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3.1 ØØØ½½½ÈÈÈ©©©999������ÈÈÈ©©©{{{

O�e�Ø½È©

1.

∫
2x+ 5

x2 + 5x+ 25
dx 2.

∫
ln
(
1 + 1

x

)
x(1 + x)

dx ([3], P. 102,�!4)

3.2 ©©©ÜÜÜÈÈÈ©©©{{{

O�e�Ø½È©

1.

∫
x2e2xdx

2.

∫
x arctanx√
x2 + 1

dx

3.

∫
arcsinx+ arccosxdx

4.

∫
ln(ex + 1)

ex
dx

5.

∫
sin lnxdx

6.

∫
x tan2 xdx ([3], P. 13, �!2)

7.

∫
arcsinx

x2
dx

8.

∫
x

1 +
√
x
dx

9.

∫
1

x
√
x2 + 1

dx

10.

∫
earctanx

(1 + x2)
3
2

dx

3.3 kkknnn¼¼¼êêê999nnn���kkknnn¼¼¼êêê

O�e�Ø½È©

1.

∫
2 + x2

x(x− 1)2
dx

2.

∫
sin3 x

1 + cos2 x
dx

3.

∫
sin2 x

1 + cos2 x
dx

4.

∫
3 cosx− sinx

cosx− 2 sinx
dx ([3], P. 97, n)

5.

∫
1

sin3 x
dx ([3], P. 105, n!2)
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3.4 AAAÏÏÏ¼¼¼êêê������¼¼¼êêê

1. �f(x) =

{
x2 + 1, x < 0

ex + x, x ≥ 0
§¦

∫
f(x)dx"

2. �f(x) = |x3 − 1|§¦
∫
f(x)dx"

3.5 ¥¥¥���½½½nnn(YYY)

1. �f(x)3«m[0, 1]þëY§3(0, 1)S��§�x ∈ [0, 1]�0 < f(x) < 1"¦

yµ�3ξ ∈ (0, 1)¦�f ′(ξ) = 2− f(ξ)

ξ
"

2. �f(x)3«m[0, 1]þëY§3(0, 1)S��§�f(0) = −f(1) = 1"y²µ
�3ξ ∈ (0, 1)§¦�ξf ′(ξ) + 3f(ξ) = 0"

3. �f(x)3[a, b]þëY§3(a, b)S��§�f(a) = f(b) = 1"¦yµ�
3ξ, η ∈ (a, b)¦�eη−ξ(f(η) + f ′(η)) = 1"

3.6 ÖÖÖ¿¿¿SSSKKK

1. �f(x)3[a, b]þëY§3(a, b)S���b > a > 0"y²µ�3ξ, η ∈
(a, b)¦�f ′(ξ) =

a+ b

2η
f ′(η)"

2. �f(x)3[−1, 1]þäkn�ëY�ê§�f(−1) = 0§f(1) = 1§f ′(0) =
0"y²µ�3ξ ∈ (−1, 1)¦�f ′′′(ξ) = 3"

3. �f(x)3[a, b]þëY§3(a, b)S�g���f(a) = f(c) = f(b) = 0§Ù
¥c ∈ (a, b)!y²µ(1) ���3ü�ØÓ�:ξ1, ξ2 ∈ (a, b)¦�f ′(ξi) +
f(ξi) = 0§i = 1, 2"(2) �3ξ ∈ (a, b)¦�f ′′(ξ) = f(ξ)"

3.7 ���:::©©©ÛÛÛ

3.1.

11,2�K§���Ñn�©�/ª"

3.2.

11�K§IO�üg©ÜÈ©{"

12�K§k^�g©ÜÈ©rarctanx�K2`"

13�K§�YØ´x(arcsinx+ arccosx) + C"

14�K§|^©ÜÈ©rln�K"

15�K§��{�Klnx§,�©ÜÈ©üg"
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16�K§P4tanx��¼êÒÐ�
"

17�K§ü«�{Ñ�±§8�Ò´�Karcsinx"

18�K§��{�K
√
x2`"

19�K§;.�n���"

110�K§k��2©ÜÈ©"

3.3.

