · · Aαm

)

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

Proof.

B ���þd�þ|µα1, α2, ..., αm |¤§Q,α1, α2, ..., αm,´
�5Ã'|§Ïd�§µ

BX =
(
α1 α2 · · · αm

)


x1
x2
...

xm


BX = x1α1 + x2α2 + · · ·+ xmαm = 0

�k")"
AB ���þd�þ|µ

Aα1, Aα2, ..., Aαm

|¤§Aα1, Aα2, ..., Aαm ´Ä�5Ã'|§�ûue��§

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

Proof.

ABX =
(
Aα1 Aα2 · · · Aαm

)


x1
x2
...

xm


ABX = x1Aα1 + x2Aα2 + xmAαm = 0

´Äk�")" Ï�Ý
 A �_§¤±�§ BX = 0 ��§
ABX = 0 ´Ó)�§µ

BX0 = 0⇔ ABX0 = 0

Q, BX = 0 �k")§¤± ABX = 0 ��k")§¤±�þ
|µAα1, Aα2, ..., Aαm ´�5Ã'|"
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

y{ 2. ��^½Âµb�k m �êµk1, k2, ..., km,÷v

k1Aα1 + k2Aα2 + · · ·+ kmAαm = 0

Kkµ

k1Aα1 + k2Aα2 + · · ·+ kmAαm = 0

⇒
(
Aα1 Aα2 · · · Aαm

)


k1
k2
...

km

 = 0

⇒ A
(
α1 α2 · · · αm

)


k1
k2
...

km

 = 0

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

Ï�Ý
 A �_§�k

(
α1 α2 · · · αm

)


k1
k2
...

km

 = 0

d®�^�§α1, α2, ..., αm�5Ã'§¤± k1 = 0, k2 = 0, ..., km =

0, ùÒ`²
Aα1, Aα2, ..., Aαm

�5Ã'"
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

4.2.2 �5�'5���d�y

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

Theorem 2.3

(Ö¥½n 4.1§ P112) �þ| α1, α2, · · · , αm,m ≥ 2 �5�'§
��=�Ù¥���þ�±�Ù§�þ�5L«"

Proof.

7�5µb�ù|�þ�5�'§K�3Ø��"�
êµk1, k2, ..., km,¦�eª¤áµ

k1α1 + k2α2 + · · ·+ kmαm = 0

Ø��µk1 6= 0, u´µ

α1 = −k2
k1
α2 − · · · −

km
k1
αm

¤±§α1 �±�Ù§�þ�5L«"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

¿©5µb�Ù¥,��þ§Ø�� αm �±�Ù§�þ�
5L«§=µ

αm = k1α1 + k2α2 + · · ·+ km−1αm−1

u´kµ

k1α1 + k2α2 + · · ·+ km−1αm−1 − αm = 0

w,kµk1, k2, ..., km = −1 Ø��"§¤±µα1, α2, · · · , αm �
5�'.y."

dd½n��§ü��þ�5�'§��=�éA©þ¤'
~£²1¤§n�AÛ�þ�5�'§��=��¡"
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

4.2.3 �5�'�?�Ú�½

r n ��þw�1£�¤�þ§�du��1£�¤Ý
§Ï
d�5�'�5��Ý
5����'§�!�y²ù
�'
5�"
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

ò m � n ��þL���Ý
µ

α1 =


a11
a21
...

an1

 , α2 =


a12
a22
...

an2

 , · · · , αm =


a1m
a2m
...

anm

 ,

-µ

A =


a11 a12 · · · a1m
a21 a22 · · · a2m
...

...
. . .

...

an1 an2 · · · anm

 = (α1, α2, ..., αm)

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

m � n ��þéA�� n ×m Ý
 A. ��n ×m Ý
 A

éA m � n ���þ"

Ó��ª§^1�þ�L�ª§�|�þéA��Ý
"

�½ n×m Ý
 A§�Ä��þ��5|Üµ

k1α1 + k2α2 + · · ·+ kmαm = 0

(α1, α2, ..., αm)


k1
k2
...

km

 = Aβ = 0, β =


k1
k2
...

km
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

5¿µØU�¤
(
k1 k2 · · · km

)
α1

α2

· · ·
αm

. (Why?)

1 ��β 6= 0, Ý
 A ���þÒ´�5�'�"

2 ½ö`µβ = 0, ��=� A ���þ´�5Ã'�"

3 Ý
g��5�§�±^u�ä��þ��5�'½�5Ã
'"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

Ý
��þ|�5Ã'£½�5�'¤�Ý
���'
Xµ

Theorem 2.4

ÝÝÝ


���OOO{{{µn ×m Ý
 A ���þ|�5Ã'§��=�Ý

 A ��µR(A) = m.

Theorem 2.5

���ddd···KKKµn ×m Ý
 A ���þ|�5�'§��=�Ý

A ��µR(A) < m.
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

Proof.

~K 8 y²µ�5�§ AX = 0 k�")�þ X0, ��=�
R(A) < m.

·��I`²µÝ
 A ���þ|�5�'§��=��5�
§ AX = 0 k�")"Ý
 A� m � n ���þP�µ

α1, α2, · · · , αm

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

Proof.

k1α1 + k2α2 + · · ·+ kmαm = 0

⇔
(
α1 α2 · · · αm

)


k1
k2
...

km

 = 0

⇔ A


k1
k2
...

km

 = 0⇔ AX = 0k)µ


k1
k2
...

km
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

Proof.

α1, α2, ..., αm �5�'⇔
k1α1 + k2α2 + · · ·+ kmαm = 0, k1, k2, ..., km, Ø��"

(
α1 α2 · · · αm

)


k1
k2
...

km

 = 0⇔ A


k1
k2
...

km

 = 0

⇔


k1
k2
...

km

´�5�§µAX = 0��")
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

éuÝ
�1�þ|§kaq(Øµ

éu n × m Ý
 A, Ý
�1�þ|�5Ã'§��=�
R(A) = n.

AO���
 A, Ý
�1£�¤�þ|�5Ã'§��=
� |A| 6= 0.
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

¯KµXJ m � n ��þ�5Ã'§·�òù|�þO\
��§½�õ©þ§C¤ n+ 1 �§½�õ���þ§§��´
�5Ã'íº £�´�½�§|^c¡�(Ø§�±y²ù�
5�"

~X²¡þµα = (1, 0), β = (0, 1) �5Ã'§¯µα1 =

(1, 0, a), β1 = (0, 1, b)´Ä�5Ã'ºw,Ø�3�"ê k ÷
vµα1 = kβ1. ¤± α1, β1 �´�5Ã'

y²�e�"
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

(Øµek

α1 =


a11
a21
...

an1

 , α2 =


a12
a22
...

an2

 , · · · , αm =


a1m
a2m
...

anm


�5Ã'§Kk

β1 =


a11
a21
...

an1
a(n+1)1

 , β2 =


a12
a22
...

an2
a(n+1)2

 , · · · , βm =


a1m
a2m
...

anm
a(n+1)m


�5Ã'
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

Let

A =


a11 a12 · · · a1m
a21 a22 · · · a2m
...

