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1 ¦e�¼ê�Fp�È©úªµ

(1) f(t) =

{
1− t2, |t| < 1,
0, |t| > 1;

(2) f(t) =

{
e−t sin 2t, t > 0,
0, t < 0;

(3) f(t) =

 −1, −1 < t < 0,
1, 0 < t < 1,
0, Ù¦.

)µ(1) ·�k ∫ +∞

−∞
f(t)e−iωtdt =

∫ 1

−1
(1− t2) cosωtdt

=
2 sinω

ω
−
∫ 1

−1
t2 cosωtdt

=
2

ω

∫ 1

−1
t sinωtdt

= −4 cosω

ω2
+

2

ω2

∫ 1

−1
cosωtdt

=
4 sinω − 4ω cosω

ω3
.

(2) ·�k∫ +∞

−∞
f(t)e−iωtdt =

1

2i

∫ +∞

0

[e−te(2−ω)it − e−te−(2+ω)it]dt

=
1

2i

(
1

1 + (ω − 2)i
− 1

1 + (ω + 2)i

)
=

2

(5− ω2) + 2ωi
=

(10− 2ω2)− 4ωi

ω4 − 6ω2 + 25
.

(3) ·�k ∫ +∞

−∞
f(t)e−iωtdt =

∫ 1

0

e−iωtdt−
∫ 0

−1
e−iωtdt

=
2− 2 cosω

iω
.

2 ¦e�¼ê�Fp�C�µ

(1) f(t) =

{
1− |t|, |t| 6 1,
0, |t| > 1;

1



(2) f(t) =

{
E, 0 6 t 6 τ ,
0, Ù¦

(E, τ > 0);

(3) f(t) =


e−t, |t| < 1

2
,

0, |t| > 1

2
;

(4) f(t) = 1√
2πσ

e−
t2

2σ2 ;

(5) f(t) =

{
e−t sin t, t > 0,
0, t 6 0;

(6) f(t) =


0, t < −1,
−1, −1 6 t < 0,
1, 0 6 t < 1,
0, t > 1.

)µ(1) ·�k

F (ω) =

∫ 1

−1
e−iωtdt− 2

∫ 1

0

t cosωtdt

=
2 sinω

ω
− 2 sinω

ω
+

2

ω

∫ 1

0

sinωtdt

=
2(1− cosω)

ω2
.

(2) ·�k

F (ω) = E

∫ τ

0

e−iωtdt

=
E

iω
(1− e−iωτ )

=
E

ω
[sinωτ + (cosωτ − 1)i].

(3) ·�k

F (ω) =

∫ +∞

−∞
f(t)e−iωtdt

=

∫ 1
2

− 1
2

e−t cosωtdt− i

∫ 1
2

− 1
2

e−t sinωtdt

=
e−t

ω2 + 1
(ω sinωt− cosωt)

∣∣∣∣ 12
− 1

2

+ i
e−t

ω2 + 1
(sinωt+ ω cosωt)

∣∣∣∣ 12
− 1

2

=
2

ω2 + 1

[(
ω sin

ω

2
ch

1

2
+ cos

ω

2
sh

1

2

)
+

(
sin

ω

2
ch

1

2
− ω cos

ω

2
sh

1

2

)
i

]
.
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(4) ·�k

F (ω) =
1√
2πσ

∫ +∞

−∞
e−

t2

2σ2
−iωtdt

=
1√
2πσ

∫ +∞

−∞
e−

(t+iωσ2)2

2σ2 e−
ω2σ2

2 dt

= e−
ω2σ2

2 .

(5) ·�k

F (ω) =

∫ +∞

0

sin te−(1+iω)tdt

=
1

2i

(
1

1 + (ω − 1)i
− 1

1 + (ω + 1)i

)
=

1

2− ω2 + 2ωi
.

(6) ·�k

F (ω) =

∫ 1

0

e−iωtdt−
∫ 0

−1
e−iωtdt

=
2− e−iω − eiω

iω
=

2− 2 cosω

iω
.

3 ¦e�¼ê�Fp�C�µ

(1)
1

1 + t2
;

(2) te−a|t|(a > 0).

