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1 y²e�Ø�ª¿`²(1)ª�AÛ¿Âµ

(1)

∣∣∣∣ z|z| − 1

∣∣∣∣ 6 | arg z|, z 6= 0;

(2) |z1 + z2| >
1

2
(|z1|+ |z2|)

∣∣∣∣ z1|z1| +
z2
|z2|

∣∣∣∣ , z1z2 6= 0.

y²µ(1) �z = reiθ(−π < θ 6 π)§ÏdØ�ªÒ�du√
(1− cos θ)2 + sin2 θ 6 |θ|.

=2

∣∣∣∣sin θ2
∣∣∣∣ 6 |θ|. dêÆ©Û¥Ø�ªsinx 6 xØJy²þãØ�ª. AÛ¿Â

´ü �±þü:�m���ålØ�uü:�m�l�.

(2) éØ�ªü>�²��Ø�ª�du

|z1|2 + |z2|2 + z1z2 + z1z2 >
1

4
(|z1|+ |z2|)2

[
2 +

1

|z1z2|
(z1z2 + z1z2)

]
.

ÏL£��duy²Ø�ª

1

2
(|z1|2 − 2|z1z2|+ |z2|2) >

1

4
(|z1|2 − 2|z1z2|+ |z2|2) · 1

|z1z2|
· (z1z2 + z1z2).

z{��duy²Ø�ª

2|z1z2| > z1z2 + z1z2.

dØ�ª|z1 + z2| 6 |z1|+ |z2|���ÑþãØ�ª.

2 y²�Ü-iù�§�4�I/ª´

∂u

∂r
=

1

r
· ·∂v
∂θ
,

∂v

∂r
= −1

r
· ∂u
∂θ
.

y²µdóª¦�{K��

∂u

∂r
=
∂u

∂x
cos θ +

∂u

∂y
sin θ,

∂u

∂θ
= −r ∂u

∂x
sin θ + r

∂u

∂y
cos θ,

∂v

∂r
=
∂v

∂x
cos θ +

∂v

∂y
sin θ,

∂v

∂θ
= −r ∂v

∂x
sin θ + r

∂v

∂y
cos θ.
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Ïd^�
∂u

∂r
=

1

r
· ∂v
∂θ
,

∂v

∂r
= −1

r
· ∂u
∂θ

�du

∂u

∂x
cos θ +

∂u

∂y
sin θ = −∂v

∂x
sin θ +

∂v

∂y
cos θ,

∂v

∂x
cos θ +

∂v

∂y
sin θ =

∂u

∂x
sin θ − ∂u

∂y
cos θ.

´yþã^��du�Ü-iù^�.

3 �´)Û¼ê. y²µ

(1)

(
∂

∂x
|f(z)|

)2

+

(
∂

∂y
|f(z)|

)2

= |f ′(z)|2;

(2)

[
∂2

∂x2
+

∂2

∂y2

]
|f(z)|2 = 4|f ′(z)|2.

y²µ(1) ·���

|f(z)| =
√
u2 + v2,

Ïdk

∂

∂x
|f(z)| = uux + vvx√

u2 + v2
,

∂

∂y
|f(z)| = uuy + vvy√

u2 + v2
.

d�Ü-iù^���
∂

∂y
|f(z)| = −uvx + vux√

u2 + v2
.

Ïd

(
∂

∂x
|f(z)|)2 + (

∂

∂y
|f(z)|)2 =

(u2 + v2)(u2x + v2x)

u2 + v2
= |f ′(z)|2.

(2) ·�k

|f(z)|2 = u2 + v2,

∂

∂x
|f(z)|2 = 2uux + 2vvx,

∂

∂y
|f(z)|2 = 2uuy + 2vvy.

Ïdk

∂2

∂x2
|f(z)|2 = 2uxux + 2vxvx + 2uuxx + 2vvxx,

∂2

∂y2
|f(z)|2 = 2uyuy + 2vyvy + 2uuyy + 2vvyy.
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d�Ü-iù^�Úu, v�NÚ5��

[
∂2

∂x2
+

∂2

∂y2
]|f(z)|2 = 4(u2x + v2x) + 2u(∆u) + 2v(∆v) = 4|f ′(z)|2.

4 y²¼ê

f(z) =


x3y(y − ix)

x6 + y2
, z 6= 0;

0, z = 0

(1) 3z = 0?ëY¶

(2) 3z = 0?÷vCauchy-Riemann^�¶

(3) 3z = 0?÷L�:��Ñ����êÑ´0¶

(4) 3z = 0?Ø��.

y²µ(1) ²*	��

f(z) =
x3y

x6 + y2
(−iz), ∀z 6= 0.

dØ�ª|x6 + y2| > 2|x3y|��

|f(z)| 6 1

2
|z|, lim

z→0
f(z) = 0.

=¼êf(z)3z = 0?ëY.

(2) duf(x) = f(iy) = 0§Ïdk

∂f

∂x
(0, 0) =

∂f

∂y
(0, 0) = 0,

∂u

∂x
(0, 0) =

∂v

∂x
(0, 0) =

∂u

∂y
(0, 0) =

∂v

∂y
(0, 0) = 0.

�¼êf(z)÷v�Ü-iù^�.

(3) ¼ê
f(z)

z
= −i x3y

x6 + y2
.