...
...

an1 an2 · · · anm



B =


a11 a12 · · · a1m
a21 a22 · · · a2m
...

...
...

an1 an2 · · · anm
a(n+1)1 a(n+1)2 · · · a(n+1)m


∵ m ≥ R(B) ≥ R(A) = m

∴ R(B) = m

B ���þ�5Ã'"
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

éuO\�õ©þ��¹§y²����"o(�e(Øµ

íííØØØ 2.6

£Ö¥íØ 4.1§P115¤ n ��þ|´�5Ã'|§KO\ t �
©þC¤ n+ t ��þ|§�´�5Ã'|"

íííØØØ 2.7

£Ö¥íØ 4.2§P116¤ �km �n ��þ| α1, α2, ..., αm§e
m > n§KT�þ|´�5�'|"

y²µ-
A =

(
α1 α2 ... αm

)
A ´ n×m Ý
§Ù�µR(A) ≤ n < m,���þ�5�'"
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

Example 11

�äe�Ý
p§�(1)�þ��5�'5�"

A =


1 2 3 0

3 2 1 0

4 5 6 0

6 5 4 0

 , B =

 1 2 3 4

2 3 4 1

3 4 1 2

 ,

 1 2 3

2 3 1

3 1 2



éu A,R(A) ≤ 3, �£1¤ê 4 §��£1¤�þ|�5
�'"éu B, ��þ|´3 ��§4 � 3 ��þ7½�5�
'"éuÝ
 C,R(C) = 3, 1�þ|�ê�uÝ
��§¤±
1£�¤�þ|�5Ã'"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

Example 12

®��þ| α1, α2, α3, α4, �5Ã'§2�µ

1 β1 = α1 + α2, β2 = α2 + α3, β3 = α3 + α4, β4 = α4 + α1;

2 γ1 = α1 + α2, γ2 = α2 + α3, γ3 = α3 + α1.

©O?Øþ¡ü|�þ��5�'5�"

(1)�Äeª§´Äk�"�5|Ü§ �k

0 = k1β1 + k2β2 + k3β3 + k4β3

= k1(α1 + α2) + k2(α2 + α3) + k3(α3 + α4) + k4(α4 + α1)

= α1(k1 + k4) + α2(k1 + k2) + α3(k2 + k3) + α4(k3 + k4)

α1, α2, α3, α4,�5Ã'

k1 + k4 = 0, k1 + k2 = 0, k2 + k3 = 0, k3 + k4 = 0

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

k1 + k4 = 0

k1 + k2 = 0

k2 + k3 = 0

k3 + k4 = 0
1 0 0 1

1 1 0 0

0 1 1 0

0 0 1 1




k1
k2
k3
k4

 =


0

0

0

0




1 0 0 1 0

1 1 0 0 0

0 1 1 0 0

0 0 1 1 0

→


1 0 0 1 0

0 1 0 −1 0

0 0 1 1 0

0 0 0 0 0


M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

���|)µk1 = 1, k2 = −1, k3 = 1, k4 = −1, Ïd§

β1 − β2 + β3 − β4 = 0

β1, β2, β3, β4 �5�'"

(2) �Äeª§´Äk�"�5|Üµ

0 = k1γ1 + k2γ2 + k3γ3

= k1(α1 + α2) + k2(α2 + α3) + k3(α3 + α1)

= α1(k1 + k3) + α2(k1 + k2) + α3(k2 + k3)

α1, α2, α3,�5Ã'

⇒ k1 + k3 = 0, k1 + k2 = 0, k2 + k3 = 0

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�5�'5���d�y �5�'�?�Ú�½

���5�§|µ 1 0 1

1 1 0

0 1 1

 k1
k2
k3

 =

 0

0

0


k1 = k2 = k3 = 0

γ1, γ2, γ3�5Ã'

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�þ|�� Ý
����þ|��

4.3 �þ|��

4.3.1 4�Ã'|

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�þ|�� Ý
����þ|��

1. �þ|��d

�k�þ| £1¤Ú�þ| £2¤µ

1 α1, α2, ..., αr,

2 β1, β2, ..., βs.

½½½ÂÂÂ 3.1

£Ö¥½Â4.6§P117¤ XJ�þ| £1¤�z���þÑ�±
��þ|£2¤�5L«§Ò`�þ|£1¤��þ|£2¤�5
L«"XJ�þ|£1¤Ú�þ|£2¤�±p��5L«§Ò
`�þ|£1¤Ú�þ|£2¤�d"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�þ|�� Ý
����þ|��

�þ|��5L«äkD45�"

�þ|��däkD45�"

½½½ÂÂÂ 3.2

£Ö¥½Â4.7,P117-118¤�½k��n��þ�8Ü Ω(½¡�
|�þ)§XJΩ¥�3 r ��þµα1, α2, ..., αr, ÷vµ

1 α1, α2, ..., αr,�5Ã'¶

2 ?� α ∈ Ω, α 6= αi, i = 1, 2, ..., r, K α1, α2, ..., αr, α �5�
'¶

¡�þ| α1, α2, ..., αr, ´�þ8Ü Ω ���4��5Ã'|§
{¡4�Ã'|"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�þ|�� Ý
����þ|��

���5Ã'�þ|§g�´4�Ã'|¶

?Û�þ8Ü§´Ä�34�Ã'|§k��¡y²¶

?Û�þ8Ü§�34�Ã'|§Ø��§=�UkA�4
�Ã'|"

~Xµ

α =

 1

0

0

 β =

 0

1

0

 γ =

 1

1

0


4�Ã'|kn|µα, β;½ö α, γ; ½ö β, γ.

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�þ|�� Ý
����þ|��

£Ö¥½n4.2,P118¤

Theorem 3.3

� n � � þ | µα1, α2, · · · , αm � 5 Ã ' § � ´ � þ
|α1, α2, · · · , αm, α �5�'" K�þ α �±d�þ|
α1, α2, · · · , αm �5L«§�L��ª��"

Proof.

