
���)� B|

1 y²�ªµ

π cotπz =

+∞∑
n=−∞

1

z + n
.

y²µ�

f(z) = π cotπz, g(z) =

+∞∑
n=−∞

1

z + n
.

K¼êf(z)Úg(z)Ñ´3E²¡þØ
�ê:±	Ñ)Û�¼ê§��ê:
3f(z)Úg(z)þÑ´��4:. ´�y

Res[f(z), n] = Res[g(z), n] = 1.

Ïd¼ê
h(z) = f(z)− g(z)

´E²¡þ�)Û¼ê�h

(
1

2

)
= 0. d4��½n§·��Iy²¼êh(z)3

E²¡þ�k.=�y²¼êh(z)ð�u". d¼êh(z)�±Ï5·��I�y

²Ù34«�

{
−1

2
6 Rez 6

1

2

}
þk.=�. dëY5��¼êh(z)3

{
−1

2
6 Rez 6

1

2
,−1 6 Imz 6 1

}
þ´k.�. Ïd�Iy¼êh(z)3|Imz| > 1´k.�. ²O�k

lim
y→+∞

| cotπz| = lim
y→+∞

∣∣∣∣e2πy + e2πxi

e2πy − e2πxi

∣∣∣∣ = 1,

lim
y→−∞

| cotπz| = lim
y→−∞

∣∣∣∣e−2πy + e−2πxi

e−2πy − e−2πxi

∣∣∣∣ = 1.

Ïdf(z)3|Imz| > 1þ´k.�. 

g(z) =
1

z
+

∞∑
n=1

2z

z2 − n2
=

1

x+ yi
+

∞∑
n=1

2x+ 2yi

x2 − y2 + n2 + 2xyi
,

�|y| > 1�§·�k∣∣∣∣ 1

x+ yi

∣∣∣∣ < 1,

∣∣∣∣ 2x+ 2yi

x2 − y2 + n2 + 2xyi

∣∣∣∣ < 4|y|
n2 + 3y2

4

.

Ïd

|g(z)| < 1 + 4

∫ ∞
0

ydx

x2 + 3y2

4

= 1 +
4π√
3
.

1



Ïdh(z)3|Imz| > 1þk..

2 ef(z)Úg(z)3:z0?)Û§�f(z0) 6= 0§:z0´g(z)���":§y²

Res

[
f(z)

g(z)
, z0

]
=
a1b2 − a0b3

b22
,

Ù¥ak =
1

k!
f (k)(z0), bk =

1

k!
g(k)(z0), k = 0, 1, 2, 3.

y²µ¼ê
f(z)

g(z)
3z = z0?NC�u

a0 + a1(z − z0) + a2(z − z0)2 + · · ·
b2(z − z0)2 + b3(z − z0)3 + · · ·

=
1

(z − z20)
·a0 + a1(z − z0) + a2(z − z0)2 + · · ·

b2 + b3(z − z0) + · · ·
.

d/ª�z{�

1

b2(z − z0)2
[a0 + a1(z − z0) + a2(z − z0)2 + · · · ]

[
1− b3

b2
(z − z0) + · · ·

]
,

?�Úz{�

1

b2(z − z0)2

[
a0 +

(
a1 − a0

b3
b2

)
(z − z0) + · · ·

]
.

ÏdRes

[
f(z)

g(z)
, z0

]
=

1

b2

(
a1 − a0

b3
b2

)
=
a1b2 − a0b3

b22
.

3�(1):a´¼êf(z)�n�":;(2):a´¼êf(z)�n�4:§¦Res

[
f ′(z)

f(z)
, a

]
.

y²µ(1)éun�":a§X12K¤«
f ′(z)

f(z)
3z = a?�âKÐm´

nan + (n+ 1)an+1(z − a) + (n+ 2)am+2(z − a)2 + · · ·
an(z − a) + an+1(z − a)2 + an+2(z − a)3 + · · ·

,

ÏdRes

[
f ′(z)

f(z)
, a

]
= n.

(2) éun�4:a§Res

[
f ′(z)

f(z)
, a

]
= −n.

4 �¼êϕ(z)3:a?)Û�ϕ′(a)Ø�"§q¼êf(ζ)3:ϕ(a) ?´3ê�A�
{ü4:§¦Res[f(ϕ(z)), a].

