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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
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8.1 ¢�g.

8.1.1 �g.�½Â9ÙÝ
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

½½½ÂÂÂ 1.1

(Ö¥½Â 8.1§P202) �½ n �Cþ x1, x2, ..., xn§Xê aij ∈ F,

½Ân ��gàg¼êµ

f(x1, x2, ..., xn) = a11x
2
1 +2a12x1x2 + · · · +2a1nx1xn

+a22x
2
2 + · · · +2a2nx2xn

+ · · ·
+ annx

2
n

¡�ê� F þ� n ��g.§{¡�g."XJXê´Eê§
Ò¡E�g.§XJXê´¢ê§Ò¡¢�g."

�Ö�?Ø¢�g."
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

�g.��dL«µþ¡½Â¥Xê�eI§éAÝ
Ìé
��mþ����µaij, i ≤ j, XJ- aji = aij, j > i,Kk�g.
��dL«µ

f(x1, x2, ..., xn) = a11x
2
1 +a12x1x2 + · · · +a1nx1xn

+a21x2x1 +a22x
2
2 + · · · +a2nx2xn

+ · · ·
+an1xnx1 +an2xnx2 + · · · +annx

2
n

=
∑n

i=1

∑n
j=1 aijxixj · · · · · · (2)
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

=
(
x1 x2 · · · xn

)

∑n

j=1 a1jxj∑n
j=1 a2jxj

...∑n
j=1 anjxj



=
(
x1 x2 · · · xn

)


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann




x1
x2
...

xn


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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

�g.�Ý
L«µ

f(x1, x2, ..., xn) =
n∑
i=1

n∑
j=1

aijxixj

=
(
x1 x2 · · · xn

)


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann




x1
x2
...

xn



X =


x1
x2
...

xn

 , A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann


f(x1, x2, ..., xn) = X ′AX · · · · · · (3)
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

d?§Ý
 A = A′, ´é¡Ý
"

1 ���g.û½
��é¡Ý
 A. ���é"

2 ¡A ��g. f(x1, x2, ..., xn)�Ý
"

3 A ��¡��g.��"

~X§�g.

f = x21 + 2x1x2 + 4x1x4 + 2x22 + 3x23 + 6x2x3 + 4x24 + 3x3x4

A =


1 1 0 2

1 2 3 0

0 3 3 3
2

2 0 3
2

4

 , f = X ′AX

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

8.1.2 Ý
�ÜÓ'X

Ì�´)û�g.�Cz¯K§z�{ü�IO."
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

gCþ

X =


x1
x2
...

xn


�±w�,� Rn Ä.e��I(ÃAO�½§�±´IOÄ
.)µ

X =
(
α1 α2 · · · αn

)


x1
x2
...

xn


XJ

β1, β2, · · · , βn

´ Rn �,	��Ä.§�LÞÝ
�µ
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

(
β1 β2 · · · βn

)
=
(
α1 α2 · · · αn

)


c11 c12 · · · c1n
c21 c22 · · · c2n
...

...
. . .

...

cn1 cn2 · · · cnn


=
(
α1 α2 · · · αn

)
C

�þ X �#�I�

X =
(
β1 β2 · · · βn

)


y1
y2
...

yn

 =
(
α1 α2 · · · αn

)
C


y1
y2
...

yn


⇒ X = CY · · · · · · (4)
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

dd���dL��ªµ

f(x1, x2, ..., xn) = X ′AX = Y ′C ′ACY

=
(
y1 y2 · · · yn

)
C ′AC


y1
y2
...

yn



=
(
y1 y2 · · · yn

)
B


y1
y2
...

yn


B = C ′AC
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

ÏdwÑµ

�g.�L��ª§�Ä.�ÀJk�½'X"=��þ�
���g.§duÄ.�ÀJØÓ§L��ª�ª��Ø�
�"

½½½ÂÂÂ 1.2

(Ö¥½Â 8.2§P204) éuü� n ��
 A,B §XJ�3�_
Ý
 C §÷v

B = C ′AC

¡Ý
 A �Ý
 B ÜÓ"
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

Ý
8Ü�ÜÓ'Xke�5�µ

1 g�5µ?���
 A �g�ÜÓ¶

2 é¡5µeÝ
 A �Ý
 B ÜÓ§KÝ
 B � Ý
A �
ÜÓ¶

3 D45µeÝ
 A �Ý
 B ÜÓ§�Ý
 B �Ý
 C Ü
Ó, KÝ
 A � Ý
C �ÜÓ¶

¢é¡Ý
 A§�3��Ý
 P §¦�µP−1AP = D, é
�Ý
"5¿�µP ′P = E, ¤±kµP ′AP = D§=¢é¡
Ý
�é�Ý
ÜÓ"��§¢é¡Ý
§Ñ´ÏL¢Ý

¢yÜÓ'X"
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

8.2 z¢�g.�IO.

�!?Ø§XÛò��¢�g.z¤�{/ª"AO5¿§¢
é¡Ý
§½¢�g.§Ñ´ÏL¢�_Ý
£¢�5C

�¤§z�IO.�"
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

LÞÝ
�N
Ó���þ3ØÓÄ.e��IC�'
XµX = CY

1 X → Y = C−1X ,¡��_�5C�£Ý
Ý
 C �_¤

2 e C ���Ý
§þãC�§¡����5C�"

3 ü�5�Äe�LÞÝ
C ´��Ý
§û½
�����
5C�"
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

Theorem 1.3

b�¢�5�m Rn k��5�Ä: Ω1 = {α1, α2, ..., αn}, 2�k
��ÄΩ2 = {β1, β2, ..., βn}"lÄ Ω1 �Ä Ω2 �LÞÝ
��
C§KÝ
 C ���Ý
§��=�Ä Ω2 �´5�Ä"

Proof.

l Ω1 � Ω2 �LÞÝ
��µ

(
β1 β2 · · · βn

)
=
(
α1 α2 · · · αn

)


c11 c12 · · · c1n
c21 c22 · · · c2n
...

...
. . .

...

cn1 cn2 · · · cnn


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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

(βi, βj) = (
n∑
k=1

αkcki,
n∑
k=1

αkckj)

=
n∑
k=1

cki(αk,
n∑
k=1

αkckj)

5¿kµ

(αk,
n∑
k=1

αkckj) = ckj(αk, αk) = ckj

Ïdk

(βi, βj) =
n∑
k=1

ckickj
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

=
(
c1i c2i · · · cni

)


c1j
c2j
...

cnj


-µ

C =
(
γ1 γ2 · · · γn

)
Kkµ

(γi, γj) = (βi, βj)

=LÞÝ
 C ���Ý
§��=� β1, β2, ..., βn �5�Ä"
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

XJ
f = X ′AX

F"é��_Ý
 C,X = CY

f = X ′AX = Y ′C ′ACY = Y ′


λ1

λ2
. . .

λn

Y

f = λ1y
2
1 + λ2y

2
2 + · · ·+ λny

2
n
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

�¹²����g.§¡�IO.

f = λ1y
2
1 + λ2y

2
2 + · · ·+ λny

2
n

5��g.§/X

f = λ1y
2
1 + · · ·+ λpy

2
p − λp+1y

2
p+1 − · · · − λny2n

0 ≤ λ1, ..., λp, λp+1, ..., λn
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

8.2.1 ��z�{z�g.�IO.
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

�â18Ù½n 6.6§éu¢é¡Ý
 A, �3��Ý
 P ,

¦�µP−1AP = P ′AP = D �é�Ý
§¤±kµ

Theorem 1.4

(Ö¥½n 8.1§P206¤é n �¢�g. f = X ′AX, �3���
5C�µ

X = PY, f = λ1y
2
1 + λ2y

2
2 + · · ·+ λny

2
n

Proof.

P ′AP = P−1AP =

 λ1
. . .

λn


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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

f = X ′AX = Y ′P ′APY = Y ′

 λ1
. . .

λn

Y

= λ1y
2
1 + λ2y

2
2 + · · ·+ λny

2
n

Example 1

��g.

f = −2x1x2 − 2x1x3 + 2x1x4 + 2x2x3 − 2x2x4 − 2x3x4

^��C�§z�IO."
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

Proof.