)µ(1) d3ê3¢È©¥�A^·�k

F (ω) = F (−|ω|)

=

∫ +∞

−∞

ei|ω|t

1 + t2
dt

= 2πiRes

[
ei|ω|t

1 + t2
, i

]
= πe−|ω|.

(2) ·�k

F (ω) = −2i
∫ +∞

0

te−at sinωtdt.

3



O�Ø½È©k∫
te−at sinωtdt =

1

2i

∫
te(−a+iω)tdt− 1

2i

∫
te(−a−iω)tdt

=
1

2i

[
te(−a+iω)t

(−a+ iω)
+
te−(a+iω)t

(a+ iω)
− e(−a+iω)t

(−a+ iω)2
+
e−(a+iω)t

(a+ iω)2

]
= − te

−at(ω cosωt+ a sinωt)

ω2 + a2
− e−at(2aω cosωt+ a2 sinωt− ω2 sinωt)

(ω2 + a2)2
.

�k

F (ω) = − 4aωi

(ω2 + a2)2
.

4 ¦e�¼ê�Fp�C�µ

(1) f(t) = e−αtu(t) · sinω0t (α > 0);

(2) f(t) = e−αtu(t) · cosω0t (α > 0);

(3) f(t) = eiω0tu(t− t0).

)µ(1) ·�k

F (ω) =

∫ +∞

0

e−αte−iωt sinω0tdt

=
1

2i

[
1

α+ (ω − ω0)i
− 1

α+ (ω + ω0)i

]
=

ω0

α2 + ω2
0 − ω2 + 2αωi

.

(2) ·�k

F (ω) =

∫ +∞

0

e−αte−iωt cosω0tdt

=
1

2

[
1

α+ (ω − ω0)i
+

1

α+ (ω + ω0)i

]
=

α+ ωi

α2 + ω2
0 − ω2 + 2αωi

.

(3) ·�k

F (ω) =

∫ +∞

t0

e−i(ω−ω0)tdt

=

∫ +∞

0

e−i(ω−ω0)(u+t0)du

= e−i(ω−ω0)t0

∫ +∞

0

e−i(ω−ω0)udu

= e−i(ω−ω0)t0

[
1

i(ω − ω0)
+ πδ(ω − ω0)

]
.
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5 ¦e�¼ê�òÈµ

(1) f1(t) = u(t), f2(t) = e−αtu(t);

(2) f1(t) = e−αtu(t), f2(t) = sin t · u(t);

(3) f1(t) = e−tu(t), f2(t) =

{
sin t, 0 < t <

π

2
,

0, Ù¦.

)µ(1) �t 6 0�§w,k(f1 ∗ f2)(t) = 0. �t > 0�§

(f1 ∗ f2)(t) =
∫ t

0

e−ατdτ =
1

α
(1− e−αt).

Ïd(f1 ∗ f2)(t) =
1

α
(1− e−αt)u(t).

(2) �t 6 0�§w,k(f1 ∗ f2)(t) = 0. �t > 0�§Kk

(f1 ∗ f2)(t) =
∫ t

0

sin τe−α(t−τ)dτ = e−αt
∫ t

0

sin τeατdτ.

O�Ø½È©·�k∫
sin τeατdτ =

sin τeατ

α
− 1

α

∫
cos τeατdτ

=
sin τeατ

α
− cos τeατ

α2
− 1

α2

∫
sin τeατdτ,∫

sin τeατdτ =
α sin τeατ − cos τeατ

α2 + 1
+ C,

�k

e−αt
∫ t

0

sin τeατdτ =
α sin t− cos t+ e−αt

α2 + 1
.

Ïd(f1 ∗ f2)(t) =
α sin t− cos t+ e−αt

α2 + 1
· u(t).

(3) �t 6 0�§w,k(f1 ∗ f2)(t) = 0. �0 < t 6
π

2
�§K

(f1 ∗ f2)(t) =
∫ t

0

sin τe−(t−τ)dτ =
sin t− cos t+ e−t

2
.

