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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|

·�ïÄ��5�§|§´�Xea.��§|µ
a11x1 + a12x2 + · · ·+ a1nxn = b1
a21x1 + a22x2 + · · ·+ a2nxn = b2

· · · · · ·
am1x1 + am2x2 + · · ·+ amnxn = bm

 · · · · · · (1)
d?µaij , bi, i = 1, ...,m, j = 1, ..., n; ´~ê§x1, x2, ..., xn ´��

þ§�¦)ê"
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|

1 �5�§|k)�¿�^�

Ä�Vg

�àg�5�§|k)�¿�^�

2 �5�§|)�(�

àg�5�§|)�(�

�àg�5�§|)�(�

3 Ð�1C�)�5�§|
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|Ä�Vg �àg�5�§|k)�¿�^�

5.1 �5�§|k)�¿�^�

5.1.1 Ä�Vg
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|Ä�Vg �àg�5�§|k)�¿�^�

·�^Ý
/ªL��5�§|µ

A =


a11 a12 · · · a1n
a21 a22 · · · a2n

...
...

. . .
...

am1 am2 · · · amn

 =
(
α1 α2 · · · αn

)

αj =


a1j
a2j

...

amj

 , X =


x1
x2
...

xn

 , β =


b1
b2
...

bm
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|Ä�Vg �àg�5�§|k)�¿�^�

A ¡�XêÝ
,Ý
/ª : AX = β · · · · · · (2)

�þ/ª : AX =
(
α1 α2 · · · αn

)


x1
x2
...

xn


x1α1 + x2α2 + · · ·+ xnαn = β · · · (3)
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|Ä�Vg �àg�5�§|k)�¿�^�

�5�§|��|)µ

d1α1 + d2α2 + · · ·+ dnαn = β,X =


d1
d2
...

dn

 ,

¡��5�§|�)�þ

3�5�§|�Ä:þ§2½Â�� m× (n+ 1) �Ý
µ

B =


a11 a12 · · · a1n b1
a21 a22 · · · a2n b2

...
...

. . .
...

...

am1 am2 · · · amn bm
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|Ä�Vg �àg�5�§|k)�¿�^�

ù�Ý
¡��5�§|�O2Ý
"

XJ�þµ

β =


b1
b2
...

bm

 = 0,

¡�5�§|�àg�5�§|¶ÄK§¡��àg�5�
§|"

k)��§|§��N�§|§ÄK�Ø�N�§|"

àg�5�§|o´k)�µ"�þÒ´§�)"
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|Ä�Vg �àg�5�§|k)�¿�^�

5.1.2 �àg�5�§|k)�¿�^�
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|Ä�Vg �àg�5�§|k)�¿�^�

�â�5�§|�n«�dL��ª§'u�5�§|�
)§kn«�d`{µ

1 �5�§|£1¤k)¶

2 Ý
�§£2¤k)¶

3 �þ β ´ Ý
 A ���þ α1, α2, ..., αn ��5|Ü¶

4 �þ| α1, α2, ..., αn ��þ| α1, α2, ..., αn, β �d¶

5 β ∈ L(α1, α2, ..., αn)

6 Ý
 A ���uO2Ý
 B ��§=µR(A) = R(B).

c¡4�(Ø'�²w§·�y²16�(Ø"
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|Ä�Vg �àg�5�§|k)�¿�^�
Theorem 1.1

(Ö¥½n 5.1§P142)�àg�5�§| £1¤k)�¿�^�
´µXêÝ
 A ���uÙO2Ý
 B ��§=µ

R(A) = R(B)

Proof.

7�5§=��§|£1¤k)"dd��§�þ| α1, α2, ..., αn

��þ| α1, α2, ..., αn, β �d¶K§��4�Ã'|�´�d
�§©O�� Ω1,Ω2."� |Ω1| = |Ω2| = r.

R{α1, α2, ..., αn} = R{α1, α2, ..., αn, β} = r

�´k

R(A) = R{α1, α2, ..., αn}, R(B) = R{α1, α2, ..., αn, β}
⇒ R(A) = R(B).
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|Ä�Vg �àg�5�§|k)�¿�^�

¿©5µ=� R(A) = R(B) = r. dd��µ

R{α1, α2, ..., αn} = R{α1, α2, ..., αn, β} = r

·�l�þ| α1, α2, ..., αn À���4�Ã'|µ

αi1 , αi2 , ..., αir

K§�´
α1, α2, ..., αn, β

�4�Ã'|" ¤±

{α1, α2, ..., αn}
�d{αi1 , αi2 , ..., αir}

�d{α1, α2, ..., αn, β}
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

5.2 �5�§|)�(�

5.2.1 àg�5�§|)�(�
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

éuàg�5�§|µ
a11x1 + a12x2 + · · ·+ a1nxn = 0

a21x1 + a22x2 + · · ·+ a2nxn = 0

· · · · · ·
am1x1 + am2x2 + · · ·+ amnxn = 0

 · · · · · · (4)

A = (aij)m×n, X =


x1
x2
...

xn

 , AX = 0 · · · · · · (5)

A =
(
α1 α2 · · · αn

)
x1α1 + x2α2 + · · ·+ xnαn = 0 · · · · · · (6)

±þþ�àg�5�§|��dL�/ª"
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

·�b�àg�5�§|�)�þ�8Ü�µN(A)(6= ∅)

Theorem 2.1

£Ö¥½n 5.2§P142¤àg�5�§|�)�þ8Ü N(A) ´
n ��þ�¤��þ�m§��þ�m��ê´ n−R(A).