�â�5�'5§�3Ø��"�êµk1, k2, ..., km, k,¦�

k1α1 + k2α2 + · · ·+ kmαm + kα = 0

lα1, α2, · · · , αm �5Ã'§�� k 6= 0, Ïdµ

α = −k1
k
α1 −

k2
k
α2 − · · · −

km
k
αm

=�þ α �±d α1, α2, · · · , αm �5L«"
M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�þ|�� Ý
����þ|��

b½ α ��5L«kü«L��ªµ

α = k1α1 + k2α2 + · · ·+ kmαm

α = l1α1 + l2α2 + · · ·+ lmαm

⇒ (k1 − l1)α1 + (k2 − l2)α2 + · · ·+ (km − lm)αm = 0

α1, α2, ..., αm,�5Ã'

k1 = l1, k2 = l2, · · · , km = lm

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�þ|�� Ý
����þ|��

þã½nL²µ

���þ|��þÑ�±�§�4�Ã'|�5L«¶

���þ|Ú§�4�Ã'|�d¶

���þ|�4�Ã'|§�,Ø��§�p��d"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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����þ|��

4.3.2 �þ|��

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�þ|�� Ý
����þ|��
Theorem 3.4

£Ö¥½n 4.3§P118¤ XJk�þ|µ

1 α1, α2, ..., αr;

2 β1, β2, ..., βs;

÷v¶�þ|(1) �5Ã'§���þ|(2) �5L«§K
kµr ≤ s.

Proof.

Q,�þ|(1) ��þ|(2) �5L«§��µ

α1 = k11β1 + k21β2 + · · ·+ ks1βs

α2 = k12β1 + k22β2 + · · ·+ ks2βs

· · · · · ·
αr = k1rβ1 + k2rβ2 + · · ·+ ksrβs

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�þ|�� Ý
����þ|��

))).

^��þÚÝ
L�þã�5'Xµ

(
α1 α2 · · · αr

)
=
(
β1 β2 · · · βs

)


k11 k12 · · · k1r
k21 k22 · · · k2r
...

...
. . .

...

ks1 ks2 · · · ksr


�âÝ
¦È��'X§k

R
(
α1 α2 · · · αr

)
≤ R


k11 k12 · · · k1r
k21 k22 · · · k2r
...

...
. . .

...

ks1 ks2 · · · ksr

 ≤ s

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�þ|�� Ý
����þ|��

2�â�þ|�Ý
���O{§k

R
(
α1 α2 · · · αr

)
= r

Ïd§ r ≤ s. y."

íííØØØ 3.5

£Ö¥íØ4.3§P119¤

c½n¥§e�þ|£1¤Ú£2¤Ñ�5Ã'§�*d�
d§K r = s.

���þ|�¤k4�Ã'|§þk�Ó�ê��þ"

�âþ¡íØ§·�¢Sþé�
�þ|�ØCþ§Ïd�
ÑXe½Âµ

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�þ|�� Ý
����þ|��

½½½ÂÂÂ 3.6

£Ö¥½Â4.8§P119¤ éu�½��þ| Ω, ½Â§���§
�4�Ã'|¤¹�þ��ê§�±P� RΩ.

éu�5Ã'|§§��Ò�ug�¤¹�þ�ê"

�þ|��≤�þ|¤¹�þ��ê"
éu���þ|§k�ê§�§�þ�ê§ùn�êþk�
½�'X§�¡¬?�ÚïÄ"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�þ|�� Ý
����þ|��

(Ö¥íØ 4.4§P119)

íííØØØ 3.7

éuü��þ|

1 α1, α2, ..., αr, �� r1;

2 β1, β2, ..., βs, �� r2;

XJ £1¤� £2¤�5L«§Kk r1 ≤ r2. �d��þ|k�
Ó��"

Proof.

��þ|£1¤�4�Ã'|�Ω, KΩ ¹k r1 ��þ"2��
þ|£2¤�4�Ã'|�∆, K∆ ¹k r2��þ. Ï��þ|
£1¤�Ω�d§�þ|£2¤�∆�d§Ïdd®�^�§Ω�
±�∆ �5L«§�kr1 ≤ r2"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�þ|�� Ý
����þ|��

4.3.3 Ý
����þ|��

c¡®²0�L§�5�'½�5Ã'�5�§�±ÏLÝ

��5�ä§�!?�ÚïÄ���'�¯K

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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����þ|��

(Ö¥½n 4.4§P120)

Theorem 3.8

� A ´ n ×m Ý
§K A ���þ|µΩ = {α1, α2, ..., αm}�
� RΩ�uÝ
 A �� R(A).

Proof.

b½Ý
��R(A) = r. u´Ý
 A k�� Dr �fªØ�"§
d Dr×r �1��¤��Ý
§ù�Ý
���þ�5Ã'£Ý

��þ|��5Ã'Ý
�O{¤" rDr×r ¤3���þ*
¿�¤3�Ý
 A ¤3��§P� αj1 , αj2 , ..., αjr , Kù�´�
5Ã'��§l R(A) = r ≤ R(Ω).

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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����þ|��

A =



· · · a1j1 · · · a1jr · · · a1m
...

...
...

...
...

...

· · · ai1j1 · · · ai1jr · · · ai1m
...

...
...

...
...

...

· · · airj1 · · · airjr · · · airm
...

...
...

...
...

...

· · · anj1 · · · anjr · · · anm



0 6= Dr = A

(
i1 i2 · · · ir
j1 j2 · · · jr

)
=

∣∣∣∣∣∣∣
ai1j1 · · · ai1jr
...

. . .
...

airj1 · · · airjr

∣∣∣∣∣∣∣
M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�þ|�� Ý
����þ|��

��§� R(Ω) = r, =�Ý
 A �� αj1 , αj2 , ..., αjr �
5Ã'§u´dù r ���þ�¤�� n × r �Ý
 A1,u
´dc¡½n 2.4Ú2.5§Ý
��þ|�5Ã'�Ý
��'
XµÝ
A1 �� R(A1) = r,�´kr = R(A1) ≤ R(A), =k
R(Ω) = r ≤ R(A).

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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����þ|��

5¿�µR(A) = R(A′)�u A′ ���þ|��§�u A�
1�þ|��" ¤±��µA ��þ|���u A �1�þ|
��"

íííØØØ 3.9

Ý
���þ|���u1�þ|��"

eÝ
 A ��� r, KØ�"� r �fª Dr ¤3�1
£�¤§�¤Ý
 A �1£�¤�þ|�4�Ã'|"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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Example 13

�k�þ|µ

α1 =


1

0

1

0

 , α2 =


1

1

0

0

 , α3 =


2

1

1

0

 , α4 =


0

0

1

1


¦�þ|��Ú4�Ã'|"

){ 1µ-

A =
(
α1 α2 α3 α4

)
=


1 1 2 0

0 1 1 0

1 0 1 1

0 0 0 1


M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�þ|�� Ý
����þ|��

{üO�§��µ|A| = 0, me� 3 �fªµ

D3 =

∣∣∣∣∣∣
1 1 0

0 1 1

0 0 1

∣∣∣∣∣∣ 6= 0

Ïd§�þ|��� 3§4�Ã'|�±ÀJ D3¤3��µ

α2, α3, α4.

