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1 � A ´ n �Ý
§÷v AA′ = E, |A| < 0, K |A+ E| =

))).

|A+ E| = |A+ AA′| = |A||E + A′| = |A||E + A|
|AA′| = |E| = 1, |A|2 = 1⇒ |A| = −1
|A+ E| = −|A+ E| ⇒ |A+ E| = 0
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2e 4�1�ª D�,�1�¤k��9Ù{fªÑ��§
K D =

))).

��1i 1:

ai1 =Mi1 = ai2 =Mi2 = ai3 =Mi3 = ai4 =Mi4 = a

D = ai1Ai1 + ai2Ai2 + ai3Ai3 + ai4Ai4 =

ai1(−1)i+1Mi1 + ai2(−1)i+2Mi2 + ai3(−1)i+3Mi3 + ai4(−1)i+4Mi4

= a2((−1)i+1 + (−1)i+2 + (−1)i+3 + (−1)i+4) = 0

M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù W�K 1� ÀJK n. O�K o.y²K

33�� n�1�ª¥§XJ�u"���õu n2−n�§
Kù�1�ª D =

))).

�"���ê� s�§�"���ê� t �§

s+ t = n2, s > n2 − n⇒ n2 = s+ t > n2 − n+ t

n2 > n2 − n+ t⇒ t < n

rù t < n ��"��©��z�1(n 1)§���1©Ø��
"��§���"��§¤±D = 0
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½ö�ÄÏ�µ
a1i1a2i2 · · · anin

ù�¦Èk n ��¦§5gØÓ1����§Q,�k t(< n)

��"��§¤±��k��"�§Ïdµ

a1i1a2i2 · · · anin = 0
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4 e A ´ m× n Ý
§B ´ n×m Ý
"XJ m > n §K
|AB| =

))).

AB : m×m,Ý
, R(AB) ≤ R(A) ≤ n

m > n ≥ R(AB)⇒ |AB| = 0
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5 en��
 A,B ÷v AB = B, |A− E| 6= 0, K B =

))).

AB = B ⇒ (A− E)B = 0, |A− E| 6= 0

∃(A− E)−1 ⇒ B = 0
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6. en��
 A,B ÷v A+ AB = E, K A+BA =

))).

A+ AB = E ⇒ A(E +B) = E

⇒ (E +B)A = E ⇒ A+BA = E
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7 en ��
 A,B,C ÷v ABC = E§K B′A′C ′ =

))).

ABC = E ⇒ CAB = E

B′A′C ′ = E
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8e A,BÑ´ n��
§ |A| = 1, |B| = −3§K |3A∗B−1| =

))).

AA∗ = |A|E ⇒ |A||A∗| = |A|n ⇒ |A∗| = |A|n−1 = 1

|3A∗B−1| = 3n|A∗||B−1| = 3n × 1

−3
= −3n−1

M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù W�K 1� ÀJK n. O�K o.y²K

9.e n�Ý
 A ÷vµ |A| = 0, A∗ 6= 0§K R(A) =

))).

|A| = 0⇒ R(A) < n

A∗ 6= 0⇒ ∃n− 1��ê{fª Aij 6= 0

R(A) = n− 1
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10. e A,B Ñ´ n ��
§ |A+B| = 1, |A−B| = −2§K∣∣∣∣ A B

B A

∣∣∣∣
))). (

E E

0 E

)(
A B

B A

)
=

(
A+B B + A

B A

)
∣∣∣∣ A B

B A

∣∣∣∣ = |A+B||A−B(A+B)−1(B + A)| = −2

(P64,Example 16)
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11. e A =

 1 1 1

0 2 2

0 0 3

, K(A∗)−1 =

))).

|A| = 6, A∗ = |A|A−1 ⇒

(A∗)−1 =
1

|A|
A =

1

6

 1 1 1

0 2 2

0 0 3


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12 A � m ��
§B � n ��
§XJ |A| = a, |B| = b,

K

∣∣∣∣ 0 A

B C

∣∣∣∣ =
))). (

0 E

E 0

)(
0 A

B C

)
=

(
B C

0 A

)
∣∣∣∣ 0 E

E 0

∣∣∣∣ rm+i þ£Ämg

i = 1, 2, ..., n

∣∣∣∣ E 0

0 E

∣∣∣∣∣∣∣∣ 0 E

E 0

∣∣∣∣ = (−1)mn,
∣∣∣∣ 0 A

B C

∣∣∣∣ = (−1)mnab
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13. �Ý
 A ÷v A2 + A− 4E = 0, K (A− E)−1 =

))).

A2 + A− 4E = 0⇒ A2 − 2A+ E + 3A− 5E = 0

(A− E)2 + 3(A− E) = 2E ⇒ (A− E)(A+ 2E) = 2E

(A− E) = 2(A+ 2E)−1 ⇒ (A− E)−1 = 1

2
(A+ 2E)
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14. � A � 3 ��
§A �A���µ3,−1, 2, |A2 + E| =

))).

PAP−1 =

 3 0 0

0 −1 0

0 0 2

⇒ PA2P−1 =

 9 0 0

0 1 0

0 0 4


P (A2 + E)P−1 = PA2P−1 + E =

 10 0 0

0 2 0

0 0 5


|A2 + E| = 100
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15. �

A =


1 −1 0 0 0 1

0 1 −1 0 0 1

0 0 1 −1 0 1

0 0 0 1 −1 1

−1 0 0 0 1 a


K R(A) =

))).

A =


1 −1 0 0 0 1

0 1 −1 0 0 1

0 0 1 −1 0 1

0 0 0 1 −1 1

−1 0 0 0 1 a

 r5 + ri
i = 1, 2, 3, 4
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
1 −1 0 0 0 1

0 1 −1 0 0 1

0 0 1 −1 0 1

0 0 0 1 −1 1

0 0 0 0 0 a+ 4


c6 + c5, c4 + c5, c6 + c4, c3 + c4
c6 + c3, c2 + c3, c6 + c2, c1 + c2
0 −1 0 0 0 0

0 0 −1 0 0 0

0 0 0 −1 0 0

0 0 0 0 −1 0

0 0 0 0 0 a+ 4


R(A) =

{
5, a 6= −4
4, a = −4

}
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16 ®� n ��
 A �1���ÚÑ´ 0, � R(A) = n − 1,

K AX = 0 �Ï)�µ

))).

AX = 0 �)�þ� n ��þ,�â®�^�

X0 =


1

1
...

1

 , AX0 = 0.

R(A) = n− 1,Ä:)X¹1�)�þ

X = kX0(AX = 0)

�Ï)�§"
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17. Ý
 Am×n ÷v m < n, |AA′| 6= 0, K AX = 0 �Ä:)
X�½d ( ) ��5Ã'�)�þ|¤"

))).

m = R(AA′) ≤ R(A) ≤ m⇒ R(A) = m

Dim(N(A)) = n−m,N(A) =

X =


x1
x2
...

xn

 |AX = 0


n−m ��5Ã'��þ�¤Ä:)X"
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18. eÝ
 A ÷v A3 = A§KÝ
 A �A���U´ ( )

))).

f(λ) = |λE − A|
A3 = A⇒ λ3 = λ

λ3 − λ = λ(λ2 − 1) = λ(λ− 1)(λ+ 1)

f(λ) = 0⇒ λ(λ− 1)(λ+ 1) = 0

λ = 0, 1,−1
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19. XJ ξ =

 1

1

−1

 ´�
µA =

 2 −1 2

5 a 3

−1 b −2

 �
��A��þ§Ka = ( ), b = ( )"

))).  2 −1 2

5 a 3

−1 b −2

 1

1

−1

 = k

 1

1

−1


k = −1, 5 + a− 3 = k,−1 + b+ 2 = −k

a = −3, b = 0
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20.®�Ý
 A�B�q§�B =

(
3 0

2 1

)
§K|λA2−A| =

( )

))).

PAP−1 = B,PA2P−1 = B2

P (λA2 − A)P−1 = λB2 −B = λ

(
3 0

2 1

)2

−
(

3 0

2 1

)
=

(
3 0

2 1

)(
3λ− 1 0

2λ λ− 1

)
=

(
9λ− 3 0

8λ− 2 λ− 1

)
|λA2 − A| = 3(λ− 1)(3λ− 1)
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21. ®� �
A3×3 �A��� 1, 2, 3§K|A−1 + A∗| = ( )

))).

PAP−1 =

 1 0 0

0 2 0

0 0 3

 , PA−1P−1 =

 1 0 0

0 2−1 0

0 0 3−1


A∗ = |A|A−1, PA∗P−1 = |A|PA−1P−1 = |A|

 1 0 0

0 2−1 0

0 0 3−1


PA∗P−1 =

 6 0 0

0 3 0

0 0 2

 , |A| = 6

M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù W�K 1� ÀJK n. O�K o.y²K

P (A−1 + A∗)P−1 = PA−1P−1 + PA∗P−1

=

 1 0 0

0 2−1 0

0 0 3−1

+

 6 0 0

0 3 0

0 0 2


=

 7 0 0

0 2−1 + 3 0

0 0 3−1 + 2

 =

 7 0 0

0 7
2

0

0 0 7
3


|A−1 + A∗| = 73

6
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22. ®� 2 ´Ý
 A ���A��§K |A2 +A− 6E| = ( )

))).

A2 + A− 6E = (A+ 3E)(A− 2E)⇒
|A2 + A− 6E| = |(A+ 3E)||(A− 2E)| = 0
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23. � α, β´ n ���þ§β′α = 0. K αβ′ �A���µ( )

))).

�â1�Ù18!§~17§Ý
1�ª�ü�úªµ

|λE − αβ′| = λn−1|λ− β′α| = λn

αβ′ �A���µ(0)
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24. en ��
 A ���þ|�5�'§K ( ) �½´A �
A��"

))).

A =
(
α1 α2 · · · αn

)
, R(A) < n

∃K =


k1
k2
...

kn

 6= 0, k1α1 + k2α2 + · · ·+ knαn = 0

AK = 0, AK = 0K,

0 �½´A �A��"
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25. ��

{
10x+ 2y − 2z = 27

x+ y − z = 0

}
�ü ���þ�µ

))).

s =

∣∣∣∣∣∣
i j k

10 2 −2
1 1 −1

∣∣∣∣∣∣ = 8j + 8k = 8(j + k), s1 = (0, 1, 1)

s0 =
±1√
2
(0, 1, 1)

�ü ���þ"
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26. ®�

D =

∣∣∣∣∣∣∣∣
2 7 6 8

4 4 4 4

2 4 7 9

8 1 8 8

∣∣∣∣∣∣∣∣
A41, A42, A43, A44 ´1 4 1��ê{fª§KA41 + A42 + A43 +

A44 = ( )"

))).

1�Ù½n1.2§1.3§

a21A41+a22A42+a23A43+a24A44 = 0⇒ 4(A41+A42+A43+A44) = 0

A41 + A42 + A43 + A44 = (0 )"

M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù W�K 1� ÀJK n. O�K o.y²K

27. �A ´ 3 ��
§X ´ 3 ���þ§¦� X,AX,A2X

�5Ã'µ�A3X = 3AX−2A2X§PµP =
(
X AX A2X

)
,

K P−1AP = ( )

))).

