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��� ���©©©���§§§

1.1 ���������555���©©©���§§§

1. ®�y1 = cosx§y2 = e−x´n��5àg�§�)§ÁïáT�§"

2. �y1 = e−x§y2 = 2x´y′′′ + ay′′ + by′ + cy = 0�)§¦a, b, c (ë�[5], P.
108, �!1§P. 116, �!2)"

3. �y(x)´y′′′ + y′ = 0�)��x → 0�´x2��dÃ¡�§¦y(x)([5], P.
106, �!1)"

4. ®�y′′ + p(x)y′ + q(x) = f(x)�n�A)�y1 = x§y2 = ex§y3 = e2x"Á
¦y(0) = 1§y′(0) = 3�A)(ë�[5], P. 114, n)"

5. e¼êf(x)÷vf ′′(x) + f ′(x) − 2f(x) = 09f ′′(x) + f(x) = 2ex¦f(x)([5],
P. 13, �!4)"

6. ¦�§y′′+y = x cos 2x÷v^�y(0) = 09y′(0) = 0�A)([5], P. 20,8)"

7. ¦�©�§y′′ − 4y′ + 4y = e2x + sin 2x�Ï)([5], P. 113, n)"

8. ®�y1 = xex + e2x§y2 = xex + e−x§y3 = xex + e2x − e−x´,��~Xê
�àg�©�§�n�)§¦d�§"

1.2 ÖÖÖ¿¿¿SSSKKK

1. ¦�§x3y′′ − x2y′ + xy = x2 + 1�Ï)"

2. �f(x)3[0,∞)þ��§f(0) = 1�÷v

f ′(x) + f(x)− 1

1 + x

ˆ x

0

f(t)dt = 0

(1) ¦f ′(x)§(2) y²µe−x ≤ f(x) ≤ 1éu?¿x ≥ 0¤á"

3. �f(x)këY���ê§��x ≥ 0�÷v

f(x) = −1 + x+ 2

ˆ x

0

(x− t)f(t)f ′(t)dt

¦f(x) (ë�[5], P. 117, o)"

4. ¦�§y′′ + y′ − 2y =
ex

ex + 1
�Ï)"

1



§1.3 ë��Y 2

1.3 ëëë������YYY

1.3.1 ���������555���©©©���§§§

1. )µdK¿��µλ1 = i§λ2 = −i9λ3 = −1´¢Xêngõ�ª�n�
�§�T�©�§�A��§�µ

(λ+ i)(λ− i)(λ+ 1) = λ3 + λ2 + λ+ 1 = 0

=
y′′′ + y′′ + y′ + y = 0

2. )µdK¿��µλ1 = 0§λ2 = 09λ3 = −1´¢Xêngõ�ª�n�
�§�T�©�§A��§�µ

λ2(λ+ 1) = 0

=a = 1, b = 0, c = 0"

3. )µT�§�A��§�µλ3 + λ = 0§�λ1 = 0§λ2 = i§λ3 = −i§ÙÏ
)�

y(x) = C1 + C2 cosx+ C3 sinx

d�x → 0�y(x)´x2��dÃ¡�§�y(0) = 0, y′(0) = 0, y′′(0) = 2"u
´

y(x) = 2− 2 cosx

4. )µdK¿���5àg�§�Ï)�µ

y(x) = x+ C1(ex − x) + C2(e2x − ex)

?
dy(0) = 19y′(0) = 3�µy(x) = 2e2x − ex"

5. )µdK¿µf(x) = C1e
x + C2e

−2x§?
f ′′(x) = C1e
x + 4C2e

−2x"u´

2C1 = 2 �5C2 = 0

�f(x) = ex"

6. )µà�§�Ï)�µy(x) = C1 cosx+ C2 sinx"

�
¦�à�§�A)§�Äy′′ + y = x(cos 2x + i sin 2x) = xe2ix"b
�y∗(x) = e2ixp1(x)´T�§�A)§Ù¥p1(x) = a0 + a1x��gõ�ª"
K

−4p1(x) + 4ip′1(x) + p1(x) = x

�−3a1 = 1�−3a0 + 4ia1 = 0§=a1 = −1

3
�a0 = −4i

9
"u´��§�A

)�µy∗(x) = −Re(e2ix(
4i

9
+

1

3
x)) = −1

3
x cos 2x+

4

9
sin 2x"

u´÷v^�y(0) = 09y′(0) = 0 �A)�µy(x) = −5

9
sinx− 1

3
x cos 2x+

4

9
sin 2x"
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7. )µà�§�Ï)�µy(x) = (C1 + C2x)e2x"

�
¦�à�§�A)§�Äy′′1 − 4y′1 + 4y1 = e2x9y′′2 − 4y′2 + 4y2 = e2ix"

N´��y∗1(x) =
1

2
x2e2x�y∗2(x) =

i

8
e2ix´þã�§�A)"

u´��§�Ï)�µy∗(x) = (C1 + C2x)e2x +
1

2
x2e2x +

1

8
cos 2x"

8. )µdK¿��µe2x9e−x´�g~Xêàg�§Ï)§�A��§�µ

(λ− 2)(λ+ 1) = λ2 − λ− 2 = 0

?
�T�§�µy′′ − y′ − 2y = f(x)"òy1�\��

f(x) = y′′1 − y′1 − 2y1 = ex(x+ 2)− ex(x+ 1)− 2xex = (1− 2x)ex

u´¤¦�§�µy′′ − y′ − 2y = (1− 2x)ex"

1.3.2 ÖÖÖ¿¿¿SSSKKK

1. )µ-x = et§D =
d

dt
§K

x2y′′ = D(D − 1)y, xy′ = Dy

u´��§z�µ
(D2 − 2D + 1)y = et + e−t

�ÙÏ)�µ

y(t) = (C1 + C2t)e
t +

1

2
t2et +

1

4
e−t

u´

y(x) = (C1 + C2 lnx)x+
1

2
x ln2 x+

1

4x

2. (1) )µdf(x)3[0,∞)þ��§�f ′(0) = −f(0) = −1�

(1+x)(f ′′(x)+f ′(x))+f ′(x)+f(x)−f(x) = (1+x)f ′′(x)+(2+x)f ′(x) = 0

-z = f ′(x)§K
dz

z
= −2 + x

1 + x
dx

u´ln |z| = −x− ln |1 + x|+ C§�f ′(x) = − e−x

1 + x
"

(2) y²µd(1)�f ′(x) ≤ 0§�f(x) ≤ f(0) = 1"-h(x) = f(x)− e−x§K

h′(x) = − e−x

1 + x
+ e−x = e−x

x

1 + x
≥ 0

�f(x) ≥ e−x"y."
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3. )µdy = f(x)këY���ê§�f(0) = −1�

y′ = 1 + 2

ˆ x

0

f(t)f ′(t)dt

u´y′(0) = 1�
y′′ = 2yy′

-y′ = P (y)§Ky′′ = P
dP

dy
§�

P
dP

dy
= 2yP

u´y′ = y2§?
f(x) = − 1

x+ 1
"

4. )µ�	Xeü��©�§µ

y′ = y + y2

9

y′2 = −2y2 +
ex

ex + 1

d~êCÉ{��µ

y2(x) = 3C2e
−2x + e−2x

ˆ
e3t

et + 1
dt = −3C2e

−2x +
1

2
− e−x + e−2x ln(ex + 1)

