
���)� A|

1 ¦e��?ê�Âñ�»µ

(1)

∞∑
n=0

n

2n
zn; (2)

∞∑
n=0

n!

nn
zn;

(3)

∞∑
n=0

[3 + (−1)n]nzn; (4)
∞∑
n=0

cos(in)zn;

(5)

∞∑
n=0

(n+ an)zn, a ∈ R;

(6) 1 +

∞∑
n=1

α(α+ 1) · · · (α+ n− 1)β(β + 1) · · · (β + n− 1)

n!γ(γ + 1) · · · (γ + n− 1)
zn,Ù¥E~êα, β, γØ

´K�êÚ0.

)µ(1) lim
n→∞

n
√
an =

1

2
§Âñ�»�2;

(2) lim
n→∞

an+1

an
= lim
n→∞

(
n

n+ 1

)n
=

1

e
, Âñ�»�e¶

(3) lim
n→∞

n
√
an = 4§Âñ�»�

1

4
;

(4) lim
n→∞

n
√
an = lim

n→∞

n

√
en + e−n

2
= e, Âñ�»�

1

e
;

(5) e|a| 6 1§ lim
n→∞

n
√
an = 1§Âñ�»�1¶e|a| > 1§ lim

n→∞
n
√
|an| = |a|§

Âñ�»�
1

|a|
¶

(6) lim
n→∞

an+1

an
= lim
n→∞

(n+ α)(n+ β)

n(n+ γ)
= 1, Âñ�»�1.

2 òe�¼êÐm¤'uz��?ê¿¦ÙÂñ�»µ

(1)
1

(1 + z5)2
; (2) sin2 z; (3) shz;

(4) cosz · chz; (5) ln 1 + z

1− z
; (6) ln(z2 − 3z + 2);

(7) [ln(1− z)]2; (8)
∫ z

0

sin ζ

ζ
dζ;

(9)

∫ z
0
eζdζ

1− z
; (10)

√
z + i

(√
i =

1 + i√
2

)
.

)µ(1)
1

(1 + z5)2
=

∞∑
n=0

(−1)n(n+ 1)z5n§Âñ�»�1;

(2) sin2 z =
1− cos 2z

2
=

∞∑
n=1

(−1)n+1 · 2
2n−1z2n

(2n)!
§Âñ�»�+∞;

1



(3) shz =
ez − e−z

2
=

∞∑
n=0

z2n+1

(2n+ 1)!
§Âñ�»�+∞;

(4) ·�k

cosz · chz = 1

2
[ch((1 + i)z) + ch((1− i)z)]

=

∞∑
n=0

(−1)n(4z4)n

(4n)!
,

Âñ�»�+∞;

(5) ln
1 + z

1− z
= ln(1 + z)− ln(1− z) = 2 ·

∞∑
n=0

z2n+1

(2n+ 1)
§Âñ�»�1;

(6) ·�k

ln(z2 − 3z + 2) = ln(1− z) + ln(2− z)

= ln 2−
∞∑
n=1

(
1 +

1

2n

)
· z

n

n
,

Âñ�»�1;

(7) [ln(1− z)]2 =

( ∞∑
n=1

zn

n

)2

=

∞∑
n=2

anz
n§Ù¥

an =

n−1∑
k=1

1

k(n− k)
,

Âñ�»�1¶

(8)

∫ z

0

sin ζ

ζ
dζ =

∫ z

0

( ∞∑
n=0

(−1)n ζ2n

(2n+ 1)!

)
dζ =

∞∑
n=0

(−1)n z2n+1

(2n+ 1)(2n+ 1)!
§

Âñ�»�+∞;

(9)

∫ z
0
eζdζ

1− z
=

( ∞∑
n=1

zn

n!

)( ∞∑
n=0

zn

)
=

∞∑
n=1

anz
n§Ù¥an =

n∑
k=1

1

k!
§Âñ�»

�1;

(10) ·�k

√
z + i =

1 + i√
2
·
√
1 +

z

i

=
1 + i√

2

[
1− iz

2
−
∞∑
n=2

1

22n−1n
·
(
2n− 2

n− 1

)
(iz)n

]
,

Âñ�»�1.

2



3 ¦e�¼ê3:z0?��VÐm¿(½Âñ�»µ

(1)
z − 1

z + 1
, z0 = 1; (2)

z

(z + 1)(z + 2)
, z0 = 2;

(3)
1

z2
, z0 = −1; (4) 1

4− 3z
, z0 = 1 + i;

(5) f(z) =

∫ z

0

eζ
2

dζ, z0 = 0; (6) sin(2z − z2), z0 = 1;

(7) ln z, z0 = i; (8) e

1

2− z , z0 = 1.