AP =
(
AX A2X A3X

)
P−1P =

(
P−1X P−1AX P−1A2X

)
= E

P−1X = e1, P
−1AX = e2, P

−1A2X = e3
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))).

P−1AP =
(
P−1AX P−1A2X P−1A3X

)
P−1A3X = 3P−1AX − 2P−1A2X = 3e2 − 2e3 =

 0

3

−2


P−1AP =

 0 0 0

1 0 3

0 1 −2


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28. eü��"�þ α, β ÷v |α + β| = |α − β|§K α � β

�Y� θ = ( )

))).

|α + β| =
√

(α + β, α + β) = |α− β| =
√

(α− β, α− β)
(α + β, α + β) = (α− β, α− β)
2(α, β) = −2(α, β)⇒ (α, β) = 0

θ =
π

2
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29 ��L :
x+ 2y − z − 6 = 0

2x− y + z − 1 = 0
�ëê�§�µ

))).

s =

∣∣∣∣∣∣
i j k

1 2 −1
2 −1 1

∣∣∣∣∣∣ = i− 3j − 5k, (0, 7, 8)

x

1
=
y − 7

−3
=
z − 8

−5
⇒, x = t, y = 7− 3t, z = 8− 5t
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30. �µ{ x
2 + y2 + z2 − 12x+ 4y − 6z + 24 = 0

2x+ 2y + z + 1 = 0
��»´µR =

))).

¥¡�IO�§�µ

x2 − 12x+ y2 + 4y + z2 − 6z + 24

= (x− 6)2 + (y + 2)2 + (z − 3)2 + 24− 36− 4− 9 = 0

(x− 6)2 + (y + 2)2 + (z − 3)2 = 25

²L¥%M0(6,−2, 3)�²¡R���� L§�²¡π : 2x+ 2y +

z + 1 = 0��:M(x, y, z)��%, ¤±I�¦Ñ:M.

L :
x− 6

2
=
y + 2

2
=
z − 3

1
L : x = 2t+ 6, y = 2t− 2, z = t+ 3
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))).

òþã��ëê�§�\²¡L�§µ

2(2t+ 6) + 2(2t− 2) + t+ 3 + 1 = 0

9t+ 12 = 0, t = −4

3

M : x = −8

3
+ 6 =

10

3
, y = −8

3
− 2 = −14

3
, z = −4

3
+ 3 =

5

3

M(
10

3
,−14

3
,
5

3
),
−−−→
MM0 = (6− 10

3
,−2 + 14

3
, 3− 5

3
)

−−−→
MM0 = (

8

3
,
8

3
,
4

3
)

���»AT�rµKk

r2 + |
−−−→
MM0|2 = 25
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r2 = 25− ((
8

3
)2 + (

8

3
)2 + (

4

3
)2)

= 25− (
128

9
+

16

9
) = 25− 144

9
= 25− 16 = 9

r = 3

���»� 3.
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1� ÀJK
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1. �n �àg�5�§| AX = 0 �XêÝ
 A �
�R(A) = r, K AX = 0 k�")�¿©7�^�´µ

1 r = n
2 A �1�þ|�5Ã'¶
3 A ���þ|�5�'¶
4 A ���þ|�5Ã'¶

))).

let A =
(
α1 α2 · · · αn

)

X0 =


x1
x2
...

xn

 6= 0, AX0 = 0⇔ x1α1 + · · ·+ xnαn = 0

ÀJC
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2. A ´ m× n Ý
§AX = 0 ´�àg�5�§| AX = β

éA�àg�5�§|§Ke�(Ø�(�´µ

1 e AX = 0 �k")§K AX = β k��);

2 e AX = 0 k�")§K AX = β kÃ¡õ);

3 e AX = β kÃ¡õ)§K AX = 0 k�")§

4 AX = β �?Ûü�)�Ú§�´ AX = β �)"

))).

ÀJ £3¤.

(1) �§AX = β �7k)¶£2¤�§AX = β �7k)¶
£3¤é§ü�)��´AX = 0 ��")¶£4¤�
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'u £1¤§Þ~`²�eµ�Ý
 A =

 1 0

0 1

1 1

 , AX =

0�k")"� β =

 0

0

1

 , AX = β Ã)"

5¿µ�5�§|k)§�Ñ|k)§´ü�¯�§ØU�
p�Ñ"
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3. ��àg�5�§| AX = β �XêÝ
�1�ª�
|A|�"§K

1 �§|kÃ¡õ)¶

2 �§|Ã)¶

3 e�§|k)§�§|7kÃ¡õ)¶

4 �§|k��)

))).

ÀJ £3¤.

|A| = 0⇒ AX = 0 kÃ¡)§eAX = βk)§7kÃ¡õ)¶
ÀJ C"
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4. � A ´ m× n Ý
§éu�5�§| AX = β §e�(
Ø�(�´µ

1 eA ��:R(A) = m, K�§|k)¶

2 eA ��R(A) < n, K�§|kÃ¡õ)¶

3 eA ��R(A) = n, K�§|k��)¶

4 e m > n K�§|Ã)"

))).

(1)é�"� A =
(
α1 α2 · · · αn

)
, '�´�äµβ �Äd

A���þ|�5L«"Ï� R(A) = m ⇒ m ≤ n, l
��þ
|���u m, ¤± Rm = L(α1, α2, ..., αn) §�β ∈ Rm �±�
¦��5L«§= AX = β k)"
Ù§�¹��~§�Ä m = 3, n = 2 =�"
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5. � 5 ��
 A ��´ 3 §KÙ��Ý
 A∗��´

1 3

2 4

3 0

4 2

))).

ÀJ £3¤.

A ��´ 3 ,¤k4�fª�"§A∗��´ 0.

5¿µ A∗ ���´ A � n− 1 ��ê{fª"
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6. � A ´ n ��
§n > 2, A∗ ´ A ���Ý
§Ke�
(Ø�(�´µ

1 AA∗ = |A|
2 e |A| 6= 0, K |A∗| 6= 0

3 A∗ = 1
|A|A

−1

4 R(A) = R(A∗)

ÀJ B

))).

AA∗ = |A|E ⇒ |AA∗| = |A|n, |A| 6= 0, |A∗| = |A|n−1 6= 0
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7.� A,B ´ n ��
,� A 6= 0, AB = 0§K7kµ

1 B = 0

2 BA = 0

3 (A+B)2 = A2 +B2

4 |B| = 0

))).

ÀJ £4¤.

|B| = 0,ÄK§∃B−1, AB = 0⇒ A = 0
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8. �kü�²¡�§:

π1 : a1x+ b1y + c1z + d1 = 0

π2 : a2x+ b2y + c2z + d2 = 0

XJR

(
a1 b1 c1
a2 b2 c2

)
= 2,K

1 π1 � π2 ²1¶
2 π1 � π2 R�¶
3 π1 � π2 ­Ü¶
4 π1 � π2 ��"

))).

üØ²1§­Ü§�U´��½R�§�R��¹3���
¹§¤±ÀJD"
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9. � A � n ��_Ý
§λ ´A���A��§KA���
Ý
 A∗���A��´µ

1 λn−1

2 λ|A|
3 λ
4 λ−1|A|

))).

|λE − A| = 0, |A| 6= 0, λ 6= 0

0 = |λAA−1 − A| = |λA||A−1 − λ−1E|, |A−1 − λ−1E| = 0

|A∗ − λ−1|A|E| = ||A|A−1 − λ−1|A|E| = |A|n|A−1 − λ−1E| = 0

|λ−1|A|E − A∗| = (−1)n|A∗ − λ−1|A|E| = 0

λ−1|A|´ A∗ �A��§ÀJ£4¤
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){2µA �_§A�� λ 6= 0, λ−1 ´ A−1 �A��"�
âµA∗ = |A|A−1, �� λ−1|A| ´ A∗ �A��" ÀJ £4¤.
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10. n��
 A k n �Ø�Ó�A��§´ A �é�Ý
�
q�µ

1 ¿©7�^�¶

2 ¿©
�7�^�¶

3 7�
�¿©^�¶

4 Q�¿©^���7�^�¶

ÀJ£2¤"Ù§�¹��~µé�Ý
�é�����±�
Ó§�¤Té�Ý
�A��"
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11. ®�n ��
 A �,é�Ý
�q,K:

1 Ak n �ØÓ�A��¶

2 A´ n �¢é¡Ý
¶

3 Ak n ��5Ã'�A��þ¶

4 A �áuØÓA���A��þ�½��"

))).

ÀJ C"�q�½ÂµP−1AP = D´é�Ý
§�U`² D ´
é¡�"5¿µÝ
 P � n ���þÒ´ A �n ��5Ã'�
A��þ"
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12. e�`{�(�´µ

1 ek�Ø�"�êµk1, k2, ..., km, ¦�k1α1 + k2α2 + ... +

kmαm = 0,K�þ|α1, α2, ..., αm�5Ã'¶

2 ek�|Ø��"�êµk1, k2, ..., km,¦�k1α1+k2α2+ ...+

kmαm = 0,K�þ|α1, α2, ..., αm�5Ã'¶

3 e�3�|êµk1, k2, ..., km, ¦�k1α1 + k2α2 + ...+ kmαm =

0,K�þ|α1, α2, ..., αm�5Ã'¶

4 ?¿4�3�AÛ�þ�½�5�'"

))).

1.`²�5�'¶2. `²�5�'¶3.`²Ø
�o¶ÀJ
D
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13. �Ý
 A,B ´ n ��
"eé?¿ n ��þ X =
x1
x2
...

xn

 §k X ′AX = X ′BX §Ke�(Ø�(�´µ

1 eR(A) = R(B), KA = B
2 eA′ = A, K B′ = B
3 eB′ = B, K A = B
4 e A′ = A, B′ = B, K A = B

)�µ

X1 = e1 =


1

0
...

0

 , X2 = e2 =


0

1
...

0

 , ..., Xn = en =


0

0
...

1


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Aej = A�1j�, eiA = A�1i1, eiAej = aij

⇒ X ′iAXi = X ′iBXi ⇒ aii = bii, i = 1, 2, ..., n

take : X12 =


1

1

0
...

0

 , X ′12AX12 =

(
a11 + a21 a12 + a22 · · · a1,n−1 + a2,n−1 a1n + a2n

)
X12

X ′12AX12 = a11 + a21 + a12 + a22

X ′12BX12 = b11 + b21 + b12 + b22

A = A′, B = B′,⇒ a12 = b12 = a21 = b21
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In general, take:Xij =



...

1
...

1
...

 , X ′ijAXij = aii + aij + ajj + aji

X ′ijBXij = bii + bij + bjj + bji, A = A′, B = B′

⇒ aij = bij = aji = bji, A = B

�(�Y´ D"
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14. �Ý
 A,B þ� n ��½Ý
§K7kµ

1 AB �½¶
2 A2 +B �½¶
3 A−B �½¶
4 kA �½"

))).

2 �("5¿µ�½Ý
�¢é¡Ý
"AB,A − B§Ø�½é
¡"AB = BA�§AB é¡§d�§1�´�(�

∃P, P ′P = E,P ′AP =


λ1

λ2
. . .