)µ¼êf(ζ)3ζ = ϕ(a)?�âKÐm�
A

ζ − ϕ(a)
+ θ(ζ)§Ù¥θ(ζ)3ζ =

ϕ(a)���+�S)Û. Ïd¼êf(ϕ(z))3z = a���+�S�u

A

ϕ(z)− ϕ(a)
+ θ(ϕ(z)).

Ïdk

Res[f(ϕ(z)), a] = Res

[
A

ϕ(z)− ϕ(a)
+ θ(ϕ(z)), a

]
=

A

ϕ′(a)
.

2



5 éug,ên > 2§O�½È©

∫ +∞

0

dx

1 + xn
.

)µ�DR´�»�R§Ì�30�
2π

n
�m�4÷/«�. 4«�DR���>

.�©)�C
(1)
R §C

(2)
R ÚC

(3)
R §Ù¥C

(1)
R ´�¢¶þ�>.§C

(2)
R ´�»�R�

�l§C
(3)
R ´Ì��

2π

n
��þ�>.. �R�u1�§d3êÄ�½n��

∫
C

(1)
R

dz

1 + zn
+

∫
C

(2)
R

dz

1 + zn
+

∫
C

(3)
R

dz

1 + zn
= 2πiRes

[
1

1 + zn
, e

πi
n

]
.

²O�k

lim
R→∞

∫
C

(1)
R

dz

1 + zn
=

∫ +∞

0

dx

1 + xn
,

lim
R→∞

∫
C

(2)
R

dz

1 + zn
= 0,

lim
R→∞

∫
C

(3)
R

dz

1 + zn
= −e 2πi

n

∫ +∞

0

dx

1 + xn
.

Ïdk

(1− e
2πi
n )

∫ +∞

0

dx

1 + xn
= −2πi

n
e
πi
n .

�k ∫ +∞

0

dx

1 + xn
=

π

n sin π
n

.

6 O�½È©

∫ +∞

0

sin2 x

x2
dx.

)µ�DεR´±":�¥%§ε�S»§R�	»�þ���.4«�DεR���
>.�©)�C

(1)
ε,R§C

(2)
ε,R§C

(3)
ε,RÚC

(4)
ε,R§Ù¥C

(1)
ε,R ´K¢¶þ�>.§C

(2)
ε,R´

�»�ε��l§C
(3)
ε,R´�¢¶þ�>.§C

(4)
ε,R´�»�R ��l. d�ÜÈ©

½n��∫
C

(1)
ε,R

e2iz − 1

z2
dz +

∫
C

(2)
ε,R

e2iz − 1

z2
dz +

∫
C

(3)
ε,R

e2iz − 1

z2
dz +

∫
C

(4)
ε,R

e2iz − 1

z2
dz = 0.

3



²O�k

lim
ε→0,R→+∞

∫
C

(1)
ε,R

e2iz − 1

z2
dz = −2

∫ 0

−∞

sin2 x− sinx cosxi

x2
dx,

lim
ε→0

∫
C

(2)
ε,R

e2iz − 1

z2
dz = −πiRes

[
e2iz − 1

z2
, 0

]
,

lim
ε→0,R→+∞

∫
C

(3)
ε,R

e2iz − 1

z2
dz = −2

∫ ∞
0

sin2 x− sinx cosxi

x2
dx,

lim
R→+∞

∫
C

(4)
ε,R

e2iz − 1

z2
dz = 0.

Ïd ∫ +∞

0

sin2 x

x2
dx = −πi

4
Res

[
e2iz − 1

z2
, 0

]
=
π

2
.

7 O�½È©

∫ +∞

0

lnxdx

x2 + a2
(a > 0).

)µ�C
(1)
ε,R§C

(2)
ε,R§C

(3)
ε,RÚC

(4)
ε,RXþK. d3êÄ�½n��∫

C
(1)
ε,R

ln zdz

z2 + a2
+

∫
C

(2)
ε,R

ln zdz

z2 + a2
+

∫
C

(3)
ε,R

ln zdz

z2 + a2
+

∫
C

(4)
ε,R

ln zdz

z2 + a2
= 2πiRes

[
ln z

z2 + a2
, ai

]
.

