
ooo öööSSSKKKIV

SK�K8Ü©Àg5ó�êÆ©Û£þþ¤6§5ó�êÆ©ÛÆS���
SK)�£þþ¤6Ú5M�Tó��Æ�È©{3Ï"ÁK86"

4.1 ½½½ÈÈÈ©©©���½½½ÂÂÂ999ÙÙÙ555���

1. �f(x) = lim
n→∞

1− x2n

1 + x2n
§¦

∫ 2

0

f(x)dx ([3], P. 5, �!4)"

2. ef(x)�[−a, a]þÛ¼ê�f(x)3[−a, a]þ�È"y²µ
∫ a

−a
f(x)dx = 0"

4.2 ½½½ÈÈÈ©©©���OOO���

1.

∫ a

0

1

(x2 + a2)2
dx

2.

∫ π2

0

√
x cos

√
xdx ([3], P. 104, n!2)

3.

∫ 1

0

x2 arctanxdx ([3], P. 6, o)

4.

∫ π
2

0

ecosx − esinx + cos2 x

2
dx ([3], P. 5, �!5)

5.

∫ 1

−1

x2

1 + ex
+ sin3 xdx ([3], P. 13, �!4)

6.

∫ π

0

1

1 + a cosx
dx§0 < a < 1 ([3], P. 97, Ê)

4.3 ½½½ÈÈÈ©©©���AAA^̂̂

1. �x2 + (y − 2)2 = 1¤�²¡ã/7x¶^=�±¤�^=N�NÈ([3],
P. 5, �!2)"

2. �f ′(x) = arcsin(x− 1)2, f(0) = 0"¦

∫ 1

0

f(x)dx ([3], P. 97, o)"

35



§4.4 2ÂÈ©�O� 36

3. ?Ø¼êf(x) =

∫ x2

1

(x2 − t)e−t2dt�üN«m�4�([3], P. 95, Ê)"

4. O�µ lim
n→∞

1

(n+ 1)2

[
sin

1

n
+ 2 sin

2

n
+ · · ·+ n sin

n

n

]
([3], P. 70, �!6)"

5. O�µ lim
n→∞

[
1p−1

np + 1p−1
+

2p−1

np + 2p−1
+ · · ·+ np−1

np + np−1

]
"

4.4 222ÂÂÂÈÈÈ©©©���OOO���

1.

∫ ∞
0

1

(1 + x2)(1 + x4)
dx ([3], P. 14, �!4)

2.

∫ 0

−∞

xex√
ex + 1

dx ([3], P. 104, n!1)

4.5 ������~~~���©©©���§§§

)e��©�§µ

1. xy′ + y = x2 + 3x+ 2

2. y′ = 2xy − x3 + x

3. xy′ + y = xy2 lnx

4. y′ =
1

x cos y + sin 2y

4.6 ÖÖÖ¿¿¿SSSKKK

1. �lim
x→0

ln(1 + x)− (ax+ bx2)∫ x2
0
et2dt

=

∫ ∞
e

dx

x ln2 x
§K~êa§b�Û�º([3], P. 90,

�!4)

2. �ê�an÷van > 0� lim
n→∞

an = 0§�ê�bn÷vbn > 0�

∫ an

sin an

ex
2

dx =

bn ln(1 + bn)"y²µ(1) lim
n→∞

bn = 0¶(2)¦ lim
n→∞

a3n
b2n

([3], P. 12, Ô)"

3. �f(x)§g(x)3[a, b]þëY�f(x) > g(x)éu?¿x ∈ [a, b]¤á"y²µe

�3x0 ∈ [a, b]¦�f(x0) > g(x0)§K

∫ b

a

f(x)dx >

∫ b

a

g(x)dx"

4. �f(x)3[0, 2]þëY§3(0, 2)S���|f ′(x)| 6 1é?¿�x ∈ (0, 2)¤

á"y²µef(0) = f(2) = 1§K1 <

∫ 2

0

f(x)dx < 3"
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4.7 ���:::©©©ÛÛÛ

4.1.

11�K§k�4�Ò2¦È©"

12�K§�â½Â�Cþ��"

4.2.

11�K§�	kn¼êØ½È©"

12�K§��{Ú©ÜÈ©"

13�K§©ÜÈ©"

14,5�K§ÏLÈ©«m�=z�±�K�
ØÐ��È©"

16�K§g´Úþ¡��§L§k:E,"

4.3.