Proof.

��U½Â�yµN(A) ´���þ�m"é\{Úê¦µ4§

0 ∈ N(A) ⇒ N(A) 6= ∅
α1, α2 ∈ N(A) ⇒ A(α1 + α2) = Aα1 + Aα2 = 0

⇒ α1 + α2 ∈ N(A)

k ∈ F, α ∈ N(A) ⇒ A(kα) = kAα = 0

⇒ kα ∈ N(A)

M�Tó��ÆêÆÆ�, Q3© �5�ê1ÊÙ �5�§|



�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

�e5§·�y²1��(Øµn − R(A) �u�þ�m
N(A) ��ê"

XJ R(A) = n, KXêÝ
 A ���þ�5Ã'§)�þ
�k"�þ 0, ¤± N(A) ��ê�u 0.

±e·�b� R(A) = r < n. �âÝ
��5�§�3�
�Ø�"� r �fª§Ø�b½ù� r �fª3Ý
 A ��þ
�µ('X²LÐ�1C�ØUC)�m§¦�cr 1k r �f
ªØ�") ∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1r
a21 a22 · · · a2r

...
...

. . .
...

ar1 ar2 · · · arr

∣∣∣∣∣∣∣∣∣ 6= 0
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

Ý
 A �c r �1�þ β1, β2, ..., βr �¤1�þ|�4�Ã
'|¶5¿� m− r 1´c r 1��5|Ü"

a11 a12 · · · a1n
a21 a22 · · · a2n

...
...

. . .
...

am1 am2 · · · amn




x1
x2
...

xn

 = 0

⇔



a11 a12 · · · a1n
a21 a22 · · · a2n

...
...

. . .
...

ar1 ar2 · · · arn
0 0 0 0
...

...
...

...

0 0 0 0




x1
x2
...

xn

 = 0
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

±þ�d�Ïµ

AX = 0⇔ PAX = 0, P�_Ý


dd���d�5�§|µ
a11x1 + · · ·+ a1rxr = −a1(r+1)xr+1 − · · · − a1nxn
a21x1 + · · ·+ a2rxr = −a2(r+1)xr+1 − · · · − a2nxn

· · · · · ·
ar1x1 + · · ·+ arrxr = −ar(r+1)xr+1 − · · · − arnxn

 · · · · · · (7)

ùp���þµxr+1, xr+2, ..., xn, ¡�gd��þ"
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

�âCramer{K§?¿À��|�µxr+1, xr+2, ..., xn, ÏL
þã�§§�±�����|)µx1, x2, ..., xr.l���5�
§|���)µ

x1, ..., xr, xr+1, ..., xn

�Ä xr+1, xr+2, ..., xn ©O�eã n− r �n− r ��þµ
xr+1

xr+2
...

xn

 =


1

0
...

0

 ,


0

1
...

0

 , ...,


0

0
...

1
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

òþã n − r �)�þ§�\ £7¤§���5�§|�
n− r � n �)�þµ

ξ1 =



d11
d21

...

dr1
1

0
...

0


, ξ2 =



d12
d22

...

dr2
0

1
...

0


, ..., ξn−r =



d1(n−r)
d2(n−r)

...

dr(n−r)
0

0
...

1


Q,� n − r �©þ´�5Ã'�§¤± ξ1, ξ2, ..., ξn−r �5Ã
'"
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

y3·�y²ù|�þ´)�m N(A) ���Ä§�d§I
�y²µ?� ξ ∈ N(A), Kµ ξ dξ1, ξ2, ..., ξn−r�5L«, ½ö

ξ1, ξ2, ..., ξn−r, ξ, �5�'

l ξ dξ1, ξ2, ..., ξn−r�5L«" b�

ξ =



k1
k2
...

kr
kr+1

kr+2
...