)µ(1)
z − 1

z + 1
=

z − 1

2 + (z − 1)
=

∞∑
n=1

(−1)n+1 · (z − 1)n

2n
§Âñ�»�2¶

(2) ·�k

z

(z + 1)(z + 2)
=

2

4 + (z − 2)
− 1

3 + (z − 2)

=

∞∑
n=0

(−1)n+1

(
1

3 · 3n
− 1

2 · 4n

)
(z − 2)n,

Âñ�»�3¶

(3)
1

z2
=

1

[1− (z + 1)]2
=

∞∑
n=0

(n+ 1)(z + 1)n§Âñ�»�1¶

(4) ·�k

1

4− 3z
=

1

(1− 3i)− 3[z − (1 + i)]

=
1 + 3i

10
·

[ ∞∑
n=0

3n(1 + 3i)n

10n
· (z − 1− i)n

]
,

Âñ�»�

√
10

3
¶

(5) f(z) =

∞∑
n=0

z2n+1

(2n+ 1)n!
§Âñ�»�+∞¶

(6) ·�k

sin(2z − z2) = sin[1− (z − 1)2]

= sin 1 ·

[ ∞∑
n=0

(−1)n (z − 1)4n

(2n)!

]
− cos 1 ·

[ ∞∑
n=0

(−1)n (z − 1)4n+2

(2n+ 1)!

]
,

Âñ�»�+∞¶

3



(7) ·�k

ln z = ln(i+ z − i)

= ln i+ ln(1− i(z − i))

=
π

2
i−

∞∑
n=1

in(z − i)n

n
,

Âñ�»�1¶

(8) ·�k

e
1

2−z = e
1

1−(z−1)

= e(1 +

∞∑
n=1

an(z − 1)n),

Ù¥an =
n∑
k=1

1

k!
§Âñ�»�1.

4 �f(z)´ü ��S�)Û¼ê§�÷v

f(z) = f(ze
2πi
N ), ∀|z| < 1.

y²�3ü ��þ�)Û¼êg(z)¦�f(z) = g(zN ).

y²µ�¼êf(z)3ü ��p��VÐm�

f(z) =

∞∑
n=0

anz
n,

�

g(z) =

∞∑
k=0

akNz
k,

-h(z) = f(z) − g(zN ), eh(z)Ø�"§�amz
m´h(z)�VÐm�Ä�§�

�m - N . Kk

1 = lim
z→0

h(z)

amzm
= lim
z→0

h(ze
2πi
N )

am(ze
2πi
N )m

= lim
z→0

h(z)

am(ze
2πi
N )m

= e
−2mπi
N .

Ïd�U´f(z) = g(zN ).

5 òe�¼ê3�½��SÐm¤âK?êµ

(1)
1

(z2 + 1)(z − 3)
, 1 < |z| < 3Ú|z| > 3;

(2)
ez

z(z2 + 1)
, 0 < |z| < 1Ú|z| > 1;

(3)
1

(z − 1)(z − 2)
, |z| < 1, 1 < |z| < 2, |z| > 2, 0 < |z − 1| < 1Ú|z − 2| > 1;

4



(4)
1

z(1− z)2
, 0 < |z| < 1, |z| > 1, 0 < |z − 1| < 1Ú|z − 1| > 1;

(5)
1

z(i− z)
, 0 < |z| < 1, |z| > 1, 0 < |z − i| < 1Ú|z − i| > 1;

(6)
1

z(z + 2)3
, 0 < |z| < 2, |z| > 2, 0 < |z + 2| < 2Ú|z + 2| > 2;

(7)
z2 − 2z + 5

(z − 2)(z2 + 1)
, 0 < |z| < 1, 1 < |z| < 2, |z| > 2Ú|z − 2| < 1;

(8)
1

(z2 + 1)2
, 0 < |z − i| < 2, |z − i| > 2Ú|z| > 1;

(9) z2 sin

(
1

1− z

)
, |z − 1| > 0;

(10) sin z · sin 1

z
, |z| > 0;

(11) cos
z2 − 4z

(z − 2)2
, |z − 2| > 0;

(12) e
z+

1

z , |z| > 0;

(13) e

1

1− z , |z − 1| > 0Ú|z| > 1;

(14) ln
z − 1

z − 2
, |z| > 2;

(15)
√
(z − 1)(z − 2) (

√
2 > 0), |z| > 2.

)µ(1)
1

(z2 + 1)(z − 3)
=

1

10(z − 3)
− z + 3

10(z2 + 1)
§�|z| > 3�§·�k

1

10(z − 3)
=

1

10

∞∑
n=1

3n−1

zn
,

z + 3

10(z2 + 1)
=

1

10

∞∑
n=0

(−1)n 1

z2n+1
+

3

10

∞∑
n=0

(−1)n 1

z2n+2
.

�1 < |z| < 3�§·�k

1

10(z − 3)
= − 1

30

∞∑
n=0

zn

3n
,

z + 3

10(z2 + 1)
=

1

10

∞∑
n=0

(−1)n 1

z2n+1
+

3

10

∞∑
n=0

(−1)n 1

z2n+2
.

(2) �0 < |z| < 1�§k

ez

z(z2 + 1)
=

1

z

( ∞∑
n=0

zn

n!

)( ∞∑
n=0

(−1)nz2n
)

=
1

z
·
∞∑
n=0

anz
n,

5



Ù¥

a2n =

n∑
k=0

(−1)k 1

(2n− 2k)!
, a2n+1 =

n∑
k=0

(−1)k 1

(2n− 2k + 1)!
.

