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1 ^���IL«e�Eêµ

(1) i2017+

(√
2

2
+

√
2

2
i

)2017

+

(
−
√

2

2
+

√
2

2
i

)2017

+

(
1

2
+

√
3

2
i

)2017

+

(
−1

2
+

√
3

2
i

)2017

;

(2) 1 + cos
π

3
+ cos

2π

3
+ · · ·+ cos

2017π

3
;

(3)
(−1 +

√
3i)8

1 +
(√

2
2 +

√
2

2 i
)2017 ;

)µ(1) (1 +
√

2 +
√

3)i;

(2) Re(1 + e
πi
3 + e

2πi
3 + · · ·+ e

2017πi
3 ) = Re(1 + e

πi
3 ) =

3

2
;

(3) 64[(
√

3− 1−
√

6) + i(
√

2− 1−
√

3)].

2 y²e��ª¿`²(1)ª�AÛ¿Âµ

(1) |z1 + z2|2 + |z1 − z2|2 = 2
(
|z1|2 + |z2|2

)
;

(2) |1− z1z2|2 − |z1 − z2|2 =
(
1− |z1|2)(1− |z2|2

)
.

y²µ(1) ·�k

|z1 + z2|2 + |z1 − z2|2 = (z1 + z2)(z1 + z2) + (z1 − z2)(z1 − z2)

= z1z1 + z2z2 + (z1z2 + z2z1) + z1z1 + z2z2 − (z1z2 + z2z1)

= 2(z1z1 + z2z2) = 2(|z1|2 + |z2|2).

AÛ¿Âµ²1o>/ü^é���Ý�²�Ú�uo^>�Ý�²�Ú.

(2) ·�k

|1− z1z2|2 − |z1 − z2|2 = (1− z1z2)(1− z1z2)− (z1 − z2)(z1 − z2)

= (1− z1z2 − z1z2 + |z1z2|2)− (|z1|2 − z1z2 − z1z2 + |z2|2)

= (1− |z1|2 − |z2|2 + |z1|2|z2|2)

= (1− |z1|2)(1− |z2|2).

3 £Ñe�E²¡«�¿�²Ù´üëÏ�´õëÏµ

(1)

∣∣∣∣ z − a1− az

∣∣∣∣ > 1§Ù¥|a| < 1;

(2)

∣∣∣∣a− za+ z

∣∣∣∣ < 1§Ù¥Rea > 0;

1



(3) «�{1 < x < 2, 0 < y < 4}3¼êeze��;

(4) «�{1 < x < 2, 0 < y < 8}3¼êeze��.

)µ(1) Ø�ª

∣∣∣∣ z − a1− az

∣∣∣∣ > 1�du|z − a| > |1 − az|§Ø�ªü>�²��

�du
|z|2 + |a|2 − (az + az) > 1 + |a|2|z|2 − (az + az).

z{��du
(1− |a|2)|z|2 > 1− |a|2.

Ïd¤¦«��{z||z| > 1}§´õëÏ«�.

(2) Ø�ª

∣∣∣∣a− za+ z

∣∣∣∣ < 1�du|a − z| < |a + z|§Ø�ªü>�²���d

u
|a|2 + |z|2 − (az + az) < |a|2 + |z|2 + (az + az).

z{��du
(a+ a)(z + z) = 4ReaRez > 0.

Ïd¤¦«��{z|Rez > 0}§´üëÏ«�.

(3) �8�{(r cos θ, r sin θ)|e < r < e2, 0 < θ < 4}§´üëÏ«�.

(4) �8�{z|e < |z| < e2}§´õëÏ�/«�.

4 £ãe�Ø�u(½�8Ü¿�²ù
8Ü´m��´4�§Ã.��´
k.�§üéÏ�´õëÏ�µ

(1) |z − 1| < |z + 3|;

(2) 1 < arg z < 1 + π;

(3) |z − 1| < 4|z + 1|;

(4)
1

2
6

∣∣∣∣z − 1

2

∣∣∣∣ 6 3

2
;

(5) |z|+ Rez < 1;

)µ(1) {z|Rez > −1},Ã.üëÏ«�;

(2) {(r cos θ, r sin θ)|r > 0, 1 < θ < 1 + π}§Ã.üëÏ«�¶

(3)

{
z |
∣∣∣∣z +

17

15

∣∣∣∣ > 8

15

}
§Ã.õëÏ«�¶

(4) k.�/4«�§SÜõëÏ¶

(5)

{
(x, y) |x < 1− y2

2

}
§Ã.üëÏ«�.