?
��µ

y(x) = C1e
x + ex

ˆ
− 3C2e

−3t +
1

2
e−t − e−2t + e−3t ln(et + 1)dt

= C1e
x + ex

(
C2e

−3x − 1

6
e−x +

1

3
e−2x − 1

3
ln(e−x + 1)− 1

3
(e−3x ln(ex + 1))

)
= C1e

x + C2e
−2x − 1

6
+

1

3
e−x − 1

3
ex ln(e−x + 1)− 1

3
e−2x ln(ex + 1)



��� õõõ���¼¼¼êêê���©©©ÆÆÆ

2.1 õõõ���¼¼¼êêê���ÄÄÄ���VVVggg

1. ¦4�µ lim
(x,y)→(0,0)

1− cos(x2 + y2)

(x2 + y2)x2y2
"

2. ?Ø¼êf(x, y) =
sin(xny)

x2 + y2
§x ≥ 0, y ≥ 0§n > 0§3(x, y) = (0, 0):�4

�´Ä�3"

3. y²4� lim
(x,y)→(0,0)

x3y

x6 + y2
Ø�3"

2.2    ���êêê999������©©©

1. y²¼ê

f(x, y) =

xy sin
1√

x2 + y2
, (x, y) 6= (0, 0)

0, (x, y) = (0, 0)

3:(0, 0)?ëY§ �ê�3�3:(0, 0)?ØëY§
f3:(0, 0)��"

2. O�(lg 99)1.01"

2.3 EEEÜÜÜ¼¼¼êêê¦¦¦���{{{

1. �z = f(x− y, xy2)§efäk��ëY �ê§¦
∂2z

∂x∂y
"

2. �¼êu = u(x, y)÷v�§
∂2u

∂x2
− ∂2u

∂y2
= 09^�u(x, 2x) = x§u′x(x, 2x) =

x2"uk��ëY �§¦u′′xx(x, 2x)"

3. �u = f(r)§r = ln
√
x2 + y2 + z2§Ù¥fäk��ëY��ê§�÷v

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
+ (x2 + y2 + z2) = 0

¦f(r)"

5



§2.4 ë��Y 6

4. �f(r)3[1,∞)þäk��ëY��ê�f(1) = 0§f ′(1) = 1§���¼
êz = (x2 + y2)f(x2 + y2)÷v

∂2u

∂x2
+
∂2u

∂y2
= 0

¦f(r)3[1,∞)þ����([5], P. 24, 8§P. 115, o)"

5. �z = f(x, y)3:(1, 1)?��©�3§f(1, 1) = 1§
∂f

∂x

∣∣∣∣
(1,1)

=

2§
∂f

∂y

∣∣∣∣
(1,1)

= 3"q�ψ(x) = f(x, f(x, x))§¦
dψ3(x)

dx

∣∣∣∣
x=1

"

6. �f(x, y, z)´��¼ê"y²µf�kgàg¼ê§=

f(tx, ty, tz) = tkf(x, y, z)

��=�

x
∂f

∂x
+ y

∂f

∂y
+ z

∂f

∂z
= kf(x, y, z)

7. y²µ¼êz = f(x, y)�´ax+ by�¼ê��=�

b
∂z

∂x
= a

∂z

∂y

2.4 ëëë������YYY

2.4.1 õõõ���¼¼¼êêê���ÄÄÄ���VVVggg

1. )µ-r = x2 + y2§K(2xy)2 ≤ r2§�

1− cos(x2 + y2)

(x2 + y2)x2y2
=

1− cos r

r2

r

x2y2
≥ 1− cos r

r2

4r

r2

u´ lim
(x,y)→(0,0)

1− cos(x2 + y2)

(x2 + y2)x2y2
=∞"

2. )µ(i) w,f(x, 0) ≡ 0"±e�y 6= 0§K∣∣∣∣sin(xny)

x2 + y2

∣∣∣∣ =

∣∣∣∣sin(xny)

xny

xny

x2 + y2

∣∣∣∣ ≤ ∣∣∣∣sin(xny)

xny

∣∣∣∣ |xny|2|xy|

u´ lim
(x,y)→(0,0)

f(x, y) = 0�n > 1�"

(ii) �0 < n ≤ 1�§�y = kxn§K

lim
x→0,y=kxn

xny

x2 + y2
=


k

1 + k2
, n = 1

1

k
, 0 < n < 1

�f(x, y)3(x, y) = (0, 0):�4�Ø�3"
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3. y²µdu�y = kx3�

x3y

x6 + y2
=

kx6

x6 + k2x6
≡ k

1 + k2

�éuØÓ�4�L§Ù4��ØÓ§=4�Ø�3"

2.4.2    ���êêê999������©©©

1. y²µd|f(x, y)| ≤ |xy|�

lim
(x,y)→(0,0)

f(x, y) = 0

�f(x, y)3:(0, 0)?ëY"

dEÜ¼ê¦�{K§�x 6= 0, y 6= 0�§

∂f

∂x
(x, y) = y sin

1√
x2 + y2

− x2y(x2 + y2)−3/2 cos(x2 + y2)−1/2

∂f

∂y
(x, y) = x sin

1√
x2 + y2

− xy2(x2 + y2)−3/2 cos(x2 + y2)−1/2

d �ê½Â��µ
∂f

∂x
(0, 0) =

∂f

∂y
(0, 0) = 0"� �ê�3�3:(0, 0)?

ØëY"

du ∣∣∣∣∣ xy√
x2 + y2

sin
1√

x2 + y2

∣∣∣∣∣ ≤ x2 + y2

2
√
x2 + y2

=

√
x2 + y2

2

��
f(x, y) = f(0, 0) + o(

√
x2 + y2)

=f3:(0, 0)���©�0dx+ 0dy"

2. )µ�f(x, y) = (lg x)y§Kf(100, 1) = 2�

∂f

∂x
(x, y) = y(lg x)y−1 lg e

x

∂f

∂y
(x, y) = (lg x)y ln lg x

u´

f(99, 1.01) ≈ 2− lg e

100
+

2 ln 2

100
≈ 2.0095
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2.4.3 EEEÜÜÜ¼¼¼êêê¦¦¦���{{{

1. )µdEÜ¼ê¦�{K��µ

∂z

∂x
= f ′1(x− y, xy2) + y2f ′2(x− y, xy2)

Ïd

∂2z

∂x∂y
=− f ′′11(x− y, xy2) + 2xyf ′′12(x− y, xy2) + 2yf ′2(x− y, xy2)

− y2f ′′21(x− y, xy2) + 2xy3f ′′22(x− y, xy2)

=2yf ′2(x− y, xy2)− f ′′11(x− y, xy2) + (2xy − y2)f ′′12(x− y, xy2)

+ 2xy3f ′′22(x− y, xy2)

2. )µdu(x, 2x) = x¦ ��µ

u′x(x, 2x) + 2u′y(x, 2x) = 1

9
u′′xx(x, 2x) + 4u′′xy(x, 2x) + 4u′′yy(x, 2x) = 0

2du′x(x, 2x) = x2�µ

u′′xx(x, 2x) + 2u′′xy(x, 2x) = 2x

�\®�^���µu′′xx(x, 2x) = −4

3
x"