A =


0 −1 −1 1

−1 0 1 −1

−1 1 0 −1

1 −1 −1 0



¦A��µ|λE − A| =

∣∣∣∣∣∣∣∣
λ 1 1 −1

1 λ −1 1

1 −1 λ 1

−1 1 1 λ

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
0 1 + λ 1 + λ λ2 − 1

0 λ+ 1 0 λ+ 1

0 λ+ 1 λ+ 1

−1 1 1 λ

∣∣∣∣∣∣∣∣
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.
Proof.

= (λ+ 1)3

∣∣∣∣∣∣
1 1 λ− 1

1 0 1

0 1 1

∣∣∣∣∣∣ = (λ+ 1)3

∣∣∣∣∣∣
1 1 λ− 1

0 −1 2− λ
0 1 1

∣∣∣∣∣∣
= (λ+ 1)3

∣∣∣∣∣∣
1 1 λ− 1

0 −1 2− λ
0 0 3− λ

∣∣∣∣∣∣ = (λ+ 1)3(λ− 3)

kü�A��µλ1 = −1,m1 = 3;λ2 = 3,m2 = 1

¦A��þµλ1 = −1, (−E − A)X = 0
−1 1 1 −1

1 −1 −1 1

1 −1 −1 1

−1 1 1 −1




x1
x2
x3
x4

 = 0
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

⇔ x1 = x2 + x3 − x4

ξ1 =


1

1

0

0

 , ξ2 =


1

0

1

0

 , ξ3 =


−1

0

0

1


��z¶η1 = ξ1, η2 = ξ2 −

(η1, ξ2)

(η1, η1)
η1

η2 =


1

0

1

0

− 1

2


1

1

0

0

 =


1
2

−1
2

1

0


η3 = ξ3 −

(η2, ξ3)

(η2, η2)
η2 −

(η1, ξ3)

(η1, η1)
η1
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η3 =


−1

0

0

1

+
1

3


1
2

−1
2

1

0

+
1

2


1

1

0

0

 =


−1

3
1
3
1
3

1



ü zµP1 =
η1
|η1|

=
1√
2


1

1

0

0

 , P2 =
η2
|η2|

=

√
6

3


1
2

−1
2

1

0



P3 =

√
3

2


−1

3
1
3
1
3

1


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λ2 = 3, (3E − A)X =


3 1 1 −1

1 3 −1 1

1 −1 3 1

−1 1 1 3




x1
x2
x3
x4

 = 0


3 1 1 −1

1 3 −1 1

1 −1 3 1

−1 1 1 3

→


0 1 1 2

0 1 0 1

0 0 1 1

−1 1 1 3



→


0 0 1 1

0 1 0 1

0 0 1 1

−1 0 1 2

→


0 0 1 1

0 1 0 1

0 0 0 0

−1 0 0 1


x1 = x4, x2 = −x4, x3 = −x4
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ξ4 =


1

−1

−1

1

 , P4 =
ξ4
|ξ4|

=


1

−1

−1

1

 =
1

2


1

−1

−1

1



P =


1√
2

√
6
6
−
√
3
6

1
2

1√
2
−
√
6
6

√
3
6
−1

2

0
√
6
3

√
3
6
−1

2

0 0
√
3
2

1
2


Let X = PY, f(X) = f(Y ) = −y21 − y22 − y23 + 3y24
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8.2.2 .�KF��{z�g.�IO.

��{Ä�5gu¥Æ¤Æ���{
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Example 2

�

f = 4x21 + 2x22 + x23 − 2x24 + 4x1x2 + 4x1x3 − 4x1x4

+4x2x3 − 4x2x4 − 8x3x4

Á^��{§é���_C�§z�g.�IO."

))).

f = 4x21 + 2x22 + x23 − 2x24 + 4x1x2 + 4x1x3 − 4x1x4

+4x2x3 − 4x2x4 − 8x3x4

= (2x1)
2 + 4x1x2 + x22 + 4x1x3 + x23 − 4x1x4 + x24

+2x2x3 − 2x2x4 − 2x3x4 + x22 − 3x24 + 2x2x3 − 2x2x4 − 6x3x4
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f = (2x1 + x2 + x3 − x4)2 + x22 − 3x24 + 2x2x3 − 2x2x4 − 6x3x4

f = (2x1 + x2 + x3 − x4)2 + x22 + 2x2x3 + x23 − 2x2x4 + x24

−2x3x4 − x23 − 4x24 − 4x3x4

f = (2x1 + x2 + x3 − x4)2 + (x2 + x3 − x4)2

−x23 − 4x24 − 4x3x4

f = (2x1 + x2 + x3 − x4)2 + (x2 + x3 − x4)2 − (x3 + 2x4)
2
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-

y1 = 2x1 + x2 + x3 − x4
y2 = x2 + x3 − x4

y3 = x3 + 2x4

y4 = x4
y1
y2
y3
y4

 =


2 1 1 −1

0 1 1 −1

0 0 1 2

0 0 0 1




x1
x2
x3
x4

 = C−1X

X = CY,


2 1 1 −1 1 0 0 0

0 1 1 −1 0 1 0 0

0 0 1 2 0 0 1 0

0 0 0 1 0 0 0 1


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
2 1 1 −1 1 0 0 0

0 1 1 −1 0 1 0 0

0 0 1 2 0 0 1 0

0 0 0 1 0 0 0 1

→


1 0 0 0 1
2
−1

2
0 0

0 1 0 0 0 1 −1 3

0 0 1 0 0 0 1 −2

0 0 0 1 0 0 0 1



C =


1
2
−1

2
0 0

0 1 −1 3

0 0 1 −2

0 0 0 1

 ,�_Ý
,


x1
x2
x3
x4

 =


1
2
−1

2
0 0

0 1 −1 3

0 0 1 −2

0 0 0 1




y1
y2
y3
y4

 ,�_�5C�,

f = y21 + y22 − y23, f���3,
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Example 3

z�g.�IO.§¦�_�5C�Ý
µ

f = 2x1x2 + 2x1x3 − 6x2x3

))).

1�Ú§-

x1 = y1 +y2
x2 = y1 −y2
x3 = y3 x1

x2
x3

 =

 1 1 0

1 −1 0

0 0 1

 y1
y2
y3


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))).

f =
(
x1 x2 x3

) 0 1 1

1 0 −3

1 −3 0

 x1
x2
x3


=
(
y1 y2 y3

) 1 1 0

1 −1 0

0 0 1

 0 1 1

1 0 −3

1 −3 0


 1 1 0

1 −1 0

0 0 1

 y1
y2
y3


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 1 1 0

1 −1 0

0 0 1

 0 1 1

1 0 −3

1 −3 0

 1 1 0

1 −1 0

0 0 1


 1 1 −2

−1 1 4

1 −3 0

 1 1 0

1 −1 0

0 0 1

 =

 2 0 −2

0 −2 4

−2 4 0


f = 2y21 − 2y22 − 4y1y3 + 8y2y3

= 2(y21 − 2y1y3 + y23)− 2y23 − 2y22 + 8y2y3

= 2(y1 − y3)2 − 2(y22 − 4y2y3 + 4y23) + 6y23

= 2(y1 − y3)2 − 2(y2 − 2y3)
2 + 6y23
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z1 = y1 − y3, z2 = y2 − 2y3, z3 = y3 z1
z2
z3

 =

 1 0 −1

0 1 −2

0 0 1

 y1
y2
y3


 1 0 −1 1 0 0

0 1 −2 0 1 0

0 0 1 0 0 1

→
 1 0 0 1 0 1

0 1 0 0 1 2

0 0 1 0 0 1


 y1

y2
y3

 =

 1 0 1

0 1 2

0 0 1

 z1
z2
z3


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 x1
x2
x3

 =

 1 1 0

1 −1 0

0 0 1

 y1
y2
y3


=

 1 1 0

1 −1 0

0 0 1

 1 0 1

0 1 2

0 0 1

 z1
z2
z3


 x1

x2
x3

 =

 1 1 3

1 −1 −1

0 0 1

 z1
z2
z3


f = 2z21 − 2z22 + 6z23

e-µw1 =
√

2z1, w2 =
√

6z3, w3 =
√

2z2, K�k5�.µ

f = w2
1 + w2

2 − w2
3
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��{µ

1 XJk²�� xi, i = 1, 2, ..., n,K�gr¹k x1xi ���
�§x2xi, i ≥ 2 ����§...;

2 XJØ¹²��§K��_C�§��²��§­E1��
Ú½¶
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8.2.3 Ð�C�{§z¢�g.�IO.
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�ÄÝ
ÜÓC���n