λn

 , λi > 0, i = 1, 2, ..., n
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P ′A2P =


λ21

λ22
. . .

λ2n

 , λi > 0, i = 1, 2, ..., n

X 6= 0, X ′A2X > 0, X ′BX > 0

⇒ X ′(A2 +B)X = X ′A2X +X ′BX > 0

A2 +B ´�½Ý


P ′P = E ⇒ PP ′ = E,P ′ABP = P ′APP ′BP

=


λ1

λ2
. . .

λn

P ′BP
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B �½⇒ P ′BP = C = (cij)�½

P ′ABP =


λ1

λ2
. . .

λn

C

=


λ1c11 λ1c12 · · · λ1c1n
λ2c21 λ2c22 · · · λ2c2n
...

...
. . .

...

λncn1 λncn2 · · · λncnn


λ1c11 > 0,

∣∣∣∣ λ1c11 λ1c12
λ2c21 λ2c22

∣∣∣∣ = λ1λ2

∣∣∣∣ c11 c12
c21 c22

∣∣∣∣ > 0, · · · ,
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Di =

∣∣∣∣∣∣∣∣∣
λ1c11 λ1c12 · · · λ1c1i
λ2c21 λ2c22 · · · λ2c2i
...

...
. . .

...

λici1 λici2 · · · λicii

∣∣∣∣∣∣∣∣∣
=

∏
k=1,2,...,i

λk

∣∣∣∣∣∣∣∣∣
c11 c12 · · · c1i
c21 c22 · · · c2i
...

...
. . .

...

ci1 ci2 · · · cii

∣∣∣∣∣∣∣∣∣ > 0, i = 1, 2, ..., n

(AB)′ = B′A′ = BA = AB,�½Ý
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'u£1¤�~µ� A =

(
1 0

0 2

)
, B =

(
1 1

1 2

)
,Ñ´�

½Ý
§�´

AB =

(
1 1

2 4

)
6= (AB)′ = BA =

(
1 2

1 4

)
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15. � A ´ n ��
§A2 = E, Kµ

1 A��½Ý
¶

2 A ���Ý
¶

3 (A∗)2 = E

4 TrA = n2

))).

5¿µ��Ý
´¢��Ý
µP ′P = E

A∗ = |A|A−1, (A∗)2 = |A|2A−2 = E

3 �("

M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù W�K 1� ÀJK n. O�K o.y²K

16. A,B ´ n ��
§e�(Ø¥�Ø�´µ

1 e A,B Ñ�_§K A′B∗ ��_¶

2 e A,B Ñ´¢é¡�½Ý
§K A + B−1 �´¢é¡�½
Ý
;

3 eA,BÑ´��Ý
, K AB �´��Ý
¶

4 eA,BÑ´¢é¡Ý
, K AB �´¢é¡Ý
¶

))).

4 �Ø

A = A′, B = B′, (AB)′ = B′A′ = BA 6= AB
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Ù§�¹)�µ

1 e A,B Ñ�_§K |A| 6= 0, |B| 6= 0, |A′B∗| = |A||B|n−1 6=
0, A′B∗ ��_¶

2 e A,B Ñ´¢é¡�½Ý
§K B−1´¢é¡�½Ý
§
u´A+B−1 �´¢é¡�½Ý
;

3 eA,BÑ´��Ý
, K (AB)′AB = B′A′AB = E,AB �´
��Ý
¶
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17. A,B ´ n ��
§e�(Ø¥�Ø�´µ

1 e A ²L��Ð�C�z� B§K R(A) = R(B) ¶
2 e �_Ý
A ²L1�Ð�C�z� B§K A−1 = B−1;
3 eÝ
A²L1�Ð�C�z� B§K AX = 0� BX = 0

Ó);
4 eA²L��Ð�C�z� B, K A ���þ|�B ���
þ|�d¶

))).

1�(§Ï�Ð�C�ØUCÝ
��"

2.�Ø

3.�(§Ï�Ð�1C�ØUC�§�)"

4.B = AC, |C| 6= 0⇒ B =
(
β1 β2 · · · βn

)
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A =
(
α1 α2 · · · αn

)
, B = AC

B =
(
α1 α2 · · · αn

)


c11 c12 · · · c1n
c21 c22 · · · c2n
...

...
. . .

...

cn1 cn2 · · · cnn


β1 =

∑
k=1,...,n

ck1αk,

β2 =
∑

k=1,...,n

ck2αk

· · · · · ·

βn =
∑

k=1,...,n

cknαk
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dd��µB ���þ�±d A ���þ�5L«¶

B = AC ⇒ A = BC−1

Ón��§A ���þ�±d B ���þ�5L«¶K A ��
�þ|�B ���þ|�d¶4 ´�(�Y"

5¿µÝ
 AC ��´Ý
 A ����5|Ü§|ÜXê
5guÝ
 C ����"
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18. �

A =

 a11 a12 a13
a21 a22 a23
a31 a32 a33

 , B =

 a21 a22 a23
a11 a12 a13

a31 + a11 a32 + a12 a33 + a13


Ú

P1 =

 0 1 0

1 0 0

0 0 1

 , P2 =

 1 0 0

0 1 0

1 0 1

 :

K7k

1 AP1P2 = B;

2 AP2P1 = B;

3 P1P2A = B;

4 P2P1A = B;
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)�µ3 �("�K�	Ý
 A ²L�o��Ð�C�§C
¤Ý
 B"

A =

 a11 a12 a13
a21 a22 a23
a31 a32 a33

 r3 + r1
P2A =

 a11 a12 a13
a21 a22 a23

a31 + a11 a32 + a12 a33 + a13


r1 ↔ r2
P1P2A =

 a21 a22 a23
a11 a12 a13

a31 + a11 a32 + a12 a33 + a13

 = B
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19. eÝ
 A � B �q§Kk

1 λE − A = λE −B
2 |λE + A| = |λE +B|
3 A∗ = B∗

4 A−1 = B−1

))).

2 �("
��O�µ

B = P−1AP ⇒ |λE +B| = |λE + P−1AP |
= |P−1(λE + A)P | = |λE + A|
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20. e A2 = E §Kµ

1 A+ E �_¶

2 A− E �_¶
3 A+ E = 0 ½ö A− E = 0;

4 �A 6= E, K A+ E Ø�_¶

))).

A2 = E ⇒ (A− E)(A+ E) = 0

A− E 6= 0⇒ A+ E Ø�_

4 �("
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21. � A =


1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

 , B =


4 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

§K A�

B

1 ÜÓ��q¶
2 ÜÓØ�q¶
3 ØÜÓ��q¶
4 ØÜÓ�Ø�q¶

))).

|λE − A| =

∣∣∣∣∣∣∣∣
λ− 1 −1 −1 −1
−1 λ− 1 −1 −1
−1 −1 λ− 1 −1
−1 −1 −1 λ− 1

∣∣∣∣∣∣∣∣
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))).

=

∣∣∣∣∣∣∣∣
λ− 4 λ− 4 λ− 4 λ− 4

−1 λ− 1 −1 −1
−1 −1 λ− 1 −1
−1 −1 −1 λ− 1

∣∣∣∣∣∣∣∣
= (λ− 4)

∣∣∣∣∣∣∣∣
1 1 1 1

−1 λ− 1 −1 −1
−1 −1 λ− 1 −1
−1 −1 −1 λ− 1

∣∣∣∣∣∣∣∣
= (λ− 4)

∣∣∣∣∣∣∣∣
1 1 1 1

0 λ 0 0

0 0 λ 0

0 0 0 λ

∣∣∣∣∣∣∣∣ = λ3(λ− 4)

|λE − A| = |λE −B| = λ3(λ− 4)
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�3��Ý
P

λ = 4, 0, 0, 0;

P ′P = E,P ′AP =


4 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

 = B

ÀJ1§ÜÓ��q"
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22. ¢�g. f = X ′AX ��½�g.�¿©7�^�´µ

1 f �K.5�ê� 0¶
2 �3��Ý
 P,A = P ′P
3 �3¢�_Ý
 T,A = T ′T
4 �3Ý
 B,A = B′B

))).

1. �Ø"IO.�Xêk�§KÚ"§Ø�"�Xê�Ý
�
� R(A) ≤ n. 4. ØO(" 2. Øé§d�A = P ′P = E"3. é"
)ºXeµ

P ′P = E,P ′AP =


λ1

λ2

λn

 ,
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λi > 0, i = 1, 2, ..., n

P ′AP =


λ1

λ2

λn

 = CC ′

C =


√
λ1 √

λ2

√
λn


A = PCC ′P ′ = PC(PC)′, T = (PC)′

A = T ′T
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23. � B ´ m × n ¢Ý
, A = B′B§ e�(Ø¥�Ø�
´µ

1 �5�§| BX = 0 �k"),��=� A �½;
2 R(A) = R(B);
3 A �A���u�u"¶
4 R(B) = m⇔ A �½"

)�µéu 1µ

BX = 0�k")⇔ X 6= 0, BX 6= 0

f(X)�½ ⇔ X 6= 0, f(X) > 0

X 6= 0, f(X) = X ′AX = X ′B′BX = (BX)′BX > 0

⇔ X 6= 0, BX 6= 0

¤± 1 ´é�"
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éu2§·�`² AX = 0, BX = 0 ´Ó)�§µ

A = B′B,AX = 0⇒ B′BX = 0, X ′B′BX = 0

⇒ (BX)′BX = 0⇒ BX = 0

BX = 0⇒ B′BX = 0, AX = 0

∴ AX = 0⇔ BX = 0

n−R(A) = n−R(B)⇒ R(A) = R(B)

2´é�
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éu3µ

f(X) = X ′B′BX = (BX)′BX ≥ 0

⇔ A�A���u�u"

3 ´é�"

4 ´�Ø�Y"�~µ�

B =
(
1 0

)
, A = B′B =

(
1 0

0 0

)
f(x, y) = (x, y)A

(
x

y

)
= x2

��½"
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24. � A ´ n ��
§e |A| = a 6= 0 §K |A∗A−1| = ()

1 a

2 1
a

3 an−2

4 an

))).

A∗ = |A|A−1 ⇒ |A∗A−1| = |aA−1A−1| =
an|A|−2 = an−2

ÀJ 3.
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25 � A,B ´ n �Ý
§ K7k ()

1 |A+B−1| = |A|+ |B−1|
2 (A+B)−1 = B−1 + A−1

3 (AB)2 = B2A2

4 |A′B| = |BA|

))).

|A′B| = |A′||B| = |A||B| = |B||A| = |BA|

ÀJ 4.
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26. ®� η1, η2 ´�5�§| AX = β�ü�A)§ξ1, ξ2 ´
éAàg�5�§| AX = 0 �Ä:)X"� k1, k2 ´?¿ü�
~ê§K�5�§|AX = β �Ï)´µ

1 k1ξ1 + k2ξ2 +
η1−η2

2

2 k1ξ1 + k2(ξ1 + ξ2) +
η1+η2

2

3 k1ξ1 + k2(η1 − η2) + η1
4 k1ξ1 + k2(η1 − η2) + η1 + η2

))).

