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2.1 ���êêê!!!���©©©���VVVggg999¦¦¦���{{{KKK

1. �¼êf(x) = lim
n→∞

x2en(x−1) + ax+ b

en(x−1) + 1
§¯a, b�Û��f(x)ëY���º¿

¦Ñd��f ′(x) ([3], P. 4, 8)"

2. ��y = y(x)dëê�§

{
x = t3/3 + t+ 1/3
y = t3/3− t+ 1/3

(½"¦
dy

dx
([3], P. 69,

n)"

3. �¼êf(x)3(0,+∞)þëY���k�¼êg(x)"®�f(1) = 3, f(3) =
13, f ′(1) = 2, f ′(3) = 1/3§¦g′(3) ([3], P. 11, �!1)"

4. ¦¼êf(x) = x2ex+13x = 0?�5��êf (5)(0) ([3], P. 70, �!8)"

5. ®�����/��l±2cm/s��ÇO\§°w±3cm/s��ÇO\§K
�l = 12cm§w = 5cm�§§�é��O\��Ç([3], P. 79, �!1)"

6. ¦�tan(x+ y + π/4) = ey 3:(0, 0)?���"

7. �f(x)´���Û¼ê§y²µf ′(x)�ó¼ê"

2.2 ¥¥¥���½½½nnn

1. �f(x)3[0, 3]þëY§3(0, 3)S��§�f(0)+f(1)+f(2) = 3, f(3) = 1"
y²µ�3ξ ∈ (0, 3)¦�f ′(ξ) = 0 ([3], P. 82, Ê¤"

2. ®�¼êf(x)3[0, 1]ëY§3(0, 1)S��§�f(0) = 0§f(1) = 1"y²µ

(1) �3ξ ∈ (0, 1)¦�f(ξ) = 1− ξ§
(2) �3ü�ØÓ�:η, ζ ∈ (0, 1)§¦�f ′(η)f ′(ζ) = 1 ([3], P. 13, o)"

3. �¼êf(x)3«m[0, 1]þëY§3(0, 1)S��§�f(0) = f(1)"y²�
3ξ, η÷v0 < ξ < η < 1§¦�f ′(ξ) + 5f ′(η) = 0"

15
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2.3 âââ777���{{{KKK

1. lim
x→0

√
x+ 1−

√
1 + sin x

x3
"

2. lim
x→0+

(ex
2 − cosx)

1
ln x"

3. lim
x→0

(1 + x)
2
x − e2[1− ln(1 + x)]

x
"

4. lim
n→+∞

[(
n3 − n2 +

n

2

)
e

1
n −
√
1 + n6

]
"

5. �lim
x→0

sin 6x+ xf(x)

x3
= 0§¦lim

x→0

f(x) + 6

x2
"

2.4 ���VVVúúúªªª

1. �f(x)3[0, a]þ����§3(0, a)S������|f ′′(x)| 6 M"y
²µ|f ′(0)|+ |f ′(a)| 6Ma ([3], P. 84, 8)"

2. �f(x) = sinx sin 3x sin 5x§¦f ′′′(0)9f (2n)(0)§n > 1"

3. �¼êf(x)�|x| < 1�äk���ê§�÷v

lim
x→0

e
f(x)
x − 1

ln(esinx) + 2x
= 3

¦f(0)§f ′(0)±9f ′′(0)"

2.5 üüüNNN555

1. �f(x)3[a,+∞)þëY§3(a,+∞)S�g��§��3b ∈ (a,+∞)¦
�f(a) = f(b) < lim

x→∞
f(x)"¦yµ���3�:ξ ∈ (a,∞)¦�f ′′(ξ) > 0

([3], P. 80, 8)"

2. �f(x)´�g��¼ê§÷vf(0) = 1§f ′(0) = 0§�éu?¿�x > 0k

f ′′(x)− 5f ′(x) + 6f(x) > 0

y²µé?¿�x > 0kf(x) > 3e2x − 2e3x"

2.6 ÖÖÖ¿¿¿SSSKKK

1. ®�¼êf(x)3(0, 1)Sk���ê§��3c ∈ (0, 1)¦�f ′′(c) > 0"y
²µ

(1) ef ′(c) = 0§K�3(0, 1)¥ü�ØÓ�ξ1Úξ2§¦�f(ξ1) = f(ξ2)"

(2) ef ′(c) 6= 0§K�3ü�ØÓ�η1, η2§¦�f
′(c) =

f(η1)− f(η2)
η1 − η2

([3],

P. 14, Ô)"
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2. (�Ù½n) �f(x)3[a, b]þ���f ′(a) < f ′(b)"y²µéu?¿·
Üf ′(a) < c < f ′(b)�c§�3ξ ∈ (a, b)¦�f ′(ξ) = c ([3], P. 89, 8)"

2.7 ���:::©©©ÛÛÛ

2.1.