A→ C ′AC,C �_,L«�Ð�Ý
¦È

C = P1P2 · · ·Pl, C ′ = P ′lP
′
l−1 · · ·P ′1

A
Ð�C�

1�é¡Ð�C�
P ′lP

′
l−1 · · ·P ′1AP1P2 · · ·Pl

�E�� 2n× n Ý
µ�11�C�Xeµ(
A

E

)
−→

(
C ′ 0

0 E

)(
A

E

)
C

=

(
C ′AC

C

)
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)º±þÐ�C��¹Âµ

1 1�Ú"�E��2n× n �Ý
µ
(
A

E

)
2 éþãÝ
�1���C� µP , Ó�éTÝ
�c n 1�
1��1C�µP ′

3 ��Ý


(
A

E

)
�c n 1C¤é�Ý
§Ke�Ü©��

IC�Ý
 C

4 5¿ P ′ �1Ò´ P ��§¤±§é A �1��C�ÚéA
�1�1C�´���Ó�§Ïd�ü>Ó�?1"
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Example 4

^Ð�C�{§z�g.�IO.µ

f(X) =
(
x1 x2 x3

) 0 1 −3

1 0 1

−3 1 0

 x1
x2
x3


))). 

0 1 −3

1 0 1

−3 1 0

1 0 0

0 1 0

0 0 1


c1 + c2
r1 + r2



2 1 −2

1 0 1

−2 1 0

1 0 0

1 1 0

0 0 1


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c3 + c1
r3 + r1



2 1 0

1 0 2

0 2 −2

1 0 1

1 1 1

0 0 1


c2 − 1

2
c1

r2 − 1
2
r1



2 0 0

0 −1
2

2

0 2 −2

1 −1
2

1

1 1
2

1

0 0 1



c2 + c3
r2 + r3



2 0 0

0 3
2

0

0 0 −2

1 1
2

1

1 3
2

1

0 1 1


2c2
2r2



2 0 0

0 6 0

0 0 −2

1 1 1

1 3 1

0 2 1


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X = CY =

 1 1 1

1 3 1

0 2 1

Y

f = 2y21 + 6y22 − 2y23

Example 5

Ð�C�z�g.�IO.§¦�_�5C�Ý
µ

f = 2x1x2 + 2x1x3 − 6x2x3
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

0 1 1

1 0 −3

1 −3 0

1 0 0

0 1 0

0 0 1


c1 + c2
r1 + r2



2 1 −2

1 0 −3

−2 −3 0

1 0 0

1 1 0

0 0 1



c3 + c1
r3 + r1



2 1 0

1 0 −2

0 −2 −2

1 0 1

1 1 1

0 0 1


c2 − 1

2
c1

r2 − 1
2
r1



2 0 0

0 −1
2
−2

0 −2 −2

1 −1
2

1

1 1
2

1

0 0 1


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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ �g.�½Â9ÙÝ
 Ý
�ÜÓ'X z¢�g.�IO. ��z�{z�g.�IO. .�KF��{z�g.�IO. Ð�C�{§z¢�g.�IO.

c2 − c3
r2 − r3



2 0 0

0 3
2

0

0 0 −2

1 −3
2

1

1 −1
2

1

0 −1 1


2c2
2r2



2 0 0

0 6 0

0 0 −2

1 −3 1

1 −1 1

0 −2 1


X =

 1 −3 1

1 −1 1

0 −2 1

Y

f = 2y21 + 6y22 − 2y23
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

8.3 �½¢�g.

8.3.1 ¢�g.�.5½Æ

¢�g.�IO.�3¢�_�5C�e§Ly/ªØ��§
�´�"Xê�ê§�KXê��ê´���"

¢�_�5C� X = CY,C ��_¢êÝ
"
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

Theorem 2.1

(Ö¥½n8.2§P213)b�¢�g. f = X ′AX ²L¢�_�5
C� X = C1Y ÚX = C2Z ©Oz�XeIO.µ

f = k1y
2
1 + k2y

2
2 + · · ·+ kny

2
n

f = l1z
2
1 + l2z

2
2 + · · ·+ lnz

2
n

Kkµ

1 k1, k2, ..., kn ¥�ê��ê�ul1, l2, ..., ln ¥�ê��ê,�.
5�ê

2 k1, k2, ..., kn ¥Kê��ê�ul1, l2, ..., ln ¥Kê��ê§K
.5�ê

3 k1, k2, ..., kn ¥�"ê��ê�ul1, l2, ..., ln ¥K"ê��
ê§=Ý
 A ��µR(A).
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

�Iy² 1 Ú 3. �´ 3 �y²´w,�"±ey² 1.

Proof.

Suppose that

f = k1y
2
1 + k2y

2
2 + kpy

2
p − kp+1y

2
p+1 − · · · − kny2n

f = l1z
2
1 + l2z

2
2 + lqz

2
q − lq+1z

2
q+1 − · · · − lnz2n

ki, li,≥ 0, i ≥ 1

�k�þ α,�


y1
y2
...

yn

 ´α 31��Äe��þ�Iµ
α = y1α1 + y2α2 + · · ·+ ypαp + yp+1αp+1 + · · ·+ ynαn
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

Ón�


z1
z2
...

zn

 ´α 31��Äe��þ�Iµ
α = z1γ1 + z2γ2 + · · ·+ zqγq + zq+1γq+1 + · · ·+ znγn

�Ä�þ�m��8µ

V = L(α1, α2, · · · , αp) ∩ L(γq+1, γq+2, · · · , γn)

ek�þα ∈ V, Kkµ

α = y1α1 + y2α2 + · · ·+ ypαp

= zq+1γq+1 + · · ·+ znγn
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

©O�\�g. f �ü�L�ªO�§��µ

f = k1y
2
1 + k2y

2
2 + kpy

2
p

= −lq+1z
2
q+1 − · · · − lnz2n

⇒ kiy
2
i = 0, lq+jz

2
q+j = 0, i = 1, ..., p, j = 1, ..., n− q

dd��§e ki 6= 0K yi = 0 ,e lp+j 6= 0K zp+j = 0;e ki = 0,

K� yi = 0 , e lp+j = 0 K �zp+j = 0; ØK� α ∈ V. o�§�
�(Øµ ∀α ∈ V, α = 0.

Ùg§·�y²e��þ|´�5Ã'|µ

α1, α2, · · · , αp, γq+1, γq+2, · · · , γn
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

ek p+ n− q �ê§¦�eª¤áµ

a1α1 + a2α2 + · · ·+ apαp + aq+1γq+1 + aq+2γq+2 + · · ·+ anγn = 0

a1α1 + a2α2 + · · ·+ apαp = −aq+1γq+1 − aq+2γq+2 − · · · − anγn
a1α1 + a2α2 + · · ·+ apαp =

= −aq+1γq+1 − aq+2γq+2 − · · · − anγn = α ∈ V

α = 0, a1α1 + a2α2 + · · ·+ apαp = 0

−aq+1γq+1 − aq+2γq+2 − · · · − anγn = 0

a1, a2, ..., ap, aq+1, ..., an = 0

n ��þ�m�5Ã'��þ�êØ�L n, ¤±kµ

p+ n− q ≤ n⇒ p ≤ q.

Ón�yµ q ≤ p. ��kµp = q.
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

��IO.��g.§�±²L¢�_�5C�§?�Úz
�5�5µ

f = y21 + · · ·+ y2p − y2p+1 − · · · − y2p+q
p, q ©O��K.5�ê

XJØOgCþ�ü�^S§5�.´���"
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

8.3.2 �½�g.
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

½½½ÂÂÂ 2.2

£Ö¥½Â8.3§P214¤�� n �¢�g.µf = X ′AX,XJé
?¿�"�þµX 6= 0, Ñkµ

f(X) = X ′AX > 0

¡ù��g.��½�g.§Ý
 A ¡��½Ý
"

�o��¢é¡Ý
´�½�º·�5)ûù�¯K"
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

Theorem 2.3

(Ö¥½n8.3§P214) �� n �¢�g.f = X ′AX��½�¿
©7�^�´µ�.5�ê�u n.