�t >
π

2
�§

(f1 ∗ f2)(t) =
∫ π

2

0

sin τe−(t−τ)dτ = e−t · e
π
2 + 1

2
.

6 ¦e�¼ê�.Ê.dC�µ
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(1) f(t) =

 3, 0 6 t < 2,
−1, 2 6 t < 4,
0, t > 4;

(2) f(t) =

{
t+ 1, 0 < t < 3,
0, t > 3;

(3) f(t) =


3, t <

π

2
,

cos t, t >
π

2
.

)µ(1) ·�k

F (s) =

∫ 2

0

3e−stdt−
∫ 4

2

e−stdt

=
3− 3e−2s

s
− e−2s − e−4s

s

=
3− 4e−2s + e−4s

s
.

(2) ·�k

F (s) =

∫ 3

0

(t+ 1)e−stdt

= − (t+ 1)e−st

s

∣∣∣∣3
0

+
1

s

∫ 3

0

e−stdt

=
1− 4e−3s

s
+

1− e−3s

s2

=
(s+ 1)− (4s+ 1)e−3s

s2
.

(3) ·�k

F (s) =

∫ π
2

0

3e−stdt+
1

2

∫ +∞

π
2

[e−(s−i)t + e−(s+i)t]dt

=
3− 3e−

πs
2

s
+

1

2

(
e−

πs
2 i

s− i
− e−

πs
2 i

s+ i

)
=

3− 3e−
πs
2

s
− e−

πs
2

s2 + 1
.

7 ¦e�¼ê�.Ê.dC�µ

(1) f(t) = 1− tet;

(2) f(t) =
t

2a
sin at;

(3) f(t) =
sin at

t
;
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(4) f(t) = 5 sin 2t− 3 cos 2t;

(5) f(t) = e−2t sin 6t;

(6) f(t) = u(3t− 5);

(7) f(t) =
e3t√
t
;

(8) f(t) = u(1− e−t);

(9) f(t) = e−5t
∫ t

0

sin 2τ

τ
dτ ;

(10) f(t) = t

∫ t

0

e−4τ sin 2τdτ .

)µ(1) ·�k

F (s) =

∫ +∞

0

e−stdt−
∫ +∞

0

te−(s−1)tdt

=
1

s
− 1

(s− 1)2

=
s2 − 3s+ 1

s(s− 1)2
.

(2) ·�k

F (s) =
1

4ai
(L [teiat]−L [te−iat])

=
1

4ai

[
1

(s− ai)2
− 1

(s+ ai)2

]
=

s

(s2 + a2)2
.

(3) Ø��a > 0§K

F (s) =

∫ +∞

0

sin at

t
e−stdt

�F (0) =
π

2
. d.¼C�5�·�k

F ′(s) = −
∫ +∞

0

sin ate−stdt

= − 1

2i

(
1

s− ai
− 1

s+ ai

)
= − a

s2 + a2
.

�k

F (s) =
π

2
− arctan

s

a
= arctan

a

s
.
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(4) ·�k

F (s) =
5

2i

(
1

s− 2i
− 1

s+ 2i

)
− 3

2

(
1

s− 2i
+

1

s+ 2i

)
=

10

s2 + 4
− 3s

s2 + 4

=
10− 3s

s2 + 4
.

(5) ·�k

F (s) =
1

2i

(
1

s+ 2− 6i
− 1

s+ 2 + 6i

)
=

6

s2 + 4s+ 40
.

(6) ·�k

F (s) =

∫ +∞

5
3

e−stdt =
e−

5s
3

s
.

(7) ·�k

F (s) =

∫ +∞

0

e−(s−3)t√
t

dt =

∫ +∞

−∞
e−(s−3)x

2

dx =

√
π

s− 3
.

(8) ·�k

F (s) =

∫ +∞

0

u(1− e−t)e−stdt =
∫ +∞

0

e−stdt =
1

s
.