11�K§^=NNÈúª"

12�K§©ÜÈ©�U�"

13�K§kr�YßÑ52�§¦�êk:æ�§I�[%"

14�K§^½È©½Â¦Úª�4�"

15�K§½È©½Â¦Úª4�§�´I��ÄY%½n"

4.4.

11�K§ØC�«m�{O�L§ÚE,"

12�K§g´{ü§O�E,"

4.5.

11,2�K§~êCÉ{"

13�K§Ëã|�§"

14�K§�àg�5���©�§"

4.6.

11�K§â7�{K�±�§�´�VÐm�{'"

12�K§5¿È©¥�½n�$^"

13�K§��K§wã`{"

14�K§�[�K§wã`{"
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4.8 ëëë������YYY

4.8.1 ½½½ÈÈÈ©©©���½½½ÂÂÂ999ÙÙÙ555���

1. )µdf(x)�½Â�±��µ

f(x) =


lim
n→∞

1− x2n

1 + x2n
= 1, 0 < x < 1,

lim
n→∞

1− x2n

1 + x2n
= −1, 1 < x < 2

� ∫ 2

0

f(x)dx =

∫ 1

0

f(x)dx+

∫ 2

1

f(x)dx = 0

2. y²µdf(x)�[−a, a]þ�Û¼ê��µ∫ a

−a
f(x)dx =

∫ 0

−a
f(x)dx+

∫ a

0

f(x)dx

x=−t
======
dx=−dt

−
∫ 0

a

f(−t)dt+
∫ a

0

f(x)dx

=

∫ a

0

f(−t)dt+
∫ a

0

f(x)dx = −
∫ a

0

f(x)dx+

∫ a

0

f(x)dx = 0

4.8.2 ½½½ÈÈÈ©©©���OOO���

1. )µ ∫ a

0

1

(x2 + a2)2
dx

=
1

a2

∫ a

0

x2 + a2 − x2

(x2 + a2)2
dx

=
1

a2

∫ a

0

1

x2 + a2
dx+

1

2a2

∫ a

0

xd(
1

x2 + a2
)

=
1

a2

∫ a

0

1

x2 + a2
dx+

1

2a2

[
x

x2 + a2

∣∣∣∣a
0

−
∫ a

0

1

x2 + a2
dx

]
=

1

4a3
+

1

2a3
arctanx|10 =

1

4a3

(
1 +

π

2

)
2. )µ ∫ π2

0

√
x cos

√
xdx

√
x=t

======
dx=2tdt

∫ π

0

2t2 cos tdt

=2 t2 sin t
∣∣π
0
− 4

∫ π

0

t sin tdt

=4 t cos t|π0 − 4

∫ π

0

cos tdt

=− 4π
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3. )µ ∫ 1

0

x2 arctanxdx

=
1

3
x3 arctanx

∣∣1
0
− 1

3

∫ 1

0

x3

1 + x2
dx

=
π

12
− 1

3

∫ 1

0

xdx+
1

6

∫ 1

0

d(1 + x2)

1 + x2

=
π

12
− 1

6
+

1

6
ln(1 + x2)

∣∣1
0

=
π

12
+

ln 2− 1

6

4. )µ ∫ π
2

0

ecosx − esinx + cos2 x

2
dx

=

∫ π
4

0

ecosx − esinx + cos2 x

2
dx+

∫ π
2

π
4

ecosx − esinx + cos2 x

2
dx

x=π
2
−t

======
dx=−dt

∫ π
4

0

ecosx − esinx + cos2 x

2
dx+

∫ π
4

0

esinx − ecosx + sin2 x

2
dx

=
1

2

∫ π
4

0

dx =
π

8

5. )µ ∫ 1

−1

x2

1 + ex
+ sin3 xdx

x=−t
======
dx=−dt

∫ 0

−1

x2

1 + ex
dx+

∫ 1

0

x2

1 + ex
dx

=

∫ 1

0

x2ex

1 + ex
dx+

∫ 1

0

x2

1 + ex
dx =

1

3

6. )µ ∫ π

0

dx

1 + a cosx
=

∫ π
2

0

dx

1 + a cosx
+

∫ π

π
2

dx

1 + a cosx

31��È©¥-x = π − t§K

�ª =

∫ π
2

0

(
1

1 + a cosx
+

1

1− a cosx
)dx =

∫ π
2

0

2

1− a2 cos2 x
dx

=

∫ π
2

0

1

cos2 x
(

2

tan2 x+ 1− a2
)dx

=
2√

1− a2

∫ π
2

0

d tanx√
1−a2(

tanx√
1−a2

)2
+ 1

= lim
x→∞

2√
1− a2

arctanx =
π√

1− a2
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4.8.3 ½½½ÈÈÈ©©©���AAA^̂̂

1. )µ¤¦^=N����%�§Ïdd^=NNÈúª��µ

V = π

∫ 1

−1
(2 +

√
1− x2)2dx− π

∫ 1

−1
(2−

√
1− x2)2dx = 8π

∫ 1

−1

√
1− x2dx = 4π2.