11�K§kn©ªÜ©Ú©)"

12�K§�����±���Ñkn¼ê"

13�K§ww©f´²��á��«O"

14�K§�,~K��{"

15�K§����=z�kn©ª�Ü©Ú©)"

3.4.

11,2�K§�	Ø½È©�C"

3.5.

11�K§�dC/xf ′(x) + f(x)− 2x��2Ïé�¼ê"

12�K§k?5�dC/§2Ïé�¼ê"

13�K§ké¼êexf(x)^�g.�KF¥�½n§2é�e�ÀÜ^�
g.�KF¥�½n"

3.6.

11�K§.�KF¥�½nÚ�Ü¥�½n�å�"

12�K§�VÐm��A^�Ù½n"

13�K§ÚSK2.5.2�g´aq"
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3.8 ëëë������YYY

3.8.1 ØØØ½½½ÈÈÈ©©©999������ÈÈÈ©©©{{{

1. )µ ∫
2x+ 5

x2 + 5x+ 25
dx

=

∫
d(x2 + 5x+ 25)

x2 + 5x+ 25
= ln(x2 + 5x+ 25) + C

2. )µ ∫
ln(1 + 1

x
)

x(1 + x)
dx

=

∫
ln(1 + 1

x
)

x2(1 + 1
x
)
dx = −

∫
ln(1 +

1

x
)d ln(1 +

1

x
)

=− 1

2
ln2(1 +

1

x
) + C

3.8.2 ©©©ÜÜÜÈÈÈ©©©{{{

1. )µ ∫
x2e2xdx

=
1

2

∫
x2de2x

=
1

2
x2e2x − 1

2

∫
e2xdx2

=
1

2
x2e2x − 1

2

∫
xde2x

=
1

2
x2e2x − 1

2
xe2x +

1

2

∫
e2xdx

=
1

2
x2e2x − 1

2
xe2x +

1

4
e2x + C

2. )µ ∫
x arctanx√
x2 + 1

dx

=

∫
arctanxd

√
x2 + 1

=
√
x2 + 1arctanx−

∫
1√

x2 + 1
dx

=
√
x2 + 1arctanx− ln |x+

√
x2 + 1|+ C

3. )µdu

(arcsinx+ arccosx)′ = (
1√

1− x2
− 1√

1− x2
) = 0



§3.8 ë��Y 29

Ïd§∫
(arcsinx+ arccosx)dx = x(arcsin 0 + arccos 0) + C =

π

2
x+ C

4. )µ ∫
ln(ex + 1)

ex
dx

=−
∫

ln(ex + 1)de−x = −e−x ln(ex + 1) +

∫
dx

ex + 1

=− e−x ln(ex + 1) +

∫
e−xdx

1 + e−x

=− e−x ln(ex + 1)− ln(1 + e−x) + C

5. )µ ∫
sin lnxdx

t=lnx
=

∫
et sin tdt

=

∫
sin tdet

=et sin t−
∫
etd sin t

=et sin t−
∫

cos tdet

=et sin t− et cos t−
∫
et sin tdt

¤±§�ª

=
1

2
et(sin t− cos t) + C

=
x

2
(sin lnx− cos lnx) + C.