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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����þ|��

){ 2µÐ�1C�§ØUC��þ��5'Xµ

k1α1 + k2α2 + k3α3 + k4α4 = 0

(
α1 α2 α3 α4

)
k1
k2
k3
k4

 = 0

Ð�1C�

↔
P
(
α1 α2 α3 α4

)
k1
k2
k3
k4

 = 0

(
Pα1 Pα2 Pα3 Pα4

)
k1
k2
k3
k4

 = 0

ùpÝ
 P �_"
M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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����þ|��

Ïdk

(
α1 α2 α3 α4

)
=


1 1 2 0

0 1 1 0

1 0 1 1

0 0 0 1


r3 − r1


1 1 2 0

0 1 1 0

0 −1 −1 1

0 0 0 1


r3 + r2


1 1 2 0

0 1 1 0

0 0 0 1

0 0 0 1

→


1 0 1 0

0 1 1 0

0 0 0 1

0 0 0 0


M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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����þ|��

dd�±wÑ§�þ|��� 3, 4�Ã'|kµ

1 α2, α3, α4

2 α1, α3, α4

3 α1, α2, α4

d	�kµα3 = α1 + α2

5¿µÐ�1C�£�¦�_Ý
¤§�±��þ��5'
X§�N
�«��êÆVgµÓ�– �«�±$�'X�N
�"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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����þ|��

¯Kµaq���1�ªéA�Ý
µ

A =


1 1 · · · 1

x1 x2 · · · xn
...

...
...

xn−11 xn−12 · · · xn−1n

 , xi 6= xj, i 6= j

?¿fªØ�"¶

?¿k1�5Ã', k = 1, 2, ..., n¶

?¿k��5Ã',k = 1, 2, ..., n¶

2Â���1�ª�O�¯K"

ïÄùaÝ
�k=
º

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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4.4 �þ�m

4.4.1 �þ�m�Vg

1. �þ�m�½Â

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�þ�m�Ä§�ê��I �IC�

½½½ÂÂÂ 4.1

£Ö¥½Â 4.9¤ � V ´ê� F þ n ��þ�m�¤���8
Ü§÷vXe^�µ

1 \{µ4µ∀, α, β ∈ V, α + β ∈ V;

2 ê¦µ4µ∀k ∈ F, α ∈ V, kα ∈ V. Ò¡ V ´ê� F þ�
��þ�m"

�N n �¢�þ�8Ü Rn ´���þ�m"~X R2 ´�
N 2 �¢�þ|¤��þ�m"

�¹��"�þ�8Ü§�´�þ�m§¡�"�m"

Ï��þ�méê¦µ4§�´��8Ü§¤±�3��
�þ α, u´µ0α = 0. ¤±§?Û�þ�m�½�¹"�
þ"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�þ�m�Ä§�ê��I �IC�

2. d®��þ)¤��þ�m

b� α ´���"�þ§- V = {kα|k ∈ F}§ù´���
þ�m§d�þ α )¤��þ�m"~X§�mp¡§²
1u�^��þ�¤k�þ"

Example 14

8Ü
V = {α = (0, x2, ..., xn)|xi ∈ R}

´���þ�m"

Example 15

�½ê� þü� n ��þµα, β. -

V = {kα + lβ|k, l ∈ F}

´���þ�m"¡�d α, β )¤��þ�m"
M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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����¹§�½ m �ê� F þ�þµα1, α2, ..., αm, P

L(α1, α2, ..., αm) = {γ|γ = k1α1 + k2α2 + · · ·+ kmαm}
k1, k2, ..., km ∈ F

¡�dα1, α2, ..., αm )¤��þ�m"

~Xµε1 = (1, 0), ε2 = (0, 1), Kkµ

L(ε1, ε2) = R2

���§�� α, β ∈ R2 ´�5Ã'�§Òkµ

R2 = L(α, β)

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�þ�m�Ä§�ê��I �IC�

3. �þ�m�f�m

½½½ÂÂÂ 4.2

£Ö¥½Â 4.10¤ �8Ü V ´ê� F þ�þ�m§8ÜW ⊆
V. e8ÜW é8Ü V �$��¤F þ�þ�m§ Ò¡W ´
V �f�m,�±L«�µW ≤ V"

~Xµ� ε1 = (1, 0, 0), ε2 = (0, 1, 0), ε3 = (0, 0, 1). Kkµ

L(ε1, ε2, ε3) = R3

L(ε1, ε2) ⊆ L(ε1, ε2, ε3) = R3

L(ε1) ⊆ L(ε1, ε2) ⊆ R3

?Û�þ�mV§¹g�VÚ��"�þ�8Ü 0 = {0}§
��f�m"ùü�f�m§¡�²�f�m"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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4. �Ý
1��'�4�f�m

Example 16

A n×m matrix A with columns α1, α2, ..., αm. Let

V = L(α1, α2, ..., αm)

¡�Ý
 A ���þ�m,P� Im(A) ´�þ�m Fn �f�
m"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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Example 17

�Ý
A ´ n×m Ý
§�Ä�5�§|�)�¤�8Üµ

V =

X =


x1
x2
...

xm

 |AX = 0


))).

V 6= ∅: "�þ 0 ∈ V, A0 = 0

\{µ45µα, β ∈ V, A(α + β) = Aα + Aβ = 0 + 0 = 0⇒
α + β ∈ V

ê¦µ45µk ∈ F, α ∈ V, A(kα) = kAα = 0⇒ kα ∈ V.

8Ü V ´���þ�m§¡��5�§|�)�m"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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R(A) = m,AX = 0 �k")§¤± V = {0}.
R(A) < m,AX = 0, k�")§d�µ V > {0}.
V ´ �5�m Fm �f�m"

ù��m��±¡�Ý
 A �"z�mµ

N(A) = {X =


x1
x2
...

xm

 | AX = 0}

¯KµÝ
 A ���þ�mÚ"z�m£)�m¤k�o
'Xº

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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4.4.2 �þ�m�Ä§�ê��I

1. Ä�½Â�5�

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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½½½ÂÂÂ 4.3

(Ö¥½Â4.11)� V ´ê� Fþ�þ�m§XJ V ¥�3�þ
|µα1, α2, ..., αr,÷vµ

α1, α2, ..., αr �5Ã'¶

V ¥?Û�þ�±d α1, α2, ..., αr �5L«¶

¡ α1, α2, ..., αr ´�þ�m�Ä."Ä.¤¹�þ�ê¡��þ
�m��ê§�ê� r ��þ�m§¡�r ��þ�m"^Î
ÒµDim(V) L«�þ�m��ê"

"�þ�m��ê´ 0. �êk���þ�m§¡�k��
�þ�m"

~XµR3 ��ê´ 3. Rn ��ê´ n.

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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Example 18

Rn ���IOÄ.´µ

ε1 =


1

0
...

0

 , ε2 =


0

1
...

0

 , · · · , εn =


0

0
...

1



α =


k1
k2
...

kn

 = k1ε1 + k2ε2 + · · ·+ knεn

ù�Ä��g,Ä."Rn��ê� n.