2. )µ ∫ 1

0

f(x)dx =

∫ 1

0

f(x)d(x− 1) = (x− 1)f(x)|10 −
∫ 1

0

(x− 1)f ′(x)dx

=−
∫ 1

0

(x− 1) arcsin(x− 1)2dx

=
1

2

∫ 1

0

arcsin tdt

=
1

2

∫ π
2

0

xd sinx =
π

4
− 1

2
.

3. )µ�â½È©�½Â�±N´��µf(−1) = f(1) = 0§Ó�

f(0) =

∫ 0

1

(−t)e−t2dt = 1

2

∫ 1

0

e−tdt =
1

2

(
1− e−1

)
> 0

�íäf(x)�üN«m�(−∞,−1]§[−1, 0]§[0, 1]9[1,∞)"

±e�±ÏL¦�¼�µ

f ′(x) = 2x(x2 − x2)e−x4 +
∫ x2

0

(x2 − t)′e−t2dt

= 2x

∫ x2

1

e−t
2

dt

u´f(x)kn�7:µ−1, 0, 1�3«m(−∞,−1]þüNeü§3«
m[−1, 0]þüNþ,§3«m[0, 1]þüNeü93«m[1,∞)þüNþ,"

?f(x)�4���0§4���
e− 1

2e
"

4. )µd½È©�½Â��µ

lim
n→∞

1

(n+ 1)2

[
sin

1

n
+ 2 sin

2

n
+ · · ·+ n sin

n

n

]
= lim

n→∞

n2

(n+ 1)2
1

n

[
1

n
sin

1

n
+

2

n
sin

2

n
+ · · ·+ n

n
sin

n

n

]
=

∫ 1

0

x sinxdx = sin 1− cos 1

5. )µ�SK1.4.1aq§�Ä|^Y%½n"Äkµ

np

(n+ 1)p
kp−1

np
6

kp−1

np + kp−1
6
kp−1

np
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�e5|^½È©�½Â�±��µ

lim
n→∞

[
1p−1

np
+

2p−1

np
+ · · ·+ np−1

np

]
=

∫ 1

0

xp−1dx =
1

p

Ó�

lim
n→∞

np

(n+ 1)p

[
1p−1

np
+

2p−1

np
+ · · ·+ np−1

np

]
=

∫ 1

0

xp−1dx =
1

p

��ª�4��
1

p
"

4.8.4 222ÂÂÂÈÈÈ©©©���OOO���

1. )µ ∫ ∞
0

1

(1 + x2)(1 + x4)
dx

=

∫ ∞
1

1

(1 + x2)(1 + x4)
dx+

∫ 1

0

1

(1 + x2)(1 + x4)
dx

x=y−1

=========
dx=−y−2dy

∫ ∞
1

1

(1 + x2)(1 + x4)
dx+

∫ ∞
1

y−2

(1 + y−2)(1 + y−4)
dy

=

∫ ∞
1

1

(1 + x2)(1 + x4)
dx+

∫ ∞
1

y4

(1 + y2)(1 + y4)
dy

=

∫ ∞
1

1

1 + x2
dx =

π

4

2. )µ ∫ 0

−∞

xex√
ex + 1

dx

√
ex+1=t

========
dx=2te−xdt

2

∫ √2
1

ln(t2 − 1)dt

=2

∫ √2
1

ln(t− 1)dt+ 2

∫ √2
1

ln(t+ 1)dt

=2

∫ √2−1
0

ln tdt+ 2

∫ √2+1

2

ln tdt

=2 t ln t|
√
2−1

0 − 2(
√
2− 1) + 2 t ln t|

√
2+1

2 − 2(
√
2− 1)