Proof.

¿©5µ�

X = CY, f(X) = X ′AX = Y ′C ′ACY

= k1y
2
1 + k2y

2
2 + · · ·+ kny

2
n

k1, k2, ..., kn > 0

X 6= 0⇒ Y = C−1X 6= 0

⇒ f(X) = f(Y ) = k1y
2
1 + k2y

2
2 + · · ·+ kny

2
n > 0

f ´�½�g.
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

7�5µ � n ��g. f(X) = X ′AX ´�½�§·�y
².5�ê� n. �y{µXJ.5�ê�u n, Ø��:

X = CY,f(X) = f(Y ) = k1y
2
1 + k2y

2
2 + · · ·+ kny

2
n

kn ≤ 0

Y0 =


0
...

0

1

 6= 0,X0 = CY0 6= 0

f(X0) =f(Y0) = kn ≤ 0

ù´��gñ"
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

íííØØØ 2.4

(Ö¥íØ8.1§P215)¢�g.f = X ′AX ��½�g.�¿©
7�^�´µf �Ý
 A �A����u""

Proof.

�Ý
 A �A���λ1, λ2, ..., λn, Kk��Ý
 P , ÷v

P−1AP =


λ1

λ2
. . .

λn


¤±

X = PY, f(X) = X ′AX = Y ′P ′APY =

Y ′P−1APY = λ1y
2
1 + λ2y

2
2 + · · ·+ λny

2
n
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

�âc¡½n8.3

all λ1, λ2, ..., λd > 0

��=� A ´�½Ý
"

íííØØØ 2.5

(Ö¥íØ8.2§P215)¢�g.f = X ′AX ��½�g.�¿©
7�^�´:�3¢�_Ý
 Q,A = Q′Q

Proof.

¿©5µ- Y = QX, KkX 6= 0, Y 6= 0

f(X) = X ′AX = X ′Q′QX == Y ′Y = y21 + y22 + · · ·+ y2n > 0

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

7�5µ�3��Ý
 P , ¦�

P ′AP =


λ1

λ2
. . .

λn

 , λi > 0, i = 1, 2, ..., n

A = P


√
λ1 √

λ2
. . . √

λn



√
λ1 √

λ2
. . . √

λn

P ′

Q =


√
λ1 √

λ2
. . . √

λn

P ′, A = Q′Q
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

íØ 2.5£Ö¥íØ8.2¤¢S`²
��(Øµ¢é¡Ý

A ´�½�§��=�Ý
 A �ü Ý
ÜÓµ=�3¢�_
Ý
µ

P, P ′AP = E.
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

Example 6

�Ý
 A ´�½Ý
§y²��Ý
 A∗ �´�½Ý
"

�âþ¡�(Ø§k�_Ý
Q

A = Q′Q⇒ A−1 = Q−1(Q−1)′

⇒ A−1 ´é¡Ý


A∗ = |A|A−1 ´é¡Ý


P ′AP = P−1AP =


λ1

λ2
. . .

λn

 , λi > 0, i = 1, ..., n

|A| =
n∏
i=1

λi > 0, P−1A−1P = Diag(
1

λ1
,

1

λ2
, · · · , 1

λn
)

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

P−1|A|A−1P = Diag(
|A|
λ1
,
|A|
λ2
, · · · , |A|

λn
)

P ′A∗P = P−1|A|A−1P =


|A|
λ1

|A|
λ2

. . .
|A|
λn


|A|
λi

> 0, i = 1, 2, ..., n

A∗��½Ý
"
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

Example 7

� A,B Ñ´�½Ý
§y²A+B �´�½Ý


))).

X 6= 0, X ′AX > 0, X ′BX > 0

⇒ X ′(A+B)X = X ′AX +X ′BX > 0

(A+B)′ = A′ +B′ = A+B

⇒ A+B ´�½Ý
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

�½ n ��
 A

a11,

∣∣∣∣ a11 a12
a21 a22

∣∣∣∣ ,
∣∣∣∣∣∣
a11 a12 a13
a21 a22 a23
a31 a32 a33

∣∣∣∣∣∣ , · · ·∣∣∣∣∣∣∣∣∣
a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
...

an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣
©O¡�Ý
 A � 1, 2, ..., n �^SÌfª"
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

Theorem 2.6

(Ö¥½n8.4§P216)¢é¡Ý
 A ��½�¿©7�^�
´µA ���^SÌfªÑ�u"§=

a11 > 0,

∣∣∣∣ a11 a12
a21 a22

∣∣∣∣ > 0, · · · ,

∣∣∣∣∣∣∣∣∣
a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
...

an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣ > 0

Proof.

7�5µk��Ý
P

P−1AP =

 λ1
. . .

λn

 , all λ1, λ2, ..., λn > 0
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

⇒ |A| =
n∏
i=1

λi > 0

Xn−1 =


x1
...

xn−1
0

 , f(x1, x2, ..., xn−1, 0) = X ′n−1AXn−1

=
(
X ′1 0

)( An−1,n−1 ∗
∗ ann

)(
X1

0

)

= X ′1An−1,n−1X1 =
(
x1 · · · xn−1

)
An−1,n−1

 x1
...

xn−1


�´�½�§¤±µ|An−1,n−1| > 0.
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

��kµ

g(x1, x2, ..., xi) = f(x1, x2, ..., xi, 0..., 0)

=
(
x1 · · · xi

)
Aii

 x1
...

xi


´�½�§¤±kµ|Aii| > 0.

¿©5µn = 1, f(x) = a11x
2 w,´�½�"é n = 2

f = a11x
2
1 + 2a12x1x2 + a22x

2
2

= a11(x11 +
a12
a11

x2)
2 + (a22 −

a212
a11

)x22

a11 > 0, a11a22 − a212 > 0,�½�
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

))).

b½én− 1, �·K¤á§�Ä�� n �¢é¡Ý
 A. duc
n− 11Úc n− 1��¤�Ý
§P� An−1 ÷v^�§�â8
B{§An−1 ´�½�Ý
§¤±�3¢�_Ý
 P ,

A =

(
An−1 α

α′ ann

)
, P ′An−1P = En−1(

P ′ 0

0 1

)(
An−1 α

α′ ann

)(
P 0

0 1

)
=

(
P ′An−1 P ′α

α′ ann

)(
P 0

0 1

)
=

(
P ′An−1P P ′α

α′P ann

)
=

(
En−1 P ′α

α′P ann

)
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

�Ä�eÜÓC�
En−1 P ′α

α′P ann
En−1 0

0 1

 c2 − c1P ′α
r2 − α′Pr1


En−1 0

0 ann − α′PP ′α
En−1 −P ′α

0 1


⇒
(

En−1 0

−α′P 1

)(
En−1 P ′α

α′P ann

)(
En−1 −P ′α

0 1

)
=

(
En−1 0

0 ann − α′PP ′α

)
2�Ä�eµann−α′PP ′α´�oêº·�y²ù´���ê"
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

�âc¡�ÜÓ'X§·�kµ

ann − α′PP ′α =

∣∣∣∣ En−1 P ′α

α′P ann

∣∣∣∣
= |P ′||P ||A| = |P |2|A| > 0

Let: a =
√
ann − α′PP ′α(

En−1 0

0 a−1

)(
En−1 0

0 ann − α′PP ′α

)(
En−1 0

0 a−1

)
=

(
En−1 0

0 1

)
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

�âc¡?1�n�ÜÓC�§·�kµ

Q =

(
P 0

0 1

)(
En−1 −P ′α

0 1

)(
En−1 0

0 a−1

)
Q′AQ = E

Ý
 A �ü Ý
ÜÓ§¤± A ´�½Ý
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.
Example 8

�½�g.��½5µ

f(x, y, z) = 5x2 + y2 + 2z2 + 4xy + 4xz + 2yz

))).