�|z| > 1�§k

ez

z(z2 + 1)
=

1

z3

( ∞∑
n=0

zn

n!

)( ∞∑
n=0

(−1)n 1

z2n

)
=

1

z3
·
∞∑

n=−∞
anz

n,

Ù¥

an =

∞∑
k=0

(−1)k

(2k + n)!
, a−n =

∑
2k≥n

(−1)k

(2k − n)!
, n > 0.

(3) ·�k©)
1

(z − 1)(z − 2)
=

1

z − 2
− 1

z − 1
§K·�k

1

z − 1
= −

∞∑
n=0

zn, |z| < 1,

1

z − 1
=

∞∑
n=1

1

zn
, |z| > 1,

1

z − 2
= −

∞∑
n=0

zn

2n+1
, |z| < 2,

1

z − 2
=

∞∑
n=1

2n−1

zn
, |z| > 2.

�0 < |z − 1| < 1�§

1

z − 2
− 1

z − 1
= −

∞∑
n=−1

(z − 1)n.

�|z − 2| > 1�§

1

z − 2
− 1

z − 1
=

∞∑
n=2

(−1)n 1

(z − 2)n
.

(4) �0 < |z| < 1�§·�k

1

z(1− z)2
=

1

z

( ∞∑
n=0

zn

)2

=

∞∑
n=0

(n+ 1)zn−1.

�|z| > 1�§·�k

1

z(1− z)2
=

1

z3

( ∞∑
n=0

1

zn

)2

=

∞∑
n=0

(n+ 1)

zn+3
.

6



�0 < |z − 1| < 1�§·�k

1

z(1− z)2
=

∞∑
n=0

(−1)n(z − 1)n−2.

�|z − 1| > 1�§·�k

1

z(1− z)2
=

∞∑
n=0

(−1)n 1

(z − 1)n+3
.

(5) �0 < |z| < 1�§·�k

1

z(i− z)
= −i

∞∑
n=0

(−1)ninzn−1.

�|z| > 1�§·�k

1

z(i− z)
= −

∞∑
n=0

in

zn+2
.

�0 < |z − i| < 1�§·�k

1

z(i− z)
= i

∞∑
n=0

in(z − i)n−1.

�|z − i| > 1�§·�k

1

z(i− z)
= −

∞∑
n=0

(−1)n in

(z − i)n+2
.

(6) �0 < |z| < 2�§k

1

z(z + 2)3
=

∞∑
n=0

(−1)n (n+ 2)!zn−1

2n+4 · n!
.

�|z| > 2�§k

1

z(z + 2)3
=
∞∑
n=0

(−1)n 2
n−1(n+ 2)!

n! · zn+4
.

�0 < |z + 2| < 2�§k

1

z(z + 2)3
= −

∞∑
n=0

(z + 2)n−3

2n+1
.

�|z + 2| > 2�§k

1

z(z + 2)3
=

∞∑
n=0

2n

(z + 2)n+4
.

7



(7) ·�k©)
z2 − 2z + 5

(z − 2)(z2 + 1)
=

1

z − 2
− 2

z2 + 1
§Kk

1

z − 2
= −

∞∑
n=0

zn

2n+1
, |z| < 2,

1

z − 2
=

∞∑
n=1

2n−1

zn
, |z| > 2,

2

z2 + 1
= 2

∞∑
n=0

(−1)nz2n, |z| < 1,

2

z2 + 1
= 2

∞∑
n=0

(−1)n 1

z2n+2
, |z| > 1.

-ζ = z − 2§�|ζ| < 1�

z2 − 2z + 5

(z − 2)(z2 + 1)
=

1

ζ
− 2

ζ2 + 4ζ + 5
=

1

ζ
+ i(

1

ζ + 2− i
− 1

ζ + 2 + i
)

=
1

ζ
+ i

∞∑
n=0

(−1)n ζn

(2− i)n+1
+ i

∞∑
n=0

(−1)n ζn

(2 + i)n+1
.

(8) �0 < |z − i| < 2�§k

1

(z2 + 1)2
= −1

4

∞∑
n=0

(n+ 1)in(z − i)n−2

2n
.

�|z − i| > 2�§k

1

(z2 + 1)2
=

∞∑
n=0

(−1)n(n+ 1)(2i)n

(z − i)n+4
.

�|z| > 1�§k

1

(z2 + 1)2
=

∞∑
n=0

(−1)n(n+ 1)

z2n+4
.

(9) ·�k©)

z2 sin

(
1

1− z

)
= −[(z − 1)2 + 2(z − 1) + 1] sin

(
1

z − 1

)
Ïdk

z2 sin(
1

1− z
) = −(z−1)+

∞∑
n=0

(−1)n+1 2

(2n+ 1)!(z − 1)2n
+

∞∑
n=0

(−1)n+1 4n2 + 10n+ 5

(2n+ 3)!(z − 1)2n+1
.

(10) d�§>f�ùÂ

sin z · sin 1

z
=

∞∑
n=−∞

a2nz
2n,

8



Ù¥

a2n = a−2n, a2n = (−1)n
∞∑
k=0

1

(2k + 1)!(2n+ 2k + 1)!
, ∀n > 0.