11�K§q´��^4�½Â�¼ê§k�K4�Ò2`"

12�K§ëê¼ê¦�§n)�û�Vg"

13�K§�¼ê�¦�{K"

14�K§p��ê�Úî4ÙZdúª"

15�K§�©�/ªØC5"

16�K§Û¼ê¦�"

17�K§�¼ê�Ûó5�'X"

2.2.
ùgSK�:�	Äu0�½n�¥�½n"

11�K§1�gSK�1.6.3�A^"

12�K§1(1)¯´1(2)�J«§©ãA^üg.�KF¥�½nÒ�±

"

13�K§r”5”�¤”1”5n)y²�¢�"

2.3.
â7�{K¦4��Ø%g�´µ¦þØ�¦�ê"

11�K§©fknz´¯K�'�"

12�K§k�éê2|^â7�{K§���Ú^�VÐm�{ü"

13�K§kz{2^â7�{K§���Ú�±�Ä^�dÃ¡��
�"

14�K§�¤¼ê4�2^â7�{K§5¿�êz{"

15�K§r�¦�/ªnÑ5§�e�^â7�{KO�"

2.4.

11�K§���VÐm"

12�K§|^�VÐm¦p��ê"

13�K§ïÆ|^4��Ã¡�L«"

2.5.
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11�K§5¿y²�Ü6��§g�f(a) = f(b)ù�^�No^"

12�K§�E¼ê§|^�ê�½üN5§?y²Ø�ª"

2.6.

11�K§Û�¥�½n�_½nÚ.�KF¥�½n�y²L§"

12�K§�Ù½n�y²�{kéõ«§í�|^4��y²"
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2.8 ëëë������YYY

2.8.1 ���êêê!!!���©©©���VVVggg999¦¦¦���{{{KKK

1. )µ�â¼êf(x)�½ÂòÙ�¤©ã¼ê�/ªµ

f(x) =


x2, x > 1
a+ b+ 1

2
, x = 1

ax+ b, x < 1

��f(1−) = f(1) = f(1+)§=a+ b =
a+ b+ 1

2
= 1�§f(x)ëY¶

�f ′(1−) = f ′(1+)§=a = 2�§f(x)��"

)�µa = 2§b = −1"

2. )µ|^�û¦ëêL�ª��êµ

dy

dx
=

dy

dt
dx

dt

=
t2 + 1

t2 − 1

3. )µd�¼ê�½Âkg(f(x)) = x"ü>éx¦�§��g′(f(x))f ′(x) =
1"df(1) = 3��

g′(3) = g′(f(1)) =
1

f ′(1)
=

1

2

4. )µ|^Úî4ÙZdúªO�p��ê"

f (5)(x) = (ex2ex)(5) = e((ex)(5)x2+5(ex)(4)2x+20(ex)(4)) = ex+1(x2+10x+20)

5. )µ��/�é���±�¤µr =
√
l2 + w2"�â�©���/ªØC

5k

dr =
2dl + 2dw

2
√
l2 + w2

=
dl + dw√
l2 + w2

��l = 12cm§w = 5cm�

dr

dt
=

1√
l2 + w2

(
dl

dt
+

dw

dt

)
=

5

13

6. )µÛ¼ê¦�"ïÆrÛ¼ê�¤Xe/ªµ

tan(x+ y(x) + π/4) = ey(x)

|^EÜ¼ê¦�{K§ü>éx¦���µ

sec2(x+ y(x) + π/4)(1 + y′(x)) = ey(x)y′(x)

u´y′(0) = −2��3(0, 0):����§�y = −2x"
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7. y²µdf(x)�Û¼ê��µ

f(x) + f(−x) = 0 é?¿�x ¤á

ü>éx¦���µ

f ′(x)− f ′(−x) = 0 é?¿�x ¤á

=f ′(x)�ó¼ê"

2.8.2 ¥¥¥���½½½nnn

1. y²µ�f(x)3«m[0, 2]þ�����M§����m"K

m 6
f(0) + f(1) + f(2)

3
6M

?dK¿��m 6 1 6 M"3«m[0, 2]þA^ëY¼ê�0�½n�
�µ�3�:η¦�f(η) = 1"

3«m[η, 3]þA^Û�¥�½n��µ�3�:ξ ∈ (η, 3) ⊂ (0, 3)¦
�f ′(ξ) = 0"y."