A(ξ1 + ξ2) = 0, ξ1, ξ1 + ξ2 �5Ã'

A(
η1 + η2

2
) =

Aη1 + Aη2
2

=
β + β

2
= β

ÀJ 2.
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27 �k�� L1 :
x−1
1

= y−5
−2 = z+8

1
Ú L2 : {

x− y = 6

2y + z = 3
§K

L1, L2 �Y�� ()

1 π
6

2 π
4

3 π
3

4 π
2

))).

s1 = (1,−2, 1), s2 =

∣∣∣∣∣∣
i j k

1 −1 0

0 2 1

∣∣∣∣∣∣ = −i− j + 2k

cos θ =
(s1, s2)

|s1||s2|
=

3√
6
√
6
=

1

2
, θ =

π

3
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28. α1, α2, α3, β1, β2 Ñ´ 4 ���þ,

|α1α2α3β1| = m, |α1α2β2α3| = n

Ko�1�ª |α3α2α1(β1 + β2)| = ()

1 m+ n
2 −(m+ n)
3 m− n
4 −m+ n

))).

ÀJ£4¤

|α3α2α1(β1 + β2)| = |α3α2α1β1|+ |α3α2α1β2|
= −|α1α2α3β1| − |α3α2β2α1|

= −|α1α2α3β1|+ |α1α2β2α3| = n−m
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29. � A � n > 2 �Ý
§K

1 (A∗)∗ = |A|n−1A
2 (A∗)∗ = |A|n+1A
3 (A∗)∗ = |A|n−2A
4 (A∗)∗ = |A|n+2A

)�µ3 �("

AA∗ = |A|E,A∗(A∗)∗ = |A∗|E

A �_§

A∗ = |A|A−1, (A∗)∗ = |A∗|(A∗)−1 = |A∗||A|−1A = |A|n−2A

R(A) ≤ n− 1, |A| = 0, AA∗ = 0⇒ R(A) +R(A∗) ≤ n
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R(A) = n− 1⇒ R(A∗) ≤ 1⇒ (A∗)∗ = 0

R(A) < n− 1⇒ A∗ = 0⇒ (A∗)∗ = 0
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30 �Ý
 A =

 a1 b1 c1
a2 b2 c2
a3 b3 c3

 ��� 3, K�� x−a3
a1−a2 =

y−b3
b1−b2 = z−c3

c1−c2���
x−a1
a2−a3 = y−b1

b2−b3 = z−c1
c2−c3

1 ��u�:¶
2 ­Ü
3 ²1Ø­Ü
4 É¡

)�µ

s1 = (a1 − a2, b1 − b2, c1 − c2)
s1 = (a2 − a3, b2 − b3, c2 − c3)

−−−−→
M1M2 = (a3 − a1, b3 − b1, c3 − c1)
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)�µ∣∣∣∣∣∣
a1 − a2 b1 − b2 c1 − c2
a2 − a3 b2 − b3 c2 − c3
a3 b3 c3

∣∣∣∣∣∣ =
∣∣∣∣∣∣
a1 b1 c1
a2 b2 c2
a3 b3 c3

∣∣∣∣∣∣ 6= 0

s1, s2 Ø²1§B§C Øé

[s1s2
−−−−→
M1M2] =

∣∣∣∣∣∣
a1 − a2 b1 − b2 c1 − c2
a2 − a3 b2 − b3 c2 − c3
a3 − a1 b3 − b1 c3 − c1

∣∣∣∣∣∣∣∣∣∣∣∣
0 0 0

a2 − a3 b2 − b3 c2 − c3
a3 − a1 b3 − b1 c3 − c1

∣∣∣∣∣∣ = 0

ü^���¡§�u�:"�(�Y� A"
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n. O�K
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1 Suppose that A =


−1 1 1 −1
1 −1 −1 1

1 −1 −1 1

−1 1 1 −1

, ¦ A5 9 |A|10.

))).

A =


−1 1 1 −1
1 −1 −1 1

1 −1 −1 1

−1 1 1 −1



|λE − A| =

∣∣∣∣∣∣∣∣
λ+ 1 −1 −1 1

−1 λ+ 1 1 −1
−1 1 λ+ 1 −1
1 −1 −1 λ+ 1

∣∣∣∣∣∣∣∣
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))).

=

∣∣∣∣∣∣∣∣
λ λ λ λ

−1 λ+ 1 1 −1
−1 1 λ+ 1 −1
1 −1 −1 λ+ 1

∣∣∣∣∣∣∣∣ = λ

∣∣∣∣∣∣∣∣
1 1 1 1

−1 λ+ 1 1 −1
−1 1 λ+ 1 −1
1 −1 −1 λ+ 1

∣∣∣∣∣∣∣∣
= λ

∣∣∣∣∣∣∣∣
1 1 1 1

0 λ+ 2 2 0

0 2 λ+ 2 0

0 −2 −2 λ

∣∣∣∣∣∣∣∣ = λ2
∣∣∣∣ λ+ 2 2

2 λ+ 2

∣∣∣∣
= λ2((λ+ 2)2 − 4) = λ3(λ+ 4)

λ1 = 0,m0 = 3;λ2 = −4,m−4 = 1

±e¦��Ý
 P §¦� P ′AP �é�Ý
"
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λ = 0, (λE − A)X = −AX = 0, AX = 0
−1 1 1 −1
1 −1 −1 1

1 −1 −1 1

−1 1 1 −1

→

−1 1 1 −1
0 0 0 0

0 0 0 0

0 0 0 0


x1 = x2 + x3 − x4

ξ1 =


1

1

0

0

 , ξ2 =


1

0

1

0

 , ξ3 =


−1
0

0

1



η1 = ξ1 =


1

1

0

0

 , η2 = ξ2 −
(ξ2, η1)

(η1, η1)
η1

M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù W�K 1� ÀJK n. O�K o.y²K

η2 =


1

0

1

0

− 1

2


1

1

0

0

 =


1
2

−1
2

1

0


η3 = ξ3 −

(ξ3, η1)

(η1, η1)
η1 −

(ξ3, η2)

(η2, η2)
η2

=


−1
0

0

1

− −12


1

1

0

0

− −1
2

3
2


1
2

−1
2

1

0



=


−1
0

0

1

+


1
2
1
2

0

0

+


1
6

−1
6

1
3

0

 =


−1

3
1
3
1
3

1


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))).

P1 =
η1
|η1|

=


1√
2
1√
2

0

0

 , P2 =
η2
|η2|

=


1√
6

− 1√
6√
2
3

0

 , P3 =


−
√
3
6√
3
6√
3
6√
3
2


λ = −4, (λE − A)X = 0, (4E + A)X = 0

4E + A =


3 1 1 −1
1 3 −1 1

1 −1 3 1

−1 1 1 3

→


0 4 4 8

0 4 0 4

0 0 4 4

−1 1 1 3



→


0 1 1 2

0 1 0 1

0 0 1 1

−1 1 1 3

→


0 0 1 1

0 1 0 1

0 0 1 1

−1 0 1 2

→


0 0 0 0

0 1 0 1

0 0 1 1

−1 0 0 1


A �_"
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))).

x1 = x4, x2 = −x4, x3 = −x4, ξ4 =


1

−1
−1
1

 , P4 =


1
2

−1
2

−1
2

1
2



P =
(
P1 P2 P3 P4

)
, P ′P = E,P ′AP =


0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 −4



A = P


0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 −4

P ′ =
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))).

A =
(
P1 P2 P3 P4

)
0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 −4

P ′

A5 =
(
P1 P2 P3 P4

)
0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 −4


5

P ′

(
P1 P2 P3 P4

)
0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 (−4)5

P ′
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=
(
0 0 0 (−4)5P4

)
P ′ =

(
0 0 0 (−4)5P4

)
P ′1
P ′2
P ′3
P ′4



= (−4)5P4P
′
4 = (−4)5


1
2

−1
2

−1
2

1
2

( 1
2
−1

2
−1

2
1
2

)

= (−4)4


−1
1

1

−1

( 1 −1 −1 1
)
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))).

= (−4)4


−1 1 1 −1
1 −1 −1 1

1 −1 −1 1

−1 1 1 −1


A5 = 28A, |A|10 = 0
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2.� A =

 0 1 0

a 0 c

b 0 1
2

 ¯µ
1 a, b, c ÷v�o^��§ A ��´ 3¶
2 a, b, c �Û��§ A ´é¡Ý
¶
3 a, b, c ��|�§¦� A ´��Ý
¶

))).

|A| =

∣∣∣∣∣∣
0 1 0

a 0 c

b 0 1
2

∣∣∣∣∣∣ = −(a2 − bc)
R(A) = 3⇔ |A| 6= 0⇔ a

2
− bc 6= 0

a = 1, b = 0, c = 0, Aé¡"
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))).

ac+
b

2
= 0, a2 + b2 = 1, c2 +

1

4
= 1

c =

√
3

2
⇒, a
√
3 + b = 0, a2 + 3a2 = 1,⇒ a =

1

2
, b = −

√
3

2

ξ1 =

 0
1
2

−
√
3
2

 , ξ2 =

 1

0

0

 , ξ3 =

 0√
3
2
1
2


A = P =

 0 1 0
1
2

0
√
3
2

−
√
3
2

0 1
2

 ´��Ý
"
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3. �kn���þµ

α1 =

 1 + λ

1

1

 , α2 =

 1

1 + λ

1

 , α3 =

 1

1

1 + λ


β =

 0

λ

λ2


¯ λ �Û��§

1 β �±d α1, α2, α3 ���5L«¶

2 β �±d α1, α2, α3 �5L«§Ø��¶

3 β Ø�±d α1, α2, α3 �5L«¶
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))).

�E��XêÝ
A =
(
α1 α2 α3

)
§�Ä�§)µAX = β

B =
(
α1 α2 α3 β

)
=

 1 + λ 1 1 0

1 1 + λ 1 λ

1 1 1 + λ λ2


→

 λ 0 −λ −λ2
0 λ −λ λ− λ2
1 1 1 + λ λ2

→
 0 −λ −2λ− λ2 −λ2 − λ3

0 λ −λ λ− λ2
1 1 1 + λ λ2


→

 0 0 −3λ− λ2 λ− 2λ2 − λ3
0 λ −λ λ− λ2
1 1 1 + λ λ2


→

 0 0 −λ(3 + λ) λ(1− 2λ− λ2)
0 λ −λ λ(1− λ)
1 1 1 + λ λ2


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))).

1. λ 6= 0,−3, R(B) = R(A) = 3

AX = β ⇔)��§�±���5L«β
2. λ = 0, R(A) = R(B) = 1

AX = β ⇔)Ã¡§Ø��§�±�5L«β
3. λ = −3, R(A) = 2 < R(B) = 3,

⇔Ã)§Ø�±�5L«β
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4. �3 �Ý
 A �A��©O� 1, 2, 3, éA�A��þ©
O�µ

ξ1 =

 1

1

1

 , ξ2 =

 1

2

4

 , ξ3 =

 1

3

9


β = 2ξ1 − 2ξ2 + ξ3

¦ Anβ.

))).