(11) ·�k©)

cos
z2 − 4z

(z − 2)2
= cos

(
1− 4

(z − 2)2

)
= cos 1 · cos 4

(z − 2)2
+ sin 1 · sin 4

(z − 2)2
,

Ïdk

cos
z2 − 4z

(z − 2)2
= cos 1 ·

∞∑
n=0

(−1)n 24n

(z − 2)4n
+ sin 1 ·

∞∑
n=0

(−1)n 24n+2

(z − 2)4n+2
.

(12) d>f�ùÂ

ez+
1
z =

∞∑
n=0

anz
n,

Ù¥

an = a−n, an =

∞∑
l=0

1

l!(n+ l)!
, ∀n > 0.

(13) �|z − 1| > 0�§k

e
1

1−z =

∞∑
n=0

(−1)n 1

n!(z − 1)n
.

�|z| > 1�§e
1

1−z = e
1
z ·

1

1− 1
z §d>f�ùÂ

e
1

1−z = 1 +

∞∑
n=1

[
n∑
k=1

1

k!

(
n− 1

k − 1

)]
1

zn
.

(14) �|z| > 2�§·�k

ln
z − 1

z − 2
= ln

(
1− 1

z

)
− ln

(
1− 2

z

)
=

∞∑
n=1

2n − 1

zn
.

(15) �|z| > 2�§·�k

√
(z − 1)(z − 2) = z

√
1− 1

z
·
√
1− 2

z
= z

(
1 +

∞∑
n=1

(−1)nCn
1

zn

)(
1 +

∞∑
n=1

(−1)nCn
2n

zn

)
,

Ù¥Cn =

∏n−1
k=0(

1
2 − k)
n!

. Ø��C0 = 1§Kk

√
(z − 1)(z − 2) = z

(
1 +

∞∑
n=1

an
1

zn

)
,

9



Ù¥

an = (−1)n
n∑
k=0

CkCn−k2
k.

6 �p´���ê§y²¼ê
sin z

zp
3«�|z| > 0þ�3�¼ê��=�p´Û

ê.

y²µ¼ê
sin z

zp
3«�|z| > 0þ�âKÐm�

∞∑
n=0

(−1)n z
2n+1−p

(2n+ 1)!
.

�p�Ûê�§é?��K�ên§2n + 2 − pþØ�"§Ïd sin z

zp
3|z| > 0 þ

��¼ê�
∞∑
n=0

(−1)n z2n+2−p

(2n+ 2− p)(2n+ 1)!
.

ep�óê§K
sin z

zp
âK?êÐm¥k

1

z
�§


1

z
3|z| > 0þ¿vk�¼ê.

7 (½e�¼ê3E²¡��áÛ:9Ùa.§¿(½4:��êµ

(1)
1

z3(z2 + 1)2
; (2)

ez sin z

z2
; (3)

1

z3 − z2 − z + 1
;

(4)
1

sin z
; (5)

z

(1 + z2)(1 + ez)
; (6) sin

1

1− z
;

(7) e
z−

1

z ; (8) sin
1

z
+

1

z2
; (9) e

z

1− z ;

(10)
z2n

1 + zn
; (11)

ln(z + 1)

z
; (12)

e
1

1−z

ez − 1
;

)µ(1) z = 0�n�4:§z = ±i���4:¶

(2) z = 0���4:¶

(3) z = −1���4:§z = 1���4:¶

(4) z = kπ���4:¶

(5) z = ±iÚz = (2k + 1)πiÑ´��4:¶

(6) z = 1��5Û:¶

(7) z = 0��5Û:¶

(8) z = 0��5Û:¶

10



(9) z = 1��5Û:¶

(10) z = e
(2k+1)πi

n ´��4:¶

(11) z = 0���Û:¶

(12) z = 1��5Û:§z = 2kπi´��4:.

8 �Ñe�¼ê3Ã¡�:�5�µ

(1)
1

z − z3
; (2)

z4

1 + z4
;

(3)
z6

(z2 − 3)2 cos
1

z − 2

; (4)
1

ez − 1
− 1

z
;

(5)
ez

z(1− e−z)
; (6) e−z cos

1

z
.

)µ(1) ∞:´��Û:§∞?4��"¶

(2) ∞:´��Û:§∞?4��1¶

(3) ∞:´��4:¶

(4) ∞:´�5Û:¶

(5) ∞:´�5Û:¶

(6) ∞:´�5Û:.

9 (½e�¼ê3*¿E²¡��áÛ:9Ùa.§¿(½4:��êµ

(1) sin
z

z + 1
; (2) e

z+
1

z ; (3) sin z · sin 1

z
;

(4)
shz

chz
; (5) sin

 1

sin
1

z

; (6) tan2 z;
(7)

1

sin z − sin a
; (8)e

tan
1

z .

)µ(1) z = −1´�5Û:§z =∞´��Û:¶

(2) z = 0Úz =∞Ñ´�5Û:¶

(3) z = 0Úz =∞Ñ´�5Û:¶

(4) z =

(
n+

1

2

)
πi´��4:§z =∞´�5Û:¶

11



(5) z =
1

nπ
´�5Û:¶

(6) z =

(
n+

1

2

)
π´��4:§z =∞´�5Û:¶

(7) eaØ´π��ê�§z = a+ 2nπ´��4:¶ea´π��ê�§z = nπ´
��4:¶z =∞´�5Û:¶

(8) z =
1(

n+ 1
2

)
π
´�5Û:.