kn
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

kü«�{y² ξ1, ξ2, ..., ξn−r, ξ �5�'µ

1 y²µξ = kr+1ξ1 + kr+2ξ2 + · · ·+ knξn−r
2 ��y²: ξ1, ξ2, ..., ξn−r, ξ �5�'µ

·�^1�«�{µ± ξ1, ξ2, ..., ξn−r, ξ ���þ§�E��
n× (n− r + 1) Ý
µ

B =
(
ξ1 ξ2 · · · ξn−r ξ

)
Ï�

AB = A
(
ξ1 ξ2 · · · ξn−r ξ

)
=
(
Aξ1 Aξ2 · · · Aξn−r Aξ

)
= 0

¤±µR(B) ≤ n − R(A) = n − r ≤ n − r + 1§=Ý
 B ��
ê§Ï

ξ1, ξ2, ..., ξn−r, ξ, �5�'
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

íííØØØ 2.2

£Ö¥íØ5.1§P144¤ �Ý
 A ´ m × n Ý
§X L«��
ê�þ"'u�5�§| AX = 0 �)§keã(Øµ

1 AX = 0 �k")§= N(A) = {0} ⇔ R(A) = n,��þ�
ê"��=�Ý
 A ´�÷�"

2 AX = 0 kÃ¡�)§��=�µR(A) < n,��þ�ê§
½ö`§Ý
 A Ø´�÷�Ý
"

3 �R(A) = r < n �, � ξ1, ξ2, ..., ξn−r ´)�m N(A) �Ä
.§)�m�±L«�µ

N(A) = {ξ|ξ = k1ξ1 + k2ξ2 + · · ·+ kn−rξn−r, k1, ..., kn−r ∈ F}

¡Ä. ξ1, ξ2, ..., ξn−r ��5�§|�Ä:)X§Ä:)X¥
��þ�±L�¤k)�þµÏ)�§

ξ = k1ξ1 + k2ξ2 + · · ·+ kn−rξn−r
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

íííØØØ 2.3

(Ö¥íØ5.2§P145) eXêÝ
A ´ n ��
§K AX = 0 k
�")§��=� |A| = 0.

íííØØØ 2.4

eXêÝ
A ´ m× n,m < n Ý
§K AX = 0 k�")"=
�§�ê�u��þ��ê§K�5�§|�½k�")"
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�
Example 1

¦�§|�Ä:)XÚÏ)µ
x1 + x2 + x3 − x4 = 0

x1 − x2 + x3 − 3x4 = 0

x1 + 3x2 + x3 + x4 = 0


))).

A =

 1 1 1 −1

1 −1 1 −3

1 3 1 1

→
 1 1 1 −1

0 1 0 1

0 0 0 0


→

 1 0 1 −2

0 1 0 1

0 0 0 0

 , R(A) = 2
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

x1 = −x3 + 2x4

x2 = −x4

��gd��þµx3, x4. ©O�µx3 = 1, x4 = 0; x3 = 0, x4 = 1;

��Ä:)Xµ

ξ1 =


−1

0

1

0

 , ξ2 =


2

−1

0

1



ξ = k1


−1

0

1

0

+ k2


2

−1

0

1
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

5.2.2 �àg�5�§|)�(�
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

�àg�5�§|µ
a11x1 + a12x2 + · · ·+ a1nxn = b1
a21x1 + a22x2 + · · ·+ a2nxn = b2

· · · · · ·
am1x1 + am2x2 + · · ·+ amnxn = bm

 · · · · · · (9)

A = (aij)m×n, X =


x1
x2
...

xn

 , AX = β, β =


b1
b2
...

bm


A =

(
α1 α2 · · · αn

)
x1α1 + x2α2 + · · ·+ xnαn = β

±þþ��àg�5�§|��dL�/ª"
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

�þã�àg�5�§|£9¤éA§�ÓXêÝ
 A �à
g�5�§|µ

a11x1 + a12x2 + · · ·+ a1nxn = 0

a21x1 + a22x2 + · · ·+ a2nxn = 0

· · · · · ·
am1x1 + am2x2 + · · ·+ amnxn = 0

 · · · · · · (10)

AX = 0, Ý
L�ª

¡�£9¤��Ñ|"
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

Theorem 2.5

£Ö¥½n 5.3§P146¤ �àg�5�§|�Ù�Ñ|�Ý
/
ª�µ

A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...

am1 an2 · · · amn

 , X =


x1
x2
...

xn

 , β =


b1
b2
...

bm


AX = β · · · · · · (9)

AX = 0 · · · · · · (10)

1 e)�þ η1, η2 Ñ´£9¤�)§K η1−η2 ´£10¤�)¶

2 e)�þ η ´ £9¤�), ξ ´£10¤�)§K X = η+ ξ ´
£9¤�)"
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

Proof.

A(η1 − η2) = Aη1 − Aη2 = β − β = 0,÷v£10¤.

AX = A(η + ξ) = Aη + Aξ = β + 0 = β§÷v£9¤"
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

dd�±�äµ3 £9¤k)��¹e§

1 £9¤�)��§KÙ�Ñàg�§|£10¤�k")£�
�)¤¶

2 e�Ñ�§|£10¤�k")£��)¤§K�§|£9¤
�)��"

íííØØØ 2.6

e�5�§|£9¤k)§K§�)��§��=�Ù�Ñàg
�§|£10¤�k")"
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

íííØØØ 2.7

(Ö¥íØ5.3§P146)

1 �§£9¤k)���)§��=� R(A) = R(B) = n"

2 �§£9¤k)�Ã¡)§��=� R(A) = R(B) < n"

3 �R(A) = R(B) = r < n, n´��þ�ê"� ξ1, ξ2, ..., ξn−r
´�Ñ|£10¤���Ä:)X§2�£9¤k��A
)µη∗, K£9¤�Ï)�

η = η∗ + k1ξ1 + k2ξ2 + · · ·+ kn−rξn−r · · · · · · (11)

ùp k1, k2, ..., kn−r �?¿~ê"
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

Proof.

1 7�5§=��àg�5�§|k��)"Äkk)§=�
�(Ø R(A) = R(B). �âc¡½n§£9¤�)��§�
Ñ£10¤�)��§ÏR(A) = n. l R(A) = R(B) = n.