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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¯Kµ~8,9¥§A ´n×mÝ
§Ý
���þ�m�ê´
õ�º�5�§| AX = 0�)�m�ê´õ�º

555��� 4.4

b�V ´ r ��þ�m§K V ¥?¿ m ≥ r + 1 ��þ7,�
5�'"

Proof.

�V�Ä.��þ|£1¤µ α1, α2, ..., αr. l V ¥?¿� m ≥
r+ 1 ��þ§=�þ|£2¤µ β1, β2, ..., βm. ·��y²�þ|
£2¤�5�'"�y{µe�þ|£2¤�5Ã'§Ï�£2¤
�±��þ| £1¤�5L«§�âc¡�(Ø£�ùv½n
3.4¤§k m ≤ r., ù´gñ�" Ïd§�þ|£2¤7,�5�
'"
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y{2µ�j = 1, 2, ...,m

βj = k1jα1 + k2jα2 + · · ·+ krjαr =
(
α1 α2 · · · αr

)


k1j
k2j
...

krj


Ïdkµ (

β1 · · · βm−1 βm
)

=

(
α1 α2 · · · αr

)


k11 · · · k1m−1 k1,m
k21 · · · k2m−1 k2,m
...

...
...

...

kr1 · · · krm−1 kr,m


M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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R
(
β1 · · · βm−1 βm

)
≤ R

(
α1 α2 · · · αr

)
= r

¤±µβ1, · · · , βm−1, βm �4�Ã'|¤¹�þ�ê ≤ r, 
m ≥ r + 1, Ïdkµ β1, · · · , βm−1, βm�5�'"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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555��� 4.5

b�V ´ r ��þ�m§K V ¥?¿ r ��5Ã'��þ�¤
V ���Ä"

Proof.

�k�|�5Ã'� r ��þµα1, α2, ..., αr, ?� β ∈ V

α1, α2, ..., αr, β ∈ V

�5�'§�3Ø��"�êµk1, k2, ..., kr, kr+1

k1α1 + k2α2 + · · ·+ krαr + kr+1β = 0

α1, α2, ..., αr�5Ã'⇒ kr+1 6= 0

β = − k1
kr+1

α1 − k2
kr+1

α2 − · · · − kr
kr+1

αr

?¿�þβ ∈ V �±� α1, α2, ..., αr �5L«"α1, α2, ..., αr ´
��Ä"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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b��þ�md�þ|µ α1, α2, ..., αm )¤µ

V = L(α1, α2, ..., αm)

V = {α|α = k1α1 + k2α2 + · · ·+ krαr}

α1, α2, ..., αm �4�Ã'| Ω Ò´�þ�m V ���Ä
."

R(α1, α2, ..., αm) = DimV

��þ�m V ��ê§=�u�þ| α1, α2, ..., αm��"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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2. Ä��IL«

Theorem 4.6

�½�þ�m V ��|�þµα1, α2, ..., αr" XJ�þ α ∈ V,

k�5L�ªµ

α = k1α1 + k2α2 + · · ·+ krαr, k1, k2, ..., kr ∈ F

KþãL�ª��§��=� α1, α2, ..., αr�5Ã'"

Proof.

¿©5§=®�α1, α2, ..., αr�5Ã'§y²L��{��"b
�kü«L��ªµ

α = k1α1 + k2α2 + · · ·+ krαr, k1, k2, ..., kr ∈ F

α = l1α1 + l2α2 + · · ·+ lrαr, l1, l2, ..., lr ∈ F

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�þ�m�Ä§�ê��I �IC�

þ¡ü�ªf�~§��µ

(k1 − l1)α1 + (k2 − l2)α2 + · · ·+ (kr − lr)αr = 0

Ï� α1, α2, ..., αr�5Ã'§¤±kµ

k1 = l1, k2 = l2, kr = lr

=L��ª��"

7�5§=®�L��ª��§y²α1, α2, ..., αr�5Ã
'"�y{§XJα1, α2, ..., αr�5�'§K�3Ø��"�
êµl1, l2, · · · , lr, ÷vµ

l1α1 + l2α2 + · · ·+ lrαr = 0

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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Ïd���þ α �ü«L��ªµ

α = k1α1 + k2α2 + · · ·+ krαr

α = k1α1 + k2α2 + · · ·+ krαr − (l1α1 + l2α2 + · · ·+ lrαr)

α = (k1 − l1)α1 + (k2 − l2)α2 + · · ·+ (kr − lr)αr

L��ª��§Kkµ

k1 = k1 − l1, k2 = k2 − l2, ..., kr = kr − lr

¤±kµ
l1 = 0, l2 = 0, ..., lr = 0

gñ"¤± α1, α2, ..., αr�5Ã'"y."

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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Example 19

e�þ|£1¤µα1, α2, ..., αm � �þ|£2¤µβ1, β2, ..., βr �
d§Kkµ

L(α1, α2, ..., αm) = L(β1, β2, ..., βr)

Example 20

Suppose A is a n ×m matrix, with columns: Ω = {α1, α2, ..., αm}.
Find the dimension of V = L(α1, α2, ..., αm). y²:DimV = R(Ω)

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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�â½n 4.6§�Ñe�½Âµ

½½½ÂÂÂ 4.7

(Ö¥½Â 4.12) b��þ�m V ´ r ��þ�m§α1, α2, ..., αr
´ V ���Ä"?¿�þ α ∈ V, �3���L�ªµ

α = x1α1 + x2α2 + · · ·+ xrαr, x1, x2, ..., xr ∈ F

¡�þ (x1, x2, ..., xr) ��þ α 'uÄ. α1, α2, ..., αr ��I�
þ§{¡�I"

1 �þ��I�Ä.�ÀJk'§ØÓ�Ä.§�IØ��"

2 3���½�Ä.e§z���þéAX����I�þ"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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®�R3 kIOÄ

ε1 =

 1

0

0

 , ε2 =

 0

1

0

 , ε3 =

 0

0

1


α =

 k1
k2
k3

 = k1ε1 + k2ε2 + k3ε3

=IOÄ.e§R3 �þéAn��Iµα = (k1, k2, k3). XJÀ
J R3 �,	��Ä.µ

α1 =

 1

0

0

 , α2 =

 1

1

0

 , α3 =

 1

1

1


M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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g,¯Kµ�þ α 3ù�Ä.e��I´�oº

α = x1α1 + x2α2 + x3α3

=

 x1
0

0

+

 x2
x2
0

+

 x3
x3
x3


=

 x1 + x2 + x3
x2 + x3
x3


Ïd���5�§ªµ

x1 + x2 + x3 = k1

x2 + x3 = k2

x3 = k3

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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)�§��µx3 = k3, x2 = k2 − k3, x1 = k1 − k2, =µ

α = (k1 − k2)α1 + (k2 − k3)α2 + k3α3

= k1ε1 + k2ε2 + k3ε3

~X§�þ α = (1, 0,−4)3Ä. α1, α2, α3e��I�µ(1, 4,−4).