²O�k

lim
ε→0,R→+∞

∫
C

(1)
ε,R

ln zdz

z2 + a2
=

∫ +∞

0

lnxdx

x2 + a2
+ πi

∫ 0

−∞

dx

x2 + a2
,

lim
ε→0,R→+∞

∫
C

(3)
ε,R

ln zdz

z2 + a2
=

∫ +∞

0

lnxdx

x2 + a2
,

lim
ε→0

∫
C

(2)
ε,R

ln zdz

z2 + a2
= lim
R→+∞

∫
C

(4)
ε,R

ln zdz

z2 + a2
= 0.

Ïdk

2

∫ +∞

0

lnxdx

x2 + a2
+
π2i

2a
=
π ln a

a
+
π2i

2a
.

�k ∫ +∞

0

lnxdx

x2 + a2
=
π ln a

2a
.

8 �kn¼êf(z)¤k�4:a1, a2, · · · , anÑØ3�¢¶þ§�ÑØ�"§
�p ´����ê¢ê÷v

lim
z→0
|z|p+1|f(z)| = lim

z→∞
|z|p+1|f(z)| = 0,

Kk ∫ ∞
0

xpf(x)dx = − π

sinπp
e−πpi

n∑
k=1

Res[zpf(z), ak],

4



Ù¥
zp = epLnz, Lnz = ln |z|+ iArgz, 0 6 Argz < 2π.

y²µ4«�KεR���>.�©)�C
(1)
ε,R§C

(2)
ε,R§C

(3)
ε,RÚC

(4)
ε,R§Ù¥C

(1)
ε,R´

þ�²¡¥�²1�ã§C
(2)
ε,R´�»�R��l§C

(3)
ε,R´e�²¡¥�²1�

ã§C
(4)
ε,R´�»�ε��l. d3êÄ�½n��∫

C
(1)
ε,R

zpf(z)dz+

∫
C

(2)
ε,R

zpf(z)dz+

∫
C

(3)
ε,R

zpf(z)dz+

∫
C

(4)
ε,R

zpf(z)dz = 2πi

n∑
k=1

Res[zpf(z), ak].

²O�·�k

lim
R→+∞

∫
C

(1)
ε,R

zpf(z)dz =

∫ +∞

0

xpf(x)dx,

lim
R→+∞

∫
C

(3)
ε,R

zpf(z)dz = −e2πpi
∫ +∞

0

xpf(x)dx,

lim
R→+∞

∫
C

(2)
ε,R

zpf(z)dz = lim
ε→0

∫
C

(4)
ε,R

zpf(z)dz = 0.

Ïdk

(1− e2πpi)

∫ +∞

0

xpf(x)dx = 2πi

n∑
k=1

Res[zpf(z), ak].

·K�y.

9 ^þ�K��{O�e�½È©

∫ +∞

0

dx

xp(x+ 1)
(0 < p < 1).

)µ��@^þ�KK(Øk∫ +∞

0

dx

xp(x+ 1)
=

π

sinπp
eπpiRes

[
1

zp(z + 1)
,−1

]
=

π

sinπp
.

10 O�½È©

∫ +∞

0

cos ax

chx
dx(a > 0).

)µ�C
(1)
R ´l−R�R�²1�ã§C

(2)
R ´lR �R + 2πi�R��ã§C

(3)
R ´

lR+ 2πi�−R+ 2πi�²1�ã§C
(4)
R ´l−R+ 2πi�−R �R��ã. d3

êÄ�½n��∫
C

(1)
R

eiaz

chz
dz+

∫
C

(2)
R

eiaz

chz
dz+

∫
C

(3)
R

eiaz

chz
dz+

∫
C

(4)
R

eiaz

chz
dz = 2πiRes

[
eiaz

chz
,
πi

2

]
+2πiRes

[
eiaz

chz
,
3πi

2

]
.

5



²O�·�k

lim
R→+∞

∫
C

(1)
R

eiaz

chz
dz = 2

∫ +∞

0

cos ax

chx
dx,

lim
R→+∞

∫
C

(3)
R

eiaz

chz
dz = −2e−2πa

∫ +∞

0

cos ax

chx
dx,

lim
R→+∞

∫
C

(2)
R

eiaz

chz
dz = lim

R→+∞

∫
C

(4)
R

eiaz

chz
dz = 0.

Ïdk

2(1− e−2πa)

∫ +∞

0

cos ax

chx
dx = 2π(e−

πa
2 − e−

3πa
2 ).

u´ ∫ +∞

0

cos ax

chx
dx =

π

2chπa2
.

6