¿©5§XJk R(A) = R(B) = n. �� ��5�§|
£9¤k)§�R(A) = n§¤±£10¤�)��"u´é
u £9¤�?¿ü�)µ

η1, η2, Aη1 = Aη2 = β

⇒ A(η1 − η2) = 0

⇒ η1 = η2
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�
Proof.

1

2 7�5§ b���5�§£9¤kÃ¡)"k)7,´
R(A) = R(B). (9)kÃ¡)§�Ñ£10¤k�")"l
�âàg�5�§|�(ØµR(A) < n. lkµR(A) =

R(B) < n.

¿©5§=kµR(A) = R(B) < n. u´�àg�5�§|
£9¤�½k)§ �R(A) < n§¤±£10¤�)kÃ¡
�"ù�§�âc¡½n5.3§£9¤kÃ¡)"

3 N´�y§/X£11¤�L�ª´£9¤�)"��?�
£9¤���)µη,

A(η − η∗) = β − β = 0

∃k1, k2, ..., kn−r ∈ F

η − η∗ = k1ξ1 + k2ξ2 + · · ·+ kn−rξn−r

η = η∗ + k1ξ1 + k2ξ2 + · · ·+ kn−rξn−r
M�Tó��ÆêÆÆ�, Q3© �5�ê1ÊÙ �5�§|



�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

Example 2

?Øe¡�§|)�(�µ

ax1 + (a− 1)x2 + x3 = 1

ax1 + ax2 + x3 = 2

2ax1 + 2(a− 1)x2 + ax3 = 2

))).

|^O2Ý


B =

 a a− 1 1 1

a a 1 2

2a 2(a− 1) a 2

Ð�1C�  a a− 1 1 1

0 1 0 1

0 0 a− 2 0
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1 a = 0, Kkµ

B →

 0 −1 1 1

0 1 0 1

0 0 −2 0

 , R(A) = 2, R(B) = 3,Ã)

2 a = 1,

B →

 1 0 1 1

0 1 0 1

0 0 −1 0

 , R(B) = R(A) = 3,)��

3 a = 2,

B →

 2 1 1 1

0 1 0 1

0 0 0 0

 , R(B) = R(A) = 2,)Ã¡
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1

2

3

4 a 6=, 0, 1, 2

B →

 a a− 1 1 1

0 1 0 1

0 0 a− 2 0

 , R(A) = R(B) = 3,)��

a = 0, Ã)¶a = 2, Ã¡)¶a �Ù§ê§)��"

dKk){ 2§ë�ê¥~2£P147�¤"
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Example 3

� A ´ 4 ��
§�R(A) = 2. 2��àg�5�§ AX = β

k)µη1, η2, η3, η4, �÷vµ

η1 + η2 =


2

4

0

8

 , 2η2 + η3 =


3

0

3

3

 , 3η3 + η4 =


2

1

0

1


Á¦�§ AX = β �Ï)"

))).

A(η1 + η2) = A


2

4

0

8

→ β = A


1

2

0

4

 · · · · · · (1)
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�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|àg�5�§|)�(� �àg�5�§|)�(�

))).

A(2η2 + η3) = A


3

0

3

3

→ β = A


1

0

1

1

 · · · · · · (2)

A(3η3 + η4) = A


2

1

0

1

→ 4β = A


2

1

0

1

 · · · · · · (3)

(1)− (2) = A


0

2

−1

3

 = 0, 4(2)− (3) = A


2

−1

4

3

 = 0

∵ R(A) = 2 ∴ AX = 0Ä:)Xkü��þ
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))).

�âc¡ªf£2¤§AX = β kA)µ
1

0

1

1

 = η∗, Aη∗ = β

AX = 0 k�5Ã'�ü�)µ
0

2

−1

3

 = ξ1,


2

−1

4

3

 = ξ2, Aξ1 = Aξ2 = 0
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))).

Ïdµ

η =


1

0

1

1

+ k1


0

2

−1

3

+ k2


2

−1

4

3


� AX = β �Ï)"
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Example 4

®�,�5�§| (I) �Ï)�µ

ξ = k1


0

1

1

0

+ k2


−1

2

2

1

 , k1, k2 ∈ F

2��5�§| (Π) �µ

x1 + x4 = 0

x1 + 2x2 − x4 = 0

¦�5�§|£I¤Ú£Π¤�ú�)"
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))).

�5�§|£Π¤�Ý
L��µ

(
1 0 0 1

1 2 0 −1

)
x1
x2
x3
x4

 = 0

ò I �Ï)�\þªµ

(
1 0 0 1

1 2 0 −1

)
−k2

k1 + 2k2
k1 + 2k2

k2

 = 0

−k2 + k2 = 0

−k2 + 2(k1 + 2k2)− k2 = 0

⇒ k1 + k2 = 0
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Ïd§ú�)�µ

ξ = k1


0

1

1

0

+ k2


−1

2

2

1



ξ = k2(−


0

1

1

0

+


−1

2

2

1

) = k2


−1

1

1

1


k ∈ F,~ê
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5.3 Ð�1C�)�5�§|
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|^Ý
Ð�1C�§)àgÚ�àg�5�§|��nµ

Ð�1C�ØUCÝ
��þ��5'X"

AX = 0⇔ PAX = 0, P�_Ý


A
Ð�1C�

A1 = PA, P�_Ý


AX = β ⇔ PAX = Pβ, P�_Ý


B =
(
A β

)Ð�1C�
PB =

(
PA Pβ

)
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Example 5

¦�5�§|�Ä:)XÚÏ)µ

x1 +x2 +x3 −x4 = 0

x1 −x2 +x3 −3x4 = 0

x1 +3x2 +x3 +x4 = 0

))).

