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1.1 ���������555���©©©���§§§

1. ®�y1 = cosx§y2 = e−x´n��5¢Xêàg�§�)§ÁïáT�
§"

2. �y1 = e−x§y2 = 2x´¢Xê�§y′′′+ay′′+ by′+ cy = 0�)§¦a, b, c (ë
�[5], P. 108, �!1§P. 116, �!2)"

3. �y(x)´y′′′ + y′ = 0�)��x → 0�´x2��dÃ¡�§¦y(x)([5], P.
106, �!1)"

4. ®�y′′ + p(x)y′ + q(x)y = f(x)�n�A)�y1 = x§y2 = ex§y3 = e2x"
Á¦y(0) = 1§y′(0) = 3�A)(ë�[5], P. 114, n)"

5. e¼êf(x)÷vf ′′(x) + f ′(x) − 2f(x) = 09f ′′(x) + f(x) = 2ex¦f(x)([5],
P. 13, �!4)"

6. ¦�§y′′+y = x cos 2x÷v^�y(0) = 09y′(0) = 0�A)([5], P. 20,8)"

7. ¦�©�§y′′ − 4y′ + 4y = e2x + sin 2x�Ï)([5], P. 113, n)"

8. ®�y1 = xex + e2x§y2 = xex + e−x§y3 = xex + e2x − e−x´,��~Xê
�àg�©�§�n�)§¦d�§"

1.2 ÖÖÖ¿¿¿SSSKKK

1. ¦�§x3y′′ − x2y′ + xy = x2 + 1�Ï)"

2. �f(x)3[0,∞)þ��§f(0) = 1�÷v

f ′(x) + f(x)− 1

1 + x

∫ x

0

f(t)dt = 0

(1) ¦f ′(x)§(2) y²µe−x ≤ f(x) ≤ 1éu?¿x ≥ 0¤á"

3. �f(x)këY���ê§��x ≥ 0�÷v

f(x) = −1 + x+ 2

∫ x

0

(x− t)f(t)f ′(t)dt

¦f(x) (ë�[5], P. 117, o)"

4. ¦�§y′′ + y′ − 2y =
ex

ex + 1
�Ï)"
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1.3 ëëë������YYY

1.3.1 ���������555���©©©���§§§

1. )µdK¿��µλ1 = i§λ2 = −i9λ3 = −1´¢Xêngõ�ª�n�
�§�T�©�§�A��§�µ

(λ+ i)(λ− i)(λ+ 1) = λ3 + λ2 + λ+ 1 = 0

=
y′′′ + y′′ + y′ + y = 0

2. )µdK¿��µλ1 = 0§λ2 = 09λ3 = −1´¢Xêngõ�ª�n�
�§�T�©�§A��§�µ

λ2(λ+ 1) = 0

=a = 1, b = 0, c = 0"

3. )µT�§�A��§�µλ3 + λ = 0§�λ1 = 0§λ2 = i§λ3 = −i§ÙÏ
)�

y(x) = C1 + C2 cosx+ C3 sinx

d�x → 0�y(x)´x2��dÃ¡�§�y(0) = 0, y′(0) = 0, y′′(0) = 2"u
´

C1 + C2 = 0, C3 = 0,−C2 = 2

�
y(x) = 2− 2 cosx

4. )µdK¿���5àg�§�Ï)�µ

y(x) = x+ C1(e
x − x) + C2(e

2x − ex)

?
dy(0) = 19y′(0) = 3�µ

C1 = 1, C1 + C2 = 3

�y(x) = 2e2x − ex"

5. )µdK¿�à�§Ï)�µf(x) = C1e
x + C2e

−2x§?
f ′′(x) = C1e
x +

4C2e
−2x"u´

C1e
x + 4C2e

−2x + C1e
x + C2e

−2x = ex

=
2C1 = 2 �5C2 = 0

�f(x) = ex"

6. )µà�§�Ï)�µy(x) = C1 cosx + C2 sinx"±e0�ü«¦A)�
�{µ
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(a) ��§�A)�µy∗(x) = (ax+ b) cos 2x+ (cx+ d) sin 2x§K

(y∗)′ = (2cx+ 2d+ a) cos 2x+ (c− 2b− 2ax) sin 2x

(y∗)′′ = (4c− 4b− 4ax) cos 2x− (4a+ 4d+ 4cx) sin 2x

u´��µ

4c− 4b− 4ax+ ax+ b = x �− (4a+ 4d+ 4cx) + cx+ d = 0

�a = −1

3
, b = 0, c = 0, d =

4

9
�y∗(x) = −1

3
x cos 2x+

4

9
sin 2x"