A =

 5 2 2

2 1 1

2 1 2


A kn�^SÌfªµ

|A1| = 5, |A2| =
∣∣∣∣ 5 2

2 1

∣∣∣∣ = 1, |A| =

∣∣∣∣∣∣
5 2 2

2 1 1

2 1 2

∣∣∣∣∣∣ = 1

A ´�½Ý
"
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¢�g.�.5½Æ �½�g.

½½½ÂÂÂ 2.7

£Ö¥½Â8.4§P217¤ én �¢�g. f = X ′AX, XJé?
¿ n ��"¢�þ X, kf = X ′AX < 0,¡ ù��g.´K½
�§Ý
 A ¡�K½Ý
"

f = X ′AX ´K½§��=� −f = X ′(−A)X ´�½�§
¤±kµ

½½½ÂÂÂ 2.8

£Ö¥íØ8.3§P217¤ n �¢�g. f = X ′AX´K½�§½
öÝ
 A ´K½Ý
§��=�µA�óê�^SÌfª´�
ê§Ûê�^SÌfª´Kê"

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

8.4 �m¥�­¡�­�

�m¥�­¡^S �L§�m¥��§^ F (x, y, z) = 0L«"
XJS ¥?Û�: M(x, y, z) ÷v�§µF (x, y, z) = 0, ÷vù
��§�:�3­¡ S þ§·�¡ù��§´­¡ S ��§,

­¡ S �¡�ù��§�ã/"

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

�!�?Öµ

1 ®���­¡§ïá­¡�§¶

2 ®����§§û½ù��§�L�­¡"

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

8.4.1 ¥¡

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

®�¥%µ(x0, y0, z0) Ú ¥��» r§K¥¡þ?¿�
:M(x, y, z)÷vµ√

(x− x0)2 + (y − y0)2 + (z − z0)2 = r

¥¡�IO�§�µ

(x− x0)2 + (y − y0)2 + (z − z0)2 = r2

Ðm�§/Xµ

x2 + y2 + z2 − ax− by − cz + c = 0

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

A:µ

1 x2, y2, z2 �Xê�Ó

2 vk xy, xz, yz ��

3 n��g�§"

4 ÷v±þ^�§Ò�±��§z¤IO/ª"

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡
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8.4.2 Î¡

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

1 �^�½�½��¶

2 �^�½�½­�–O�¶

3 �^£Ä�Ä��—1�§÷XO�£Ä§���½��²
1§�)�;,§¡�Î¡"

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

Example 9

?Ø�m�§ x2 + y2 = r2 ã/"

1 M(x, y, z) 3­¡þ§��=�µx2 + y2 = r2

2 O��§�²¡ XOY þ��µ

{
x2 + y2 = r2

z = 0

}
3 Ä��÷XO�£Ä§� Z− ¶²1§����Î¡"

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

���¹e§Î¡�§�IO/ª�§,�²¡þ�­��
§��O�§Ä��R�uT²¡§÷O�£Ä/¤Î¡µ

1 O��§µ

{
F (x, y) = 0

z = 0

}
2 Î¡�§µF (x, y) = 0

1 ²1u Z− ¶�ý�Î¡�§µx2

a2
+ y2

b2
= 1

2 ²1u Z− ¶�V­Î¡�§µx2

a2
− y2

b2
= 1

3 ²1u Z− ¶��ÔÎ¡�§µx2 = 2py, p > 0

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

8.4.3 ^=­¡

,�²¡þ�^­� Cµ¡�1�¶

Ó��²¡þ�^½��µL, ¡�^=¶

1�C 7XÓ��²¡þ�^=¶ L§^=�±§/¤��
­¡§�^=­¡"

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

­��§µC 3²¡ Y OZ þ§ C :

{
f(y, z) = 0

x = o

}

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

�/1§ ­� C 7 Z ¶^=�±µ

b� M(x, y.z) ´­¡ S þ?¿��:§­� C þk��
: N(0, y1, z1) � M 3Ó���±þ§¤±kµ

z = z1, x
2 + y2 = y21 ⇒ y1 = ±

√
x2 + y2

�\­��§µ

f(y1, z1) = f(±
√
x2 + y2, z) = 0

ù�´ Y OZ þ­� C 7 Z ¶^=�­¡�§"

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

�/2§ ­� C 7 y ¶^=�±µÓn��

f(y1, z1) = f(y,±
√
x2 + z2) = 0

ù�´ Y OZ þ­� C 7 y ¶^=�­¡�§"

éu²¡ XOZ ½ö XOY þ�­�/¤�^=­¡§aq
?Ø§��^=­¡�§"

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

o(�e5Æµ­� C 3,��²¡þ§7T²¡���
¶^=�±µé­��§�XeCþO�µ

1 ^=¶¤3�Cþx1�±ØC¶

2 ,	��¶Cþx2 �¤±
√
x22 + x23

3 x3 ´²¡	�1n��I¶Cþ"

dd��­¡^=�§"

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

Example 10

¦��

{
z = ky

x = 0

}
7 z ¶/¤�^=­¡"

))).

­�3 Y OZ ²¡þ§7Ù¥� Z ¶^=§¤±kµ

z = ±k
√
y2 + x2 ⇒ z2 = k2(x2 + y2)

ù�^=­¡§��I¡"

¢Sþ§´ü^����§Ù¥�^7,	�^^=�±§
/¤�­¡§��I¡"

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡
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¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

Example 11

¦V­�

{
x2

a2
− z2

b2
= 1

y = 0

}
©O7 x¶Ú Z ¶�^=­¡�§"

))).

1. 7 Z ¶^=µ
x2 + y2

a2
− z2

b2
= 1

¡�^=ü�V­¡"²¡z = h �­¡��¡´�"²¡y =

h �­¡��¡´V­�:

x2

a2
− z2

b2
= 1− y2

a2

y = h

²¡ y = a �­¡��¡´ü^��"

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

))).

2.7 x ¶^=µ

x2

a2
− z2 + y2

b2
= 1

¡ � ^ = V � V ­ ¡ " ² ¡ z = h � ­ ¡ � �

¡:
x2

a2
− y2

b2
= 1 + z2

b2

z = h
´V­�"²¡ x ≥ a �²¡��¡´

�
z2+y2

b2
= x2

a2
− 1

x = h ≥ a
.

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡
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^=ü�V­¡Ú^=V�V­¡ë�eã

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

ý�­�µ
x2

a2
+ y2

b2
= 1

z = 0
7 y ¶^=:x

2+z2

a2
+ y2

b2
= 1

¡�^=ý¥¡

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

�Ô­�µ
y2 = 2pz

x = 0
7 z ¶^=:x2 + y2 = 2pz

¡�^=�Ô¡

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡
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8.4.4 �m­�

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

8.4.4 �m­�

�m­�µ �m¥ü�­¡���§À��m­�

�m­¡�§ S1 : F (x, y, z) = 0

�m­¡�§ S2 : G(x, y, z) = 0

­��§�

F (x, y, z) =

G(x, y, z) =

0

0

¡��m­�����§

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

Example 12

¦Î¡µx2 + y2 = 1 �²¡µ2x+ 3z = 6 ���"Î¡dXOY
¡þ���O�§1�²1uZ ¶£Ä�)"²¡´XOZ ¡þ
����O�§1�²1uY ¶�)"�eã�"

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

Example 13

�ä­��§µ

{
z =

√
a2 − x2 − y2

(x− a
2
)2 + y2 = (a

2
)2

}
. 1���§�L¥¡

�þ�Ü©§ù�¥¡±�I�:��%§�»�a. 1���
Î¡�§§O�´XOY ¡þ��§�%´(a

2
, 0, 0), �»�a

2
, 1

�²1uZ ¶�)"�þãm"

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

Example 14

3�»� R ��Î¡þ, Ä: M ±��Ý ω 7^=¶=Ä§Ó
�q±!� v ÷1�þ,"¦: M �$Ä;,"

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

))).