A =

 1 1 1 −1

1 −1 1 −3

1 3 1 1

 r2 − r1, r3 − r1
 1 1 1 −1

0 −2 0 −2

0 2 0 2


r3 + r2,−1r2

 1 1 1 −1

0 1 0 1

0 0 0 0

 r1 − r2
 1 0 1 −2

0 1 0 1

0 0 0 0
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���d�¹gdCþ��5�§|µ

x1 = −x3 + 2x4
x2 = −x4

©O� (x3 = 1, x4 = 0); (x3 = 0, x4 = 1)

Ä:)X�µ ξ1 =


−1

0

1

0

 , ξ2 =


2

−1

0

1



Ï)�: ξ = k1


−1

0

1

0

+ k2


2

−1

0

1
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Example 6

¦)�5�§|µ

x1 +3x2 +x3 = 0

2x1 +6x2 +3x3 −2x4 = 0

−2x1 −6x2 −4x4 = 0

))).

A =

 1 3 1 0

2 6 3 −2

−2 −6 0 −4

 r3 + r2
r2 − 2r1

 1 3 1 0

0 0 1 −2

0 0 3 −6


r3 − 3r2
r1 − r2

 1 3 0 2

0 0 1 −2

0 0 0 0
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���d�¹gdCþ��5�§|µ

x1 = −3x2 −2x4
x3 = 2x4

x2 = 1, x4 = 0⇒ x1 = −3, x3 = 0

x2 = 0, x4 = 1⇒ x1 = −2, x3 = 2

Ä:)Xµξ1 =


−3

1

0

0

 , ξ2 =


−2

0

2

1



Ï)µξ = k1


−3

1

0

0

+ k2


−2

0

2

1
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Example 7

¦)�àg�5�§|µ

x1 +x2 −2x3 −x4 = 4

3x1 −2x2 −x3 +2x4 = 2

5x2 +7x3 +3x4 = −2

2x1 −3x2 −5x3 −x4 = 4

))).

B =


1 1 −2 −1 4

3 −2 −1 2 2

0 5 7 3 −2

2 −3 −5 −1 4
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r2 − 3r1
r4 − 2r1


1 1 −2 −1 4

0 −5 5 5 −10

0 5 7 3 −2

0 −5 −1 1 −4


r3 + r2
r4 − r2


1 1 −2 −1 4

0 −5 5 5 −10

0 0 12 8 −12

0 0 −6 −4 6


r4 + 2−1r3

4−1r3, 5−1r2


1 1 −2 −1 4

0 −1 1 1 −2

0 0 3 2 −3

0 0 0 0 0
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r1 + r2
−1r2


1 0 −1 0 2

0 1 −1 −1 2

0 0 3 2 −3

0 0 0 0 0


r1 + 3−1r3
r2 + 3−1r3


1 0 0 2

3
1

0 1 0 −1
3

1

0 0 3 2 −3

0 0 0 0 0

→


1 0 0 2
3

1

0 1 0 −1
3

1

0 0 1 2
3
−1

0 0 0 0 0


x1 = −2

3
x4 + 1

x2 = 1
3
x4 + 1

x3 = −2
3
x4 − 1

ù��§��5���5�§|�d§�x4 = 0,�� x1 =

1, x2 = 1, x3 = −1, ù´��5�§���A)µ
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η∗ =


1

1

−1

0

 ,

d�Ñ|µx1 = −2
3
x4

x2 = 1
3
x4

x3 = −2
3
x4

x4 = 1,⇒, x1 = −2

3
, x2 =

1

3
, x3 = −2

3

Ä:)Xµξ =


−2

3
1
3

−2
3

1



Ï):η =


1

1

−1

0

+ k


−2

3
1
3

−2
3

1
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��±��-µ

x4 = k,


x1
x2
x3
x4

 =


−2

3
k + 1

1
3
k + 1

−2
3
k − 1

k



= k


−2

3
1
3

−2
3

1

+


1

1

−1

0


= kξ + η∗

���àg�5�§|�Ï)"
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Example 8

¦)�5�§|µ

2x1 +4x2 −x3 +3x4 = 9

x1 +2x2 +x3 = 6

x1 +2x2 +2x3 −x4 = 7

2x1 +4x2 +x3 +x4 = 11

))).


2 4 −1 3 9

1 2 1 0 6

1 2 2 −1 7

2 4 1 1 11

 r1 − 2r2, r3 − r2
r4 − 2r2


0 0 −3 3 −3

1 2 1 0 6

0 0 1 −1 1

0 0 −1 1 −1
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))).

r1 + 3r3, r2 − r3
r4 + r3


0 0 0 0 0

1 2 0 1 5

0 0 1 −1 1

0 0 0 0 0


���d¹gd��þ�§µ

x1 = −2x2 − x4 + 5

x3 = x4 + 1

x2 = k1, x4 = k2,


x1
x2
x3
x4

 =


−2k1 − k2 + 5

k1
k2 + 1

k2
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))).