�z÷�^��ª�u"�§¼ê
f(z)

z
�ª�u"§=¼êf(z)3":?��

��êÑ�u".

(4) �z÷­�y = x3ª�u"�§¼ê
f(z)

z
���− i

2
. Ïd¼êf(z)3"

:?Ø��.

5 �C��SÜ�¹¢ê¶þ�ã[a, b]�{ü1w4­�§¼êf(z)3CS9
Ùþ)Û�3[a, b]þ�¢�§y²éu[a, b]þ?ü:z1, z2§o�3[a, b]þ�
:z0÷v ∮

C

f(z)

(z − z1)(z − z2)
dz =

∮
C

f(z)

(z − z0)2
dz.

3



y²µ¼êf(z)��3[a, b]þ´��¢��¼ê§d.�KF¥�½n��§
é[a, b]¥?¿ü:z1, z2§�3[a, b]¥�:z0÷v

f(z1)− f(z2)

z1 − z2
= f ′(z0).

d�±È©úª��

f(z1)− f(z2)

z1 − z2
=

1

2πi

∮
C

f(z)

(z − z1)(z − z2)
dz, f ′(z0) =

1

2πi

∮
C

f(z)

(z − z0)2
dz.

Ïd ∮
C

f(z)

(z − z1)(z − z2)
dz =

∮
C

f(z)

(z − z0)2
dz.

6 éu3��E²¡þ)Û�¼êf(z)§O���È©∮
|z|=R

f(z)dz

(z − a)(z − b)
, |a| < R, |b| < R.

¿^dÈ©y²Liouville½n.

y²µd�ÜÈ©úª��∮
|z|=R

f(z)dz

(z − a)(z − b)
= 2πi

(
f(a)

a− b
+

f(b)

b− a

)
= 2πi · f(a)− f(b)

a− b
.

ef(z)´���²¡)Û�k.¼ê§�M = supz∈C |f(z)|§Kéu?���
�":z0§k

f(z0)− f(0)

z0
=

1

2πi

∮
|z|=R

f(z)dz

z(z − z0)
, ∀R > |z0|.

Ïdk ∣∣∣∣f(z0)− f(0)

z0

∣∣∣∣ 6 1

2π
· M

R(R− |z0|)
· 2πR =

M

R− |z0|
.

�Rª�Ã¡��§
M

R− |z0|
ª�u"§Ïd�U´f(z0) = f(0)§=f(z)´�

�~�¼ê.

7 ^EÈ©y²éu��E²¡(Rez < 0)þü�Eêz1Úz2§e�Ø�ª¤
áµ

|ez1 − ez2 | 6 |z1 − z2|.

y²µ�C�l:z2�:z1�����ã§Kk

|ez1 − ez2 | =
∣∣∣∣∫
C

eζdζ

∣∣∣∣ 6 max |eζ |
∫
C

|dζ| = max |eζ ||z1 − z2|.
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du�ãCÑ3��²¡¥§Ïdkmax |eζ | 6 1§·K�y.

8 �f(z)´��E²¡þ�)Û¼ê§p(z) = zn + an−1z
n−1 + · · · + a0´�

�Ä�Xê�1�Eõ�ª§y²e�Ø�ª¤áµ

|f(0)| 6 1

2π

∫ 2π

0

|f(eiθ)p(eiθ)|dθ.

y²µ½Âõ�ªq(z) = 1 + an−1z + · · ·+ a0z
n, Ïd

f(0) = f(0)q(0) =
1

2πi

∮
|z|=1

f(z)q(z)

z
dz.

���O�

|f(0)| 6 1

2π

∮
|z|=1

|f(z)q(z)|
|z|

|dz| = 1

2π

∫ 2π

0

|f(eiθ)q(eiθ)|dθ.

?�Ú/k∫ 2π

0

|f(eiθ)q(eiθ)|dθ =

∫ 2π

0

|f(eiθ)q(eiθ)|
|einθ|

dθ

=

∫ 2π

0

|f(eiθ)||e−inθ + an−1e−i(n−1)θ + · · ·+ a0|dθ

=

∫ 2π

0

|f(eiθ)||p(eiθ)|dθ =

∫ 2π

0

|f(eiθ)||p(eiθ)|dθ.

·K�y.

9 y²�3�¢êM§éu?¿��õ�ªp(z)e�Ø�ªÑ¤áµ

max
|z|=1

|z−1 − p(z)| >M.

y²µ·�¦^�y{§b�éu?�g,ên§Ñ�3��õ�ªpn(z)÷
v

|f(z)− pn(z)| < 1

n
, ∀|z| = 1,

Kk ∮
|z|=1

1

z
dz = lim

n→∞

∮
|z|=1

pn(z)dz = 0,

�

∮
|z|=1

1

z
dz = 2πi�gñ§��·K�y.

10 O�½È© ∫ 2π

0

ee
2iθ−3iθdθ.
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)µ-z = eiθ§Ïdk∫ 2π

0

ee
2iθ−3iθdθ =

1

i

∮
|z|=1

ez
2

z4
dz.

dp��ÜÈ©úª��

1

i

∮
|z|=1

ez
2

z4
dz =

1

i

2πi

3!
(ez

2

)(3)(0).

²O�k
(ez

2

)(3) = (8z3 + 12z)ez
2

,

Ïd ∫ 2π

0

ee
2iθ−3iθdθ = 0.
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