6. )µ ∫
x tan2 xdx

=

∫
x(sec2 x− 1)dx

=

∫
xd tanx−

∫
xdx

=x tanx−
∫

tanxdx− x2

2

=x tanx− ln | cosx| − x2

2
+ C
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7. )µ ∫
arcsinx

x2
dx

x=sin t
=

∫
t

sin2 t
cos tdt

=

∫
t

sin2 t
d sin t

=−
∫
td

1

sin t

=− t

sin t
+

∫
csc tdt

=− t

sin t
+ ln | csc t− cot t|+ C

=− arcsinx

x
+ ln

∣∣∣∣1x − 1− x2

x2

∣∣∣∣+ C

8. )µ ∫
x

1 +
√
x
dx

x=t2
=

∫
t2

1 + t
2tdt

=2

∫
(t2 − t+ 1)dt− 2

∫
dt

1 + t

=
2

3
t3 − t2 + 2t− 2 ln(1 + t) + C

=
2

3
x2/3 − x+ 2x1/2 − 2 ln(1 + x1/2) + C

9. )µ ∫
dx

x
√
x2 + 1

x=tan t
=

∫
1

tan t sec t
sec2 tdt

=

∫
csc tdt

= ln | csc t− cot t|+ C

= ln |
√

1

x2
+ 1− 1

x
|+ C
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10. )µ ∫
earctanx

(1 + x2)3/2
dx

t=arctanx
=

∫
et

sec3 t
sec2 tdt

=

∫
et cos tdt

=
1

2
et(cos t+ sin t) + C

=
1

2
earctanx(

1 + x√
1 + x2

) + C

3.8.3 kkknnn¼¼¼êêê999nnn���kkknnn¼¼¼êêê

1. dkn©ªÜ©Ú©)½n§�±��
2 + x2

x(1− x2)
=

2

x
+
3

2

1

1− x
− 3

2

1

1 + x
"

u´ ∫
2 + x2

x(1− x2)
dx =

∫ (
2

x
+

3

2

1

1− x
− 3

2

1

1 + x

)
dx

=2 ln |x|+ 3

2
ln

∣∣∣∣1− x1 + x

∣∣∣∣+ C

2. )µ ∫
sin3 x

1 + cos2 x
dx

=−
∫

1− cos2 x

1 + cos2 x
d cosx =

∫
1d cosx− 2

∫
d cosx

1 + cos2 x

=cosx− 2 arctan(cos x) + C

3. )µ ∫
sin2 x

1 + cos2 x
dx =

∫
1− cos2 x

1 + cos2 x
dx

=−
∫

1dx+ 2

∫
dx

1 + cos2 x

Ù¥§1��� ∫
dx

1 + cos2 x

=

∫
sec2 x

1 + sec2 x
dx =

∫
d tanx

2 + tan2 x

=

√
2

2

∫
1

1 + ( tanx√
2
)2
d
tanx√

2

=

√
2

2
arctan

(
tanx√

2

)
+ C

¤±§�ª= −x+
√
2 arctan

(
tanx√

2

)
+ C"
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4. )µb�3 cosx− sinx = A(cosx− 2 sinx) +B(cosx− 2 sinx)′§K

3 = A− 2B

1 = 2A+B

u´A = 1§B = −1"?§∫
3 cosx− sinx

cosx− 2 sinx
dx

=x− ln | cosx− 2 sinx|+ C

5. )µ ∫
dx

sin3 x
= −

∫
d cosx

(1− cos2 x)2

=− 1

4

∫
1

1 + cos x
+

1

(1 + cos x)2
+

1

1− cosx
+

1

(1− cosx)2
d cosx

=
1

4

(
ln

∣∣∣∣1− cosx

1 + cos x

∣∣∣∣+ 1

1 + cos x
− 1

1− cosx

)
+ C

3.8.4 AAAÏÏÏ¼¼¼êêê������¼¼¼êêê

1. )µ�x < 0�

∫
f(x)dx =

x3

3
+x+C1§�x ≥ 0�

∫
f(x)dx = ex+

x2

2
+C2"

du

∫
f(x)dx3x = 0?ëY§��C1 = 1 + C2"?§

∫
f(x)dx =


x3

3
+ x+ C1, x < 0

ex +
x2

2
+ C1 − 1, x ≥ 0

2. )µò¼ê�¤©ã¼ê�/ªµ

f(x) =

{
x3 − 1, x > 1

1− x3, x ≤ 1

u´ ∫
f(x)dx =


x4

4
− x+ C1, x < 1

x− x4

4
+ C2, x ≥ 1

dëY5��C1 = C2 + 3/2§�

∫
f(x)dx =


x4

4
− x+ C1, x < 1

x− x4

4
+ C1 −

3

2
, x ≥ 1
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3.8.5 ¥¥¥���½½½nnn£££YYY¤¤¤

1. y²µ-F (x) = x(f(x)− x)§KF (0) = 0"?�Ú�G(x) = f(x)− x§K
duG(0) > 09G(1) < 0§�â0�½n�3η ∈ (0, 1) ¦�G(η) = 0"?
F (η) = 0"dÛ�½n��3ξ ∈ (0, η)¦�

0 = F ′(ξ) = ξf ′(ξ) + f(ξ)− 2ξ

=f ′(ξ) = 2− f(ξ)

ξ
"y."