= k1


−2

1

0

0

+ k2


−1

0

1

1

+


5

0

1

0


dd�±��A)ÚÄ:)Xµ

η∗ =


5

0

1

0

 , ξ1 =


−2

1

0

0

 , ξ2 =


−1

0

1

1
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Example 9

�

α1 =

 1

−1

2

 , α2 =

 1

1

2

 , β =

 1

0

a


¦ê a, ¦��þ β �±d�þ α1, α2 �5L«"

))).

�k�5L�ª

x1α1 + x2α2 = β

⇔

 1 1

−1 1

2 2

( x1
x2

)
=

 1

0

a
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))).

�ÑO2Ý


B =

 1 1 1

−1 1 0

2 2 a

 r3 + 2r2, r2 + r1

 1 1 1

0 2 1

0 4 a


r3 − 2r2

 1 1 1

0 2 1

0 0 a− 2


a = 2⇔ R(A) = R(B) = 2 =��þ�ê

�§k��):

x1 = x2 =
1

2
,
1

2
α1 +

1

2
α2 = β.
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Example 10

�kàg�5�§|

1

a11x1 +a12x2 + · · · +a1nxn = 0

a21x1 +a22x2 + · · · +a2nxn = 0
...

... · · · ...
...

am1x1 +am2x2 + · · · +amnxn = 0

2

b11x1 +b12x2 + · · · +b1nxn = 0

b21x1 +b22x2 + · · · +b2nxn = 0
...

... · · · ...
...

bs1x1 +bs2x2 + · · · +bsnxn = 0

Áyµ £1¤�)Ñ´ £2¤�)§¿�^�´µ R(A1) =

R

(
A1

A2

)
Ù¥§A1 Ú A2 ©O´ £1¤Ú£2¤�XêÝ
"
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Proof.

^Ý
L�àg�5�§|µ

A1X = 0 · · · · · · (1), A2X = 0 · · · · · · (2),(
A1

A2

)
X =

(
A1X

A2X

)
= 0 · · · · · · (3)

7�5§XJ£1¤�)Ñ´£2¤�)§K£1¤�)�´£3¤
�)"l£1¤�)�þ�m N(A1)´£3¤�)�þ�m

N

(
A1

A2

)
�f�m"Ïdkµ

n−R(A1) ≤ n−R
(
A1

A2

)
⇒ R(A1) ≥ R

(
A1

A2

)
≥ R(A1),∴ R(A1) = R

(
A1

A2

)
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Proof.

¿©5µb½Ý
��

R(A1) = R

(
A1

A2

)

Ï�£3¤�)7,´£1¤�)§¤±£3¤�)�mN

(
A1

A2

)
´£1¤�)�m N(A1) �f�m"�´§���ê��µ

n−R
(
A1

A2

)
= n−R(A1)

lk

N(A1) = N

(
A1

A2

)
.
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Proof.

=£1¤�)�m�£3¤�)�m����§½ö£1¤�)�
þ�´£3¤�)�þ"u´µ

A1X = 0⇒
(
A1

A2

)
X = 0

⇒
(
A1X

A2X

)
= 0⇒ A2X = 0

¤±£1¤�)�´£2¤�)"
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Example 11

®�àg�5�§|µ

x1 +x2 +x4 = 0

ax1 +a2x3 = 0

ax2 +a2x4 = 0

�)÷v x1 + x2 + x3 = 0, ¦ aÚ�§|�Ï)"

))).

��§P� AX = 0, A �XêÝ
"�âc¡~f 10§AT
kµ

R(A) = R

 1 1 0 1

a 0 a2 0

0 a 0 a2

 = R


1 1 0 1

a 0 a2 0

0 a 0 a2

1 1 1 0
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A =

 1 1 0 1

a 0 a2 0

0 a 0 a2

→
 1 1 0 1

0 −a a2 −a
0 a 0 a2


→

 1 1 0 1

0 −a a2 −a
0 0 a2 a2 − a


→

 1 1 0 1

0 −a 0 −a2
0 0 a2 a2 − a


a = 0, R(A) = 1; a 6= 0, R(A) = 3
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B =


1 1 0 1

a 0 a2 0

0 a 0 a2

1 1 1 0

 r2 − ar1
r4 − r1


1 1 0 1

0 −a a2 −a
0 a 0 a2

0 0 1 −1


r3 + r2


1 1 0 1

0 −a a2 −a
0 0 a2 a2 − a
0 0 1 −1

 r2 − r3
r3 − a2r4


1 1 0 1

0 −a 0 −a2
0 0 0 2a2 − a
0 0 1 −1


r3 ↔ r4


1 1 0 1

0 −a 0 −a2
0 0 1 −1

0 0 0 2a2 − a


a = 0, R(B) = 2; a =

1

2
, R(B) = 3; a 6= 0,

1

2
, R(B) = 4
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|B| = a2(2a− 1)

1 a 6= 0, 1
2
, R(B) = 4 > R(A),ØÎÜ�¦¶

2 a = 0, R(A) = 1 < R(B) = 2,ØÎÜ�¦;

3 a = 1
2
, R(A) = R(B) = 3,

1 1 0 1

0 1 0 1
2

0 0 0 0

0 0 1 −1

→


1 0 0 1
2

0 1 0 1
2

0 0 0 0

0 0 1 −1
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Ïdk

x1 = −1
2
x4

x2 = −1
2
x4

x3 = x4

ξ =


−1

2

−1
2

1

1


�Ä:)X§Ï)�µX = kξ.
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Example 12

®��àg�5�§|µ

1

x1 +x2 −2x4 = −6

4x1 −x2 −x3 −x4 = 1

3x1 −x2 −x3 = 3

2

x1 +mx2 −x3 −x4 = −5

nx2 −x3 −2x4 = −11

x3 −2x4 = −t+ 1

¯ëê m,n, t �Û��§ü��§Ó)"

))).