Aξ1 = ξ1, A
2ξ1 = A(Aξ1) = Aξ1 = ξ1, ..., A

nξ1 = ξ1

Aξ2 = 2ξ2, A
2ξ2 = 22ξ2, ..., A

nξ2 = 2nξ2

Anξ3 = 3nξ3, A
nβ = 2Anξ1 − 2Anξ2 + Anξ3

= 2ξ1 − 2n+1ξ2 + 3nξ3
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5. �µ

A =

 −1 2 2

2 −1 −2
2 −2 −1


1 ¦A �A��
2 ¦E + A−1�A��"

)�µ

|λE − A| =

∣∣∣∣∣∣
λ+ 1 −2 −2
−2 λ+ 1 2

−2 2 λ+ 1

∣∣∣∣∣∣
=

∣∣∣∣∣∣
λ+ 1 −2 −2
0 λ− 1 1− λ
−2 2 λ+ 1

∣∣∣∣∣∣ = (λ− 1)

∣∣∣∣∣∣
λ+ 1 −2 −2
0 1 −1
−2 2 λ+ 1

∣∣∣∣∣∣
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))).

|λE − A| = (λ− 1)

∣∣∣∣∣∣
λ+ 1 −2 −4
0 1 0

−2 2 λ+ 3

∣∣∣∣∣∣
= (λ− 1)

∣∣∣∣ λ+ 1 −4
−2 λ+ 3

∣∣∣∣ = (λ− 1)

∣∣∣∣ λ− 1 λ− 1

−2 λ+ 3

∣∣∣∣
= (λ− 1)2(λ+ 5)

λ = 1, 1,−5´A �A��

λ = 1, 1,−1

5
´A−1 �A��

λ = 2, 2,
4

5
´E + A−1 �A��
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6. ®�α =
(
1 k 1

)′
, ´A =

 2 1 1

1 2 1

1 1 2

�_Ý
 A−1

�A��þ§¦ k �A��"

))).

|λE − A| =

∣∣∣∣∣∣
λ− 2 −1 −1
−1 λ− 2 −1
−1 −1 λ− 2

∣∣∣∣∣∣
=

∣∣∣∣∣∣
λ− 4 λ− 4 λ− 4

−1 λ− 2 −1
−1 −1 λ− 2

∣∣∣∣∣∣ = (λ− 4)

∣∣∣∣∣∣
1 1 1

−1 λ− 2 −1
−1 −1 λ− 2

∣∣∣∣∣∣
= (λ− 4)

∣∣∣∣∣∣
1 1 1

0 λ− 1 0

0 0 λ− 1

∣∣∣∣∣∣ = (λ− 4)(λ− 1)2
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A−1 �A���1, 1, 1
4
.

1 λ = 1, A−1α = α⇒ Aα = α,

 2 1 1

1 2 1

1 1 2

 1

k

1

 =

 1

k

1


 1 1 1

1 1 1

1 1 1

 1

k

1

 = 0, 1 + k + 1 = 0, k = −2

2 λ = 1
4
, A−1α = 1

4
α ⇒ Aα = 4α,

 2 1 1

1 2 1

1 1 2

 1

k

1

 =

4

 1

k

1


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))).

(2)

 −2 1 1

1 −2 1

1 1 −2

 1

k

1

 = 0,−2 + k + 1 = 0, k = 1
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7. �A =

 1 1 a

1 a 1

a 1 1

 , β =

 1

1

−2

, �5�§ AX = β k

Ã¡õ)"Á¦µ

1 a ��
2 ��Ý
P, P ′AP �é�Ý
"

))).

B =
(
A β

)
=

 1 1 a 1

1 a 1 1

a 1 1 −2


→

 1 1 a 1

0 a− 1 1− a 0

0 1− a 1− a2 −2− a


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))).

→

 1 1 a 1

0 a− 1 1− a 0

0 0 2− a− a2 −2− a


→

 1 1 a 1

0 a− 1 1− a 0

0 0 (a+ 2)(a− 1) (2 + a)


a = 1, R(A) = 1 < R(B) = 2; a = −2, R(A) = R(B) = 2 < 3

¤± a = −2"d�kµA =

 1 1 −2
1 −2 1

−2 1 1


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))).

|λE − A| =

∣∣∣∣∣∣
λ− 1 −1 2

−1 λ+ 2 −1
2 −1 λ− 1

∣∣∣∣∣∣ =
∣∣∣∣∣∣
λ λ λ

−1 λ+ 2 −1
2 −1 λ− 1

∣∣∣∣∣∣

= λ

∣∣∣∣∣∣
1 1 1

−1 λ+ 2 −1
2 −1 λ− 1

∣∣∣∣∣∣ = λ

∣∣∣∣∣∣
1 1 1

0 λ+ 3 0

0 −3 λ− 3

∣∣∣∣∣∣
= λ(λ− 3)(λ+ 3), λ = 0, 3,−3
λ = 0, (0− A)X = 0, AX = 0 1 1 −2

1 −2 1

−2 1 1

→
 1 1 −2

0 −3 3

0 3 −3

→
 1 0 −1

0 −1 1

0 0 0


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))).

ξ1 =

 1

1

1

 , P1 =


1√
3
1√
3
1√
3


λ = 3, (3E − A)X = 0, 3E − A =

 2 −1 2

−1 5 −1
2 −1 2


→

 0 9 0

−1 5 −1
0 0 0

→
 0 1 0

1 0 1

0 0 0


ξ2 =

 −10
1

 , P2 =

 −
1√
2

0
1√
2


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))).

λ = −3, (−3E − A)X = 0, 3E + A =

 4 1 −2
1 1 1

−2 1 4


→

 0 −3 −6
1 1 1

0 3 6

→
 0 0 0

1 0 −1
0 1 2


ξ3 =

 1

−2
1

 , P3 =


1√
6

− 2√
6

1√
6


P =

(
P1 P2 P3

)
=


1√
3
− 1√

2
1√
6

1√
3

0 − 2√
6

1√
3

1√
2

1√
6


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P ′P = E,P ′AP =

 0 0 0

0 3 0

0 0 −3


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8. ®��5�§|µ� (1){ a11x1 + a12x2 + a13x3 + a14x4 = 0

a21x1 + a22x2 + a23x3 + a24x4 = 0
�

��Ä:)X�µ ξ1 =


b11
b12
b13
b14

 , ξ2 =


b21
b22
b23
b24

 Á¦�5�§
|(2) { b11x1 + b12x2 + b13x3 + b14x4 = 0

b21x1 + b22x2 + b23x3 + b24x4 = 0
�Ï)"

))).

A =

(
a11 a12 a13 a14
a21 a22 a23 a24

)
, AX = 0

Dim(N(A)) = 4−R(A) = 2⇒ R(A) = 2
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))).

B =
(
ξ1 ξ2

)
, AB =

(
Aξ1 Aξ2

)
= 0

⇒ B′A′ = 0,

(
ξ′1
ξ′2

)
a11 a21
a12 a22
a13 a23
a14 a24

 = 0

(
ξ′1
ξ′2

)
a11
a12
a13
a14

 = 0,

(
ξ′1
ξ′2

)
a21
a22
a23
a24

 = 0


a11
a12
a13
a14

 ,


a21
a22
a23
a24

 ´�5�§|£2¤�Ä:)X"
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))).

ξ = k1


a11
a12
a13
a14

+ k2


a21
a22
a23
a24


�£2¤�Ï)"
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9. ®��5�§| {
x1 + x2 + x3 + x4 = −1

4x1 + 3x2 + 5x3 − x4 = −1
ax1 + x2 + 3x3 + bx4 = 1

k 3 ��

5Ã'�)�þ§¦ a, b ��9Ï)"

))).

A =

 1 1 1 1

4 3 5 −1
a 1 3 b

 , B =

 1 1 1 1 −1
4 3 5 −1 −1
a 1 3 b 1


B →

 1 1 1 1 −1
0 −1 1 −5 3

a 1 3 b 1

→
 1 0 2 −4 2

0 −1 1 −5 3

a 0 4 b− 5 4


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→

 1 0 2 −4 2

0 −1 1 −5 3

0 0 4− 2a b− 5 + 4a 4− 2a


1.a 6= 2, R(A) = 3 = R(B);éAÄ:)Xk1�)�þ

2.a = 2, b 6= −3, R(A) = 3 = R(B);Óþ

3.a = 2, b = −3, R(A) = 2 = R(B);éAÄ:)Xk2�)�þ

� η1, η2, η3 ´�5�§|�3��5Ã')"K η1− η2, η1− η3´
éAàg�5�§|�)§
�´�5Ã'�)µ�y§XJ
�5�'§Kk

η1 − η2 = k(η1 − η3)⇒ (1− k)η1 − η2 + kη3 = 0

1 − k,−1, k Ø��"§l
η1, η2, η3 ´�5�'�§gñ"Ï
d§�U´µa = 2, b = −3, R(A) = 2 = R(B)
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))).

��§z�(
1 0 2 −4 2

0 −1 1 −5 3

)
→
(

1 0 2 −4 2

0 1 −1 5 −3

)


x1
x2
x3
x4

 =


−2x3 + 4x4 + 2

x3 − 5x4 − 3

x3
x4



= x3


−2
1

1

0

+ x4


4

−5
0

1

+


2

−3
0

0



= k1


−2
1

1

0

+ k2


4

−5
0

1

+


2

−3
0

0


M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù W�K 1� ÀJK n. O�K o.y²K

10. � A =

 3 2 −2
−k −1 k

4 2 −3

§¯ k �Û��, �3�_Ý


P, P−1AP �é�Ý
§¿¦Ý
 P Úé�Ý
 P−1AP"

))).

|λE − A| =

∣∣∣∣∣∣
λ− 3 −2 2

k λ+ 1 −k
−4 −2 λ+ 3

∣∣∣∣∣∣
=

∣∣∣∣∣∣
λ+ 1 0 −λ− 1

k λ+ 1 −k
−4 −2 λ+ 3

∣∣∣∣∣∣ = (λ+ 1)

∣∣∣∣∣∣
1 0 −1
k λ+ 1 −k
−4 −2 λ+ 3

∣∣∣∣∣∣
= (λ+ 1)

∣∣∣∣∣∣
1 0 0

k λ+ 1 0

−4 −2 λ− 1

∣∣∣∣∣∣ = (λ+ 1)2(λ− 1)
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))).

|λE − A| = (λ+ 1)2(λ− 1)

λ = −1,m−1 = 2, (−E − A)X = 0, (E + A)X = 0

Dim(V−1) = 2⇒ R(E + A) = 1, E + A =

 4 2 −2
−k 0 k

4 2 −2


⇒

 4 2 −2
−k 0 k

0 0 0

 =

 4 2 −2
0 0 0

0 0 0

 , k = 0

→

 2 1 −1
0 0 0

0 0 0

 , k = 0, x3 = 2x1 + x2
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))).

ξ1 =

 1

0

2

 , ξ2 =

 0

1

1


λ = 1,m1 = 1, (E − A)X = 0

E − A =

 −2 −2 2

k 2 −k
−4 −2 4

→
 −1 0 1

0 1 0

0 0 0


ξ3 =

 1

0

1


P =

(
ξ1 ξ2 ξ3

)
, P−1AP =

 −1 0 0

0 −1 0

0 0 1


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11. ®�A =

 1 0 1

0 2 0

1 0 1

,Ý
 B÷v AB + E = A2 + B,

¦ B.