� Z ¶�^=¶§±�m t�ëê"t = 0,Ä:3A(R, 0, 0)?"
²L�m t�§Ä:M��: Mt(x, y, z). Mt 3²¡k��ÝK
: Nt(x, y, 0). � ∠AON = ωt. ¤±µ

x = R cosωt

y = R sinωt

d	§Ä: M ±²þ v ��Ýþ,§¤± z = vt, ù���Ä
: M(x, y, z) �ëê�§µ

x = R cosωt

y = R sinωt

z = vt


ù^­�§¡�Ú^�"

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

ÝK­� �m¥­�C§�²¡π�ÝK§3T²¡�)�­
�§�ÝK­�"

ÝK­���)µ �^R�u²¡ π ���§��1�§÷X
­�C £Ä§�)��Î¡,Î¡�²¡π ���§
Ò´ÝK­�"

¦ÝK­��§µ ��m­��§�µ{
F (x, y, z) = 0

G(x, y, z) = 0

}
ÏL��z§��Cþ z,��1�£��¤R�u
²¡XOY ,÷XO� C £Ä/¤�Î¡µH(x, y) =

0, ù�Î¡�XOY ���Ò´­�C 3XOY �Ý
K­�µÝK­��§�,{

H(x, y) = 0

z = 0

}
M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

Example 15

¦­� C ©O3�I¡ XOY,ZOX�ÝKµ

C :

{
x2 + y2 + z2 = 1, 1 ≥ z ≥ 0

x2 + y2 − x = 0

}

))).

1. XOY ²¡µ5¿� x2 + y2 − x = 0 Ò´R�XOY ²¡�1
�÷�m­� C£Ä/¤�Î¡§§�XOY ���Ò´ÝK­
�µ {

x2 + y2 − x = 0

z = 0

}
ù´����§§�%�(1

2
, 0, 0), �»� 1

2
.

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ¥¡ Î¡ ^=­¡ �m­�

2. XOZ ²¡µ��Cþ y, ��Î¡�§µz2 + x = 1, Ý
K­��µ {

z2 + x = 1, 1 ≥ z ≥ 0

y = 0

}

�!���	�e§®�­�ëê�§§XÛ¦ÝK­�µ
~XÚ^­�ëê�§�§

x = a cosωt

y = a sinωt

z = vt



M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ý¥¡ ü�V­¡ V�V­¡ ý��Ô¡ V­�Ô¡ �gI¡ �g­¡����§

1 XOY ²¡µÝK­��µ
x = a cosωt

y = a sinωt

z = 0

⇒
{
x2 + y2 = a2

z = 0

}

2 XOZ ²¡µÝK­��µ
x = a cosωt

y = 0

z = vt

⇒
{
x = a cos ωz

v

y = 0

}

3 Y OZ ²¡µaq XOZ ²¡"

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ý¥¡ ü�V­¡ V�V­¡ ý��Ô¡ V­�Ô¡ �gI¡ �g­¡����§

8.5 �g­¡

n��g�§µ

a11x
2 + a22y

2 + a33z
2 + 2a12xy + 2a13xz + 2a23yz

+a14x+ a24y + a34z + a44 = 0

3�m¥éA�­¡§¡��g­¡"

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ý¥¡ ü�V­¡ V�V­¡ ý��Ô¡ V­�Ô¡ �gI¡ �g­¡����§

^Ý
L��g­¡�§µ

A =

 a11 a12 a13
a21 a22 a23
a31 a32 a33

 , A = A′, X =

 x

y

z

 , V =

 a14
a24
a34


X ′AX + V ′X + a44 = 0

�â�g.�½n§k��C�µX = PY , z�g.�IO
.µ

X ′AX = λ1x
′2 + λ2y

′2 + λ3z
′2

¤±��À�·�����IX§n��g�§�±L��µ

λ1x
′2 + λ2y

′2 + λ3z
′2 + ax′ + by′ + cz′ + d = 0

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ý¥¡ ü�V­¡ V�V­¡ ý��Ô¡ V­�Ô¡ �gI¡ �g­¡����§

8.5.1 ý¥¡

ý¥¡�§�µ

x2

a2
+
y2

b2
+
z2

c2
= 1, a > 0, b > 0, c > 0.

a, b, c¡�ý¥¡�n��¶.
M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ý¥¡ ü�V­¡ V�V­¡ ý��Ô¡ V­�Ô¡ �gI¡ �g­¡����§

a = b = c, ý¥¡´��¥¡

a, b, c ¥kü����§'Xa = b, x
2

a2
+ y2

a2
+ z2

c2
= 1 ´��

^=ý¥¡(7 Z−¶)"

ý¥¡'un��I¡§n�¶§�I�:§Ñ´é¡�§

�Cþ��µ

|x| ≤ a, |y| ≤ b, |z| ≤ c

^²¡z = h, |h| ≤ c���ý¥¡§����´�^ý�­
�µ {

x2

a2
+ y2

b2
= 1− h2

c2

z = h

}
éu²¡ x = h ½ö y = h, (Jaq"

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡
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8.5.2 ü�V­¡

ü�V­¡�§µ

x2

a2
+
y2

b2
− z2

c2
= 1, a > 0, b > 0, c > 0.

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡
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²��µü��K§½öXµx2

a2
− y2

b2
+ z2

c2
= 1, a > 0, b >

0, c > 0. ½öXµ−x2

a2
+ y2

b2
+ z2

c2
= 1, a > 0, b > 0, c > 0.

^²¡z = h �­¡§��´ý�µ{
x2

a2
+ y2

b2
= 1 + h2

c2

z = h

}

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ý¥¡ ü�V­¡ V�V­¡ ý��Ô¡ V­�Ô¡ �gI¡ �g­¡����§

^²¡ y = h�­¡§��´V­�µ

{
x2

a2
− z2

c2
= 1− h2

b2

y = h

}
.

|h| < b,V­��¢¶� x¶²1¶|h| > b,V­��¢¶� z

¶²1¶|h| = b,���ü^��¶

{ (
x
a

+ z
c

) (
x
a
− z

c

)
= 0

y = ±b

}

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ý¥¡ ü�V­¡ V�V­¡ ý��Ô¡ V­�Ô¡ �gI¡ �g­¡����§

8.5.3 V�V­¡

V�V­¡�§µ

−x
2

a2
− y2

b2
+
z2

c2
= 1, a > 0, b > 0, c > 0.
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A:§²��p§���Ò§ü�KÒ"

^²¡ x = h ½ö y = h �ä­¡§����´V­�{
−y2

b2
+ z2

c2
= 1 + h2

a2
, a > 0, b > 0, c > 0.

x = h

}
{
−x2

b2
+ z2

c2
= 1 + h2

b2
, a > 0, b > 0, c > 0.

y = h

}
^²¡ z = h, |h| ≥ c �ä­¡§����´��ý�µ{

x2

a2
+ y2

b2
= h2

c2
− 1, a > 0, b > 0, c > 0.

z = h

}
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8.5 4 ý��Ô¡

ý��Ô¡de��§L«µ

x2

2p
+
y2

2q
= z, (pq > 0)

= p, q ÓÒ"
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1. ^²¡ z = h, h� p, q ÓÒ§�äý��Ô¡§����
ý�µ {

x2

2ph
+ y2

2qh
= 1

z = h

}

2. ^ x = h ½ö y = h�äý��Ô¡§���Ô�µ{
y2 = 2q(z − h2

2p
)

x = h

}
,

{
x2 = 2p(z − h2

2q
)

y = h

}

©O²1u yoz Ú xoz ²¡"
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8.5.5 V­�Ô¡

V­�Ô¡éA�§�µq¡êQ¡"

x2

2p
− y2

2q
= z, (pq > 0)

= p, q ÓÒ"
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1 ^²¡ z = h �äV­�Ô¡µ��V­�§{
x2

2ph
− y2

2qh
= 1

z = h

}

h� p, q ÓÒ§ V­�± x ¶�²1¢¶§?¿¢êy, ké
A ±x �"
h� p, q ÉÒ§V­�± y ¶�²1¢¶§?¿¢êx, ké
A ±y �"
z = h = 0,V­�òz���"

2. ^²¡ x = h ½ö y = h ²¡§�äV­�Ô¡§��
�Ô�"
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8.5.6 �gI¡

­¡�§µ

x2

a2
+
y2

b2
− z2

c2
= 0, (a > 0, b > 0, c > 0)

éA�ã/§¡��gI¡"

AÚµ�gàg�§§���K¶½ö���K¶
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^²¡ z = h �ä�gI¡§��ý�µ{
x2

a2
+ y2

b2
= h2

c2

z = h

}

a = b �§���I¡¶

e: M0(x0, y0, z0) 3�gI¡þ§K?�: M(tx0, ty0, tz0)