10 ¼êf(z) =
1

(z − 1)(z − 2)3
3z = 2?k��n�4:§d¼êqkXe

�âKÐmª

1

(z − 1)(z − 2)3
= · · ·+ 1

(z − 2)6
− · · ·+ 1

(z − 2)5
+ · · ·+ 1

(z − 2)4
, |z− 2| > 1.

¤±/z = 2q´f(z)����5Û:0¶qþ¡�âKÐmª¥Ø¹k
1

z − 2
�

�§ÏdRes[f(z), 2] = 0. ù
(Øéíº

�µ¼êf(z)3«�0 < |z − 2| < 1þ�âK?êÐm´

∞∑
n=0

(−1)n(z − 2)n−3.

Ïdf(z)3z = 2?�3ê�1. �áÛ:�5�d¼ê3�%��þâKÐmª
û½§ÏdKZ¥�âKÐmªØUû½z = 2�Û:5�.

11 �f(z)´«�Dþ�ü�¼ê§3«�DþØ�k���á4:	�«�

þ)Û§y²¼ê
f ′(z)

f(z)
3f(z)�4:Ú":þ´{ü4:§3«�DþÙ¦:

)Û.

y²µdu¼êf(z)´ü�¼ê§Ïd¼êf(z)Ø�U3,�«�Sð�u

"§Ïd¼êf(z) �":Ñ´k���§=Ñ´�á":. w,¼ê
f ′(z)

f(z)
3

¼êf(z)�":Ú4:±	Ñ´)Û�. �z0´¼êf(z)���m�":§K¼
êf(z)3:z0?��VÐm�

am(z − z0)m + am+1(z − z0)m+1 + am+2(z − z0)m+2 + · · · , am 6= 0.

Ïd¼ê
f ′(z)

f(z)
3:z0?�âKÐm�

mam(z − z0)m−1 + (m+ 1)am+1(z − z0)m + (m+ 2)am+2(z − z0)m+1 + · · ·
am(z − z0)m + am+1(z − z0)m+1 + am+2(z − z0)m+2 + · · ·

,

z{�

mam + (m+ 1)am+1(z − z0) + (m+ 2)am+2(z − z0)2 + · · ·
am(z − z0) + am+1(z − z0)2 + am+2(z − z0)3 + · · ·

.

12



Ïd:z0´¼ê
f ′(z)

f(z)
���4:. éu¼êf(z)4:�y²�{aq.

12 O�e�¼ê3*¿E²¡þ�áÛ:þ�3êµ

(1)
1

z3 − z5
; (2)

z2n

1 + zn
; (3)

z2n

(1 + z)n
;

(4)
sin 2z

(z + 1)3
; (5)

ez

z2(z2 + 9)
; (6) tan z;

(7)
1

sin z
(8) cot2 z; (9) cos

z2 + 4z − 1

z + 3
;

(10) zn sin
1

z
; (11)

1

sin 1
z

; (12)
1

z(1− e−hz)
(h > 0).

)µ(1) ·�k

Res

[
1

z3 − z5
, 0

]
= Res

[
1

z3
(1 + z2 + z4 + · · · ), 0

]
= 1,

Res

[
1

z3 − z5
,±1

]
=

1

3z2 − 5z4
(±1) = −1

2
,

Res

[
1

z3 − z5
,∞
]
= 0.

(2) eω÷vωn + 1 = 0§·�k

Res

[
z2n

1 + zn
, ω

]
=

ω2n

nωn−1
= −ω

n
, Res

[
z2n

1 + zn
,∞
]
= 0.

(3) ·�k

Res

[
z2n

(1 + z)n
,−1

]
= (−1)n+1

(
2n

n− 1

)
,

Res

[
z2n

(1 + z)n
,∞
]
= (−1)n

(
2n

n− 1

)
.

(4) ·�k

Res

[
sin 2z

(z + 1)3
,−1

]
= −2 sin 2z(−1) = 2 sin 2,

Res

[
sin 2z

(z + 1)3
,∞
]
= −2 sin 2.

13



(5) ·�k

Res

[
ez

z2(z2 + 9)
, 0

]
=

ez(z2 + 9)− 2zez

(z2 + 9)2
(0) =

1

9
,

Res

[
ez

z2(z2 + 9)
, 3i

]
=

ez

2z3
(3i) = − 1

54
(sin 3− cos i)

Res

[
ez

z2(z2 + 9)
,−3i

]
=

ez

2z3
(−3i) = − 1

54
(sin 3 + cos i),

Res

[
ez

z2(z2 + 9)
,∞
]
=

sin 3− 3

27
.

(6) ·�k

Res

[
tan z, (n+

1

2
)π

]
= −1.

(7) ·�k

Res

[
1

sin z
, nπ

]
= (−1)n.