2. y²µ(1)�¼êF (x) = f(x)+x−1§KF (x)3[0, 1]ëY"duF (0) = −1
9F (1) = 1§|^ëY¼ê�":�3½n§�3ξ ∈ (0, 1)¦�F (ξ) =
0=f(ξ) = 1− ξ"
(2) ©O3«m[0, ξ]9[ξ, 1]þ§éf(x)A^.�KF¥�½n��µ�
3η ∈ (0, ξ)9ζ ∈ (ξ, 1)÷v

f ′(η) =
f(ξ)− f(0)

ξ − 0
=

1− ξ
ξ

�

f ′(ζ) =
f(1)− f(ξ)

1− ξ
=

1− (1− ξ)
1− ξ

=
ξ

1− ξ
�f ′(η)f ′(ζ) = 1"y."

3. y²µduf(x)3«m[0, 1]þëY§3(0, 1)S��§@o3«m

[
0,

1

6

]
þ

A^.�KF¥�½n��µ�3�:ξ ∈
(
0,

1

6

)
¦�f

(
1

6

)
− f(0) =

1

6
f ′(ξ)"

Ón§�3�:η ∈
(
1

6
, 1

)
§¦�f(1) − f

(
1

6

)
=

(
1− 1

6

)
f ′(η)"qÏ

�f(0) = f(1)§K
5

6
f ′(η) +

1

6
f ′(ξ) = 0.

nþ§�3ξ, η÷v0 < ξ < η < 1§¦�f ′(ξ) + 5f ′(η) = 0"y."
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2.8.3 âââ777���{{{KKK

1. )µ

lim
x→0

√
x+ 1−

√
sinx+ 1

x3

= lim
x→0

1√
x+ 1 +

√
sinx+ 1

x− sinx

x3

= lim
x→0

1

2

1− cosx

3x2
=

1

6
lim
x→0

sinx

2x
=

1

12

2. )µ

lim
x→0+

ln(ex
2 − cosx)

1
ln x

= lim
x→0+

ln (ex
2 − cosx)

lnx
= lim

x→0+

2xex
2
+sinx

ex2−cosx

x−1

= lim
x→0+

2x2ex
2
+ x sinx

ex2 − cosx

= lim
x→0+

4xex
2
+ sinx+ x cosx

2xex2 + sinx
+ lim

x→0+

4x3ex
2

2xex2 + sinx

= lim
x→0+

4ex
2
+ 8x2ex

2
+ 2 cosx− x sinx

2ex2 + cosx+ 4x2ex2
+ lim

x→0+

4x3ex
2

2xex2 + sinx
= 2

�ªk lim
x→0+

(ex
2 − cosx)

1
ln x = e2.

3. )µ

lim
x→0

(1 + x)
2
x − e2[1− ln(1 + x)]

x

=e2 + lim
x→0

(1 + x)
2
x − e2

x

=e2 + lim
x→0

(1 + x)
2
x

[
2

x
ln(1 + x)

]′
=e2 + lim

x→0
(1 + x)

2
x

[
2x− 2(1 + x) ln(1 + x)

x2(1 + x)

]
=e2 + 2e2 lim

x→0

x− (1 + x) ln(1 + x)

x2(1 + x)

=e2 − 2e2 lim
x→0

ln(1 + x)

2x+ 3x2

|^�dÃ¡�O�§�ªklim
x→0

(1 + x)
2
x − e2[1− ln(1 + x)]

x
= 0"
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4. )µ-t =
1

n
§K�ªz�

lim
t→0+

et
(
1− t+ 1

2
t2
)
−
√
1 + t6

t3

= lim
t→0+

et
(
1− t+ 1

2
t2
)
+ et(−1 + t)− 1

2

1√
1 + t6

· 6t5

3t2

= lim
t→0+

1

6
et − lim

t→0+

t3√
1 + t6

=
1

6

5. )µ

lim
x→0

f(x) + 6

x2

= lim
x→0

[
sin 6x+ xf(x)

x3
+

6x− sin 6x

x3

]
=0 + lim

x→0

6x− sin 6x

x3

= lim
x→0

6− 6 cos 6x

3x2

=6 lim
x→0

sin 6x

x
= 36

2.8.4 ���VVVúúúªªª

1. y²µ�f(x)3«m(0, a)S��:0 < ξ < a�����§Ïdf(x)3x =
ξ:��4��§�f ′(ξ) = 0"

éf ′(x)A^.�KF¥�½n��µ

f ′(0) = f ′(ξ) + f ′′(η1)(0− ξ)
f ′(a) = f ′(ξ) + f ′′(η2)(a− ξ)

Ù¥η1 ∈ (0, ξ)�η2 ∈ (ξ, a)"u´

|f ′(0)|+ |f ′(a)| 6 |f ′′(η1)| × ξ + |f ′′(η2)| × (a− ξ) 6Ma

y."