2. y²µduf(0) = −f(1) = 1§d0�5�§�3η ∈ (0, 1)¦�f(η) = 0"

-F (x) = x3f(x)§KF (0) = 0 = F (η)"dÛ�½n��3ξ ∈ (0, η)¦�

F ′(ξ) = ξ2(ξf ′(ξ) + 3f(ξ)),

qÏ�ξ2 6= 0, ¤±ξf ′(ξ) + 3f(ξ) = 0"y."

3. �f(x)3[a, b]þëY§3(a, b)S��§�f(a) = f(b) = 1"¦yµ�
3ξ, η ∈ (a, b)¦�eη−ξ(f(η) + f ′(η)) = 1"
y²µ3«m[a, b]þ§é¼êF (x) = exf(x)A^.�KF¥�½n�±�
�µ�3η ∈ (a, b)÷v

F ′(η) =
F (b)− F (a)

b− a
=

eη(f(η) + f ′(η)) =
eb − ea

b− a
?�Ú§3«m[a, b]þ§é¼êexA^.�KF¥�½n�±��µ�
3ξ ∈ (a, b)÷v

eξ =
eb − ea

b− a
¤±keη−ξ(f(η) + f ′(η)) = 1"y."

3.8.6 ÖÖÖ¿¿¿SSSKKK

1. y²µ3«m[a, b]þé¼êF (x) =
f(x)

x2
A^�Ü¥�½n�µ�3η ∈

(a, b)§¦�
f(b)− f(a)
b2 − a2

=
f ′(η)

2η

=
f(b)− f(a)

b− a
=
a+ b

2η
f ′(η)

u´�é¼êf(x)3«m[a, b]þA^.�KF¥�½n�µ�3ξ ∈
(a, b)§¦�

f(b)− f(a)
b− a

= f ′(ξ)

=f ′(ξ) =
a+ b

2η
f ′(η)"y."
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2. y²µduf(x)3[−1, 1]þäkn�ëY�ê§�±ùf(x)3x = 0:?1
�VÐmµ

f(−1) = f(0) + f ′(0)(−1− 0) +
1

2!
f ′′(0)(−1− 0)2 +

1

3!
f ′′′(ξ1)(−1− 0)3

f(1) = f(0) + f ′(0)(1− 0) +
1

2!
f ′′(0)(1− 0)2 +

1

3!
f ′′′(ξ2)(1− 0)3

Ù¥−1 < ξ1 < 0 < ξ2 < 1"duf ′(0) = 0§��

1 = f(1)− f(−1) = 1

3!
(f ′′′(ξ1) + f ′′′(ξ2))

=
f ′′′(ξ1) + f ′′′(ξ2)

2
= 3

ddSK1.6.39SK2.6.2���3ξ ∈ (−1, 1)¦�f ′′′(ξ) = 3"y."

3. y²µ(1)�¼êF (x) = exf(x)§KF ′(x) = ex(f(x) + f ′(x))"dF (a) =
F (c) = F (b) = 0§©O3«m[a, c]9[c, b]A^Û�¥�½n��µ�
3ξ1 ∈ (a, c), ξ2 ∈ (c, b) ¦�

F ′(ξi) = eξi(f(ξi) + f ′(ξi)) = 0, i = 1, 2

=f(ξi) + f ′(ξi) = 0§i = 1, 2"

(2)�	¼êG(x) = e−x(f(x)+f ′(x))§KG′(x) = e−x(f(x)+f ′(x)−(f ′(x)+
f ′′(x))) = e−x(f(x) − f ′′(x))"d(1)��G(ξ1) = G(ξ2) = 0"u´3«
m[ξ1, ξ2]þA^Û�¥�½n��§�3ξ ∈ (ξ1, ξ2) ¦�

G′(ξ) = e−ξ(f(ξ)− f ′′(ξ)) = 0

=f ′′(ξ) = f(ξ)"y."
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