(8) d�ª

cot(nπ + (z − nπ)) = sin(z − nπ)
cos(z − nπ)

·�k

Res
[
cot2 z, nπ

]
= Res

[
cot2 z, 0

]
= Res

[
(1− z2

2 + · · · )2

z2(1− z2

6 + · · · )2
, 0

]
= 0.

(9) ·�k�ª

cos
z2 + 4z − 1

z + 3
= cos

(
z + 3− 2− 4

z + 3

)
= cos

(
2 +

4

z + 3
− z − 3

)
= cos 2 cos

[
4

z + 3
− (z + 3)

]
− sin 2 sin

[
4

z + 3
− (z + 3)

]
.

dukn¼ê

[
4

z + 3
− (z + 3)

]
�óg�¥Ø¹(z + 3)�Ûg�§Ïd

Res

[
cos

[
4

z + 3
− (z + 3)

]
,−3

]
= 0.




[
4

z + 3
− (z + 3)

]2n+1

¥¤¹
1

z + 3
��Xê´(−1)n4n+1

(
2n+ 1

n+ 1

)
§Ïd

Res

[
sin

[
4

z + 3
− (z + 3)

]
,−3

]
=

∞∑
n=0

(−1)n

(2n+ 1)!
· (−1)n4n+1

(
2n+ 1

n+ 1

)

=

∞∑
n=0

4n+1

n!(n+ 1)!
.

14



Ïd

Res

[
cos

z2 + 4z − 1

z + 3
,−3

]
= −Res

[
cos

z2 + 4z − 1

z + 3
,∞
]

= − sin 2 ·
∞∑
n=0

4n+1

n!(n+ 1)!
.

(10) enØ´�Kóê§·�k

Res

[
zn sin

1

z
, 0

]
= Res

[
zn sin

1

z
,∞
]
= 0.

en´�Kóê§·�k

Res

[
zn sin

1

z
, 0

]
= −Res

[
zn sin

1

z
,∞
]
= (−1)n2 1

(n+ 1)!
.

(11) ·�k

Res

[
1

sin 1
z

,
1

nπ

]
= − z2

cos 1
z

(
1

nπ

)
=

(−1)n+1

n2π2
(n 6= 0),

Res

[
1

sin 1
z

,∞
]
= −Res

[
1

sin ζ · ζ2
, 0

]
= −Res

[
1

ζ3
(1 +

ζ2

6
+ · · · ), 0

]
= −1

6
.

(12) ·�k

Res

[
1

z(1− e−hz)
,
2nπi

h

]
=

1

hze−hz

(
2nπi

h

)
=

1

2nπi
,

Res

[
1

z(1− e−hz)
, 0

]
= Res

[
1

hz2(1− hz
2 + · · · )

, 0

]
=

1

2
.

13 ^3êO�e�½È©µ

(1)

∮
C

zdz

(z − 1)(z − 2)2
, C : |z − 2| = 1

2
; (2)

∮
C

dz

1 + z4
, C : x2 + y2 = 2x;

(3)

∮
C

sin z

z
dz, C : |z| = 3

2
; (4)

∮
C

3z3 + 2

(z − 1)(z2 + 9)
dz, C : |z| = 4;

(5)

∮
C

e2z

(z − 1)2
dz, C : |z| = 2; (6)

∮
C

1− cos z

zm
dz, C : |z| = 3

2
,m ∈ Z;

)µ(1) ·�k∮
|z−2|= 1

2

zdz

(z − 1)(z − 2)2
= 2πiRes

[
z

(z − 1)(z − 2)2
, 2

]
= −2πi;

15



(2) ·�k∮
|z−1|=1

dz

1 + z4
= 2πiRes

[
1

1 + z4
,

√
2

2
+

√
2

2
i

]
+ 2πiRes

[
1

1 + z4
,

√
2

2
−
√
2

2
i

]

= −
√
2πi

2
;

(3) ·�k ∮
|z|= 3

2

sin z

z
dz = 0;

(4) ·�k∮
|z|=4

3z2 + 2

(z − 1)(z2 + 9)
dz = 2πi · 1

2
+ 2πi

(
25

18 + 6i
+

25

18− 6i

)
= 6πi;

(5) ·�k ∮
|z|=2

e2z

(z − 1)2
dz = 2πi · 2e2 = 4πe2i;

(6) ·�kâKÐm

1− cos z

zm
=

∞∑
n=1

(−1)n+1 z
2n−m

(2n)!
,

∮
|z|= 3

2

1− cos z

zm
dz =

 (−1)m+1
2 · 2πi

(m− 1)!
, m´�u1�Ûê;

0, Ù¦.

14 ¦e�¼ê3Ã¡�:�3êµ

(1) f(z) =
ez

z2 − 1
;(2) f(z) =

1

z(z + 1)4(z − 4)
;(3) f(z) =

2z

3 + z2
.

)µ(1) d�ª

f

(
1

ζ

)
1

ζ2
=

e
1
ζ

1− ζ2

16



·�k

Res [f(z),∞] = −Res
[
f(

1

ζ
)
1

ζ2
, 0

]
= −

(
1 +

1

3!
+

1

5!
+ · · ·

)
=

1− e2

2e
.