2. )µw,f(x)´Û¼ê§=f(x) + f(−x) = 0éu?¿x¤á"ü>
éx¦2n ��ê��µf (2n)(x) + (−1)2nf (2n)(−x) = 0éu?¿x¤á"
=f (2n)(x)§n > 1§þ�Û¼ê"u´f (2n)(0) = 0é?¿n > 1¤á"

dsinx��VÐm��µ

f(x) =

(
x− 1

3!
x3 + · · ·

)(
3x− 9

3!
x3 + · · ·

)(
5x− 125

3!
x3 + · · ·

)
= 15x3 +O(x5)

u´f ′′′(0) = 3!× 15 = 90"
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3. )µd

lim
x→0

e
f(x)
x − 1

ln(esinx) + 2x
= 3

��

lim
x→0

f(x)
x

sinx+ 2x
= 3

lk
f(x) = 3(sin x+ 2x)x+ o(x2) = 9x2 + o(x2)

�f(0) = f ′(0) = 0§f ′′(0) = 18"

2.8.5 üüüNNN555

1. y²µ(�y{) b�f ′′(x) 6 0é?¿�x > 0¤á"

(1) d4���S5§�3η > b¦�f(η) > f(b)"

(2) df(a) = f(b)§3[a, b]«mSA^Û�¥�½n��µ�3ζ ∈ (a, b)¦
�f ′(ζ) = 0"?kf ′(x) 6 0éu?¿�x > ζ¤á"u´f(x) 3«
m[ζ, η]þüN�O"ù�f(η) > f(b)gñ"y."

2. y²µ�	¼êF (x) = e−2xf(x) + 2ex§KF (0) = 3 �

F ′(x) = e−2x(−2f(x) + f ′(x)) + 2ex

�	G(x) = e−xF ′(x) = e−3x(f ′(x) − 2f(x)) + 2§KG(0) = 0 �éu?¿
�x > 0k

G′(x) = e−3x(f ′′(x)− 5f ′(x) + 6f(x)) > 0

�G(x)3[0,∞)þ´üN�~�§=éu?¿�x > 0kG(x) > 0§?é
u?¿�x > 0kF ′(x) > 0"�F (x)3[0,∞)þ´üN�~�§?é?¿
�x > 0kf(x) > 3e2x − 2e3x"y."

2.8.6 ÖÖÖ¿¿¿SSSKKK

1. y²µ(1) df ′′(c) > 0§f ′(c) = 09�ê�½ÂÚ4���Ò5��µ
3x = c��+�[c − δ1, c) ⊂ (0, 1)Skf ′(x) < 0�3x = c�m+�(c, c +
δ2] ⊂ (0, 1)Skf ′(x) > 0§Ù¥δ1, δ2�ü��u0�~ê"u´f(x)3[c −
δ1, c)þüNeü§?f(c − δ1) > f(c)¶3(c, c + δ2] þüNþ,§?
f(c) < f(c+ δ2)"

±eØ��f(c − δ1) > f(c + δ2)§K�ξ2 = c + δ2§¿33«m[c − δ1, c]
SA^ëY¼ê�0�½nµ�3ξ1 ∈ [c − δ1, c]¦�µf(ξ1) = f(ξ2)"y
."

(2) �9Ï¼êF (x) = f(x)− f ′(c)x"dK¿��µF ′(c) = f ′(c)− f ′(c) =
0�F ′′(c) = f ′′(c) > 0§u´d(1)�(Øk(0, 1)ü�ØÓ�η1, η2¦
�F (η1) = F (η2)§=

f(η1)− f ′(c)η1 = f ′(η2)− f ′(c)η2
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?

f ′(c) =
f(η1)− f(η2)

η1 − η2
y."

2. y²µ�9Ï¼êF (x) = f(x) − cx"KF ′(a) = f ′(a) − c < 0�F ′(b) =
f ′(b) − c > 0"d�ê�½ÂÚ4���Ò5��µF (a)´F (x)3x =
a�,�m+�[a, a + δ1] S�����F (b)´F (x)3x = b�,��+
�[b − δ2, b]S����"?§ëY¼êF (x) 3«m[a, b]S�����
½3SÜ�,�:x = ξ ∈ (a, b)þ��"u´F (ξ)�F (x)���4��§
�F ′(ξ) = 0§=f ′(ξ) = c"y."
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