2



5 ^ECþzwª£ãe�¼êµ

(1) f(z) = 3x+ y + i(3y − x);

(2) f(z) = e−y sinx− ie−y cosx;

(3) f(z) = (z2 − 2)e−xe−iy;

)µ(1) (3− i)z; (2)−ieiz; (3) (z2 − 2)e−z.

6 (½e�¼ê3z = 0?4�´Ä�3§¿3�3��¹e¦4��µ

(1)
Rez

z
; (2)

z

|z|
; (3)

Re(z2)

|z|2
; (4)

zRez

|z|2
.

)µ(1) limx→0
Rex

x
= 1, limy→0

Re(iy)

iy
= 0§Ïd4�Ø�3;

(2) limx→0+

x

|x|
= 1, limx→0−

x

|x|
= −1§Ïd4�Ø�3;

(3) limx→0
Re(x2)

x2
= 1, limy→0

Re[(iy)2]

y2
= −1§Ïd4�Ø�3;

(4) limx→0
xRe(x)

x2
= 1, limy→0

iyRe(iy)

y2
= 0§Ïd4�Ø�3.

7 �	e�¼ê�ëY5µ

(1) y²¼ê

f(z) =


[Re(z2)]2

|z|2
, z 6= 0;

0, z = 0

3z = 0?ëY¶

(2) y²¼ê

f(z) =


xy3

x2 + y6
, z 6= 0;

0, z = 0

3z = 0?ØëY. y²�z÷XL�:��ªCu0�§f(z)�ªCu0. d~f
`²
÷��Ï��:�4��3Ø´4��3�¿©^�.

y²µ(1) ØJuy|f(z)| 6 |z|
4

|z|2
= |z|2,∀z 6= 0, Ïd

lim
z→0

f(z) = 0 = f(0),

=¼êf(z)3z = 0?ëY.

(2) ¦4���

lim
y→0

f(y3 + iy) =
1

2
6= f(0) = 0,

3



Ïd¼êf(z)3z = 0?ØëY. éu?��½�θ§4�

lim
r→0

f(reiθ) = lim
r→0

r4 cos θ sin3 θ

r2 cos2 θ + r6 sin6 θ
= 0,

Ïd÷?��^��ª�u0�¼ê��ª�u0.

8 y²e��ªµ

(1) cos2 z + sin2 z = 1;

(2) sin(z1 + z2) = sin z1 cos z2 + cos z1 sin z2;

(3) cos(z1 + z2) = cos z1 cos z2 − sin z1 sin z2;

(4) tan 2z =
2 tan z

1− tan2 z
;

(5) ch(z1 + z2) = chz1chz2 + shz1shz2.

y²µ(1) ·�k

cos2 z + sin2 z = (
eiz + e−iz

2
)2 − (

eiz − e−iz

2
)2 = 1.

(2) �ª�ý·�k

sin(z1 + z2) =
ei(z1+z2) − ei(z1+z2)

2i
.

�ªmý·�k

sin z1 cos z2 + cos z1 sin z2 =
(eiz1 − e−iz1)(eiz2 + e−iz2)

4i
+

(eiz1 + e−iz1)(eiz2 − e−iz2)

4i

=
2(ei(z1+z2) − e−i(z1+z2))

4i
=

ei(z1+z2) − e−i(z1+z2)

2i
.

Ïd�ªüý��.

(3) �ª�ý·�k

cos(z1 + z2) =
ei(z1+z2) + e−i(z1+z2)

2
.

�ªmý·�k

cos z1 cos z2 − sin z1 sin z2 =
(eiz1 + e−iz1)(eiz2 + e−iz2)

4
+

(eiz1 − e−iz1)(eiz2 − e−iz2)

4

=
2(ei(z1+z2) + e−i(z1+z2))

4
=

ei(z1+z2) + e−i(z1+z2)

2
.

Ïd�ªüý��.

(4) d(2)Ú(3)·���

tan 2z =
sin 2z

cos 2z
=

2 sin z cos z

cos2 z − sin2 z
=

2 tan z

1− tan2 z
.