©O±Ý
/ªL�ùü��àg�5�§|µ

A1X = β1, A2X = β2
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))).

Äk§���Ñàg�5�§|�´Ó)§�â~10�(Ø§
kµ

R(A1) = R

(
A1

A2

)
= R(A2)

�d§I�©OO�Ð�1C�µ(
A1 β1

)(
A2 β2

)(
A1 β1
A2 β2

)

(½ R(A1), R(A2), R(

(
A1

A2

)
)
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·�Ú�3��ªfp§(
A1 β1
A2 β2

)
cn1Õá?11C�§(½ A1 �� R(A1),�n1Õá?11
C�§(½ A2 �� R(A2)"�dÓ�§��±���g��F
.Ó)�§"
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))).

5¿µcn1Ú�n1§�gÕá?11C�

1 1 0 −2 −6

4 −1 −1 −1 1

3 −1 −1 0 3

1 m −1 −1 −5

0 n −1 −2 −11

0 0 1 −2 −t+ 1


→



1 1 0 −2 −6

0 −5 −1 7 25

0 −4 −1 6 21

1 m 0 −3 −t− 4

0 n 0 −4 −t− 10

0 0 1 −2 −t+ 1
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→



1 1 0 −2 −6

0 1 0 −1 −4

0 −4 −1 6 21

1 m 0 −3 −t− 4

0 n 0 −4 −t− 10

0 0 1 −2 −t+ 1


→



1 0 0 −1 −2

0 1 0 −1 −4

0 0 −1 2 5

1 m 0 −3 −t− 4

0 n 0 −4 −t− 10

0 0 1 −2 −t+ 1


dd�±wÑ§R(A1) = R(A2) = 3,Ï7Lk:

R

(
A1

A2

)
= 3
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(
A1

A2

)
→



1 0 0 −1

0 1 0 −1

0 0 −1 2

1 m 0 −3

0 n 0 −4

0 0 1 −2


→



1 0 0 −1

0 1 0 −1

0 0 −1 2

0 m 0 −2

0 n 0 −4

0 0 1 −2



→



1 0 0 −1

0 1 0 −1

0 0 −1 2

0 0 0 −2 +m

0 0 0 −4 + n

0 0 1 −2


→



1 0 0 −1

0 1 0 −1

0 0 −1 2

0 0 0 −2 +m

0 0 0 −4 + n

0 0 0 0


∵ R

(
A1

A2

)
= 3,∴ m = 2, n = 4
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�â1����5�§|��d�§µ 1 0 0 −1 −2

0 1 0 −1 −4

0 0 −1 2 5

⇒ x1 = x4 − 2

x2 = x4 − 4

x3 = 2x4 − 5

���§£1¤�Ï)£�´�§£2¤�Ï)¤µ

x4 = k, η =


k − 2

k − 4

2k − 5

k

 = k


1

1

2

1

+


−2

−4

−5

0


ò£1¤�A)§m = 2, n = 4�\�§|£2¤§¦ tµ
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x1 +mx2 0 −3x4 = −t− 4

0 nx2 0 −4x4 = −t− 10

0 0 x3 −2x4 = −t+ 1

−2 + 2× (−4) = −t− 4

4× (−4) = −t− 10

−5 = −t+ 1⇒ t = 6

ù� m = 2, n = 4, t = 6, Kü��àg�5�§|Ó)"
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Example 13

n�²¡�§�)�²¡ �'Xµ

L1 : a11x+ a12y + a13z + d1 = 0

L2 : a21x+ a22y + a23z + d2 = 0

L3 : a31x+ a32y + a33z + d3 = 0

))).

A =

 a11 a12 a13
a21 a22 a23
a31 a32 a33

 , B =

 a11 a12 a13 d1
a21 a22 a23 d2
a31 a32 a33 d3


(1). R(A) = 1, n�²¡´²1²¡"

1 R(B) = 1,n�²¡Ü§)Ã¡¶

2 R(B) = 2,Ù¥ü�²¡²1ØÜ§Ã)¶

3 R(B) = 3, Ø�3"
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(2) R(A) = 2, Ù¥kü�²¡��u�^��§

1 R(B) = 2, n�²¡��u�^��§)Ã¡

2 R(B) = 3, 1n�²¡²1uÙ¥��²¡§n�²¡�u
ü^²1��§½ön�²¡�un^²1��£n^��
üü3��²¡þ¤§Ã)

(3) R(A) = 3⇒ R(B) = 3, n�²¡�u��:§|^�40{
K¦Ñ����)"
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Example 14

¦��L :
2x+ y + 3 = 0

4x+ y − z + 5 = 0
�ëê�§§¿¦�� L �²

¡µπ : x+ 4y − z − 4 = 0��:"

))).

