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2.1 õõõ���¼¼¼êêê���ÄÄÄ���VVVggg

1. ¦4�µ lim
(x,y)→(0,0)

1− cos(x2 + y2)

(x2 + y2)x2y2
"

2. ?Ø¼êf(x, y) =
sin(xny)

x2 + y2
§x ≥ 0, y ≥ 0§n > 0§3(x, y) = (0, 0):�4

�´Ä�3"

3. y²4� lim
(x,y)→(0,0)

x3y

x6 + y2
Ø�3"

2.2    ���êêê999������©©©

1. y²¼ê

f(x, y) =

xy sin
1√

x2 + y2
, (x, y) 6= (0, 0)

0, (x, y) = (0, 0)

3:(0, 0)?ëY§ �ê�3�3:(0, 0)?ØëY§
f3:(0, 0)��"

2. O�(lg 99)1.01"

2.3 EEEÜÜÜ¼¼¼êêê¦¦¦���{{{

1. �z = f(x− y, xy2)§efäk��ëY �ê§¦ ∂2z

∂x∂y
"

2. �¼êu = u(x, y)÷v�§
∂2u

∂x2
− ∂2u

∂y2
= 09^�u(x, 2x) = x§u′x(x, 2x) =

x2"uk��ëY �§¦u′′xx(x, 2x)"

3. �u = f(r)§r = ln
√
x2 + y2 + z2§Ù¥fäk��ëY��ê§�÷v

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
+ (x2 + y2 + z2) = 0

¦f(r)"

2
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4. �f(r)3[1,∞)þäk��ëY��ê�f(1) = 0§f ′(1) = 1§���¼
êz = (x2 + y2)f(x2 + y2)÷v

∂2u

∂x2
+
∂2u

∂y2
= 0

¦f(r)3[1,∞)þ����([5], P. 24, 8§P. 115, o)"

5. �z = f(x, y)3:(1, 1)?��©�3§f(1, 1) = 1§
∂f

∂x

∣∣∣∣
(1,1)

=

2§
∂f

∂y

∣∣∣∣
(1,1)

= 3"q�ψ(x) = f(x, f(x, x))§¦
dψ3(x)

dx

∣∣∣∣
x=1

"

6. �f(x, y, z)´��¼ê"y²µf�kgàg¼ê§=

f(tx, ty, tz) = tkf(x, y, z)

��=�

x
∂f

∂x
+ y

∂f

∂y
+ z

∂f

∂z
= kf(x, y, z)

7. y²µ¼êz = f(x, y)�´ax+ by�¼ê��=�

b
∂z

∂x
= a

∂z

∂y



§2.4 ë��Y 4

2.4 ëëë������YYY

2.4.1 õõõ���¼¼¼êêê���ÄÄÄ���VVVggg

1. )µ-r = x2 + y2§K(2xy)2 ≤ r2§�

1− cos(x2 + y2)

(x2 + y2)x2y2
=

1− cos r

r2
r

x2y2
≥ 1− cos r

r2
4r

r2

u´ lim
(x,y)→(0,0)

1− cos(x2 + y2)

(x2 + y2)x2y2
=∞"

2. )µ(i) w,f(x, 0) ≡ 0"±e�y 6= 0§K∣∣∣∣sin(xny)x2 + y2

∣∣∣∣ = ∣∣∣∣sin(xny)xny

xny

x2 + y2

∣∣∣∣ ≤ ∣∣∣∣sin(xny)xny

∣∣∣∣ |xny|2|xy|

u´ lim
(x,y)→(0,0)

f(x, y) = 0�n > 1�"

(ii) �0 < n ≤ 1�§�y = kxn§K

lim
x→0,y=kxn

xny

x2 + y2
=


k

1 + k2
, n = 1

1

k
, 0 < n < 1

�f(x, y)3(x, y) = (0, 0):�4�Ø�3"

3. y²µdu�y = kx3�

x3y

x6 + y2
=

kx6

x6 + k2x6
≡ k

1 + k2

�éuØÓ�4�L§Ù4��ØÓ§=4�Ø�3"

2.4.2    ���êêê999������©©©

1. y²µd|f(x, y)| ≤ |xy|�

lim
(x,y)→(0,0)

f(x, y) = 0

�f(x, y)3:(0, 0)?ëY"

dEÜ¼ê¦�{K§�x 6= 0, y 6= 0�§

∂f

∂x
(x, y) = y sin

1√
x2 + y2

− x2y(x2 + y2)−3/2 cos(x2 + y2)−1/2

∂f

∂y
(x, y) = x sin

1√
x2 + y2

− xy2(x2 + y2)−3/2 cos(x2 + y2)−1/2

d �ê½Â��µ
∂f

∂x
(0, 0) =

∂f

∂y
(0, 0) = 0"� �ê�3�3:(0, 0)?