))).

AB + E = A2 +B ⇒ (A− E)B = A2 − E
⇒ (A− E)B = (A− E)(A+ E)

A− E =

 0 0 1

0 1 0

1 0 0

 , |A− E| = −1

B = (A+ E)
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33. ®�rn��_Ý
 A�1�1� 2�\�1n1��
Ý
B,¦AB−1.

))).

A
r3 + 2r2
→

B,

 1 0 0

0 1 0

0 2 1

A = B

AB−1 =

 1 0 0

0 1 0

0 2 1

−1 =
 1 0 0

0 1 0

0 −2 1


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13. �k�5�§|µ {
ax1 + bx2 + bx3 = 0

bx1 + ax2 + bx3 = 0

bx1 + bx2 + ax3 = 0

,

1 a, b �Û��§�§|k�")¶
2 �Ñ�A�Ä:)XÚÏ)¶
3 )�m��ê"

))).

|A| =

∣∣∣∣∣∣
a b b

b a b

b b a

∣∣∣∣∣∣ =
∣∣∣∣∣∣
a− b 0 b− a
0 a− b b− a
b b a

∣∣∣∣∣∣
=

∣∣∣∣∣∣
0 0 b− a
0 a− b b− a

a+ 2b b a

∣∣∣∣∣∣ = (a− b)2(a+ 2b),
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))).

a = b,−2b,k�"),

1.a = b 6= 0, A =

 a a a

a a a

a a a

→
 a a a

0 0 0

0 0 0


x1 = −x2 − x3, ξ1 =

 −11
0

 , ξ2 =

 −10
1

 ,

ξ = k1ξ1 + k2ξ2 = k1

 −11
0

+ k2

 −10
1

�Ï)
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))).

2.a = −2b 6= 0, A =

 −2b b b

b −2b b

b b −2b

→
 0 0 0

b −2b b

0 3b −3b


→

 0 0 0

1 −2 1

0 1 −1

→
 0 0 0

1 0 −1
0 1 −1

 , ξ =

 1

1

1


ξ = k

 1

1

1

�Ï)�§
±þ)�m��ê©O� 2 �Ú 1 �"
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14. �g.f = x21 + x22 + x23 +2ax1x2 +2bx2x3 +2x1x3§²�
�C� X = PY z�µf = y22 + 2y23. ¦ a, b, P"

))).

A =

 1 a 1

a 1 b

1 b 1

 , f = X ′AX

|λE − A| =

∣∣∣∣∣∣
λ− 1 −a −1
−a λ− 1 −b
−1 −b λ− 1

∣∣∣∣∣∣
= λ(λ− 1)(λ− 2)

λ = 1,

∣∣∣∣∣∣
0 −a −1
−a 0 −b
−1 −b 0

∣∣∣∣∣∣ = 0
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))). ∣∣∣∣∣∣
0 −a −1
0 ab −b
−1 −b 0

∣∣∣∣∣∣ = ab+ ab = 0, 2ab = 0

λ = 0,

∣∣∣∣∣∣
−1 −a −1
−a −1 −b
−1 −b −1

∣∣∣∣∣∣ = 0

∣∣∣∣∣∣
−1 −a −1
0 −1 + a2 −b+ a

0 −b+ a 0

∣∣∣∣∣∣ = (a− b)2 = 0

a = b, ab = 0⇒ a = b = 0
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A =

 1 0 1

0 1 0

1 0 1


λ = 0, (λE − A)X = −AX = 0, AX = 0

A =

 1 0 1

0 1 0

1 0 1

→
 1 0 1

0 1 0

0 0 0

 , x2 = 0, x1 + x2 = 0

ξ1 =

 1

0

−1

 , P1 =


1√
2

0

− 1√
2


λ = 1, (λE − A)X = (E − A)X = 0
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))).

E − A =

 0 0 −1
0 0 0

−1 0 0

 , x1 = x3 = 0, x2 = 1

ξ2 = P2 =

 0

1

0


λ = 2, (λE − A)X = (2E − A)X = 0

2E − A =

 1 0 −1
0 1 0

−1 0 1

→
 1 0 −1

0 1 0

0 0 0

 , x1 = x3, x2 = 0.

ξ3 =

 1

0

1

 , P3 =


1√
2

0
1√
2


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))).

P =
(
P1 P2 P3

)
=


1√
2

0 1√
2

0 1 0

− 1√
2

0 1√
2

 , P ′AP =

 0 0 0

0 1 0

0 0 2


X = PY, f(X) = f(Y ) = y22 + 2y23

M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù W�K 1� ÀJK n. O�K o.y²K

15. ¦��

L1 : {
x+ y − z − 1 = 0

2x+ y − z − 2 = 0

���

L2 : {
x+ 2y − z − 2 = 0

x+ 2y + 2z + 4 = 0

�úR��§"

))).

1�Ú§¦úR� L ���þ sµ

s1 =

∣∣∣∣∣∣
i j k

1 1 −1
2 1 −1

∣∣∣∣∣∣ = −j − k, s2 =
∣∣∣∣∣∣
i j k

1 2 −1
1 2 2

∣∣∣∣∣∣ = 6i− 3j,

s = (0, 1, 1)× (2,−1, 0) =

∣∣∣∣∣∣
i j k

0 1 1

2 −1 0

∣∣∣∣∣∣ = i+ 2j − 2k
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1�Ú§©O¦úR� LÚ�� L1, L2û½�²¡µπ1, π2,{
�þ©O��µn1, n2

n1 = n× s1 =

∣∣∣∣∣∣
i j k

1 2 −2
0 1 1

∣∣∣∣∣∣ = 4i− j + k

M1 = (1, 0, 0) ∈ L1

π1 : 4(x− 1)− (y − 0) + (z − 0) = 0, 4x− y + z − 4 = 0

n2 = n× s2 =

∣∣∣∣∣∣
i j k

1 2 −2
2 −1 0

∣∣∣∣∣∣ = −2i− 4j − 5k

M2 = (0, 0,−2) ∈ L2

π2 : 2(x− 0) + 4(y − 0) + 5(z + 2) = 0, 2x+ 4y + 5z + 10 = 0

M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù W�K 1� ÀJK n. O�K o.y²K

úR��§�µ

))).

{ 4x− y + z − 4 = 0

2x+ 4y + 5z + 10 = 0
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16. ¦�� L :

{
2x− y + z − 1 = 0

x+ y − z + 1 = 0

}
3²¡ π : x + 2y −

z = 0 �ÝK�§"

))).

�²L�� L ��²¡ π R����²¡� π1, K π1 � π �
��=�ÝK�"��� L ����þ� −→s §²¡π �{�þ
�µ−→n"²¡π1 �{�þ�µ−→n1§Kkµ

−→s =

∣∣∣∣∣∣
i j k

2 −1 1

1 1 −1

∣∣∣∣∣∣ = 3j + 3k,−→n = (1, 2,−1)

−→n1 =
−→s ×−→n =

∣∣∣∣∣∣
i j k

0 1 1

1 2 −1

∣∣∣∣∣∣ = −3i+ j − k

M(0, 0, 1) ∈ L ⊆ π1
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π1 : −3(x− 0) + y − 0− (z − 1) = 0,−3x+ y − z + 1 = 0

L1 : {
x+ 2y − z = 0

−3x+ y − z + 1 = 0
L3²¡ π þÝK��§
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17. �Ý
 A �Ý
 B �q§�

A =

 1 −1 1

2 4 −2
−3 −3 a

 , B =

 2 0 0

0 2 0

0 0 b



1 ¦ a, b ��¶

2 ¦�_Ý
P§÷vP−1AP = B

))).

|λE − A| =

∣∣∣∣∣∣
λ− 1 1 −1
−2 λ− 4 2

3 3 λ− a

∣∣∣∣∣∣ = (λ− 2)2(λ− b)

λ1 = 2,m2 = 2;λ2 = b,mb = 1;
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λ = 2, R(λE − A) = R(2E − A) = 1

2E − A =

 1 1 −1
−2 −2 2

3 3 2− a

→
 1 1 −1

0 0 0

3 3 2− a


→

 1 1 −1
0 0 0

0 0 2− a+ 3

 , 2− a+ 3 = 0, a = 5

λ = b, |λE − A| = |bE − A| = 0

|bE − A| =

∣∣∣∣∣∣
b− 1 1 −1
−2 b− 4 2

3 3 b− 5

∣∣∣∣∣∣ = 0

M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù W�K 1� ÀJK n. O�K o.y²K

))).

|bE − A| =

∣∣∣∣∣∣
b− 1 0 −1
−2 b− 2 2

3 b− 2 b− 5

∣∣∣∣∣∣ = (b− 2)

∣∣∣∣∣∣
b− 1 0 −1
−2 1 2

3 1 b− 5

∣∣∣∣∣∣
= (b− 2)

∣∣∣∣∣∣
b− 1 0 −1
−2 1 2

5 0 b− 7

∣∣∣∣∣∣ = (b− 2)

∣∣∣∣∣∣
b− 2 0 −1
0 1 2

b− 2 0 b− 7

∣∣∣∣∣∣
= (b− 2)2

∣∣∣∣∣∣
1 0 −1
0 1 2

1 0 b− 7

∣∣∣∣∣∣ = (b− 2)2

∣∣∣∣∣∣
1 0 −1
0 1 2

0 0 b− 6

∣∣∣∣∣∣
= (b− 2)2(b− 6)
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))).

b = 2, R(2E − A) = R

 1 1 −1
−2 −2 2

3 3 −3

 = 1,

b = 6, R(6E − A) = R

 5 1 −1
−2 2 2

3 3 1


= R

 0 0 −1
8 4 2

8 4 1

 = 2,∵ R(bE − A) = 2,∴ b = 6

∴ a = 5, b = 6

�e5§¦�_Ý
 P, P−1AP = B.
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))).

λ = 2, (2E − A)X = 0, 2E − A =

 1 1 −1
−2 −2 2

3 3 −3


2E − A =

 1 1 −1
0 0 0

0 0 0

 , x1 + x2 − x3 = 0

ξ1 =

 −11
0

 , ξ2 =

 1

0

1


λ = b = 6, (6E − A)X = 0, 6E − A =

 5 1 −1
−2 2 2

3 3 1


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))).

6E−A =

 5 1 −1
8 4 0

8 4 0

→
 3 0 −1

2 1 0

0 0 0

 , x3 = 3x1, x2 = −2x1

ξ3 =

 1

−2
3



P =
(
ξ1 ξ2 ξ3

)
=

 −1 1 1

1 0 −2
0 1 3

 , X = PY,

P−1AP =

 2 0 0

0 2 0

0 0 6


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18. ®� 3 �¢é¡Ý
 A �A��©O�µ

3, 2,−2,

 0

1

0

 ,


√
3

0

1


©O´éAc¡ü�A���A��þ"

1 ¦áu−2 �A��þ¶
2 ¦��Ý
PÚ��C� X = PY, ¦� f(X) = X ′AX =

f(Y ) �IO."

))).