¦�� L �ëê�§§�du¦ü�²¡�§�ú�)µ

2x+ y = −3

4x+ y − z = −5
, B =

(
2 1 0 −3

4 1 −1 −5

)
→
(

2 1 0 −3

0 −1 −1 1

)
→
(

2 0 −1 −2

0 −1 −1 1

)
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→
(

1 0 −1
2
−1

0 1 1 −1

)
,
x = 1

2
z − 1

y = −z − 1 x

y

z

 =

 1
2
t− 1

−t− 1

t

 = t

 1
2

−1

1

+

 −1

−1

0


�\²¡�§µπ : x+ 4y − z − 4 = 0

1

2
z − 1 + 4(−z − 1)− z − 4 = 0

z − 2 + 8(−z − 1)− 2z − 8 = 0,−9z − 18 = 0, z = −2

x = −2, y = 1,M(−2, 1,−2)

��:"
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){2µ��¦n�²¡�§�)µ

2x+ y = −3

4x+ y − z = −5

x+ 4y − z = 4

, B =

 2 1 0 −3

4 1 −1 −5

1 4 −1 4


→

 2 1 0 −3

0 −1 −1 1

1 4 −1 4

→
 0 −7 2 −11

0 −1 −1 1

1 4 −1 4


→

 0 0 9 −18

0 1 1 −1

1 0 −5 8

→
 0 0 1 −2

0 1 0 1

1 0 0 −2


M(−2, 1,−2)

��:"
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Example 15

Suppose that:

AX =

 2

4

0

 ,

 x

y

z

 =

 2

0

0

+ k1

 1

1

0

+ k2

 0

0

1


´Ï)�§§¦Ý
 A

©ÛµÝ
 A AT´ 3 ��
§§�)�m��ê� 2, ¤
±�� 1"

A

 2

0

0

 =

 2

4

0
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A�1��A��µ

 1

2

0

. qÏ�kµ A

 1

1

0

 = 0, A�

1��AT�µ

 −1

−2

0

. ÓnµA

 0

0

1

 = 0, A�1n�AT

�µ

 0

0

0

. ÏdkµA =

 1 −1 0

2 −2 0

0 0 0
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Example 16

Suppose that B =

 1 0 0

0 1 0

1 0 2

 1 2 1

−1 2 1

0 4 2

©O¦Ý
 B �

)�mÚ��m�Ä.Ú�ê"

))).

Let B = PA, where

P =

 1 0 0

0 1 0

1 0 2

 , A =

 1 2 1

−1 2 1

0 4 2


the matrix P is invertible, hence N(B) = N(A). Since R(A) = 2,

Dim(N(A)) = 1. We have Dim(N(B)) = 1

M�Tó��ÆêÆÆ�, Q3© �5�ê1ÊÙ �5�§|



�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|

Let B =
(
α1 α2 α3

)
, V = L(α1, α2, α3). Then

Dim(V ) = R(B) = R(A) = 2

The invertible P keep the same linear combination of column vectors

of the matrix B and A. The first and second column vectors of A is

linear independent, hence we choose the same column vectors of B

as basis:

α1 = P

 1

−1

0

 =

 1

−1

1

 , α2 = P

 2

2

4

 =

 2

2

10

 ,
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Example 17

�Ý
 A 6= 0 ´���
§´Ä�3���"�þ α§Ó�3
A �)�mÚ1�þ�mpº

Example 18

�Ý
 A ´��5× 3 Ý
§�� 3, ¯ =�Ý
 A′ �)�m�
�ê´õ�º

M�Tó��ÆêÆÆ�, Q3© �5�ê1ÊÙ �5�§|



�5�§|k)�¿�^� �5�§|)�(� Ð�1C�)�5�§|

Example 19

Problem: �Ý
 A ²L�X�Ð�C�§z�Ý
B Ý
§§
�����, ¯ §����þ|´Ä�d£=�p�5L«¤º

©Ûµ©Ð�1C�ÚÐ��C��Äµ

1 �Ý
 A ²LÐ�1C�z�Ý
 B §§��'XAT
´µB = PA Ù¥ P �_"Ï�kµ�§�d'Xµ

AX = 0⇔ BX = PAX = 0

¤± §����þ|Ñk�Ó��5'X,�Ò��"�´
Ý
 B ���þ|´ P ���þ|��5|Ü§½ö� P

���þ|�5L«§Ø´� A ���þ|�5L«.

2
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�Ý
 A ²LÐ��C�z�Ý
 B §§��'XAT
´µB = AP Ù¥ P �_. d�§Ý
 B ���þ|´ A

���þ|��5|Ü; �´§qkBP−1 = A§ ¤± Ý

A ���þ|´ B ���þ|��5|Ü; ü�Ý
���
þ|(¢�d"

�¹1 ��~µ

A =


1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0

 E(1, 4)

→


0 0 0 0

0 1 0 0

0 0 0 0

1 0 0 0

 = B

(Øµ²LÐ�1C�§��þ|Ø�½�d¶²LÐ��C
�§K��þ|�d"
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� ��
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