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��� 111���gggSSSKKK���

1.1 ���������555���©©©���§§§

1. ®�y1 = cosx§y2 = e−x´n��5àg�§�)§ÁïáT�§"

2. �y(x)´y′′′ + y′ = 0�)��x → 0�´x2��dÃ¡�§¦y(x)([5], P.
106, �!1)"

3. e¼êf(x)÷vf ′′(x) + f ′(x) − 2f(x) = 09f ′′(x) + f(x) = 2ex¦f(x)([5],
P. 13, �!4)"

4. ¦�§y′′+y = x cos 2x÷v^�y(0) = 09y′(0) = 0�A)([5], P. 20,8)"

5. ®�y1 = xe2x + e−x§y2 = ex + xe2x§y3 = xe2x´,��~Xê�àg�
©�§�n�)§¦d�§£2021cSGk?ÁK§�!1¤"

1.2 õõõ���¼¼¼êêê���ÄÄÄ���VVVggg

1. ?Ø¼êf(x, y) =
sin(xny)

x2 + y2
§x ≥ 0, y ≥ 0§n > 0§3(x, y) = (0, 0):�4

�´Ä�3"

2. y²4� lim
(x,y)→(0,0)

x3y

x6 + y2
Ø�3"

1.3    ���êêê999������©©©

1. y²¼ê

f(x, y) =


xy√
x2 + y2

sin
1

|x|+ |y|
, (x, y) 6= (0, 0)

0, (x, y) = (0, 0)

3:(0, 0)?ëY� �ê�§�3:(0, 0)?fØ��(2021cSGk?§
�!1)"

2. O�(lg 99)1.01"
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1.4 EEEÜÜÜ¼¼¼êêê¦¦¦���{{{

1. �z = f(x− y, xy2)§efäk��ëY �ê§¦
∂2z

∂x∂y
"

2. �¼êu = u(x, y)÷v�§
∂2u

∂x2
− ∂2u

∂y2
= 09^�u(x, 2x) = x§u′x(x, 2x) =

x2"u k��ëY �§¦u′′xx(x, 2x)"

3. �f(u)3[1,∞)þäk��ëY��ê�f(1) = −1§f ′(1) =
3

2
§�¼

êw = (x2 + y2 + z2)f(x2 + y2 + z2) ÷v

∂2w

∂x2
+
∂2w

∂y2
+
∂2w

∂z2
= 0

¦f(u)3[1,∞)þ����(2021cSGk?§n!1)"

4. �z =

ˆ 1

0

|xy−t|f(t)dt§0 ≤ x ≤ 1§0 ≤ y ≤ 1"b�f(x)ëY§¦z′′xx+z′′yy

(2021cSGk?§�!2)"

1.5 ÖÖÖ¿¿¿SSSKKK

1. �f(x)3[0,∞)þ��§f(0) = 1�÷v

f ′(x) + f(x)− 1

1 + x

ˆ x

0

f(t)dt = 0

(1) ¦f ′(x)§(2) y²µe−x ≤ f(x) ≤ 1éu?¿x ≥ 0¤á"

2. �f(x)këY���ê§��x ≥ 0�÷v

f(x) = −1 + x+ 2

ˆ x

0

(x− t)f(t)f ′(t)dt

¦f(x) (ë�[5], P. 117, o)"
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1.6 ëëë������YYY

1.6.1 ���������555���©©©���§§§

1. )µdK¿��µλ1 = i§λ2 = −i9λ3 = −1´¢Xêngõ�ª�n�
�§�T�©�§�A��§�µ

(λ+ i)(λ− i)(λ+ 1) = λ3 + λ2 + λ+ 1 = 0

=
y′′′ + y′′ + y′ + y = 0

2. )µT�§�A��§�µλ3 + λ = 0§�λ1 = 0§λ2 = i§λ3 = −i§ÙÏ
)�

y(x) = C1 + C2 cosx+ C3 sinx

d�x → 0�y(x)´x2��dÃ¡�§�y(0) = 0, y′(0) = 0, y′′(0) = 2"u
´

y(x) = 2− 2 cosx

3. )µdK¿µf(x) = C1e
x + C2e

−2x§?f ′′(x) = C1e
x + 4C2e

−2x"u´

2C1 = 2 �5C2 = 0

�f(x) = ex"

4. )µà�§�Ï)�µy(x) = C1 cosx+ C2 sinx"