(b) �Äy′′ + y = x(cos 2x + i sin 2x) = xe2ix"�y∗(x) = e2ix(ax + b)´T
�§�A)"K

−4(ax+ b) + 4ia+ (ax+ b) = x

�−3a = 1�−3b + 4ia = 0§=a = −1

3
�b = −4i

9
"u´��§�A

)�µy∗(x) = −Re(e2ix(4i
9
+

1

3
x)) = −1

3
x cos 2x+

4

9
sin 2x"

u´÷v^�y(0) = 09y′(0) = 0 �A)�µy(x) = −5

9
sinx− 1

3
x cos 2x+

4

9
sin 2x"

7. )µà�§�Ï)�µy(x) = (C1 + C2x)e
2x"±e0�ü«¦A)��

{µ

(a) du2´A��§�­�§2iØ´A��§��§��A)�/ª
�µy∗(x) = ax2e2x + b sin 2x+ c cos 2x"�\���µ

2ax2e2x − 8b cos 2x+ 8c sin 2x = e2x + sin 2x

u´a =
1

2
, b = 0, c =

1

8
§=�à�§Ï)�µ

y(x) = (C1 + C2x)e
2x +

1

2
x2e2x +

1

8
cos 2x

(b) �
¦�à�§�A)§�Äy′′1 − 4y′1 + 4y1 = e2x9y′′2 − 4y′2 + 4y2 =

e2ix"N´��y∗1(x) =
1

2
x2e2x�y∗2(x) =

i

8
e2ix´þã�§�A)"

u´��§�Ï)�µ

y∗(x) = (C1 + C2x)e
2x + y∗1(x) + Im(y∗2(x))

= (C1 + C2x)e
2x +

1

2
x2e2x +

1

8
cos 2x

8. )µdK¿��µe2x9e−x´�g~Xêàg�§Ï)§�A��§�µ

(λ− 2)(λ+ 1) = λ2 − λ− 2 = 0

?
�T�§�µy′′ − y′ − 2y = f(x)"òy1�\��

f(x) = y′′1 − y′1 − 2y1 = ex(x+ 2)− ex(x+ 1)− 2xex = (1− 2x)ex

u´¤¦�§�µy′′ − y′ − 2y = (1− 2x)ex"
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1.3.2 ÖÖÖ¿¿¿SSSKKK

1. )µ-x = et§D =
d

dt
§K

x2y′′ = D(D − 1)y, xy′ = Dy

u´��§z�µ
(D2 − 2D + 1)y = et + e−t

�Ùà�§Ï)�µ
y(t) = C1e

t + C2te
t

du1´A��§�­�§−1Ø´A��§��§��A)�/ª
�µy∗(t) = at2et + be−t"�\���µ

2at2et + 4be−t = et + e−t

u´a =
1

2
�b =

1

4
§=�à�§Ï)�µ

y(t) = (C1 + C2t)e
t +

1

2
t2et +

1

4
e−t

u´��§Ï)�µ

y(x) = (C1 + C2 lnx)x+
1

2
x ln2 x+

1

4x

2. (1) )µdf(x)3[0,∞)þ��§�f ′(0) = −f(0) = −1�

(1+x)(f ′′(x)+f ′(x))+f ′(x)+f(x)−f(x) = (1+x)f ′′(x)+(2+x)f ′(x) = 0

-z = f ′(x)§K
dz

z
= −2 + x

1 + x
dx

u´ln |z| = −x− ln |1 + x|+ C§�f ′(x) = − e−x

1 + x
"

(2) y²µd(1)�f ′(x) ≤ 0§�f(x) ≤ f(0) = 1"-h(x) = f(x)− e−x§K

h′(x) = − e−x

1 + x
+ e−x = e−x

x

1 + x
≥ 0

�f(x) ≥ e−x"y."

3. )µdy = f(x)këY���ê§�f(0) = −1�

y′ = 1 + 2

∫ x

0

f(t)f ′(t)dt

u´y′(0) = 1�
y′′ = 2yy′

-y′ = P (y)§Ky′′ = P
dP

dy
§�

P
dP

dy
= 2yP

u´y′ = y2§?
f(x) = − 1

x+ 1
"
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4. )µdK¿��A��§�µλ2 + λ − 2 = (λ + 2)(λ − 1) = 0"�Ú\C
�z1 = y§z2 = y′ − y��Xeü��©�§µ

z′1 = z1 + z2

9

z′2 = −2z2 +
ex

ex + 1

d~êCÉ{��µ

z2(x) = 3C2e
−2x + e−2x

∫
e3t

et + 1
dt = −3C2e

−2x +
1

2
− e−x + e−2x ln(ex + 1)

?
��µ

y(x) = z1(x) = C1e
x + ex

∫
− 3C2e

−3t +
1

2
e−t − e−2t + e−3t ln(et + 1)dt

= C1e
x + ex

(
C2e

−3x − 1

6
e−x +

1

3
e−2x − 1

3
ln(e−x + 1)− 1

3
(e−3x ln(ex + 1))

)
= C1e

x + C2e
−2x − 1

6
+

1

3
e−x − 1

3
ex ln(e−x + 1)− 1

3
e−2x ln(ex + 1)
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