3. )µd
∂r

∂x
=

x

x2 + y2 + z2
�

∂u

∂x
= f ′(r)

∂r

∂x
= f ′(r)

x

x2 + y2 + z2

�
∂2u

∂x2
= f ′′(r)

x2

(x2 + y2 + z2)2
+ f ′(r)

y2 + z2 − x2

(x2 + y2 + z2)2

u´

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
+ (x2 + y2 + z2)

=f ′′(r)
x2 + y2 + z2

(x2 + y2 + z2)2
+ f ′(r)

x2 + y2 + z2

(x2 + y2 + z2)2
+ (x2 + y2 + z2) = 0

=f ′′(r) + f ′(r) = −e4r§?
f(r) = C1 + C2e
−r − 1

20
e−4r"

4. )µdEÜ¼ê¦�{K�µ

∂z

∂x
= 2xf(x2 + y2) + 2x(x2 + y2)f ′(x2 + y2)



§2.4 ë��Y 9

�

∂2u

∂x2
= 2f(x2 + y2) + (10x2 + 2y2)f ′(x2 + y2) + 4x2(x2 + y2)f ′′(x2 + y2)

u´

∂2u

∂x2
+
∂2u

∂y2

=4f(x2 + y2) + 12(x2 + y2)f ′(x2 + y2) + 4(x2 + y2)2f ′′(x2 + y2) = 0

=r2f ′′(r) + 3rf ′(r) + f(r) = 0"

�r = et�D =
df

dt
§@oµ

[D(D − 1) + 3D + 1]f = [D2 + 2D + 1]f = 0

u´µf(et) = (C1 + C2t)e
−t�f(r) =

C1 + C2 ln r

r
"df(1) = 0�C1 = 0§

?
df ′(1) = 1�C2 = 1§=f(r) =
ln r

r
"

±e�	��¼ê��"Äk§f(1) = 0§ lim
r→∞

f(r) = 0"Ùg§

f ′(r) =
1

r2
(1− ln r) = 0

)�µr = e�f(e) =
1

e
"��duf ′′(e) < 0�f(e)´4��"

nþ¤ãµf3[1,∞)þ�����
1

e
"

5. )µdEÜ¼ê¦�{Kµ

dψ3(x)

dx
= 3ψ2(x)

(
∂f

∂x
+
∂f

∂y

(
∂f

∂x
+
∂f

∂y

))
dK¿�µψ(1) = 1§u´

dψ3(x)

dx
= 3 (2 + 3 (2 + 3)) = 51

6. y²µé?¿�½(x, y, z)§�Ä¼êg(t) = f(tx, ty, tz)"

(7�5) df�kgàg¼ê�g(t) = tkg(1)§�

g′(t)|t=1 = kg(1)

=

x
∂f

∂x
(tx, ty, tz) + y

∂f

∂y
(tx, ty, tz) + z

∂f

∂z
(tx, ty, tz)

∣∣∣∣
t=1

= kf(x, y, z)

(¿©5) dK�^���µ

g′(t) = x
∂f

∂x
(tx, ty, tz) + y

∂f

∂y
(tx, ty, tz) + z

∂f

∂z
(tx, ty, tz) =

kg(t)

t
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©lCþ{)�©�§��µ

ln g(t)− ln g(1) = k ln t

=
f(tx, ty, tz) = tkf(x, y, z)

y."

7. y²µØ��a 6= 0"�r = ax + by§Kx =
r − by
a
�z = f

(
r − by
a

, y

)
"

dK¿��
∂z

∂y
= − b

a
f ′x + f ′y = 0

=z�yÃ'"

��§ez = f(x, y) = g(ax+ by)§K

∂z

∂x
= ag′ �

∂z

∂y
= bg′

u´

b
∂z

∂x
= abg′ = a

∂z

∂y

y."



nnn õõõ���¼¼¼êêê���©©©ÆÆÆII

3.1 ÛÛÛ¼¼¼êêê¦¦¦���{{{

1. �z = z(x, y)d�§z = f(x2 − z, z − y)(½§Ù¥fäkëY �ê§

¦
∂z

∂x
"

2. �f = exyz2§Ù¥zdx+ y + z + xyz2 = 0(½§¦f ′x(0, 1,−1)"

3. �

{
u = f(x− u, y − u, z − u)

g(x, y, z) = 0
§¦

∂u

∂x
§
∂u

∂y
([5], P. 109, n)"

4. ¼êz = f(x, y)d�§z3 + 3z = 3xy2 + 1½Â§¦dz9
∂2z

∂y2
"

5. �¼êu = u(x, y)9v = v(x, u)÷v�§|

{
x = f(2u, v)

y = g(u+ v)
§Ù¥f, gþ�

��g′ 6= 0§2f ′1 − f ′2 6= 0"¦
∂u

∂x
§
∂v

∂y
([5], P. 19, n)"

3.2    ���êêê���AAAÛÛÛAAA^̂̂

1. ¦­�

{
x2 + y2 + z2 = 14

x+ y2 + z3 = 8
3(3, 2, 1)?���Ú{²¡�§§n«)

{µ

(a) �²¡���§

(b) ��þR�uü��²¡�{�þ§

(c) Ý
/ªO�"

2. ¦­¡x2 + y2 + z2 − xy − 3 = 0þÓ�R�u²¡z = 09x + y − 1 = 0�
�²¡�§([5], P. 15, �!1)"

3. �f(x, y)´����gà¼ê§q�P0(1,−2, 2)3­¡z = f(x, y)þ
�f ′x(1,−2) = 4"¦­¡3P0:?��²¡�§"

4. ®�ý¥¡x2 +
y2

4
+
z2

9
= a2(a > 0)�²¡3x− 2y+ z = 34��§¦a ([5],

P. 106, �!4)"

11
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3.3 õõõ���¼¼¼êêê������������VVVúúúªªª���444���

1. ¦­¡
x2

2
+ y2 +

z2

4
= 1�²¡2x + 2y + z + 5 = 0�m��áål([5], P.

109, Ê)"

2. 31�%�S�ý¥¡
x2

a2
+
y2

b2
+
z2

c2
= 1(a > 0, b > 0, c > 0)��²¡§

¦�²¡�n�I¡¤�¤�o¡NNÈ��§¦�:�I([5], P. 107,
o)"

3.4 ëëë������YYY

3.4.1 ÛÛÛ¼¼¼êêê¦¦¦���{{{

1. )µò��§�¤Xe/ª

f(x, y) = exyz(x, y)2 9x+ y + z(x, y) + xyz(x, y)2 = 0

�§'ux¦ ���µ

f ′x = exyz2 + 2exyzz′x

9
1 + z′x + yz2 + 2xyzz′x = 0

u´z′x(0, 1,−1) = −2�f ′x(0, 1,−1) = 5"

2. )µò��§�¤Xe/ª

u(x, y) = f(x− u(x, y), y − u(x, y), z(x, y)− u(x, y)) 9g(x, y, z(x, y)) = 0

�§'ux¦ ���µ

u′x = f ′1(1− u′x) + f ′2(−u′x) + f ′3(z′x − u′x)