(9) d.¼C�� £5�§·�k

F (s) = L

[∫ t

0

sin 2τ

τ
dτ

]
(s+ 5)

d.ªC��È©5�§·�k

L

[∫ t

0

sin 2τ

τ
dτ

]
(s) =

L
[
sin 2t
t

]
(s)

s
.

d.ªC���©5�§·�k

L

[
sin 2t

t

]′
(s) = −L [sin 2t](s) = − 2

s2 + 4
.

dDirichletÈ©��L

[
sin 2t

t

]
(0) =

π

2
§�k

L

[
sin 2t

t

]
(s) =

π

2
− arctan

s

2
.

8



�k

F (s) =
π

2(s+ 5)
−

arctan s+5
2

s+ 5
.

(10) d.¼C��©5�§·�k

F (s) = −L

[∫ t

0

e−4τ sin 2τdτ

]′
(s).

d.¼C��È©5�Ú £5�§·�k

L

[∫ t

0

e−4τ sin 2τdτ

]
(s) =

L [e−4t sin 2t](s)

s

=
L [sin 2t](s+ 4)

s

=
2

s(s+ 4)2 + 4s

=
2

s(s2 + 8s+ 20)
.

�k

F (s) = −
(

2

s(s2 + 8s+ 20)

)′
=

2(3s2 + 16s+ 20)

s2(s2 + 8s+ 20)2
.

8 ¦e�¼ê�.Ê.d_C�µ

(1) F (s) =
1

s2 + 4
;

(2) F (s) =
1

s4
;

(3) F (s) =
1

(s+ 1)4
;

(4) F (s) =
1

s+ 3
;

(5) F (s) =
2s+ 3

s2 + 9
;

(6) F (s) =
s+ 3

(s+ 1)(s− 3)
;

(7) F (s) =
s+ 1

s2 + s− 6
;

(8) F (s) =
2s+ 5

s2 + 4s+ 13
.

)µ(1) ·�k

L−1[F ](t) = Res

[
est

s2 + 4
, 2i

]
+Res

[
est

s2 + 4
,−2i

]
=
e2ti

4i
− e−2ti

4i

=
sin 2t

2
.
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(2) ·�k

L −1[F ](t) = Res

[
est

s4
, 0

]
=
t3

6
.

(3) ·�k

L −1[F ](t) =
t3e−t

6

(4) ·�k
L −1[F ](t) = e−3t.

(5) ·�k

L −1[F ](t) = Res

[
(2s+ 3)est

s2 + 9
, 3i

]
+Res

[
(2s+ 3)est

s2 + 9
,−3i

]
=

(3 + 6i)e3ti

6i
− (3− 6i)e−3ti

6i
= 2 cos 3t+ sin 3t.

(6) ·�k

L −1[F ](t) =
s+ 3

s− 1
est(3) +

s+ 3

s− 3
est(−1) = 3e3t − e−t

2
.

(7) ·�k

L −1[F ](t) =
s+ 1

s+ 3
est(2) +

s+ 1

s− 2
est(−3) = 3e2t

5
+

2e−3t

5
.

(8) ·�k

L −1[F ](t) =
2s+ 5

2s+ 4
est(−2 + 3i) +

2s+ 5

2s+ 4
est(−2− 3i)

=
1 + 6i

6i
e−2t+3ti − 1− 6i

6i
e−2t−3ti

= 2e−2t cos 3t+
1

3
e−2t sin 3t.

9 ¦e�¼ê�.Ê.d_C�µ

(1) F (s) =
1

(s2 + 4)2
;

(2) F (s) =
2s+ 1

s(s+ 1)(s+ 2)
;

(3) F (s) =
1

s4 + 5s2 + 4
;

10



(4) F (s) = ln
s2 − 1

s2
;

(5) F (s) =
1 + e−2s

s2
;

(6) F (s) =
2s3 + 10s2 + 8s+ 40

s2(s2 + 9)
;

(7) F (s) =
s2 − 3

(s+ 2)(s− 3)(s2 + 2s+ 5)
.

)µ(1) ·�k

L −1[F ](t) = Res

[
ets

(s2 + 4)2
, 2i

]
+Res

[
ets

(s2 + 4)2
,−2i

]
=
te2ti − te−2ti

4i
+
e2ti + e−2ti

16

=
t sin 2t

2
+

cos 2t

8
.