�ξ =

 x1
x2
x3

�áu−2 �A��þ§Kk
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{
x2 = 0√

3x1 + x3 = 0

}
, Aξ = −2ξ

ξ =

 1

0

−
√
3

 , P3 =
ξ

|ξ|
=

 1
2

0

−
√
3
2


P1 =

 0

1

0

 , P2 =


√
3
2

0
1
2

 , P =
(
P1 P2 P3

)

P ′P = E,X = PY, P−1AP =

 3 0 0

0 2 0

0 0 −2


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19. ®��g.f = 5x21 + 5x22 + cx23 − 2x1x2 + 6x1x3 − 6x2x3
��� 2,¦c9�g.éA�A��§�Ñ f(x1, x2, x3) = 1 �L
AÛ�m¥�oã/"

))).

A =

 5 −1 3

−1 5 −3
3 −3 c

 , |λE − A| =

∣∣∣∣∣∣
λ− 5 1 −3
1 λ− 5 3

−3 3 λ− c

∣∣∣∣∣∣
=

∣∣∣∣∣∣
λ− 5 1 −3
1 λ− 5 3

0 3λ− 12 λ− c+ 9

∣∣∣∣∣∣ =
∣∣∣∣∣∣
0 1− (λ− 5)2 −3− 3(λ− 5)

1 λ− 5 3

0 3λ− 12 λ− c+ 9

∣∣∣∣∣∣ =
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=

∣∣∣∣ (λ− 5)2 − 1 3(1 + λ− 5)

3(λ− 4) λ− c+ 9

∣∣∣∣ = ∣∣∣∣ (λ− 4)(λ− 6) 3(λ− 4)

3(λ− 4) λ− c+ 9

∣∣∣∣
= (λ− 4)

∣∣∣∣ (λ− 6) 3(λ− 4)

3 λ− c+ 9

∣∣∣∣
= (λ− 4)(λ2 + (−6− c+ 9)λ+ 6c− 54− 9λ+ 36)

= (λ− 4)(λ2 − (6 + c)λ− 18 + 6c)

R(A) = 2,⇒ λ = 0,−18 + 6c = 0, c = 3

|λE − A| = (λ− 4)(λ2 − 9λ) = λ(λ− 4)(λ− 9)

e�Ú§¦A��þÚ��Ý
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))).

λ = 0, (λE − A)X = 0, AX = 0,

A =

 5 −1 3

−1 5 −3
3 −3 3

→
 0 24 −12
−1 5 −3
0 12 −6

→
 0 0 0

−1 5 −3
0 2 −1

→
 0 0 0

−1 1 −1
0 2 −1

→
 0 0 0

−1 −1 0

0 2 −1


x1 = −x2, x3 = 2x2, ξ1 =

 −11
2

 , P1 =

 −
1√
6

1√
6
2√
6


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))).

λ = 4, (λE − A)X = 0, (4E − A)X = 0,

4E − A =

 −1 1 −3
1 −1 3

−3 3 1

→
 0 0 0

1 −1 3

0 0 10


→

 0 0 0

1 −1 0

0 0 1

 , x1 = x2, x3 = 0, ξ2 =

 1

1

0

 , P2 =


1√
2
1√
2

0


λ = 9, (λE − A)X = 0, (9E − A)X = 0,

9E − A =

 4 1 −3
1 4 3

−3 3 6

→
 0 −15 −15

1 4 3

0 15 15


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→

 0 0 0

1 4 3

0 1 1

→
 0 0 0

1 0 −1
0 1 1

 , x1 = x3, x2 = −x3

ξ3 =

 1

−1
1

 , P3 =


1√
3

− 1√
3

1√
3


P =

(
P1 P2 P3

)
=

 −
1√
6

1√
2

1√
3

1√
6

1√
2
− 1√

3
2√
6

0 1√
3


X = PY, f = X ′AX = Y ′P ′APY = Y ′

 0 0 0

0 4 0

0 0 9

Y
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))).

f = 4y22 + 9y23, f = 1

4y22 + 9y23 = 1,
y22
1
4

+
y23
1
9

= 1

ù´��ý�Î¡�§"
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1oÜ©§y²K
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1.y²

Dn =

∣∣∣∣∣∣∣∣∣∣∣∣∣

6 9

1 6 9

1 6
. . . . . . . . .

1 6 9

1 6

∣∣∣∣∣∣∣∣∣∣∣∣∣
= (n+ 1)3n

))).

U1�1��ê{fªÐmµ

Dn = 6Dn−1 − 9

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 9

0 6 9

0 1 6
. . . . . . . . .

1 6 9

1 6

∣∣∣∣∣∣∣∣∣∣∣∣∣
= 6Dn−1 − 9Dn−2
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))).

8B{b½µ

Dn−1 = (n)3n−1, Dn−2 = (n− 1)3n−2

Dn = 6Dn−1 − 9Dn−2 = 6n3n−1 − 9(n− 1)3n−2

= 3n(2n− n+ 1) = (n+ 1)3n
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2. � A � 2 ��
"e�3�u½�u 2 �ê m ¦�
Am = 0 K A2 = 0

Proof.

� m ≥ 2, Am = 0,Kk |A| = 0, R(A) ≤ 1.R(A) = 0,w,¤á"

R(A) = 1⇒ A =

(
a b

ka kb

)
=

(
1

k

)(
a b

)
A2 =

(
1

k

)(
a b

)( 1

k

)(
a b

)
= (a+ kb)A

A3 = A2A = (a+ kb)AA = (a+ kb)2A, ...,

Am−1 = (a+ kb)m−2A

Am = Am−1A = (a+ kb)m−2AA = (a+ kb)m−1A = 0

a(a+ kb)m−1 = b(a+ kb)m−1 = 0
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{ a+ kb = 0

a+ kb 6= 0, a = b = 0

a+ kb = 0⇒ A2 = (a+ kb)A = 0,

a+ kb 6= 0⇒ a = b = 0⇒ A = 0

⇒ A2 = 0
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3. �Ý
 A ´ n ���Ý
µA2 = A. Áyµ

1 A �A���U´ 1 ½ 0.
2 R(A) +R(A− E) = n
3 A �±�qé�z¶
4 R(A) = Tr(A).

Proof.

Suppose A has A�� λ, then

A2 = E ⇒ λ2 = 1⇒ λ = 1, 0

A(A− E) = 0⇒ R(A) +R(A− E) ≤ n

R(A) +R(A− E) = R(A) +R(E − A)
≥ R(A+ E − A) = R(E) = n

∴ R(A) +R(A− E) = n
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A(A− E) = 0

�±wÑµA−E ���þ´�§ AX = 0�)�þ§l
´ A

�A� 0 �A��þ" AX = 0 �)�m�ê�u n− R(A) =
R(A−E), = A �A�� 0 �A��þ�m�ê�u R(A−E).

(E − A)A = 0

�±wÑµA ���þ´�§ (E − A)X = 0 �)�þ§l

´ A �A� 1 �A��þ" (E − A)X = 0 �)�m�ê�u
n− R(E − A) = R(A), = A �A�� 1 �A��þ�m�ê�
u R(A).
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))).

dd��§ Ý
 A �ü�A�� 0, 1�A��þf�mµV0, V1
÷vµ

R(V0) +R(V1) = n

¤± A�qué�Ý
"2�A�� 0, 1�­ê©O� m0,m1.

Kkµ
R(A) = m1 = Tr(A)
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4. � A,B Ñ´n ��½Ý
§y²AB �A����u
""

))).

5¿µ(AB)′ = B′A′ = BA 6= AB ¤± AB �7´é¡Ý
"

∃P, P ′P = E,P ′AP =


λ1 0 · · · 0

0 λ2 · · · 0
...

...
. . .

...

0 0 · · · λn

 , λi > 0, i = 1, 2, ..., n

= DD′, D =


√
λ1 0 · · · 0

0
√
λ2 · · · 0

...
...

. . .
...

0 0 · · ·
√
λn


A = PDD′P ′ = PD(PD)′ = A1A

′
1
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Ón: B = B1B
′
1

AB = A1A
′
1B1B

′
1 = A1A

′
1B1B

′
1A1A

−1
1

= A1(A
′
1B1)(B

′
1A1)A

−1
1

= A1(A
′
1B1)(A

′
1B1)

′A−11

= A1CC
′A−11 , C = A′1B1

|λE − AB| = |λE − CC ′|
R(CC ′) = R(C) = n, f(X) = X ′CC ′X = (C ′X)′(C ′X)

X 6= 0⇒ C ′X 6= 0⇒ f(X) > 0

CC ′ ´�½Ý
§A���u"

ÏdAB �A���u"
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5.� A � n ��
§y²µ

1 eAk+1α = 0, Akα 6= 0, K Akα,Ak−1α, ..., Aα, α �5Ã'¶
2 �5�§ An+1X = 0 �)§�½´�§ AnX = 0 �)¶
3 R(An+1) = R(An)

Proof.

�y{§e§��5�'§�kØ��"�êµa0, a1, ..., ak

akA
kα + ak−1A

k−1α + · · ·+ a1Aα + a0α = 0

if a0 6= 0⇒ a0A
kα = 0, Akα 6= 0⇒ a0 = 0

∴ a0 = 0, akA
kα + ak−1A

k−1α + · · ·+ a1Aα = 0

Ón�yµ a1 = 0, a2 = 0, ..., ak = 0, gñ

£1¤��y²"2�	£2¤µ
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))).

eAnX 6= 0, d £1¤§

Anα,An−1α, ..., Aα, α

�5Ã'"n+ 1 � n ��þ�½�5�'§gñ"¤±µ

An+1X = 0⇒ AnX = 0

d£2¤�§ An+1X = 0 � AnX = 0 ´Ó)�§§=)�m�
�§¤±µR(An+1) = R(An)
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6. ®��þ| α1, α2, ..., αm �5Ã'§y²e��þ|

β1 = α1 + k1αm, β2 = α2 + k2αm, ...,

βm−1 = αm−1 + km−1αm, βm = αm

�5Ã'"

Proof.

�

A =
(
α1 α2 · · · αm−1 αm

)
B =

(
β1 β2 · · · βm−1 βm

)
éÝ
 A ?1Ð��C�§�±z�Ý
 B. y²Xeµ
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A =
(
α1 α2 · · · αm−1 αm

)
ci + kicm

i = 1, 2, ...,m− 1
→(

α1 + k1αm α2 + k2αm · · · αm−1 + km−1αm αm
)

= B ⇔ AP = B, |P | 6= 0

⇒ m = R(A) = R(B)

B���þ�5Ã'"
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7. ®��þ| α1, α2, ..., αm �5Ã'§m �Ûê"y²

β1 = α1 + α2, β2 = α2 + α3, ..., βm−1 = αm−1 + αm, βm = αm + α1,

�5Ã'"

Proof.

�y{§�kØ��"�êµ

k1, k2, ..., km

k1β1 + k2β2 + · · ·+ km−1βm−1 + kmβm = 0

(k1 + km)α1 + (k1 + k2)α2 + · · ·
+(km−2 + km−1)αm−1 + (km−1 + km)αm = 0
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k1 + km = 0

k1 +k2 = 0

k2 +k3 = 0
...

...
...

...
...

...

km−2 +km−1 = 0

km−1 +km = 0

1 1

1 1 0

0 1 1 0
...