4



(5) �ª�ý·�k

ch(z1 + z2) =
ez1+z2 + e−z1−z2

2
.

�ªmý·�k

chz1chz2 + shz1shz2 =
(ez1 + e−z1)(ez2 + e−z2)

4
+

(ez1 − e−z1)(ez2 − e−z2)

4

=
2(ez1+z2 + e−z1−z2)

4
=

ez1+z2 + e−z1−z2

2
.

Ïd�ªüý��.

9 rÌ�Ì�¼êarg zL«¤'ux, y���¼ê.

)µ²O���

arg(x+ yi) =



arctan
y

x
, x > 0;

π + arctan
y

x
, x < 0, y ≥ 0;

arctan
y

x
− π, x < 0, y < 0;

π

2
, x = 0, y > 0;

−π
2
, x = 0, y < 0.

10 ^���IL«e�Eêµ

(1)Lni; (2) ln(−2 + 3i); (3) 6
√
−i;

(4) Arcsin
1

2
; (5) Arctan(1 + 2i); (6) Arch2i.

)µ(1) Lni =

(
2k +

1

2

)
πi(k ∈ Z);

(2) ln(−2 + 3i) =
1

2
ln 13 +

(
π − arctan

3

2

)
i;

(3) 6
√
−i = α, αω, αω2, · · · , αω5, α =

√
2

2
+

√
2

2
i, ω =

1

2
+

√
3

2
i;

(4)

(
2k ± 1

6

)
π(k ∈ Z);

(5)
1

2

[
− arctan

1

2
+ (2k + 1)π

]
+

ln 5

4
i(k ∈ Z);

(6) ln(
√

5± 2) +

(
2k ± 1

2

)
πi(k ∈ Z).

11 y²3��Ø¹":�üëÏ«�D¥�3��(Ã¡õ�)¼êLnz�ë
Y()Û)ü�©|§�3��(Ã¡õ�)¼êArgz�ëYü�©|.
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y²µéuØ¹"�üëÏ«�D§�ÙSÜ�:z0§½ÂDþ�¼ê

f(z) = ln z0 +

∫ z

z0

1

ζ
dζ.

��yéu¼êF (z) =
ef(z)

z
§k

F ′(z) ≡ 0, F (z0) = 1.

Ïd
F (z) ≡ 1.

�Ò´`f(z)´õ�¼êLnz���)Û©|§Ïdf(z) + 2kπi(k ∈ Z)�
´Lnz���)Û©|§�«�DþkÃ¡õ�Lnz�)Û©|. ù
)Û©
|�JÜÑ´DþÌ�¼êArgz�ëY©|.

12 y²¼êf1(z) = zÚ¼êf2(z) = Rez3E²¡þ??Ø��.

y²µéuE²¡þ?�:z0§4�

lim
∆z→0

z0 + ∆z − z0

∆z
= lim

∆z→0

∆z

∆z

Ø�3§4�

lim
∆z→0

Re(z0 + ∆z)− Re(z0)

∆z
= lim

∆z→0

Re(∆z)

∆z

�Ø�3§Ïdùü�¼êþ??Ø��.

13y²µXJ¼êf(z) = u+iv3«�Dþ)Û�÷ve�^���§Kf(z)´
~êµ

(1) f(z)ð�¢�;

(2) f(z)3DS)Û;

(3) |f(z)|3DS´��~ê;

(4) arg f(z)3DS´��~ê;

(5) au+ bv = c§Ù¥a, b�c�Ø��"�¢~ê¶

(6) v = u2.

y²µ(1) ef(z)ð�¢ê�§KJÜ¼êvð�". d�Ü-iù^���

∂u

∂x
=
∂v

∂y
= 0,

∂u

∂y
= −∂v

∂x
= 0.

Ïdu�´~�¼ê. �f(z)´~�¼ê.

6



(2) ef(z) = u+ ivÚf(z) = u− ivÑ´)Û¼ê§d�Ü-iù^���

∂u

∂x
=
∂v

∂y
= −∂v

∂y
,

∂u

∂y
= −∂v

∂x
=
∂v

∂x
.

Ïd�Uk
∂u

∂x
=
∂v

∂y
=
∂u

∂y
=
∂v

∂x
= 0.