(2) ·�k

L −1[F ](t) =
1

2
+ e−t − 3

2
e−2t.

(3) ·�k

L −1[F ](t) =
ets

4s3 + 10s
(i) +

ets

4s3 + 10s
(−i) + ets

4s3 + 10s
(2i) +

ets

4s3 + 10s
(−2i)

=
eti − e−ti

6i
− e2ti − e−2ti

6i

=
sin t− sin 2t

3
.

(4) ·�k

L −1[F ](t) = −2

t
L −1

[
1

s(s2 − 1)

]
=

2− et − e−t

t
.

(5) ·�k
L −1[F ](t) = tu(t) + (t− 2)u(t− 2).

(6) ·�k

L −1[F ](t) = L −1
[
2s+ 10

s2 + 9

]
+L −1

[
8

s(s2 + 9)

]
+
40

9
L −1

[
1

s2

]
−40

9
L −1

[
1

s2 + 9

]
.

11



©�O�k

L −1
[
2s+ 10

s2 + 9

]
=

10 + 6i

6i
e3ti − 10− 6i

6i
e−3ti,

L −1
[

8

s(s2 + 9)

]
=

8

9
− 4

9
e3ti − 4

9
e−3ti,

40

9
L −1

[
1

s2

]
=

40t

9
,

40

9
L −1

[
1

s2 + 9

]
=

40

9

e3ti

6i
− 40

9

e−3ti

6i
.

�k

L −1[F ](t) = 2 cos 3t+
10 sin 3t

3
+

8

9
− 8 cos 3t

9
+

40t

9
− 40

27
sin 3t

=
8

9
+

40t

9
+

10 cos 3t

9
+

50 sin 3t

27
.

(7) ·�k

L −1[F ](t) = −e
−2t

25
+

3e3t

50
+ 2Re

[
−6− 4i

(1 + 2i)(−4 + 2i)4i
e−t+2ti

]
= −e

−2t

25
+

3e3t

50
+

18e−t sin 2t

50
− e−t cos 2t

50
.

10 ¦e��©�§(|)Ð�¯K�)µ

(1) x′′ + k2x = 0, x(0) = A, x′(0) = B;

(2) x′′ + 4x′ + 3x = e−t, x(0) = x′(0) = 1;

(3) x(4) + 2x′′′ − 2x′ − x = δ(t), x(0) = x′(0) = x′′(0) = x′′′(0) = 0;

(4)

{
x′ + x− y = et,
3x+ y′ − 2y = 2et,

x(0) = y(0) = 1.

)µ(1) �k 6= 0�§d.¼Cz��

s2X(s)−As−B + k2X(s) = 0, X(s) =
As+B

s2 + k2
.

d.¼_C���

x(t) =
B +Aki

2ki
ekti − B −Aki

2ki
e−kti

= A cos kt+
B

k
sin kt.

�k = 0�§X(s) =
As+B

s2
§Kx(t) = A+Bt.

(2) d.¼C���

s2X(s)− s− 1 + 4sX(s)− 4 + 3X(s) =
1

s+ 1
,

12



=

X(s) =
s+ 5

s2 + 4s+ 3
+

1

(s+ 1)2(s+ 3)
.

d.¼_C���

x(t) = 2e−t − e−3t + e−3t

4
+
te−t

2
− e−t

4

=
te−t

2
+

7e−t

4
− 3e−3t

4
.

(3) d.¼C���X(s) =
1

s4 + 2s3 − 2s− 1
=

1

(s− 1)(s+ 1)3
§d.¼_C

���

x(t) =
et

8
+

1

2

(
ets

s− 1

)
ss

(−1) = 1

8
et −

(
t2

4
+
t

4
+

1

8

)
e−t.

(4) d.¼C���

sX(s)− 1 +X(s)− Y (s) =
1

s− 1
, 3X(s) + sY (s)− 1− 2Y (s) =

2

s− 1
.

ÏdX(s) = Y (s) =
1

s− 1
§�x(t) = y(t) = et.

13