9
g′1 + g′3z

′
x = 0

u´

z′x = −g
′
1

g′3
�u′x =

f ′1g
′
3 − f ′3g′1

g′3(1 + f ′1 + f ′2 + f ′3)

Ón

z′y = −g
′
2

g′3
�u′y =

f ′2g
′
3 − f ′3g′2

g′3(1 + f ′1 + f ′2 + f ′3)

3. )µé�§ü>¦��©��µ

(3z2 + 1)dz = 3y2dx+ 6xydy

u´

dz =
3y2

3z2 + 1
dx+

6xy

3z2 + 1
dy
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�
∂z

∂y
=

6xy

3z2 + 1

�
∂2z

∂y2
=

6x(3z2 + 1)− 36xyz 6xy
3z2+1

(3z2 + 1)2
=

6x(3z2 + 1)2 − 216x2y2z

(3z2 + 1)3

4. )µ��§|©Oéx, y¦ �§��µ

2f ′1u
′
x +f ′2v

′
x = 1

2f ′1u
′
y +f ′2v

′
y = 0

g′u′x +g′v′x = 0
g′u′y +g′v′y = 1

dug′ 6= 0§v′x = −u′x�u′y = (g′)−1 − v′y"u´d2f ′1 − f ′2 6= 0�µ

u′x =
1

2f ′1 − f ′2
�v′y =

2f ′1
g′(2f ′1 − f ′2)

5. )µé�§ü>¦��©�µ

yzdx+ xzdy + xydz +
xdx+ ydy + zdz√

x2 + y2 + z2
= 0

u´3(1, 0,−1)?dz = dx−
√

2dy"

3.4.2    ���êêê���AAAÛÛÛAAA^̂̂

1. )µ

(a) �²¡��µ­¡F (x, y, z) = x2 + y2 + z2− 14 = 03(3, 2, 1)?�{�
þ�µ (

∂F

∂x
,
∂F

∂y
,
∂F

∂z

)T ∣∣∣∣∣
(3,2,1)

= (6, 4, 2)

��²¡�§�µ3x + 2y + z = 14"Ón­¡G(x, y, z) = x + y2 +
z3 − 8 = 03(3, 2, 1)?�{�þ�µ(

∂G

∂x
,
∂G

∂y
,
∂G

∂z

)T ∣∣∣∣∣
(3,2,1)

= (1, 4, 3)

��²¡�§�µx + 4y + 3z = 14"u´���§�µ
x− 3

1
=

y − 2

−4
=
z − 1

5
§{²¡�µx− 4y + 5z = 0"

(b) ��þR�uü�{�þµ­¡F (x, y, z) = x2 + y2 + z2 − 14 =
03(3, 2, 1)?�{�þ�µ(

∂F

∂x
,
∂F

∂y
,
∂F

∂z

)T ∣∣∣∣∣
(3,2,1)

= 2(3, 2, 1)
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Ón­¡G(x, y, z) = x+ y2 + z3 − 8 = 03(3, 2, 1)?�{�þ�µ(
∂G

∂x
,
∂G

∂y
,
∂G

∂z

)T ∣∣∣∣∣
(3,2,1)

= (1, 4, 3)

��²¡�§�{�þ�∣∣∣∣∣∣
~i ~j ~j
3 2 1
1 4 3

∣∣∣∣∣∣ = 2~i− 8~j + 10~k = 2(~i− 4~j + 5~k)

�{²¡�µx−4y+5z = 0§���§�µ
x− 3

1
=
y − 2

−4
=
z − 1

5
"

(c) Ý
/ªO�µ­�3:(3, 2, 1)?���þ�µ∣∣∣∣∣∣∣∣∣
~i ~j ~j
∂F

∂x

∂F

∂y

∂F

∂z
∂G

∂x

∂G

∂y

∂G

∂z

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣
(3,2,1)

=

∣∣∣∣∣∣
~i ~j ~j
3 2 1
1 4 3

∣∣∣∣∣∣ = 2~i− 8~j + 10~k = 2(~i− 4~j + 5~k)

�­�����§�µ
x− 3

1
=
y − 2

−4
=
z − 1

5
§{²¡�µx − 4y +

5z = 0"

2. )µ�­¡þ÷v^���:�(x, y, z)§Kkµx2 +y2 +z2−xy−3 = 0§
�{��(2x− y, 2y − x, 2z)�∣∣∣∣∣∣

~i ~j ~k
0 0 1
1 1 0

∣∣∣∣∣∣ =~i+~j

²1"�z = 0�x = y"u´¤¦�²¡�§�µx− y = ±2"

3. )µdf´�gàg¼ê§��µ

∂f

∂x
(1,−2) +

∂f

∂y
(1,−2) = f(1,−2) = 2

�3:P0(1,−2, 2)?
∂f

∂y
(1,−2) = 2 − 4 = −2"u´�²¡�§�µ4(x −

1)− 2(y + 2)− (z − 2) = 0§=4x− 2y − z = 6"

4. )µ�:(x, y, z)3ý¥þ§KT:�²¡�{���µ

(
2x,

y

2
,
2

9
z

)
"u

´µ
2x

3
=

y
2

−2
=

2
9
z

1
= k �3x− 2y + z = 34

)�µk = 2§x = 3, y = −8, z = 9"u´a =
√

34"
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3.4.3 õõõ���¼¼¼êêê������������VVVúúúªªª���444���

1. ){�(.�KF¦f{)µ­¡þ�:(x, y, z)�²¡�ål�d =
|2x+ 2y + z + 5|√

22 + 22 + 1
"�¦Ù���§Ú\Xe¼êµ

F (x, y, z, λ) = 2x+ 2y + z + 5 + λ

(
x2

2
+ y2 +

z2

4
− 1

)
u´

∂F

∂x
= 2 + λx = 0

∂F

∂y
= 2 + 2λy = 0

∂F

∂y
= 1 +

1

2
λz = 0

∂F

∂λ
=
x2

2
+ y2 +

z2

4
= 1


⇒


x = −1

y = −1

2
z = −1

½


x = 1

y =
1

2
z = 1

u´�áål�d =
1

3
"

){�(���áål�:�{���²¡R�)µ�­¡þ�{��

�µ

(
x, 2y,

1

2
z

)
"u´���áål�:÷vµ

x

2
=

2y

2
=

1
2
z

1
= k ⇒


x = 2k
y = k
z = 2k

�d:3­¡þ��µk = ±1§?
�áål�µd =
|2x+ 2y + z + 5|√

22 + 22 + 1
=

1

3
"

2. )µý¥¡þ:(x0, y0, z0)�{���µ

(
2x0

a2
,
2y0

b2
,
2z0

c2

)
"�T:��²

¡�µ
2x0

a2
(x− x0) +

2y0

b2
(y − y0) +

2z0

c2
(z − z0) = 0

=
2x0

a2
x+

2y0

b2
y +

2z0

c2
z = 2

u´��I¶�n��:�µ

(
a2

x0

, 0, 0

)
§

(
0,
b2

y0

)
§

(
0, 0,

c2

z0

)
§¤¦o¡

NNÈ�µ

V =
1

6
a2b2c2 1

x0y0z0

A^.�KF¦f{§�

G(x, y, z, λ) = xyz + λ

(
x2

a2
+
y2

b2
+
z2

c2
− 1

)
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K
∂G

∂x
= yz +

2λx

a2
= 0

∂G

∂y
= xz +

2λy

b2
= 0

∂G

∂y
= xy +

2λz

c2
= 0

∂G

∂λ
=
x2

a2
+
y2

b2
+
z2

c2
= 1


⇒


x =

a√
3

y =
b√
3

z =
c√
3



ooo ���­­­ÈÈÈ©©©

4.1 ���êêê���AAAÛÛÛ¿¿¿ÂÂÂ���444���

1. ¦­�

{
x2 + y2 + z2 = 14

x+ y2 + z3 = 8
3(3, 2, 1)?���Ú{²¡�§§n«)

{µ

(a) �²¡���§

(b) ��þR�uü��²¡�{�þ§

(c) Ý
/ªO�"

2. ¦­¡
x2

2
+ y2 +

z2

4
= 1�²¡2x + 2y + z + 5 = 0�m��áål([5], P.