Ïdf(z)´~�¼ê.

(3) e|f(z)|´��~�¼ê§K|f(z)|2 = u2 + v2�´��~�¼ê§é�
ªü>¦ �ê�

2u
∂u

∂x
+ 2v

∂v

∂x
= 0,

2u
∂u

∂y
+ 2v

∂v

∂y
= 0.

d�Ü-iù^�d�§|�=z¤�

2u
∂u

∂x
+ 2v

∂v

∂x
= 0,

2v
∂u

∂x
− 2u

∂v

∂x
= 0.

XJu2 + v2Ø�"§K)�§|�

∂u

∂x
=
∂v

∂y
=
∂u

∂y
=
∂v

∂x
= 0.

XJu2 + v2�"§Kf(z)g,ð�u".

(4) earg f(z)�~�§K�3¢~êC÷vv = Cu. eC�"§K¼êvð�
u"§÷^(1)¥��{·��y²f(z)´~�¼ê. eCØ�"§Kk

∂v

∂x
= C

∂u

∂x
,

∂v

∂y
= C

∂u

∂y
.

(Ü�Ü-iù^���

∂v

∂x
= C

∂u

∂x
= C

∂v

∂y
= C2 ∂u

∂y
= −C2 ∂v

∂x
.

Ïdk
∂v

∂x
= 0§aq/��

∂v

∂y
= 0§Ïdf(z)´��~�¼ê.

(5) ea, b¥k��´"§K÷^(1)¥��{·��y²f(z)´~�¼ê. b
�a, bÑ�"§é�ªau+ bv = cü>¦ �ê�

a
∂u

∂x
+ b

∂v

∂x
= 0, a

∂u

∂y
+ b

∂v

∂y
= 0.

d�Ü-iù^�d�§|�du

a
∂u

∂x
+ b

∂v

∂x
= 0, b

∂u

∂x
− a∂v

∂x
= 0.

7



Ïd
∂u

∂x
=
∂v

∂y
=
∂u

∂y
=
∂v

∂x
= 0.

=f(z)´~�¼ê.

(6) ev = u2§Kéü>¦ �¿\þ�Ü-iù^��

∂v

∂x
= 2u · ∂u

∂x
= −∂u

∂y
,

∂v

∂y
= 2u · ∂u

∂y
=
∂u

∂x
.

Ïdk
∂u

∂x
= 2u · ∂u

∂y
= 2u · (−2u · ∂u

∂x
), (1 + 4u2)

∂u

∂x
= 0.

Ïd��
∂u

∂x
= 0§aq/���

∂u

∂y
= 0§=f(z)´~�¼ê"

14 �ye�¼ê´NÚ¼ê¿¦±z = x + iy�gCþ�)Û¼êw = f(z) =
u+ ivµ

(1) v = arctan
y

x
(x > 0);

(2) u = ex(y cos y + x sin y) + x+ y, f(0) = 1;

(3) u = (x− y)(x2 + 4xy + y2);

(4) v =
y

x2 + y2
, f(2) = 0.

)µ(1) ω = ln z + C(C ∈ R);

(2) ω = −izez + (1− i)z + i;

(3) ω = (1− i)z3 + iC(C ∈ R);

(4) ω =
1

2
− 1

z
.

15 �¼êf(z)3þ�E²¡)Û§y²¼êf(z)3e�E²¡)Û.

y²µéue�²¡þ?��:z0§Ù�Ýz03þ�²¡¥§4�

lim
∆z→0

f(z0 + ∆z)− f(z0)

∆z
= lim

∆z→0

f(z0 + ∆z)− f(z0)

∆z
= f ′(z0).

16 O�e�EÈ©µ

(1) O�È©
∮
C
z|z|dz§Ù¥4´Cd:−1�:1���ã�þ�ü �±|

¤;

(2) O� ∮
C

z

z
dz,

8



Ù¥C´4«�{1 6 r 6 2, y > 0}���>..

)µ(1) È©£´dC1 := t(−1 6 t 6 1)ÚC2 := eiθ(0 6 θ 6 π)�¤§Ï
d ∮

C

z|z|dz =

∫
C1

z|z|dz +

∫
C2

z|z|dz =

∫ 1

−1

t|t|dt+

∫ π

0

eiθieiθdθ = 0.