¯̄̄KKKµµµXXXÛÛÛééé���ÓÓÓ���������þþþ§§§333ØØØÓÓÓÄÄÄ...eee������III'''XXXººº

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ



n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�m�þ�m�Ä§�ê��I �IC�
Example 21

�

A =
(
α1 α2 α3

)
=

 2 2 −1

2 −1 2

−1 2 2

 , β =

 1

0

−4


y² α1, α2, α3 ´��Ä.§¦�þ β 3ù�Äe��I"

))).

Ï�µ

|A| =

∣∣∣∣∣∣
2 2 −1

2 −1 2

−1 2 2

∣∣∣∣∣∣ = −27

⇒ α1, α2, α3�5Ã'

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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Ïd§ùn��þ�¤ R3 ���Ä."�

β = x1α1 + x2α2 + x3α3

u´ 1

0

−4

 = x1

 2

2

−1

+ x2

 2

−1

2

+ x3

 −1

2

2


 1

0

−4

 =

 2x1 + 2x2 − x3
2x1 − x2 + 2x3
−x1 + 2x2 + 2x3


⇔

 2 2 −1

2 −1 2

−1 2 2

 x1
x2
x3

 =

 1

0

−4


M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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)þã�5�§|µ 2 2 −1 1

2 −1 2 0

−1 2 2 −4

 →

 0 3 −3 1

0 3 6 −8

−1 2 2 −4



→

 0 0 −9 9

0 3 6 −8

−1 2 2 −4

 →

 0 0 −1 1

0 3 0 −2

1 1 0 0


éA�§ : −x3 = 1, 3x2 = −2, x1 + x2 = 0

)� : x1 = 2
3
, x2 = −2

3
, x3 = −1

Ïd β = 2
3
α1 − 2

3
α2 − α3

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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4.4.3 �IC�

�!�)ûÓ���þ§3ØÓÄ.e��IC�¯K"

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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� V ´ê� F þ n ��þ�m§kü|Ä.µ

1 α1, α2, ..., αn;

2 β1, β2, ..., βn;

�ÄÄ.£2¤3Ä.£1¤e��Iµ

β1 = p11α1 + p21α2 + · · ·+ pn1αn

β2 = p12α1 + p22α2 + · · ·+ pn2αn

· · · · · ·
βn = p1nα1 + p2nα2 + · · ·+ pnnαn

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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^Ý
/ªL�µ

(
β1 β2 · · · βn

)
=
(
α1 α2 · · · αn

)


p11 p12 · · · p1n
p21 p22 · · · p2n
...

...
. . .

...

pn1 pn2 · · · pnn


=
(
α1 α2 · · · αn

)
P

¡Ý
 P �lÄ. £1¤α1, α2, ..., αn �Ä.£2¤ β1, β2, ..., βn
�LÞÝ
"

g�µLÞÝ
´�_Ý
"��oº

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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Theorem 4.8

(Ö¥½n 4.5)��þ�m V ¥§ lÄ. £1¤α1, α2, ..., αn �
Ä. £2¤β1, β2, ..., βn �LÞÝ
� Ý
 P"b� V ¥ �þ
α 3Ä.£1¤ α1, α2, ..., αn e��I�µ(x1, x2, ..., xn), 3Ä.
£2¤β1, β2, ..., βn e��I�µ(x′1, x

′
2, ..., x

′
n). K�I'X�µ

x1
x2
...

xn

 = P


x′1
x′2
...

x′n

⇔


x′1
x′2
...

x′n

 = P−1


x1
x2
...

xn


Proof.

�â®�^�kµ

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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Proof.

α =
(
α1 α2 · · · αn

)


x1
x2
...

xn

 =
(
β1 β2 · · · βn

)


x′1
x′2
...

x′n



=
(
α1 α2 · · · αn

)


p11 p12 · · · p1n
p21 p22 · · · p2n
...

...
. . .

...

pn1 pn2 · · · pnn




x′1
x′2
...

x′n


Q,§α1, α2, · · · , αn �5Ã'§¤±k
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Proof. 
x1
x2
...

xn

 =


p11 p12 · · · p1n
p21 p22 · · · p2n
...

...
. . .

...

pn1 pn2 · · · pnn




x′1
x′2
...

x′n



þã½n�Ñ�úª§¡��IC�úª"
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Example 22

� α1, α2, α3, α4 ´R4 ���Ä§

α = α1 − 2α2 + 3α3 + α4

2�k��Ä.:β1, β2, β3, β4,lc�Ä.�1�Ä.LÞÝ

�µ

(
β1 β2 β3 β4

)
=

(
α1 α2 α3 α4

)
1 0 0 0

1 1 0 0

1 1 1 0

1 1 1 1


¦α 31��Ä.e��I"
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))).

α = x′1β1 + x′2β2 + x′3β3 + x′4β4
1

−2

3

1

 =


1 0 0 0

1 1 0 0

1 1 1 0

1 1 1 1




x′1
x′2
...

x′n




1 0 0 0 1

1 1 0 0 −2

1 1 1 0 3

1 1 1 1 1

→


1 0 0 0 1

0 1 0 0 −3

0 1 1 0 2

0 1 1 1 0




1 0 0 0 1

0 1 0 0 −3

0 0 1 0 5

0 0 1 1 3

→


1 0 0 0 1

0 1 0 0 −3

0 0 1 0 5

0 0 0 1 −2
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dd��µ

x′1 = 1, x′2 = −3, x′3 = 5, x′4 = −2

α = β1 +−3β2 + 5β3 − 2β4

5¿§XJvkAO`²§Rn ¥§IOÄ.e��þL�� n

�©þ/ªµ

α =


k1
k2
...

kn

 = k1ε1 + k2ε2 + · · ·+ knεn

M�Tó��ÆêÆÆ�, Q3© �5�ê1oÙ n ��þ
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Example 23

3 R4 ¥�ü�Äµ

α1 =


1

2

−1

0

 , α2 =


1

−1

1

1

 , α3 =


−1

2

1

1

 , α4 =


−1

−1

0

1



β1 =


2

1

0

1

 , β2 =


0

1

2

2

 , β3 =


−2

1

1

2

 , β4 =


1

3

1

2


¦ü�Ä�m�LÞÝ
§ü�Äe�IC�úª"
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))).

�α1, α2, α3, α4, � β1, β2, β3, β4, LÞÝ
� P(
β1 β2 β3 β3

)
=
(
α1 α2 α3 α4

)
P

2 0 −2 1

1 1 1 3

0 2 1 1

1 2 2 2

 =


1 1 −1 −1

2 −1 2 −1

−1 1 1 0

0 1 1 1

P

P =


1 1 −1 −1

2 −1 2 −1

−1 1 1 0

0 1 1 1


−1

2 0 −2 1

1 1 1 3

0 2 1 1

1 2 2 2
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|^Ð�1C�§¦(
A B

)
→
(
E A−1B

)
.