109, Ê)"

4.2 ���­­­ÈÈÈ©©©OOO���

1. O�e��­È©�

(a) �«�Dd­�y = −x3§��x = 1�y = 1�¤§O��­È
©
˜
D

[2 + xy cos (x2 + y2)] dxdy

(b) O�I =
˜
D

(x3 + y3) dxdy§Ù¥D = {(x, y) : x2 + y2 ≤ 2x− 2y}"

2. O�
˜
D

|x2 − y| dxdy§Ù¥D = {(x, y) : −1 ≤ x ≤ 1, 0 ≤ y ≤ 1}

3. O�
˜
D

cos y

y
dxdy§Ù¥D =

{
(x, y) : 0 ≤ x ≤ π

3
, x ≤ y ≤ π

3

}
"

4. ��\gÈ©�^S

(a)

ˆ 2

0

dx

ˆ x2

x

f(x, y)dy

(b)

ˆ 1

0

dy

ˆ −√1−y2

√
1−y2

f(x, y)dx

5. �k.4«�σ´d­�

{
x = t− sin t
y = 1− cos t

§(0 ≤ t ≤ 2π)§9y = 0 �¤"

O��­È©
˜
σ

y2dxdy"

17
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6. ®�²¡«�D =
{

(r, θ) : 2 ≤ r ≤ 2(1 + cos θ),−π
2
≤ θ ≤ π

2

}
§O��­

È©
˜
D

xdxdy"

7. O�
˜
D

arctan
y

x
dxdy§Ù¥D =

{
(x, y) : 1 ≤ x2 + y2 ≤ 9,

x√
3
≤ y ≤

√
3x

}
"

8. �f(x) = x2 + x

ˆ x2

0

f(x2 − t)dt +

¨
D

f(xy)dσ÷vf(1) = 0§Ù¥D

d(−1, 1)§(1, 1)§(1,−1)�º:n�/�¤"¦

ˆ 1

0

f(x)dx"

9. �¼êf(x)3[0, 1]þëY§¿�

ˆ 1

0

f(x)dx = A§¦

ˆ 1

0

ˆ 1

x

f(x)f(y)dydx"

10. �¼êf(x)3[0, 1]þëY�f(x) = x+

ˆ 1

x

f(y)f(y − x)dy§¦

ˆ 1

0

f(x)dx"

4.3 ëëë������YYY

4.3.1 ���êêê���AAAÛÛÛ¿¿¿ÂÂÂ���444���

1. )µ

(a) �²¡��µ­¡F (x, y, z) = x2 + y2 + z2− 14 = 03(3, 2, 1)?�{�
þ�µ (

∂F

∂x
,
∂F

∂y
,
∂F

∂z

)T ∣∣∣∣∣
(3,2,1)

= (6, 4, 2)

��²¡�§�µ3x + 2y + z = 14"Ón­¡G(x, y, z) = x + y2 +
z3 − 8 = 0 3(3, 2, 1) ?�{�þ�µ(

∂G

∂x
,
∂G

∂y
,
∂G

∂z

)T ∣∣∣∣∣
(3,2,1)

= (1, 4, 3)

��²¡�§�µx + 4y + 3z = 14"u´���§�µ
x− 3

1
=

y − 2

−4
=
z − 1

5
§{²¡�µx− 4y + 5z = 0"

(b) ��þR�uü�{�þµ­¡F (x, y, z) = x2 + y2 + z2 − 14 =
03(3, 2, 1)?�{�þ�µ(

∂F

∂x
,
∂F

∂y
,
∂F

∂z

)T ∣∣∣∣∣
(3,2,1)

= 2(3, 2, 1)

Ón­¡G(x, y, z) = x+ y2 + z3 − 8 = 03(3, 2, 1)?�{�þ�µ(
∂G

∂x
,
∂G

∂y
,
∂G

∂z

)T ∣∣∣∣∣
(3,2,1)

= (1, 4, 3)
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��²¡�§�{�þ�∣∣∣∣∣∣
~i ~j ~j
3 2 1
1 4 3

∣∣∣∣∣∣ = 2~i− 8~j + 10~k = 2(~i− 4~j + 5~k)

�{²¡�µx−4y+5z = 0§���§�µ
x− 3

1
=
y − 2

−4
=
z − 1

5
"

(c) Ý
/ªO�µ­�3:(3, 2, 1)?���þ�µ∣∣∣∣∣∣∣∣∣
~i ~j ~j
∂F

∂x

∂F

∂y

∂F

∂z
∂G

∂x

∂G

∂y

∂G

∂z

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣
(3,2,1)

=

∣∣∣∣∣∣
~i ~j ~j
3 2 1
1 4 3

∣∣∣∣∣∣ = 2~i− 8~j + 10~k = 2(~i− 4~j + 5~k)

�­�����§�µ
x− 3

1
=
y − 2

−4
=
z − 1

5
§{²¡�µx − 4y +

5z = 0"

2. ){�(.�KF¦f{)µ­¡þ�:(x, y, z)�²¡�ål�d =
|2x+ 2y + z + 5|√

22 + 22 + 1
"�¦Ù���§Ú\Xe¼êµ

F (x, y, z, λ) = 2x+ 2y + z + 5 + λ

(
x2

2
+ y2 +

z2

4
− 1

)
u´

∂F

∂x
= 2 + λx = 0

∂F

∂y
= 2 + 2λy = 0

∂F

∂y
= 1 +

1

2
λz = 0

∂F

∂λ
=
x2

2
+ y2 +

z2

4
= 1


⇒


x = −1

y = −1

2
z = −1

½


x = 1

y =
1

2
z = 1

u´�áål�d =
1

3
"

){�(���áål�:�{���²¡R�)µ�­¡þ�{��

�µ

(
x, 2y,

1

2
z

)
"u´���áål�:÷vµ

x

2
=

2y

2
=

1
2
z

1
= k ⇒


x = 2k
y = k
z = 2k

�d:3­¡þ��µk = ±1§?
�áål�µd =
|2x+ 2y + z + 5|√

22 + 22 + 1
=

1

3
"
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4.3.2 ���­­­ÈÈÈ©©©OOO���

1. O�e��­È©�

(a) )µdK¿�òÈ©«��µD = D1 ∪D2§K¨

D

[
2 + xy cos

(
x2 + y2

)]
dxdy

=

¨

D

2dxdy +

¨

D1

xy cos
(
x2 + y2

)
dxdy +

¨

D2

xy cos
(
x2 + y2

)
dxdy

=

¨

D

2dxdy +

¨

D1,x≥0

xy cos
(
x2 + y2

)
dxdy +

¨

D1,x≤0

xy cos
(
x2 + y2

)
dxdy

+

¨

D2,y≥0

xy cos
(
x2 + y2

)
dxdy +

¨

D2,y≤0

xy cos
(
x2 + y2

)
dxdy

=2× 2× 1 + 0 + 0 = 4

x
-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

D
1

D
2O

y=-x3

(b) )µ

i. (�{�)µduD = {(x, y) : (x − 1)2 + (y + 1)2 ≤ 2}§?1�I
C�µu = x− 1§v = y + 1"u´

I =

¨

u2+v2≤2

(
(u+ 1)3 + (v − 1)3

)
dudv

=

¨

u2+v2≤2

(
u3 + 3u2 + 3u+ 1 + v3 − 3v2 + 3v − 1

)
dudv

=

¨

u2+v2≤2

(
3u2 − 3v2

)
dudv Û¼ê�5�

= 0 È©«��é¡5

ii. (�{�)µ�(x, y) ∈ D§K(−y)2 + (−x)2 ≤ 2(−y) −
2(−x)=(−y,−x) ∈ D"u´

I =

¨
D

(−y)3 + (−x)3dxdy = −
¨
D

x3 + y3dxdy = −I

u´I = 0"
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2. ):

I =

¨

D

∣∣x2 − y
∣∣ dxdy

=2

(ˆ 1

0

ˆ x2

0

(x2 − y)dydx+

ˆ 1

0

ˆ 1

x2
(y − x2)dydx

)

=2

(ˆ 1

0

x4

2
dx+

ˆ 1

0

(
1

2
− x2 +

x4

2

)
dx

)
=2

ˆ 1

0

(
x4 − x2 +

1

2

)
dx =

2

5
− 2

3
+ 1 =

11

15

3. )µ

ˆ π

3

0

dx

ˆ π

3

x

cos y

y
dy =

ˆ π
3

0

dy

ˆ y

0

cos y

y
dx =

ˆ π
3

0

cos ydy =

√
3

2

4. ��\gÈ©�^S

(a) )µ

ˆ 2

0

dx

ˆ x2

x

f(x, y)dy =

ˆ 1

0

dx

ˆ x2

x

f(x, y)dy +

ˆ 2

1

dx

ˆ x2

x

f(x, y)dy

=

ˆ 1

0

dy

ˆ √y
y

f(x, y)dx+

ˆ 2

1

dy

ˆ y

√
y

f(x, y)dx

+

ˆ 4

2

dy

ˆ 2

√
y

f(x, y)dx

=

ˆ 2

0

dy

ˆ y

√
y

f(x, y)dx+

ˆ 4

2

dy

ˆ 2

√
y

f(x, y)dx

(b) )µ

ˆ 1

0

dy

ˆ −√1−y2

√
1−y2

f(x, y)dx =

¨
0≤y≤1,x2+y2≤1

f(x, y)dxdy

= −
ˆ 1

−1

dx

ˆ √1−x2

0

f(x, y)dy

5. )µ

(a) (�{�)µ�­�����I�§�y = y(x)§K

I =

ˆ 2π

0

dx

ˆ y(x)

0

y2dy =
1

3

ˆ 2π

0

y3(x)dx

=
1

3

ˆ 2π

0

(1− cos t)3d(t− sin t) =
1

3

ˆ 2π

0

(1− cos t)4dt

=
16

3

ˆ 2π

0

sin8 t

2
dt =

32

3

ˆ π

0

sin8 udu =
32

3
× 7

8
× 5

6
× 3

4
× 1

2
× π =

35

12
π
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(b) (�{�)µ±(t, y)�­��ëê�I§Kdxdy = (1− cos t)dtdy�

I =

ˆ 2π

0

ˆ 1−cos t

0

y2(1− cos t)dydt

=

ˆ 2π

0

(1− cos t)dt

ˆ 1−cos t

0

y2dy

=

ˆ 2π

0

(1− cos t)× 1

3
y3

∣∣∣∣1−cos t

0

dt

=
1

3

ˆ 2π

0

(1− cos t)4dt =
35

12
π

6. )µ

¨

D

xdxdy =

ˆ π
2

−π
2

dθ

ˆ 2(1+cos θ)

2

r2 cos θdr

= 2

ˆ π
2

0

cos θdθ

ˆ 2(1+cos θ)

2

r2dr

=
16

3

ˆ π
2

0

((1 + cos θ)3 − 1) cos θdθ

=
16

3

ˆ π
2

0

(3 cos2 θ + 3 cos3 θ + cos4 θ)dθ

=
16

3

(
3 · 1

2
· π

2
+ 3 · 2

3
· 1 +

3

4
· 1

2
· π

2

)
= 5π +

32

3

7. )µ|^4�IC���µ

I =

ˆ 3

1

ˆ π
3

π
6

arctan tan θ × rdrdθ

=

ˆ 3

1

rdr

ˆ π
3

π
6

θdθ

=
1

2
(32 − 12)× 1

2

((π
3

)2

−
(π

6

)2
)

=
π2

6

8. )µÄk�A =
˜
D
f(xy)dσ"|^CþO���µ

ˆ x2

0

f(x2 − t)dt =

ˆ x2

0

f(u)du = F (x2)

�´È©þ�x2�¼ê"?
df(1) = 0��µ

0 = 1 +

ˆ 1

0

f(u)du+ A
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9

A =

¨
D

f(xy)dσ

=

¨
D

x2y2dσ +

¨
D

xyF (x2y2)dσ + A

¨
D

dσ

=

ˆ 1

−1

ˆ 1

−x
x2y2dydx+ 0 + 2A

=
2

9
+ 2A

�A = −2

9
�

ˆ 1

0

f(u)du = −7

9
"

9. )µ

(a) (�{�)µ�F (x) =
´ 1

x
f(y)dy§KF (0) = A§F (1) = 0"

df(x)3[0, 1]þëY§�F (x)3[0, 1]þ��§�F ′(x) = −f(x)"u
´
ˆ 1

0

ˆ 1

x

f(x)f(y)dydx = −
ˆ 1

0

F (x)dF (x) = − 1

2
(F (x))2

∣∣∣∣1
x=0

=
1

2
A2

(b) (�{�)µ
ˆ 1

0

ˆ 1

x

f(x)f(y)dydx =

ˆ 1

0

ˆ y

0

f(x)f(y)dydx

=

ˆ 1

0

ˆ x

0

f(y)f(x)dxdy

� ˆ 1

0

ˆ 1

x

f(x)f(y)dydx

=
1

2

(ˆ 1

0

ˆ 1

x

f(x)f(y)dydx+

ˆ 1

0

ˆ x

0

f(y)f(x)dxdy

)
=

1

2

ˆ 1

0

ˆ 1

0

f(x)f(y)dydx =
1

2

ˆ 1

0

f(x)dx

ˆ 1

0

f(y)dy =
1

2
A2

10. )µ�A =

ˆ 1

0

f(x)dx"K

A =

ˆ 1

0

xdx+

ˆ 1

0

ˆ 1

x

f(y)f(y − x)dydx

=
1

2
+

ˆ 1

0

ˆ y

0

f(y)f(y − x)dydx

=
1

2
+

ˆ 1

0

f(y)dy

ˆ y

0

f(y − x)dx

=
1

2
+

ˆ 1

0

f(y)dy

ˆ y

0

f(x)dx

=
1

2
+

ˆ 1

0

ˆ y

0

f(x)f(y)dxdy
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u´dþ�K?Ø��µA =
1