(2) È©£´dC1 := t(−2 6 t 6 −1)§C2 := eiθ(θ ∈ [π, 0])§C3 := t(1 6
t 6 2)ÚC4 := 2eiθ(0 6 θ 6 π)�¤§Ïd∮

C

z

z
dz =

∫
C1

z

z
dz +

∫
C2

z

z
dz +

∫
C3

z

z
dz +

∫
C4

z

z
dz,∫

C1

z

z
dz +

∫
C3

z

z
dz =

∫ −1

−2

dt+

∫ 2

1

dt = 2,∫
C2

z

z
dz +

∫
C4

z

z
dz =

∫ 0

π

e2iθd(eiθ) +

∫ π

0

e2iθd(2eiθ) =

∫ π

0

ie3iθdθ = −2

3
.

Ïd
∮
C
z
zdz =

4

3
.

17 �f(z)´üëÏ«�DSØ:z0	)Û�¼ê� lim
z→z0

(z − z0)f(z) = 0§K

éu?�ØÏL:z0�«�D¥�{ü1w4�Cðk∮
C

f(z)dz = 0.

y²µdD�üëÏ5�Ú�ÜÈ©½n§4´C�±À�|z − z0| = r§Ù
¥B(z0, r) ⊂ D. Ïd∮

C

f(z)dz =

∮
|z−z0|=r

f(z)dz =

∫ 2π

0

f(z0 + reiθ)ireiθdθ.

qÏ�limz→z0(z − z0)f(z) = 0§¤±k

lim
r→0

f(z0 + reiθ)reiθ = 0, lim
r→0

∮
C

f(z)dz =

∮
|z−z0|=r

f(z)dz = 0

Ïd
∮
C
f(z)dz = 0¤á.

18 ÷���O�e�EÈ©µ

(1)

∮
C

ez

z − 2
dz, C : |z − 2| = 1;

(2)

∮
C

cosπz

(z − 1)5
dz, C : |z| = r > 1;

(3)

∮
C

sin z

(z − π
2 )2

dz, C : |z| = 2;

9



(4)

∮
C

dz

(z2 + 1)(z2 + 4)
, C : |z| = 3

2
;

(5)

∮
C

dz

z2 − a2
, C : |z − a| = a;

(6)

∮
C

cos z

z3
dz, C = C1 + C−2 , C1 : |z| = 2, C2 : |z| = 3;

(7)

∮
C

e−z sin z

z3
dz, C : |z − i| = 2;

(8)

∮
C

3z + 2

(z4 − 1)
dz, C : |z − (1 + i)| =

√
2.

)µ(1)

∮
|z−2|=1

ez

z − 2
dz = 2πie2 = 2e2πi;

(2)

∮
|z|=2

cosπz

(z − 1)5
dz =

2πi

4!
(cosπz)(4)(1) = −π

5

12
i;

(3)

∮
|z|=2

sin z

(z − π
2 )2

dz = 2πi cos
π

2
= 0;

(4)

∮
|z|= 3

2

dz

(z2 + 1)(z2 + 4)
= 2πi

(
1

2i · 3
− 1

2i · 3

)
= 0;

(5)

∮
|z−a|=a

dz

z2 − a2
= 2πi · 1

2a
=
πi

a
;

(6)

∮
|z|=2

cos z

z3
dz −

∮
|z|=3

cos z

z3
dz = 0;

(7)

∮
|z−i|=2

e−z sin z

z2
dz = 2πi(e−z cos z − e−z sin z)(0) = 2πi;

(8)

∮
|z−(1+i)|=

√
2

3z + 2

z4 − 1
dz = 2πi

(
Res

[
3z + 2

z4 − 1
, 1

]
+ Res

[
3z + 2

z4 − 1
, i

])
= −π + πi.

19 �¼êf(z)�g(z)3«�DS??)Û. �C´DS��^{ü1w4�
�CSÜ�ÜáuD. y²e�ª'Xf(z) = g(z)éCþ¤k:¤á§K�ª'
Xf(z) = g(z)éCSÜ¤k:�¤á.

y²µ?�CSÜ��:z0§d�ÜÈ©úª��

f(z0) =
1

2πi

∮
C

f(z)

z − z0
dz, g(z0) =

1

2πi

∮
C

g(z)

z − z0
dz.

du3Cþf(z) = g(z)§Ïdf(z0) = g(z0).