A−1B = P 
1 1 −1 −1 2 0 −2 1

2 −1 2 −1 1 1 1 3

−1 1 1 0 0 2 1 1

0 1 1 1 1 2 2 2



→


1 1 −1 −1 2 0 −2 1

0 −3 4 1 −3 1 5 1

0 2 0 −1 2 2 −1 2

0 1 1 1 1 2 2 2
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→


1 0 −2 −2 1 −2 −4 −1

0 0 7 4 0 7 11 7

0 0 −2 −3 0 −2 −5 −2

0 1 1 1 1 2 2 2



→


1 0 0 −1 1 0 1 1

0 0 1 −5 0 1 −4 1

0 0 −2 −3 0 −2 −5 −2

0 1 1 1 1 2 2 2



→


1 0 0 −1 1 0 1 1

0 0 1 −5 0 1 −4 1

0 0 0 1 0 0 1 0

0 1 0 6 1 1 6 1
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→


1 0 0 0 1 0 2 1

0 0 1 0 0 1 1 1

0 0 0 1 0 0 1 0

0 1 0 0 1 1 0 1



→


1 0 0 0 0 1 −1 1

0 1 0 0 1 1 0 1

0 0 1 0 0 1 1 1

0 0 0 1 0 0 1 0



P =


0 1 −1 1

1 1 0 1

0 1 1 1

0 0 1 0

 = A−1B
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(
β1 β2 β3 β3

)
=
(
α1 α2 α3 α4

)
0 1 −1 1

1 1 0 1

0 1 1 1

0 0 1 0



(
α1 α2 α3 α3

)
=
(
β1 β2 β3 β4

)
0 1 −1 1

1 1 0 1

0 1 1 1

0 0 1 0


−1
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e�þ

α = x1α1 + x2α2 + x3α3 + x4α4

= x′1β1 + x′2β2 + x′3β3 + x′4β4
x1
x2
x3
x4

 =


0 1 −1 1

1 1 0 1

0 1 1 1

0 0 1 0




x′1
x′2
x′2
x′4




x′1
x′2
x′2
x′4

 =


0 1 −1 1

1 1 0 1

0 1 1 1

0 0 1 0


−1

x1
x2
x3
x4
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4.5 î¼�m

4.5.1 SÈ�Vg

�!��þ�mÑ3¢ê�þ�Ä"
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½½½ÂÂÂ 5.1

£Ö¥½Â 4.13¤ �k Rn ¥ü��þµ

α = (a1, a2, ..., an)

β = (b1, b2, ..., bn)

(α, β) = a1b1 + a2b2 + · · ·+ anbn =
∑n

i=1 aibi

¡ (α, β) ��þ α ��þ β �SÈ"

½Â
SÈ��þ�m Rn ¡�î¼�m"

SÈ´AÛ�þêþÈ�í2"
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SÈke�5�µ

1 (α, β) = (β, α)

2 (kα, β) = k(β, α)

3 (α + β, γ) = (α, γ) + (β, γ)

4 (α, α) ≥ 0, (α, α) = 0⇔ α = 0

5 (α, kβ + lγ) = k(α, β) + l(α, γ)
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½½½ÂÂÂ 5.2

£Ö¥½Â 4.14¤ �k Rn ¥�þµ

α = (a1, a2, ..., an)

|α| =
√

(α, α) =
√
a21 + a22 + · · ·+ a2n

¡ |α| ��þ α ��Ý§�Ý� 1 ��þ§¡ü �þ"

ÚÚÚnnn 5.3

£Ö¥Ún 4.1¤�þ�SÈ÷vµ

(α, β)2 ≤ (α, α)(β, β) · · · · · · (4)

|(α, β)| ≤ |α||β|

y²ë�Ö¥128�"
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Proof.

?¿�µk ∈ R, α 6= 0,

(kα + β, kα + β) ≥ 0

k2(α, α) + 2k(α, β) + (β, β) ≥ 0

4(α, β)2 − 4(α, α)(β, β) ≤ 0

|(α, β)| ≤
√

(α, α)(β, β) = |α||β|
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Theorem 5.4

£Ö¥½n 4.6¤§�k�þ α, β ∈ Rn,

1 |α| ≥ 0, |α| = 0⇔ α = 0;

2 |kα| = |k||α|
3 |α + β| ≤ |α|+ |β|

y²ë�Ö¥ 128�" ùp�y£3¤µ

(α + β, α + β) = (α, α) + 2(α, β) + (β, β)

≤ |α|2 + 2|α||β|+ |β|2

|α + β|2 ≤ (|α|+ |β|)2

|α + β| ≤ (|α|+ |β|)
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½½½ÂÂÂ 5.5

£Ö¥½Â 4.15¤ �k Rn ¥�þα 6= 0, β 6= 0µ¡

ϕ = arccos (α,β)
|α||β|

0 ≤ ϕ ≤ π

¡ α � β �Y�"

e (α, β) = 0, ¡ü��þ��§P� α⊥β""�þ�?Û
�þ��"
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4.5.2 5���Ä

���þ| üü����þ|§¡���|"g,5½§��
|Ø¹"�þ"
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555��� 5.6

���þ|α1, α2, ..., αm �½´�5Ã'|"

Proof.

�kµ5¿k(αi, αj) = 0, i 6= j.

k1α1 + k2α2 + · · ·+ kmαm = 0

k1(α1, α1) = 0, α1 6= 0,⇒ k1 = 0

k2(α2, α2) = 0, α2 6= 0,⇒ k2 = 0

· · · · · ·
km(αm, αm) = 0, αm 6= 0,⇒ km = 0

Ï§α1, α2, ..., αm ´�5Ã'|"
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½½½ÂÂÂ 5.7

£Ö¥½Â 4.16¤ b��þ| α1, α2, ..., αm ´�þ�m V��
Ä.§�üü��§Ò¡���Ä¶XJ��Ä�z���
þÑ´ü �þ§Ò¡ù�Ä�5�£IO¤��Ä"

�þ�m Rn ¥��|�þµα1, α2, ..., αn �¤�5�Ä§
��=�µ {

(αi, αj) = 0, i 6= j

(αi, αi) = 1

}
, i, j = 1, 2, ..., n

À½�þ�m�5�Ä§K�þ��IL�dSÈû½"
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(Ö¥~ 15)

Example 24

� α1, α2, ..., αm ´�þ�m V �5�Ä§?��þ α ∈ V,¦�
IL�úª"

))).