...
... · · · ...

...

1 0

0 0 0 · · · 1 1





k1
k2
k3
...

km−1
km


= 0
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XêÝ
 A �1�ªµ

|A| =

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1

1 1 0

0 1 1 0
...

...
... · · · ...

...

1 0

0 0 0 · · · 1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣
=1 + 1(−1)1+m

=2

AX = 0⇒ k1 = k2 = · · · = km = 0

�cJgñ"¤± β1, β2, ..., βm �5Ã'"
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8. � n �Ý
 A �n ���þ�µα1, α2, ..., αn"2� n �
Ý
 B � n ���þ�µ

α1 + α2, α2 + α3, ..., αn−1 + αn, αn + α1, R(A) = n

¯�§ BX = 0 ´Äk�")"

Proof.

BX = 0⇔

(
α1 + α2 α2 + α3 · · · αn−1 + αn αn + α1

)


x1
x2
...

xn−1
xn

 = 0
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Proof.

(x1 + xn)α1 + (x1 + x2)α2 + · · ·
+(xn−2 + xn−1)αn−1 + (xn−1 + xn)αn = 0

x1 + xn = 0

x1 +x2 = 0

x2 +x3 = 0
...

...
...

...
...

...

xn−2 +xn−1 = 0

xn−1 +xn = 0

1 1

1 1 0

0 1 1 0
...

...
... · · · ...

...

1 0

0 0 0 · · · 1 1





x1
x2
x3
...

xn−1
xn


= 0
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Proof.

XêÝ
�1�ª

|D| = 1 + (−1)1+n = { 0, n = 2m

2, n = 2m+ 1

n �Ûê§�k")"n �óê§k�")"
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9. � ξ1, ξ2, ..., ξn ´ A �áuØÓA���A��þ§2�
α = ξ1 + ξ2 + · · ·+ ξn§y² α,Aα,A2α, ..., An−1α �5Ã'"

Proof.

�§�©Oáun �ØÓ�A��µλ1, λ2, ..., λn

α =
(
ξ1 ξ2 · · · ξn

)


1

1
...

1


Aα = Aξ1 + Aξ2 + · · ·+ Aξn = λ1ξ1 + λ2ξ2 + · · ·+ λnξn

=
(
ξ1 ξ2 · · · ξn

)


λ1
λ2
...

λn


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A2α =
(
ξ1 ξ2 · · · ξn

)


λ21
λ22
...

λ2n


· · ·

An−1α =
(
ξ1 ξ2 · · · ξn

)


λn−11

λn−12
...

λn−1n


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(
α Aα · · · An−1α

)
=

(
ξ1 ξ2 · · · ξn

)


1 λ1 · · · λn−11

1 λ2 · · · λn−12
...

...
. . .

...

1 λn · · · λn−1n


∣∣∣∣∣∣∣∣∣
1 λ1 · · · λn−11

1 λ2 · · · λn−12
...

...
. . .

...

1 λn · · · λn−1n

∣∣∣∣∣∣∣∣∣ 6= 0,


1 λ1 · · · λn−11

1 λ2 · · · λn−12
...

...
. . .

...

1 λn · · · λn−1n

�_
ξ1, ξ2, ..., ξn �5Ã'⇔

α,Aα,A2α, ..., An−1α�5Ã'
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10. � A,B ´ü�¢é¡Ý
§y² A � B �q�¿©7
�^�´§��A�õ�ª��"

))).

7�5w,"e¡y²¿©5µXJA � B �A�õ�ª�
�§K§��A����§éA­ê��§·�À���Ý

§kµ

P, P ′P = E,Q,Q′Q = E

P ′AP = Q′BQ

QP ′APQ′ = B,QP ′ = (PQ′)′ = (PQ′)−1

A � B �q"
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11. �Ý
 A ´ n �¢Ý
§y² B = kE + A′A, k > 0 ´
�½Ý
"

))).

5¿ B ´¢é¡Ý
"

f(X) = X ′BX =X ′(kE + A′A)X

=kX ′X +X ′A′AX

=kX ′X + (AX)′AX

≥ kX ′X > 0, X 6= 0

B ´�½Ý
"
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12. �Ý
 A´ m×n¢Ý
§y²µ R(A′A) = R(AA′) =

R(A) . Þ~`²§éuEêÝ
Ø¤á"

Proof.

�X ´ n �¢�þ"

AX = 0⇒ A′AX = 0⇒ X ′A′AX = (AX)′AX = 0⇒ AX = 0

=k
AX = 0⇔ A′AX = 0

¤±R(A′A) = R(A). Ón�yµR(AA′) = R(A′) = R(A)

EêÝ
µA =
(
1
√
−1

)
, A′ =

(
1√
−1

)
, A′A =(

1
√
−1√

−1 −1

)
, AA′ = 0

M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù W�K 1� ÀJK n. O�K o.y²K

13. e?¿�"�þÑ´Ý
A �A��þ§y²µA ´I
þÝ
£ê¦Ý
¤

))).

�IOü �þε1, ε2, · · · , εn � A �A��þ§©OáuA�
�µk1, k2, · · · , kn, ¦�µ

Aεi = kiεi, i = 1, 2, ..., n

Ïdkµ

A
(
ε1 ε2 · · · εn

)
=
(
ε1 ε2 · · · εn

)


k1
k2

...
...

. . .
...

kn


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¤±

A =


k1

k2
...

...
. . .

...

kn


qÏ�µε1 + εi 6= 0, i > 1

A(ε1 + εi) = k(ε1 + εi) = k1ε1 + kiεi

(k − k1)ε1 + (k − ki)εi = 0

k − k1 = 0, k − ki = 0,⇒ k1 = ki = k, i = 1, 2, ..., n

∴ A = kE
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14. � A ´ n ��½Ý
§y²µ�3�½Ý
 B,¦�
A = B2

))).

Suppose that:

P ′P = E, λi > 0, i = 1, 2, ..., n, A = P


λ1

λ2
. . .

λn

P ′

= P ′


√
λ1 √

λ2
. . . √

λn



√
λ1 √

λ2
. . . √

λn

P

= P ′DDP = P ′DPP ′DP = B2, B = P ′DP,��½Ý
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15.� α ´ n �¢�"��þ§y²Ý
µ E − 2
α′α
αα′ ��

�Ý
"

))).

�âK¿§kµ

B = E − 2

α′α
αα′, B′ = B

B′B = B2 = (E − 2

α′α
αα′)2

= E − 4

α′α
αα′ +

4

(α′α)2
αα′αα′

= E − 4

α′α
αα′ +

4

(α′α)
αα′ = E

¤±Ý
 B ´��Ý
.
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16. ��§| AX = 0 �)Ñ´�§| BX = 0 �)§�
R(A) = R(B)§y²: ùü��§|�Ó)�§"

))).

AX = 0�)�m§P� N(A). BX = 0�)�m§P�
N(B).Kk

N(A) ≤ N(B)

Dim(N(A)) = n−R(A),Dim(N(B)) = n−R(B)

R(A) = R(B)⇒ Dim(N(A)) = Dim(N(B))

⇒ N(A) = N(B)

)�m��§¤±´Ó)�§"

M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù W�K 1� ÀJK n. O�K o.y²K

17� A´n ��
§β =


b1
b2
...

bn

 ´ n ���þ"B =

(
A β

β′ 0

)
,e R(A) = R(B), K�§ AX = β k)"

Proof.

AX = β k), ��=� R(A) = R(A, β).Ï�

R(A) ≤ R
(
A β

)
≤ R(B), R(A) = R(B)

¤±§R(A) = R(A, β)
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18. ��þ αi =


ai1
ai2
...

ain

 , i = 1, 2, ..., r < n ´ r ��5Ã'

� n �¢�þ" β =


b1
b2
...

bn

 ´�5�§|µ
a11x1 + a12x2 + · · ·+ a1nxn = 0,

a21x1 + a22x2 + · · ·+ a2nxn = 0

· · ·
ar1x1 + ar2x2 + · · ·+ arnxn = 0

�¢�")�þ"y²µα1, α2, ..., αr, β�5Ã'"

M�Tó��ÆêÆÆ�, Q3© �5�ê–SK)�



1�Ù W�K 1� ÀJK n. O�K o.y²K

))).

�5�§|�)§�±w�´�þ�SÈ µ

a11b1 + a12b2 + · · ·+ a1nbn = 0⇔ (α1, β) = 0

a21b1 + a22b2 + · · ·+ a2nbn = 0⇔ (α2, β) = 0

· · ·
ar1b1 + ar2b2 + · · ·+ arnbn = 0⇔ (αr, β) = 0

if we have k1, k2, ..., kr, kr+1÷v

k1α1 + k2α2 + · · ·+ krαr + kr+1β = 0

^ β SÈ�^þªµ

kr+1(β, β) = 0, β 6= 0⇒ kr+1 = 0
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then we have

))).

k1α1 + k2α2 + · · ·+ krαr = 0

�´µα1, α2, ..., αr �5Ã'§¤±µ

k1 = k2 = · · · = kr = 0

¤±µα1, α2, ..., αr, β �5Ã'.
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19. �Ý
 A,B Ñ´ n ��½Ý
§e A �A��þÑ´
B �A��þ§K AB �´�½Ý
"

Proof.

� A �A���µλ1, λ2, ..., λn, k��Ý
 P

P =
(
P1 P2 · · · Pn

)
, AP =

(
AP1 AP2 · · · APn

)
AP =

(
λ1P1 λ2P2 · · · λnPn

)
=
(
P1 P2 · · · Pn

)


λ1
λ2

. . .

λn


d®� , BP =

(
BP1 BP2 · · · BPn

)
=
(
µ1P1 µ2P2 · · · µnPn

)
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BP =
(
P1 P2 · · · Pn

)


µ1

µ2

. . .

µn



ABP = AP


µ1

µ2

. . .

µn



= P


λ1µ1

λ2µ2

. . .

λnµn


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P ′ABP =


λ1µ1

λ2µ2

. . .

λnµn

 ,

λiµi > 0, i = 1, 2, ..., n, AB ´�½Ý
"
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20��þ|µ

α1, α2, ..., αt

´�§ AX = 0 �Ä:)X§�þ βØ´ AX = 0 �)§y
²µβ, β + α1, β + α2, ..., β + αt�5Ã'"

Proof.

�y{§�kØ�Ü�"�êµk0, k1, k2, ..., kt,÷vµ

k0β + k1(β + α1) + k2(β + α2) + ...+ kt(β + αt) = 0

k0Aβ + k1A(β + α1) + k2A(β + α2) + ...+ ktA(β + αt) = 0

(k0 + k1 + k2 + ...+ kt)Aβ = 0

k0 + k1 + k2 + ...+ kt = 0
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�\c¡1��ªf§��:

k0β + k1(β + α1) + k2(β + α2) + ...+ kt(β + αt)

= k1α1 + k2α2 + ...+ ktαt = 0

α1, ..., αt�5Ã'⇒ k1 = k2 = · · · = kt = 0

k0 + k1 + k2 + ...+ kt = 0⇒ k0 = 0

gñ"¤± β, β + α1, β + α2, ..., β + αt�5Ã'"
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