�
¦�à�§�A)§�Äy′′ + y = x(cos 2x + i sin 2x) = xe2ix"b
�y∗(x) = e2ixp1(x)´T�§�A)§Ù¥p1(x) = a0 + a1x��gõ�ª"
K

−4p1(x) + 4ip′1(x) + p1(x) = x

�−3a1 = 1�−3a0 + 4ia1 = 0§=a1 = −1

3
�a0 = −4i

9
"u´��§�A

)�µy∗(x) = −Re(e2ix(
4i

9
+

1

3
x)) = −1

3
x cos 2x+

4

9
sin 2x"

u´÷v^�y(0) = 09y′(0) = 0 �A)�µy(x) = −5

9
sinx− 1

3
x cos 2x+

4

9
sin 2x"

5. )µdK¿��µex = y2(x)− y3(x)9e−x = y1(x)− y3(x)´�g~Xêà
g�§Ï)§�A��§�µ

(λ− 1)(λ+ 1) = λ2 − 1 = 0

?�T�§�µy′′ − y = f(x)"òy3�\��

f(x) = y′′3 − y3 = e2x(3x+ 4)

u´¤¦�§�µy′′ − y = e2x(3x+ 4)"
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1.6.2 õõõ���¼¼¼êêê���ÄÄÄ���VVVggg

1. )µ(i) w,f(x, 0) ≡ 0"±e�x, y 6= 0§K∣∣∣∣sin(xny)

x2 + y2

∣∣∣∣ =

∣∣∣∣sin(xny)

xny

xny

x2 + y2

∣∣∣∣ ≤ ∣∣∣∣sin(xny)

xny

∣∣∣∣ |xny|2|xy|

u´ lim
(x,y)→(0,0)

f(x, y) = 0�n > 1�"

(ii) �0 < n ≤ 1�§�y = kxn§K

lim
x→0,y=kxn

xny

x2 + y2
=


k

1 + k2
, n = 1

1

k
, 0 < n < 1

�f(x, y)3(x, y) = (0, 0):�4�Ø�3"

2. y²µdu�y = kx3�

x3y

x6 + y2
=

kx6

x6 + k2x6
≡ k

1 + k2

�éuØÓ�4�L§Ù4��ØÓ§=4�Ø�3"

1.6.3    ���êêê999������©©©

1. y²µd|f(x, y)| ≤ |xy|√
x2 + y2

≤
√
x2 + y2

2
�

lim
(x,y)→(0,0)

|f(x, y)| = 0

�f(x, y)3:(0, 0)?ëY"

dEÜ¼ê¦�{K§�x 6= 0, y 6= 0�§

f ′x(0, 0) = lim
∆x→0

f(∆x, 0)− f(0, 0)

∆x
= 0

f ′y(0, 0) = lim
∆y→0

f(0,∆y)− f(0, 0)

∆y
= 0

d �ê½Â��µf ′x(0, 0) = f ′y(0, 0) = 0"=f(x, y)3(0, 0)?� �"

du
∆z − f ′x(0, 0)∆x− f ′y(0, 0)∆y√

(∆x)2 + (∆y)2

=
∆x∆y

(∆x)2 + (∆y)2
sin

1

|∆x|+ |∆y|

3ρ =
√

(∆x)2 + (∆y)2 → 0�4�Ø�3§=f3:(0, 0)�Ø��©"
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2. )µ�f(x, y) = (lg x)y§Kf(100, 1) = 2�

∂f

∂x
(x, y) = y(lg x)y−1 lg e

x

∂f

∂y
(x, y) = (lg x)y ln lg x

u´

f(99, 1.01) ≈ 2− lg e

100
+

2 ln 2

100
≈ 2.0095

1.6.4 EEEÜÜÜ¼¼¼êêê¦¦¦���{{{

1. )µdEÜ¼ê¦�{K��µ

∂z

∂x
= f ′1(x− y, xy2) + y2f ′2(x− y, xy2)

Ïd

∂2z

∂x∂y
=− f ′′11(x− y, xy2) + 2xyf ′′12(x− y, xy2) + 2yf ′2(x− y, xy2)

− y2f ′′21(x− y, xy2) + 2xy3f ′′22(x− y, xy2)

=2yf ′2(x− y, xy2)− f ′′11(x− y, xy2) + (2xy − y2)f ′′12(x− y, xy2)

+ 2xy3f ′′22(x− y, xy2)