α = k1α1 + k2α2 + · · ·+ kmαm

(αi, α) = ki(αi, αi) = ki

α = (α, α1)α1 + (α, α2)α2 + · · ·+ (α, αm)αm

n AÛ�m¥µi, j,k ´ R3 �5�Ä"
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4.5.3 (Schmidt)d�A���{

�!0�§XÛl�|�5Ã'��þÑu§é�5���
Ä"
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���þÄ.�µµ �½²¡þü�Ø����þµα, β§
�¤²¡ R2 �þ�m�|Ä"�·�F"l α, β é��|�
�Ä§aquIOÄ" ��þ β 3�þ α �ÝK�þ� βα.

βα = kα

(β − kα)⊥α = (β − kα) • α = 0

β • α− kα • α = 0 ⇒ kα • α = β • α

k =
β • α
α • α

-µ

α1 = α, β1 = β − kα = β − β • α
α • α

α

Kkµα1⊥β1
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b� α1, α2, ..., αm ´�þ�m V ��|�5Ã'�þ§·
��µ

1 é��α1, α2, ..., αm �d���|¶β1, β2, ..., βm;

2 é�� β1, β2, ..., βm �d�5����þ|µγ1, γ2, ..., γm;

3 ±þL§§©O¡���zÚ5�zL§"

±þ1��L§'�{ü§�I-µ

γ1 =
β1
|β1|

, γ2 =
β2
|β2|

, ..., γm =
βm
|βm|
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��zL§§k±eL�ªµ

β1 = α1

β2 = α2 − (α2,β1)
(β1,β1)

β1

β3 = α3 − (α3,β1)
(β1,β1)

β1 − (α3,β2)
(β2,β2)

β2

βi = αi − (αi,β1)
(β1,β1)

β1 − (αi,β2)
(β2,β2)

β2 − · · · − (αi,βi−1)
(βi−1,βi−1)

βi−1

i = 1, 2, ...,m

þã��z�{§¡�d�A£Schmidt¤��z"

5¿µd�A��z§¢S�y
µz�ÚÑ´���5�
zµ

L(α1, α2, ..., αi) = L(β1, β2, ..., βi)

= L(γ1, γ2, ..., γi), i = 1, 2, ...,m
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·��±^Xe½nO(£ãd�A��z�¿Â"(ë�
�Ö)

Theorem 5.8

� α1, α2, ..., αm ´ n �SÈ�mV ���Ä§·��±��V
���IO��Ä ε1, ε2, ..., εm§÷vµ

L(α1, α2, ..., αm) = L(ε1, ε2, ..., εm)

Proof.

1�Ú§�
ε1 =

α1

‖α1‖
, L(α1) = L(ε1)
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IO��Ä
Proof.

8Bb½§kIO���þ|µε1, ε2, ..., εm−1§÷vµ

L(α1, α2, ..., αm−1) = L(ε1, ε2, ..., εm−1)

�Ä�þµ

βm = αm − k1ε1 − k2ε2 − · · · − km−1εm−1, ki = (αm, εi).

Ï (βm, εi) = 0, i = 1, 2, ...,m− 1§�����þ|µ

ε1, ε2, ..., εm−1, βm.

�k
L(ε1, ε2, ..., εm−1, αm) = L(ε1, ε2, ..., εm−1, βm)
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IO��Ä

Proof.

2�ü �þµεm = βm
‖βm‖ ,��IO��Ä.

ε1, ε2, ..., εm−1, εm

�k
L(ε1, ε2, ..., εm−1, εm) = L(ε1, ε2, ..., εm−1, βm)

d8Bb½ªµ��

L(α1, α2, ..., αm−1, αm) = L(ε1, ε2, ..., εm−1, αm)

= L(ε1, ε2, ..., εm−1, βm)

= L(ε1, ε2, ..., εm−1, εm)
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Example 25

�

α1 =


1

0

1

1

 , α2 =


0

1

1

0

 , α3 =


0

0

1

1


¦�d�5���|"

))).

β1 = α1
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))).

β2 = α2 −
(α2, β1)

(β1, β1)
β1 =


0

1

1

0

− 1

3


1

0

1

1

 =


−1

3

1
2
3

−1
3


β3 = α3 −

(α3, β1)

(β1, β1)
β1 −

(α3, β2)

(β2, β2)
β2

=


0

0

1

1

− 2

3


1

0

1

1

− 1

5


−1

3

1
2
3

−1
3

 =


−3

5

−1
5

1
5
2
5
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γ1 =
β1
|β1|

=

√
3

3


1

0

1

1

 , γ2 =
β2
|β2|

=

√
15

5


−1

3

1
2
3

−1
3



γ3 =
β3
|β3|

=

√
15

3


−3

5

−1
5

1
5
2
5
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4.5.4 ��Ý


0�Ý
���Ä�'X
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n �¢�
 A =
(
α1 α2 · · · αn

)
���þ´��Ä.§

��=� |A| 6= 0.

5���Ä.��½Â�'�Ý
§��Ý
"

½½½ÂÂÂ 5.9

£Ö¥½Â 4.17¤ �� n �¢�
 A §XJ÷v A′A = E §
Ò¡���Ý
"

�d^�µ�� n�¢�
A���Ý
§��=�µA−1 =

A′.
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n ��þVgÚ�5$� �þ|��5�'Ú�5Ã' �þ|�� �þ�m î¼�mSÈ�Vg 5���Ä d�A���{ ��Ý


n ���Ý
 A ä�e�5�µ

1 ��Ý
�_§� A−1 = A′,=�Ý
¶

2 A−1 = A′ �´��Ý
: (A′)′A′ = (AA′)′ = E ′ = E¶

3 é?¿ n ���þ X,AX �±�þ�Ý§= |AX| = |X|;
4 é?¿ n ���þ X, Y, (AX,AY ) = (X, Y ) �±SÈ¶

5 |A| = 1 ½ö |A| = −1
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Proof.

5� £1¤Ú £2¤w,¤á"
5� £3¤µ(AX,AX) = (AX)′AX = X ′A′AX = X ′X =

(X,X)⇒ |AX| = |X|.
5� £4¤µ(AX,AY ) = (AX)′AY = X ′A′AY = X ′Y =

(X, Y ).

5� £5¤µA′A = E ⇒ |A|2 = 1⇒ |A| = ±1.
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Theorem 5.10

£Ö¥½n 4.7¤ �k n× n ¢Ý
µ

A =
(
α1 α2 · · · αn

)
K A ���þ´ Rn �5���Ä§��=�Ý
 A ´��Ý

"

Proof.

Äk5¿�µ

A′A =


α′1
α′2
...

α′n

( α1 α2 · · · αn
)
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¿�µα′iαj = (αi, αj), ¤±kµ

A′A =


(α1, α1) (α1, α2) · · · (α1, αn)

(α2, α1) (α2, α2) · · · (α2, αn)
...

...
. . .

...

(αn, α1) (αn, α2) · · · (αn, αn)


¤±kµ

A′A = E ⇔ (αi, αj) =

{
1, i = j

0, i 6= j

}
= α1, α2, · · · , αn ´5���Ä§��=�µA ´��Ý
"
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� ��
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