2
+

1

2
A2§�A = 1"



ÊÊÊ ­­­���ÈÈÈ©©©

5.1 111���...­­­���ÈÈÈ©©©

1. O�
¸
L

(x+ y3)ds§Ù¥L´�±x2 + y2 = R2"

2. O�
´
L

|y|ds§Ù¥L´m��±§=x2 + y2 = R2(x ≥ 0) (ë�[5]§P. 21§

�!3)"

3. O�
´
L

x2ds§Ù¥L��±

{
x2 + y2 + z2 = a2

x+ y + z = 0
(ë�[5]§P. 17§�!4)"

4. ¦ý�Î¡
x2

a2
+
y2

b2
= 10uxoy²¡��m­¡z =

xy

c
�m�¡È"

5.2 111���...­­­���ÈÈÈ©©©

1. �L����±x2 + y2 = 231���¥�Ü©§K

ˆ
L

xdy − 2ydx

(�[5]§P. 25§�!4)"

2. ¦

ˆ
L

ydx− xdy

x2 + y2
§Ù¥­�L´

(x− 1)2

9
+ y2 = 1 uþ�²¡§l

:(−2, 0)�(4, 0)�Ü©(�[5]§P. 26§Ê)"

3. �f(x)äk��ëY�ê§f(0) = 0�­�È©

ˆ
C

(f(x)− ex) sin ydx− f(x) cos ydy

�È©´»Ã'§¦f(x) (ë�[5]§P. 27§�!3)"

4. �¼êf(u)këY����ê§L´±A(1, 1)B(3, 3)��»��þ��l
lA�B�Ü©§¦

ˆ
L

(
1

x
f(
x

y
) + y

)
dx−

(
1

y
f(
x

y
) + x

)
dy

(�[5]§P. 18§8)"

25
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5. 3Lå:O(0, 0)Úª:A(π, 0)�­�xΓa : y = a sinx(a > 0)¥§¦a��
¦�1�.­�È©

ˆ
Γa

(1 + y3)dx+ (2x+ ey
2

)dy

����(�[5]§P. 27§8)"

6. �z = f(x, y)3D : x2 + y2 ≤ 1äkëY�� ��x
∂z

∂x
+ y

∂z

∂y
= (x +

y2)ex
2+y2§O� ¨

D

(
∂2z

∂x2
+
∂2z

∂y2

)
dxdy

7. �z = f(x, y)äkëY�� �§
∂z

∂x
+
∂z

∂y
= e−x

2−y2§O�

ˆ
C

(x +

y)f(x, y)ds§C : x2 + y2 = 1"

5.3 ÖÖÖ¿¿¿SSSKKK

1. �¼êf(x, y)3�²¡äk��ëY� �ê�f(0, 0) = 09ü� �ê
÷v

max

{∣∣∣∣∂f∂x (x, y)

∣∣∣∣ , ∣∣∣∣∂f∂y (x, y)

∣∣∣∣} ≤ 2|x− y|§éu?¿(x, y) ∈ R2

¦yµ|f(5, 4)| ≤ 1"

2. �du =
(x+ y − z)(dx+ dy) + (x+ y + z)dz

x2 + y2 + z2 + 2xy
§¦u(x, y, z)"

5.4 ëëë������YYY

5.4.1 111���...­­­���ÈÈÈ©©©

1. O�
¸
L

(x+ y3)ds§Ù¥L´�±x2 + y2 = R2"

)µéu­�Lþ?¿�:(x, y)§k(−x,−y)½3­�þ"u´

I =

˛

L

(x+ y3)ds

=

˛

L

((−x) + (−y)3)ds

=−
˛

L

(x+ y3)ds = −I

�I = 0"
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2. O�
´
L

|y|ds§Ù¥L´m��±§=x2 + y2 = R2(x ≥ 0) (ë�[5]§P. 21§

�!3)"

)µd­�'ux¶é¡§��µ

I =

ˆ

L

|y|ds = 2

ˆ

L,y≥0

yds

=2

ˆ 1
2
π

0

R sin θRdθ = 2R2

3. O�
´
L

x2ds§Ù¥L��±

{
x2 + y2 + z2 = a2

x+ y + z = 0
(ë�[5]§P. 17§�!4)"

)µ(Ó�é¡5)

I =

ˆ

L

x2ds =
1

3

ˆ

L

x2 + y2 + z2ds

=
1

3

ˆ

L

a2ds =
a2

3
×��±� =

2

3
a3π

4. ¦ý�Î¡
x2

a2
+
y2

b2
= 10uxoy²¡��m­¡z =

xy

c
�m�¡È"

)µd­ºÎ¡¡Èúª��µ

A =

ˆ
L

xy

c
ds

±eü«�{þ���¡ÈA��"

�{�!

A =

ˆ 2π

0

ab cos θ sin θ

c

√
(−a sin θ)2 + (b cos θ)2dθ

=
ab

c

ˆ 2π

0

cos θ sin θ
√
a2 sin2 θ + b2 cos2 θdθ

=
ab

c

ˆ 1
2
π

0

+

ˆ π

1
2
π

+

ˆ 3
2
π

π

+

ˆ 2π

3
2
π

cos θ sin θ
√
a2 sin2 θ + b2 cos2 θdθ

=
ab

c

ˆ 1
2
π

0

+

ˆ 2π

3
2
π

cos θ sin θ
√
a2 sin2 θ + b2 cos2 θdθ

+
ab

c

ˆ π

1
2
π

+

ˆ 3
2
π

π

cos θ sin θ
√
a2 sin2 θ + b2 cos2 θdθ

=0

�{�!éu­�Lþ?¿�:(x, y)§k(−x, y)½3­�þ"u´

A =

ˆ
L

xy

c
ds =

ˆ
L

−xy
c

ds = −A

�A = 0"
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5.4.2 111���...­­­���ÈÈÈ©©©

1. �L����±x2 + y2 = 231���¥�Ü©§K

ˆ
L

xdy − 2ydx

(�[5]§P. 25§�!4)"

)µ��ëêz"

I =

ˆ 1
2
π

0

√
2 cos θd

√
2 sin θ − 2

√
2 sin θd

√
2 cos θ

=

ˆ 1
2
π

0

2 cos2 θ + 4 sin2 θdθ

=π +

ˆ 1
2
π

0

(1− cos 2θ)dθ =
3

2
π

��K½�±ÏLÖ¿x, y¶�ü��»§/¤µ4«���^��ú
ª"duÖ¿�ü�1�.­�È©�0§��Y�o©����¡È�
n�"