2. )µdu(x, 2x) = x¦ ��µ

u′x(x, 2x) + 2u′y(x, 2x) = 1

9
u′′xx(x, 2x) + 4u′′xy(x, 2x) + 4u′′yy(x, 2x) = 0

2du′x(x, 2x) = x2�µ

u′′xx(x, 2x) + 2u′′xy(x, 2x) = 2x

�\®�^���µu′′xx(x, 2x) = −4

3
x"

3. )µ�w = uf(u)§Ù¥u = x2 + y2 + z2"dEÜ¼ê¦�{K�µ

∂w

∂x
= 2xf(u) + 2xuf ′(u)

�
∂2w

∂x2
= 2f(u) + (10x2 + 2y2 + 2z2)f ′(u) + 4x2uf ′′(u)

u´
∂2w

∂x2
+
∂2w

∂y2
+
∂2w

∂z2
= 6f(u) + 14uf ′(u) + 4u2f ′′(u) = 0

=2u2f ′′(u) + 7uf ′(u) + 3f(u) = 0"
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�u = et�D =
df

dt
§@oµ

[2D(D − 1) + 7D + 3]f = [2D2 + 5D + 3]f = 0

u´µf(et) = C1e
−t + C2e

− 3
2
t§=f(u) = C1u

−1 + C2u
− 3

2"

df(1) = C1 + C2 = −1§f ′(1) = −C1 −
3

2
C2 =

3

2
�f(u) = −u− 3

2"

±e�	��¼ê��"Äk§f(1) = 1¶Ùg§

f ′(u) =
3

2
u−

5
2 > 0

u´f(u)3[1,∞)þüN4O§�f(1) = −1´4��"

4. )µdu

z =

ˆ xy

0

(xy − t)f(t)dt+

ˆ 1

xy

(t− xy)f(t)dt

= xy

ˆ xy

0

f(t)dt−
ˆ xy

0

tf(t)dt+

ˆ 1

xy

tf(t)dt− xy
ˆ 1

xy

f(t)dt

�

z′x = y

ˆ xy

0

f(t)dt+ xy2f(xy)− xy2f(xy)− xy2f(xy)− y
ˆ 1

xy

f(t)dt+ xy2f(xy)

= y

ˆ xy

0

f(t)dt− y
ˆ 1

xy

f(t)dt

?
z′′xx = 2y2f(xy)

Ón��z′′yy = 2x2f(xy)"u´z′′xx + z′′yy = 2(x2 + y2)f(xy)

5. y²µé?¿�½(x, y, z)§�Ä¼êg(t) = f(tx, ty, tz)"

(7�5) df�kgàg¼ê�g(t) = tkg(1)§�

g′(t)|t=1 = kg(1)

=

x
∂f

∂x
(tx, ty, tz) + y

∂f

∂y
(tx, ty, tz) + z

∂f

∂z
(tx, ty, tz)

∣∣∣∣
t=1

= kf(x, y, z)

(¿©5) dK�^���µ

g′(t) = x
∂f

∂x
(tx, ty, tz) + y

∂f

∂y
(tx, ty, tz) + z

∂f

∂z
(tx, ty, tz) =

kg(t)

t

©lCþ{)�©�§��µ

ln g(t)− ln g(1) = k ln t

=
f(tx, ty, tz) = tkf(x, y, z)

y."
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1.6.5 ÖÖÖ¿¿¿SSSKKK

1. (1) )µdf(x)3[0,∞)þ��§�f ′(0) = −f(0) = −1�

(1+x)(f ′′(x)+f ′(x))+f ′(x)+f(x)−f(x) = (1+x)f ′′(x)+(2+x)f ′(x) = 0

-z = f ′(x)§K
dz

z
= −2 + x

1 + x
dx

u´ln |z| = −x− ln |1 + x|+ C§�f ′(x) = − e−x

1 + x
"

(2) y²µd(1)�f ′(x) ≤ 0§�f(x) ≤ f(0) = 1"-h(x) = f(x)− e−x§K

h′(x) = − e−x

1 + x
+ e−x = e−x

x

1 + x
≥ 0

�f(x) ≥ e−x"y."

2. )µdy = f(x)këY���ê§�f(0) = −1�

y′ = 1 + 2

ˆ x

0

f(t)f ′(t)dt

u´y′(0) = 1�
y′′ = 2yy′

-y′ = P (y)§Ky′′ = P
dP

dy
§�

P
dP

dy
= 2yP

u´y′ = y2§?f(x) = − 1

x+ 1
"
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