�3�gI¡þ§¿�Xü�:µO(0, 0, 0),M0(x0, y0, z0)

û½���Ñ3�gI¡þ"
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8.5.7 �g­¡����§

�g­¡����§�µ

a11x
2 + a22y

2 + a33z
2 + 2a12xy + 2a13xz + 2a23yz

+a14x+ a24y + a34z + a44 = 0 · · · · · · (18)

aij Ñ´¢ê"
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�g­¡�Ý
L��ªµ

A =

 a11 a12 a13
a21 a22 a23
a31 a32 a33

 , X =

 x

y

z

 ,v =

 a14
a24
a34


d?§aij = aji.�g­¡�Ý
L��µ

f(X) = X ′AX + v′X + a44 = 0 · · · · · · (19)
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�é¡Ý
 A �A��� λ1, λ2, λ3, �A�A��þ�µ

P1 =

 p11
p21
p31

 , P2 =

 p12
p22
p32

 , P3 =

 p13
p23
p33


P =

(
P1 P2 P3

)
=

 p11 p12 p13
p21 p22 p23
p31 p32 p33



���C�µX = PY = P

 x′

y′

z′


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f(X) = Y ′P ′APY + v′PY + a44

= λ1x
′2 + λ2y

′2 + λ3z
′2 + a′14x

′ + a′24y
′ + a′34z

′ + a44 = 0

��C��AÛ¿Âµ?Û�g­¡§²L��C�§�±�
:ØC§±��IO�þµP1, P2, P3 �Ä.§z�IO.µ

g(x′, y′, z′) = λ1x
′2+λ2y

′2+λ3z
′2+a′14x

′+a′24y
′+a′34z

′+a44 = 0 · · · (20)

5¿§��C�vkUC�g­¡�5�§½/G§¤±·�
UìIO.©a?Ø"
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1. n�A��µλ1, λ2, λ3ÑØ�"§
�ÓÒ¶2��§�
�u£Ä�I¶§L§Xeµ

λ1(x
′ +

a′14
2λ1

)2 + λ2(y
′ +

a′24
2λ2

)2 + λ3(z
′ +

a′34
2λ3

)2

−(
a′214
4λ1

+
a′224
4λ2

+
a′234
4λ3
− a44) = 0

Let d =
a′214
4λ1

+
a′224
4λ2

+
a′234
4λ3
− a44

��

λ1(x
′ +

a′14
2λ1

)2 + λ2(y
′ +

a′24
2λ2

)2 + λ3(z
′ +

a′34
2λ3

)2 − d = 0
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?1�I£Ä§-

x = x′ +
a′14
2λ1

, y = y′ +
a′24
2λ2

, z = z′ +
a′34
2λ3

��IO.µ

λ1x
2 + λ2y

2 + λ3z
2 = d · · · · · · (22)

5¿�µλ1, λ2, λ3´ÓÒ�§XJ d ´ÉÒ§K�g­¡�
Jý��§§=Ø�3¢ê�÷v�§¶

XJ d = 0, K�g­¡òz���:µ(0,0,0)

XJ d �λ1, λ2, λ3´ÓÒ�§K�g­¡�ý��§µ
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x2

a2
+
y2

b2
+
z2

c2
= 1

a2 =
d

λ1
, b2 =

d

λ2
, c2 =

d

λ3
,

2. b��g­¡�XêÝ
 A �A��ÑØ�"§n�A��
ü��K§Ø��µλ1 > 0, λ2 > 0, λ3 < 0, K�g­¡��±z
�IO/ª £22¤µ

λ1x
2 + λ2y

2 + λ3z
2 = d · · · · · · (22)
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©n«�¹?Øµ

d > 0, �g­¡�ü�V­¡�§µ

λ1x
2 + λ2y

2 + λ3z
2 = d

λ1x
2

d
+
λ2y

2

d
− λ3z

2

−d
= 1

x2

a2
+
y2

b2
− z2

c2
= 1

a2 =
d

λ1
, b2 =

d

λ2
, c2 =

−d
λ3

d = 0, ­¡��gI¡�§µ

x2

a2
+
y2

b2
− z2

c2
= 0

a2 = 1
λ1
, b2 = 1

λ2
, c2 = −1

λ3
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d < 0, �g­¡´V�V­¡µ

λ1x
2 + λ2y

2 + λ3z
2 = d

−λ1x
2

−d
− λ2y

2

−d
+
λ3z

2

d
= 1

−x
2

a2
− y2

b2
+
z2

c2
= 1

a2 =
−d
λ1
, b2 =

−d
λ2
, c2 =

d

λ3
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3. �g­¡kü�A��Ø�"§Ø��µλ1λ2 6= 0, λ3 =

0. ²L��C��§z�

g(x′, y′, z′) = λ1x
′2+λ2y

′2+a′14x
′+a′24y

′+a′34z
′+a44 = 0 · · · (20−1)

���§z�µ

λ1(x
′2 +

a′14
2λ1

)2 + λ2(y
′2 +

a′24
2λ2

)2 + a′34z
′ − (

a′214
4λ1

+
a′224
4λ2
− a44) = 0

2��I²£µ x = x′2 +
a′14
2λ1
, y = y′2 +

a′24
2λ2
, z = z′ ��

λ1x
2 + λ2y

2 + a′34z = d · · · · · · (23)

d =
a′214
4λ1

+
a′224
4λ2
− a44
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é�§ (23) ©ü«�¹?Øµ

a′34 = 0,

λ1x
2 + λ2y

2 = d · · · · · · (24)

λ1, λ2, d ÓÒ§(λ1, λ2 ÓÒ,d ÉÒ§Ã)¤

x2

dλ−11

+
y2

dλ−12

= 1

ù´ý�Î¡�§"
λ1, λ2 ÓÒ§d = 0 �§ £24¤�du x = 0, y = 0.

λ1, λ2 ÉÒ§d = 0 �§ £24¤�du ü���²¡£��
� z− ¶¤
λ1, λ2 ÉÒ§d 6= 0, d > 0, λ1 > 0, λ2 < 0 �§ £24¤�du
V­Î¡�IO�§µ

x2

dλ−11

− y2

−dλ−12

= 1
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½öµ

− x2

−dλ−11

+
y2

dλ−12

= 1, λ2 > 0, λ1 < 0, d > 0

a′34 6= 0, �§(23)=z�µ

λ1x
2 + λ2y

2 = −a′34(z −
d

a′34
)

�duµ λ1x
2 + λ2y

2 = az, a 6= 0 · · · · · · (25)

λ1, λ2ÓÒ�§ý��Ô¡

x2

aλ−11

+
y2

aλ−12

= z
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λ1, λ2ÉÒ�§V­�Ô¡

x2

aλ−11

− y2

−aλ−12

= z, λ1 > 0, λ2 < 0

4. �g­¡k��A��Ø�"§Ø��µλ1 6= 0, λ2 = λ3 = 0.