20 �¼êf(z)3|z| 6 1þ)Û�f(0) = 1§O�È©

1

2πi

∮
|z|=1

{
2±

(
z +

1

z

)}
f(z)

dz

z

10



2|^4�I�Ñeª

2

π

∫ 2π

0

f(eiθ) cos2 θ

2
dθ = 2 + f ′(0),

2

π

∫ 2π

0

f(eiθ) sin2 θ

2
dθ = 2− f ′(0).

)µd�ÜÈ©úª��

1

2πi

∮
|z|=1

[
2±

(
z +

1

z

)]
f(z)

dz

z
=

1

2πi

∮
|z|=1

[
2f(z)

z
±
(
f(z) +

f(z)

z2

)]
dz = 2f(0)±f ′(0).

-z = eiθ§Kz +
1

z
= 2 cos θ,

dz

z
= idθ§Ïd

1

2πi

∮
|z|=1

[
2 +

(
z +

1

z

)]
f(z)

dz

z
=

1

2πi

∫ 2π

0

(2 + 2 cos θ)f(eiθ)dθ =
2

π

∫ 2π

0

f(eiθ) cos2 θ

2
dθ,

1

2πi

∮
|z|=1

[
2−

(
z +

1

z

)]
f(z)

dz

z
=

1

2πi

∫ 2π

0

(2− 2 cos θ)f(eiθ)dθ =
2

π

∫ 2π

0

f(eiθ) sin2 θ

2
dθ.

�k

2

π

∫ 2π

0

f(eiθ) cos2 θ

2
dθ = 2f(0) + f ′(0) = 2 + f ′(0),

2

π

∫ 2π

0

f(eiθ) sin2 θ

2
dθ = 2f(0)− f ′(0) = 2− f ′(0).

21 O�e�EÈ©µ

(1)

∫
C1

1

z
dzÚ

∫
C2

1

z
dz§Ù¥C1ÚC2©O�l:(1, 0)Ñu�:(−1, 0) �þ�

Úe��±;

(2) ��È© ∮
|z|=r

zezdz

(z − a)8
, |a| < r;

(3) ��È© ∮
|z|=2

ezdz

z(1− z)3
.

)µ(1)

∫
C1

1

z
dz =

∫ π

0

idθ = πi,

∫
C2

1

z
dz =

∫ −π
0

idθ = −πi;

(2)

∮
|z|=r

zezdz

(z − a)8
=

2πi

7!
(zez)(7)(a) =

πi

2520
ea(a+ 7);
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(3)

∮
|z|=2

ezdz

z(1− z)3
= 2πi− 2πi

2

(
ez

z

)(2)

(1) = (2− e)πi.

22 éu|a| < 1y²e���È©�ªµ

1

2πi

∮
|z|=1

z + a

z − a
· zn−1dz =

{
2an, n > 1,
0, n < 0.

)µ�n > 1�§Kk

1

2πi

∮
|z|=1

z + a

z − a
· zn−1dz = [(z + a)zn−1](a) = 2an.

�n < 0�§k

z + a

z − a
=

1 + a
z

1− a
z

=
(

1 +
a

z

)(
1 +

a

z
+ · · ·+ ak

zk
+ · · ·

)
, ∀|z| = 1.

Ïd
z + a

z − a
· zn−1¥âKÐm��pgê�n− 1g§d

∮
|z|=1

dz

zk
= 0(k > 1)��

1

2πi

∮
|z|=1

z + a

z − a
· zn−1dz = 0.

23 O���È© ∮
C

dz

1 + z4
,

Ù¥C´ý�x2 − xy + y2 + x+ y = 0���>..

)µéuE²¡þ�½��:(a, b)§Ù uý�x2 − xy + y2 + x + y = 0�S
Ü��=�

a2 − ab+ b2 + a+ b < 0

¤á"Ïd¼ê
1

z4 + 1
�o�Û:±

√
2

2
±
√

2

2
i¥�k−

√
2

2
−
√

2

2
i uý�C�

SÜ. Ïd∮
C

dz

1 + z4
= 2πiRes

[
1

z4 + 1
,−
√

2

2
−
√

2

2
i

]
=
π

4
(−
√

2 +
√

2i).
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