(2) d�ª

f

(
1

ζ

)
1

ζ2
=

ζ4

(1 + ζ)4(1− 4ζ)

·�k
Res[f(z),∞] = 0.

(3) d�ª

f

(
1

ζ

)
1

ζ2
=

2

ζ(1 + 3ζ2)

·�k
Res[f(z),∞] = −2.

15 �z =∞´¼êf(z)���Û:§¦Res[f(z),∞].

)µe∞´¼êf(z)���Û:§Kf(z)3:∞��+�S�âKÐm�

c0 + c1
1

z
+ c2

1

z2
+ c3

1

z3
+ ·,

K¼êf

(
1

ζ2

)
1

ζ2
3?�âKÐm�

c0
1

ζ2
+ c1

1

ζ
+ c2 + c3ζ + ·.

ÏdRes[f(z),∞] = −Res
[
f

(
1

ζ

)
1

ζ2
, 0

]
= −c1.

16 O�e�È©µ

(1)

∮
C

dz

z3(z10 − 2)
, C : |z| = 2; (2)

∮
C

z3

1 + z
· e

1

z dz, C : |z| = 2.

)µ(1) ·�k∮
|z|=2

dz

z3(z10 − 2)
= −2πiRes

[
1

z3(z10 − 2)
,∞
]
= 0;

(2) ·�k ∮
|z|=2

z3

1 + z
· e 1

z dz = 2πiRes

[
eζ

ζ4(1 + ζ)
, 0

]
= −2πi

3
.

17



17 ^��5.3.1!��{O�Xe½È©µ

(1)

∫ 2π

0

dθ

a+ cos θ
(a > 1); (2)

∫ π

0

cos 2θ

1− 2a cos θ + a2
dθ(a2 < 1);

(3)

∫ 2π

0

dθ

(a+ b cos θ)2
(a > b > 0); (4)

∫ 2π

0

dθ

(a+ b cos2 θ)2
(a > 0, b > 0);

(5)

∫ 2π

0

ecos θ cos(nθ − sin θ)dθ(n ´�ê).

)µ(1) ·�k ∫ 2π

0

dθ

a+ cos θ
=

∮
|z|=1

1

a+ 1
2 (z +

1
z )
· dz
iz

=
2

i

∮
|z|=1

dz

z2 + 2az + 1

=
2π√
a2 − 1

;

(2) ·�k∫ 2π

0

cos 2θ

1− 2a cos θ + a2
dθ =

∮
|z|=1

z2 + 1
z2

2[1− a(z + 1
z ) + a2]

dz

iz

= − 1

2i

∮
|z|=1

z4 + 1

z2[az2 − (a2 + 1)z + a]
dz

= −πRes
[

z4 + 1

z2[az2 − (a2 + 1)z + a]
, 0

]
− πRes

[
z4 + 1

z2[az2 − (a2 + 1)z + a]
, a

]
= π

[
2az − (a2 + 1)

[az2 − (a2 + 1)z + a]2

∣∣∣∣
z=0

+
z4 + 1

z2(a2 + 1− 2az)

∣∣∣∣
z=a

]
=

2a2π

1− a2
.

�·�k∫ π

0

cos 2θ

1− 2a cos θ + a2
dθ =

1

2

∫ 2π

0

cos 2θ

1− 2a cos θ + a2
dθ =

a2π

1− a2
;

18



(3) ·�k∫ 2π

0

dθ

(a+ b cos θ)2
=

4

i

∮
|z|=1

zdz

(bz2 + 2az + b)2

= 8π

(
z

b2(z + a+
√
a2−b2
b )2

)′∣∣∣∣∣
z=
−a+
√
a2−b2
b

=
2aπ

(a2 − b2)
√
a2 − b2

;

(4) ·�k ∫ 2π

0

dθ

(a+ b cos2 θ)2
=

4

i

∮
|z|=1

z3dz

(bz4 + 2az2 + b)2

=
(2a+ b)π

a(a+ b)
√
a2 + ab

;

(5) 3ü �±|z| = 1þ§·�k

cos(nθ − sin θ) = cosnθ cos(sin θ) + sinnθ sin(sin θ)

=
1

4

(
zn +

1

zn

)(
e

1
2 (z−

1
2 ) + e−

1
2 (z−

1
2 )
)
− 1

4

(
zn − 1

zn

)(
e

1
2 (z−

1
2 ) − e−

1
2 (z−

1
2 )
)

=
1

2zn
· e 1

2 (z−
1
2 ) +

zn

2
· e− 1

2 (z−
1
2 ).

Ïd·�k∫ 2π

0

ecos θ cos(nθ − sin θ)dθ =
1

2i

∮
|z|=1

(
ez

zn+1
+ zn−1e

1
z

)
dz.

�n > 0�§ ∫ 2π

0

ecos θ cos(nθ − sin θ)dθ =
2π

n!
,

�n < 0�§ ∫ 2π

0

ecos θ cos(nθ − sin θ)dθ = 0.