�§(20) ²L��C��§z�

g(x′, y′, z′) = λ1x
′2 + a′14x

′ + a′24y
′ + a′34z

′ + a44 = 0 · · · (20− 2)

���§z�µ

λ1(x
′2 +

a′14
2λ1

)2 + a′24y
′ + a′34z

′ − (
a′214
4λ1
− a44) = 0
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2��I²£µ x = x′2 +
a′14
2λ1
, y = y′, z = z′ ��

λ1x
2 + a′24y + a′34z = d · · · · · · (20− 3)

d =
a′214
4λ1
− a44

±e2©4«�¹µ

(1). a′24 = a′34 = 0,�§C�µ

λ1x
2 = d

λ1, dÓÒ�§x = ±
√
dλ−11 , ü�²1²¡¶ λ1, dÉÒ�§�§

Ã)¶d = 0�§x = 0, �du²¡ yoz.
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(2). a′24 6= 0, a′34 = 0,�§C�µ

λ1x
2 + a′24y = d

λ1x
2 = −a′24(y −

d

a′24
)

x2 =
−a′24
λ1

(y − d

a′24
)

ù´�ÔÎ¡"

(3) a′24 = 0, a′34 6= 0, aq (2) ��¹§�§�µ

x2 =
−a′34
λ1

(z − d

a′34
)

�ÔÎ¡"
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(4) a′24a
′
34 6= 0,�§�µ

λ1x
2 + a′24y + a′34z = d

λ1x
2 + a′24y + a′34(z −

d

a′34
) = 0

�due�/ª��§µ

λ1x
2 + py + qz = 0 · · · · · · (26)

λ1x
2 +

√
p2 + q2(

py√
p2 + q2

+
qz√
p2 + q2

) = 0

x̃ = x, ỹ =
py√
p2 + q2

+
qz√
p2 + q2

, z̃ = − py√
p2 + q2

+
qz√
p2 + q2
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���C�µ x̃

ỹ

z̃

 =


1 0 0

0 p√
p2+q2

q√
p2+q2

0 − q√
p2+q2

p√
p2+q2


 x

y

z


(26) z�µ

λ1x̃
2 +

√
p2 + q2ỹ = 0

x̃2 = −
√
p2 + q2

λ1
ỹ

�ÔÎ¡
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Theorem 4.1

(Ö¥½n8.5§P232)n AÛ�m¥§�g­¡�§�±²L
²£C�Ú��C�§8(�±e17«�g­¡µ
1. ý¥¡µx2

a2
+ y2

b2
+ z2

c2
= 1(n�A��Ø�"§ÓÒ)¶

2. Jý¥¡µx2

a2
+ y2

b2
+ z2

c2
= −1(n�A��Ø�"§ÓÒ)¶

3. òzý¥¡§��:µx2

a2
+ y2

b2
+ z2

c2
= 0(n�A��Ø�"§

ÓÒ)¶
4. ü�V­¡µx2

a2
+ y2

b2
− z2

c2
= 1(n�A��Ø�"§ü��

K)¶
5. �gI¡µx2

a2
+ y2

b2
− z2

c2
= 0(n�A��Ø�"§ü��K)¶

6. V�V­¡µ−x2

a2
− y2

b2
+ z2

c2
= 1(n�A��Ø�"§üK�

�)¶
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7. ý�Î¡µx2

a2
+ y2

b2
= 1(ü�A��Ø�")¶

8. Jý�Î¡µx2

a2
+ y2

b2
= −1(ü�A��Ø�")¶

9. ��µx2

a2
+ y2

b2
= 0⇔ x = 0, y = 0(ü�A��Ø�")¶

10. ��²¡µx2

a2
− y2

b2
= 0(ü�A��Ø�")¶

11. V­Î¡µx2

a2
− y2

b2
= 1(ü�A��Ø�")¶

12. ý��Ô¡µx2

2p
+ y2

2q
= z(ü�A��Ø�", p, q Ó

Ò)¶

13. V­�Ô¡µx2

2p
− y2

2q
= z(ü�A��Ø�", p, q Ó

Ò)¶
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14. ²1²¡µx2 = a2, a 6= 0(��A��Ø�")

15. J²1²¡µx2 = −a2, a 6= 0(��A��Ø�")

16. ­Ü²¡µx2 = 0,(��A��Ø�")

17. �ÔÎ¡µx2 = 2py, p 6= 0,(��A��Ø�")

M�Tó��ÆêÆÆ�, Q3© �5�ê1lÙ �g.��g­¡



¢�g. �½¢�g. �m¥�­¡�­� �g­¡ ý¥¡ ü�V­¡ V�V­¡ ý��Ô¡ V­�Ô¡ �gI¡ �g­¡����§

17 �IO.p§ý���g­¡k9«µ

n�Î¡µ

1. ý�Î¡µx2

a2
+ y2

b2
= 1(ü�A��Ø�")¶

2. V­Î¡µx2

a2
− y2

b2
= 1(ü�A��Ø�")¶

3. �ÔÎ¡µx2 = 2py, p 6= 0,(��A��Ø�").

��ý¥¡

4. ý¥¡µx2

a2
+ y2

b2
+ z2

c2
= 1(n�A��Ø�"§ÓÒ)¶
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ü�V­¡

5. ü�V­¡µx2

a2
+ y2

b2
− z2

c2
= 1(n�A��Ø�"§ü�

�K)¶

6. V�V­¡µ−x2

a2
− y2

b2
+ z2

c2
= 1(n�A��Ø�"§üK

��)¶

ü��Ô¡

7. ý��Ô¡µx2

2p
+ y2

2q
= z(ü�A��Ø�", p, q ÓÒ)¶

8. V­�Ô¡µx2

2p
− y2

2q
= z(ü�A��Ø�", p, q ÓÒ)¶
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��I¡

9. �gI¡µx2

a2
+ y2

b2
− z2

c2
= 0(n�A��Ø�"§ü��

K)¶

Example 16

?Ø±e�§�ã/

f(x, y, z) = 6x2 − 2y2 + 6z2 + 4xz + 8x− 4y − 8z + a = 0

))).

PµA =

 6 0 2

0 −2 0

2 0 6

, v =

 8

−4

−8


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f(x, y, z) =
(
x y z

)
A

 x

y

z

+ v′

 x

y

z

+ a = 0

1�ÚµÏL��C�§òÝ
 A z�é�.Ý
"

(1)¦ÑÝ
 A �A��µ

|λE − A| =

∣∣∣∣∣∣
λ− 6 0 −2

0 λ+ 2 0

−2 0 λ− 6

∣∣∣∣∣∣ = 0

|λE − A| = (λ+ 2)(λ− 4)(λ− 8) = 0

λ1 = −2, λ2 = 4, λ3 = 8
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£2¤. ¦A��þµ

λ1 = −2, )�§µ(−2E − A)X = 0

2E + A =

 8 0 2

0 0 0

2 0 8

→
 4 0 1

0 0 0

1 0 4

 , ξ1 =

 0

1

0


λ1 = 4, )�§µ(4E − A)X = 0

4E − A =

 −2 0 −2

0 6 0

−2 0 −2

→
 1 0 1

0 1 0

0 0 0

 , ξ2 =

 −1

0

1


λ1 = 8, )�§µ(8E − A)X = 0
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8E − A =

 2 0 −2

0 10 0

−2 0 2

→
 1 0 −1

0 1 0

0 0 0

 , ξ3 =

 1

0

1



(3). ���Ý
§P =
(

ξ1
|ξ1|

ξ2
|ξ2|

ξ3
|ξ3|

)
=

 0 − 1√
2

1√
2

1 0 0

0 1√
2

1√
2



P−1AP =

 −2 0 0

0 4 0

0 0 8


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1�Úµé�g.?1���IC�µX = PY

X =

 x

y

z

 = PY =

 0 − 1√
2

1√
2

1 0 0

0 1√
2

1√
2


 x

y

z



f(x, y, z) = (x, y, z)P ′AP

 x

y

z

+ v′P

 x

y

z

+ a = 0

= −2x2 + 4y2 + 8z2

+
(

8 −4 −8
) 0 − 1√

2
1√
2

1 0 0

0 1√
2

1√
2


 x

y

z

+ a = 0
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f(x, y, z) = f(x, y, z) = −2x2 + 4y2 + 8z2

+
(
−4 −8

√
2 0

) x

y

z

+ a = 0

f(x, y, z) = −2x2 + 4y2 + 8z2 − 4x− 8
√

2y + a = 0

−2(x2 + 2x+ 1) + 2 + 4(y2 − 2
√

2y + 2)− 8 + 8z2 + a = 0

−2(x+ 1)2 + 4(y −
√

2)2 + 8z2 = 6− a

(x+ 1)2 − 2(y −
√

2)2 − 4z2 =
6− a

2

x̃ = x+ 1, ỹ = y −
√

2, z̃ = z
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x̃2 − 2ỹ2 − 4z̃2 =
6− a

2
a = 6, x̃2 − 2ỹ2 − 4z̃2 = 0,�gI¡§£9¤

a < 6,
x̃2

6−a
2

− ỹ2

6−a
4

− z̃2

6−a
8

= 1,V�V­¡§A��üK��£6¤

a > 6,− x̃2

a−6
2

+
ỹ2

a−6
4

+
z̃2

a−6
8

= 1,ü�V­¡§A��ü��K£5¤
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� ��
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