ØëY"
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du ∣∣∣∣∣ xy√
x2 + y2

sin
1√

x2 + y2

∣∣∣∣∣ ≤ x2 + y2

2
√
x2 + y2

=

√
x2 + y2

2

��
f(x, y) = f(0, 0) + o(

√
x2 + y2)

=f3:(0, 0)���©�0dx+ 0dy"

2. )µ�f(x, y) = (lg x)y§Kf(100, 1) = 2�

∂f

∂x
(x, y) = y(lg x)y−1

lg e

x

∂f

∂y
(x, y) = (lg x)y ln lg x

u´

f(99, 1.01) ≈ 2− lg e

100
+

2 ln 2

100
≈ 2.0095

2.4.3 EEEÜÜÜ¼¼¼êêê¦¦¦���{{{

1. )µdEÜ¼ê¦�{K��µ

∂z

∂x
= f ′1(x− y, xy2) + y2f ′2(x− y, xy2)

Ïd

∂2z

∂x∂y
=− f ′′11(x− y, xy2) + 2xyf ′′12(x− y, xy2) + 2yf ′2(x− y, xy2)

− y2f ′′21(x− y, xy2) + 2xy3f ′′22(x− y, xy2)
=2yf ′2(x− y, xy2)− f ′′11(x− y, xy2) + (2xy − y2)f ′′12(x− y, xy2)
+ 2xy3f ′′22(x− y, xy2)

2. )µdu(x, 2x) = x¦ ��µ

u′x(x, 2x) + 2u′y(x, 2x) = 1

9
u′′xx(x, 2x) + 4u′′xy(x, 2x) + 4u′′yy(x, 2x) = 0

2du′x(x, 2x) = x2�µ

u′′xx(x, 2x) + 2u′′xy(x, 2x) = 2x

�\®�^���µu′′xx(x, 2x) = −
4

3
x"

3. )µd
∂r

∂x
=

x

x2 + y2 + z2
�

∂u

∂x
= f ′(r)

∂r

∂x
= f ′(r)

x

x2 + y2 + z2
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�
∂2u

∂x2
= f ′′(r)

x2

(x2 + y2 + z2)2
+ f ′(r)

y2 + z2 − x2

(x2 + y2 + z2)2

u´

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
+ (x2 + y2 + z2)

=f ′′(r)
x2 + y2 + z2

(x2 + y2 + z2)2
+ f ′(r)

x2 + y2 + z2

(x2 + y2 + z2)2
+ (x2 + y2 + z2) = 0

=f ′′(r) + f ′(r) = −e4r§?
f(r) = C1 + C2e
−r − 1

20
e−4r"

4. )µdEÜ¼ê¦�{K�µ

∂z

∂x
= 2xf(x2 + y2) + 2x(x2 + y2)f ′(x2 + y2)

�

∂2u

∂x2
= 2f(x2 + y2) + (10x2 + 2y2)f ′(x2 + y2) + 4x2(x2 + y2)f ′′(x2 + y2)

u´

∂2u

∂x2
+
∂2u

∂y2

=4f(x2 + y2) + 12(x2 + y2)f ′(x2 + y2) + 4(x2 + y2)2f ′′(x2 + y2) = 0

=r2f ′′(r) + 3rf ′(r) + f(r) = 0"

�r = et�D =
df

dt
§@oµ

[D(D − 1) + 3D + 1]f = [D2 + 2D + 1]f = 0

u´µf(et) = (C1 + C2t)e
−t�f(r) =

C1 + C2 ln r

r
"df(1) = 0�C1 = 0§

?
df ′(1) = 1�C2 = 1§=f(r) =
ln r

r
"

±e�	��¼ê��"Äk§f(1) = 0§ lim
r→∞

f(r) = 0"Ùg§

f ′(r) =
1

r2
(1− ln r) = 0

)�µr = e�f(e) =
1

e
"��duf ′′(e) < 0�f(e)´4��"

nþ¤ãµf3[1,∞)þ�����
1

e
"

5. )µdEÜ¼ê¦�{Kµ

dψ3(x)

dx
= 3ψ2(x)

(
∂f

∂x
+
∂f

∂y

(
∂f

∂x
+
∂f

∂y

))
dK¿�µψ(1) = 1§u´

dψ3(x)

dx
= 3 (2 + 3 (2 + 3)) = 51
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6. y²µé?¿�½(x, y, z)§�Ä¼êg(t) = f(tx, ty, tz)"

(7�5) df�kgàg¼ê�g(t) = tkg(1)§�

g′(t)|t=1 = kg(1)

=

x
∂f

∂x
(tx, ty, tz) + y

∂f

∂y
(tx, ty, tz) + z

∂f

∂z
(tx, ty, tz)

∣∣∣∣
t=1

= kf(x, y, z)

(¿©5) dK�^���µ

g′(t) = x
∂f

∂x
(tx, ty, tz) + y

∂f

∂y
(tx, ty, tz) + z

∂f

∂z
(tx, ty, tz) =

kg(t)

t

©lCþ{)�©�§��µ

ln g(t)− ln g(1) = k ln t

=
f(tx, ty, tz) = tkf(x, y, z)

y."

7. y²µØ��a 6= 0"�r = ax + by§Kx =
r − by
a
�z = f

(
r − by
a

, y

)
"

dK¿��
∂z

∂y
= − b

a
f ′x + f ′y = 0

=z�yÃ'"

��§ez = f(x, y) = g(ax+ by)§K

∂z

∂x
= ag′ �

∂z

∂y
= bg′

u´

b
∂z

∂x
= abg′ = a

∂z

∂y

y."
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