18 ^��5.3.2!��{O�Xe½È©µ

(1)

∫ +∞

−∞

dx

x2 + 2x+ 2
; (2)

∫ +∞

−∞

xdx

(1 + x2)(x2 + 2x+ 2)
;

(3)

∫ +∞

−∞

xdx

(x2 + 4x+ 13)2
; (4)

∫ +∞

0

x2dx

(x2 + a2)2
(a > 0);

(5)

∫ +∞

0

dx

(x2 + 1)n
(n´��ê); (6)

∫ +∞

−∞

dx

(x2 + a2)(x2 + b2)
(a > 0, b > 0);

19



(7)

∫ +∞

0

x2 + 1

x4 + 1
dx.

)µ(1) ·�k ∫ +∞

−∞

dx

x2 + 2x+ 2
= 2πiRes[f(z),−1 + i]

= π;

(2) ·�k∫ +∞

−∞

xdx

(1 + x2)(x2 + 2x+ 2)
= 2πiRes[f(z), i] + 2πiRes[f(z),−1 + i]

= −π
5
;

(3) ·�k ∫ +∞

−∞

xdx

(x2 + 4x+ 13)2
= 2πiRes[f(z),−2 + 3i]

= − π

27
;

(4) ·�k ∫ +∞

0

x2dx

(x2 + a2)2
= πi

(
z2

(z + ai)2

)′
(ai)

=
π

4a
;

(5) ·�k ∫ +∞

0

dx

(x2 + 1)n
= πi

(
1

(z + i)n

)(n−1)

(i)

=

(
2n− 2

n− 1

)
· π

22n−1
;

(6) ·�k∫ +∞

−∞

dx

(x2 + a2)(x2 + b2)
= 2πiRes[f(z), ai] + 2πiRes[f(z), bi]

=
π

ab(a+ b)
;

20



(7) ·�k∫ +∞

0

x2 + 1

x4 + 1
dx = πiRes

[
f(z),

√
2

2
+

√
2

2
i

]
+ πiRes

[
f(z),−

√
2

2
+

√
2

2
i

]

=

√
2π

2
.

19 ^��5.3.3!��{O�Xe½È©µ

(1)

∫ +∞

−∞

x sinxdx

x2 − 2x+ 10
; (2)

∫ +∞

−∞

(1 + x2) cos ax

1 + x2 + x4
dx(a > 0);

(3)

∫ +∞

0

cos ax

x2 + b2
dx(a > 0, b > 0); (4)

∫ +∞

0

x sin ax

x2 + b2
dx(a > 0, b > 0);

(5)

∫ +∞

−∞

x cosxdx

x2 − 5x+ 6
; (6)

∫ +∞

−∞

sinxdx

(x2 + 4)(x− 1)
;

(7)

∫ +∞

0

x2 − b2

x2 + b2
· sin ax

x
dx(a > 0, b > 0); (8)

∫ +∞

0

sin axdx

x(x2 + b2)
(a > 0, b > 0).

)µ(1) ·�k∫ +∞

−∞

x sinxdx

x2 − 2x+ 10
= Im

{
2πiRes

[
zeiz

z2 − 2z + 10
, 1 + 3i

]}
=
π(3 cos 1 + sin 1)

3e3

(2) ·�k∫ +∞

−∞

(1 + x2) cos ax

1 + x2 + x4
dx = Re

{
2πiRes

[
(1 + z2)eiaz

1 + z2 + z4
,
1

2
+

√
3

2
i

]
+ 2πiRes

[
(1 + z2)eiaz

1 + z2 + z4
,−1

2
+

√
3

2
i

]}

=
2π√
3
e−
√

3a
2 cos

a

2
;

(3) ·�k ∫ +∞

0

cos ax

x2 + b2
dx = Re

{
πiRes

[
eiaz

z2 + b2
, bi

]}
=
πe−ab

2b
;

21



(4) ·�k ∫ +∞

0

x sin ax

x2 + b2
dx = Im

{
πiRes

[
zeiaz

z2 + b2
, bi

]}
=
πe−ab

2
;

(5) ·�k∫ +∞

−∞

x cosxdx

x2 − 5x+ 6
= Re

{
πiRes

[
zeiz

z2 − 5z + 6
, 2

]
+ πiRes

[
zeiz

z2 − 5z + 6
, 3

]}
= π(2 sin 2− 3 sin 3);

(6) ·�k∫ +∞

−∞

sinxdx

(x2 + 4)(x− 1)
= Im

{
πiRes

[
eiz

(z2 + 4)(z − 1)
, 1

]
+ 2πiRes

[
eiz

(z2 + 4)(z − 1)
, 2i

]}
=
π

5

(
cos 1− 1

e2

)
;

(7) ·�k∫ +∞

0

x2 − b2

x2 + b2
· sin ax

x
dx =

1

2
Im

{
πiRes

[
z2 − b2

z2 + b2
· e

iaz

z
, 0

]
+ 2πiRes

[
z2 − b2

z2 + b2
· e

iaz

z
, bi

]}
= π

(
e−ab − 1

2

)
;

(8) ·�k∫ +∞

0

sin axdx

x(x2 + b2)
=

1

2
Im

{
πiRes

[
eiaz

z(z2 + b2)
, 0

]
+ 2πiRes

[
eiaz

z(z2 + b2)
, bi

]}
=

π

2b2
· (1− e−ab).
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