=− 4(
√
2− 1) + 4 ln(

√
2 + 1)− 4 ln 2

4.8.5 ������~~~���©©©���§§§

1. )µàg�§Ï)�

xy′ + y = 0⇒ y =
C

x
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~êC´{§-y =
C(x)

x
�\��§�µ

xC ′(x)x−1 − xC(x)x−2 + C(x)x−1 = x2 + 3x+ 2

ü>��È©�µ

C(x) =
x3

3
+

3x2

2
+ 2x+ C

���§Ï)�µy =
x2

3
+

3x

2
+ 2 +

C

x

2. )µàg�§Ï)�
y′ − 2xy = 0⇒ y = cex

2

~êC´{§-y = C(x)ex
2
�\��§�µ

C ′(x)ex
2

+ 2xC(x)ex
2 − 2xC(x)ex

2

= −x3 + x

ü>©ÜÈ©�µ

C(x) =
1

2
x2e−x

2

+ C

Ï)�y =
1

2
x2 + Cex

2

3. )µò��§�¤Ëã|�§µ

y′ +
y

x
= y2 lnx

Ù¥n = 2§P (x) =
1

x
§Q(x) = ln x"u´Ï)�

y−1 = e

∫
1

x
dx
C − e

∫
1

x
dx∫

lnxe
−

∫
1

x
dx

dx = cx− 1

2
x(lnx)2

4. )µò��§À�x'uy��5�àg��~�©�§§=

dx

dy
= x cos y + sin 2y

-
P (y) = − cos y,Q(y) = sin 2y

�\úª��µ

x = e

∫
cos ydy

C+e

∫
cos ydy∫

sin 2ye
−

∫
cos ydy

dy = −2(sin y+1)+e− sin yc
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4.8.6 ÖÖÖ¿¿¿SSSKKK

1. )µÄkO��ªm>µ∫ ∞
e

dx

x ln2 x
=

∫ ∞
e

d lnx

ln2 x
= − 1

lnx
|∞e = 1

ò�>�©f?1�VÐmµ

ln(1 + x)− (ax+ bx2) = (1− a)x+ (−1/2− b)x2 + 1/3x3 +O(x4)

dÈ©¥�½n�µ�3ξx ∈ [0, x]¦�∫ x2

0

et
2

dt = x2eξ
2
x = x2 + o(x2)

?�âK¿��µa = 1�b = −3/2"

2. (1)y²µduan, bn > 0§��µ∫ an

sin an

ex
2

dx = bn ln(1 + bn) ≥ ln2(1 + bn) ≥ 0

du lim
n→∞

an = 0§�

lim
n→∞

∫ an

sin an

ex
2

dx = 0

?
lim
n→∞

ln2(1 + bn) = 0

�
lim
n→∞

bn = 0

(2) d(1)��

lim
n→∞

a3n
b2n

= lim
n→∞

a3n
bn ln(1 + bn)

= lim
n→∞

a3n∫ an
sin an

ex2dx

= lim
n→∞

a3n
(an − sin an)eξ

2
n

Ù¥0 < ξn < an"�

lim
n→∞

a3n
b2n

= lim
n→∞

a3n
an − sin an

= 6

3. y²µØ��x0 ∈ (a, b)"�ε =
f(x0)− g(x0)

4
§Kdf(x)9g(x)�ëY5

�µ�3a 6 x1 < x0 < x2 6 b¦�µé?¿�x ∈ [x1, x2]kµ

|f(x)− f(x0)| 6 ε �|g(x)− g(x0)| 6 ε
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u´é?¿�x ∈ [x1, x2]kµ

f(x)− g(x) > f(x0)− ε− (g(x0) + ε) =
f(x0)− g(x0)

2

u´∫ b

a

(f(x)− g(x))dx >
∫ x2

x1

(f(x)− g(x))dx >
x2 − x1

2
(f(x0)− g(x0)) > 0

y."

4. y²µ·��Iy²�ýØ�Ò¤á=�§Ï�mýØ�Ò�±aq/�
�"

Äk3«m[0, 1]þ§d.�KF¥�½n§�3ξx ∈ (0, x)¦�

f(x)− f(0) = f ′(ξx)x

�f(x) > 1 − x"�e53«m[1, 2]þ§d.�KF¥�½n§�3ηx ∈
(x, 2)¦�

f(x)− f(2) = f ′(ηx)(x− 2)

�f(x) > x− 1"?N´��µ∫ 2

0

f(x)dx =

∫ 1

0

f(x)dx+

∫ 2

1

f(x)dx >
∫ 1

0

(1− x)dx+
∫ 2

1

(x− 1)dx = 1

Äuþ��K8�(Ø§±e�I`²���3��x0 ∈ [0, 2]¦
�f(x0) > g(x0)¤á§Ù¥

g(x) =

{
1− x, x ∈ [0, 1],

x− 1, x ∈ [1, 2]

ÄK§
f ′−(1) = lim

x→1−
g′(x) = −1 �´f ′+(1) = lim

x→1+
g′(x) = 1

ù�f(x)3x = 1?��gñ"y."
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