2. ¦

ˆ
L

ydx− xdy

x2 + y2
§Ù¥­�L´

(x− 1)2

9
+ y2 = 1 uþ�²¡§l

:(−2, 0)�(4, 0)�Ü©(�[5]§P. 26§Ê)"

)µ�P (x, y) =
y

x2 + y2
§Q(x, y) =

−x
x2 + y2

"du
∂Q

∂x
=
∂P

∂y
§�UÈ©

éu?¿�^ë�A(−2, 0)B(4, 0)�Ø²L�:(0, 0)�´»þ��"

�d�ÄL1�x
2 + y2 = 4�þ��±9C = {(x, y) : 2 ≤ x ≤ 4, y = 0}"u

´

I =

ˆ
L1

ydx− xdy

x2 + y2
+

ˆ
C

ydx− xdy

x2 + y2

=
1

4

ˆ
L1

ydx− xdy +

ˆ 4

2

0dx− xd0

x2 + 02

=
1

4

ˆ 0

π

sin θd cos θ − cos θd sin θ = −1

4
π

3. �f(x)äk��ëY�ê§f(0) = 0�­�È©

ˆ
C

(f(x)− ex) sin ydx− f(x) cos ydy

�È©´»Ã'§¦f(x) (ë�[5]§P. 27§�!3)"

)µduUÈ©�´»Ã'��µ

∂P

∂y
= (f(x)− ex) cos y =

∂Q

∂x
= −f ′(x) cos y

u´
f ′(x) + f(x) = ex

df(0) = 0��µf(x) =
1

2
(ex + e−x)"
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4. �¼êf(u)këY����ê§L´±A(1, 1)B(3, 3)��»��þ��l
lA�B�Ü©§¦

ˆ
L

(
1

x
f(
x

y
) + y

)
dx−

(
1

y
f(
x

y
) + x

)
dy

(�[5]§P. 18§8)"

)µ�D�±L9�ãBA�>.���/«�§

P (x, y) =
1

x
f(
x

y
) + y

Q(x, y) = −1

y
f(
x

y
)− x

K
∂Q

∂x
− ∂P

∂y
= 2

u´

I =

ˆ
L

(
1

x
f(
x

y
) + y

)
dx−

(
1

y
f(
x

y
) + x

)
dy

=

ˆ
L+BA

(
1

x
f(
x

y
) + y

)
dx−

(
1

y
f(
x

y
) + x

)
dy −

ˆ 1

3

(
1

x
f(1) + x

)
−
(

1

x
f(1) + x

)
dx

=− 2

¨
D

dxdy = −2π

5. 3Lå:O(0, 0)Úª:A(π, 0)�­�xΓa : y = a sinx(a > 0)¥§¦a��
¦�1�.­�È©

ˆ
Γa

(1 + y3)dx+ (2x+ ey
2

)dy

����(�[5]§P. 27§8)"

)µ

I(a) =

ˆ
Γa

(1 + y3)dx+ (2x+ ey
2

)dy

=

ˆ
Γa+OA

(1 + y3)dx+ (2x+ ey
2

)dy −
ˆ 0

π

(1 + 03)dx+ (2x+ e02)d0

=−
¨
D

(2− 3y2)dxdy + π

=−
ˆ π

0

ˆ a sinx

0

(2− 3y2)dydx+ π = −
ˆ π

0

2a sinx− a3 sin3 xdx+ π

=

ˆ π

0

2a− a3 sin2 xd cosx+ π =
4

3
a3 − 4a+ π

Ù¥D�Γa�OA�¤�4«�"

u´I ′(a) = 4a2 − 4 = 0�a = 1§�I ′′(1) > 0"�a = 1�I(a)��"
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6. �z = f(x, y)3D : x2 + y2 ≤ 1äkëY�� ��x
∂z

∂x
+ y

∂z

∂y
= (x +

y2)ex
2+y2§O� ¨

D

(
∂2z

∂x2
+
∂2z

∂y2

)
dxdy

)µ�­È©z¤1�.­�È©§,���ëêz=�"

¨
D

(
∂2z

∂x2
+
∂2z

∂y2

)
dxdy =

ˆ
C

∂z

∂x
dy − ∂z

∂y
dx

=

ˆ 2π

0

cos θ
∂z

∂x
(cos θ, sin θ) + sin θ

∂z

∂y
(cos θ, sin θ)dθ

=

ˆ 2π

0

(cos θ + sin2 θ)ecos2 θ+sin2 θdθ = e

ˆ 2π

0

1− cos 2θ

2
dθ = πe

7. �z = f(x, y)äkëY�� �§
∂z

∂x
+
∂z

∂y
= e−x

2−y2§O�

ˆ
C

(x +

y)f(x, y)ds§C : x2 + y2 = 1"

)µò­�È©ëêz§,�|^1�.­�È©���úªO�"

I =

ˆ
C

(x+ y)f(x, y)ds =

ˆ 2π

0

(cos θ + sin θ)f(cos θ, sin θ)dθ

=

ˆ 2π

0

−f(cos θ, sin θ)d cos θ + f(cos θ, sin θ)d sin θ

=

ˆ
C

−zdx+ zdy =

¨
D

∂z

∂x
+
∂z

∂y
dxdy

=

¨
D

e−x
2−y2dxdy =

ˆ 2π

0

dθ

ˆ 1

0

e−r
2

rdr = (1− e−1)π

5.4.3 ÖÖÖ¿¿¿SSSKKK

1. �¼êf(x, y)3�²¡äk��ëY� �ê�f(0, 0) = 09ü� �ê
÷v

max

{∣∣∣∣∂f∂x (x, y)

∣∣∣∣ , ∣∣∣∣∂f∂y (x, y)

∣∣∣∣} ≤ 2|x− y|§éu?¿(x, y) ∈ R2

¦yµ|f(5, 4)| ≤ 1"

y²µN´�y1�.­�È©
ˆ
L

∂f

∂x
dx+

∂f

∂y
dy

�È©��´»Ã'"�

f(4, 4) = f(0, 0) +

ˆ
x=y,0≤x≤4

∂f

∂x
dx+

∂f

∂y
dy = 0
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?


|f(5, 4)| =
∣∣∣∣f(4, 4) +

ˆ 5

4

∂f

∂x
(x, 4)dx

∣∣∣∣
≤
ˆ 5

4

∣∣∣∣∂f∂x (x, 4)

∣∣∣∣ dx ≤ ˆ 5

4

2(x− 4)dx = 1

y."

2. �du =
(x+ y − z)(dx+ dy) + (x+ y + z)dz

x2 + y2 + z2 + 2xy
§¦u(x, y, z)"

)µ�

P =
x+ y − z

x2 + y2 + z2 + 2xy

Q =
x+ y − z

x2 + y2 + z2 + 2xy

R =
x+ y + z

x2 + y2 + z2 + 2xy

du
∂R

∂y
=
∂Q

∂z
,
∂P

∂z
=
∂R

∂x
,
∂Q

∂x
=
∂P

∂y
,

��¼ê�3�1�.­�È©�´»Ã'"éu?¿x0 > 0, y0 > 0, z0 >
0k

u(x0, y0, z0) =u(1, 0, 1) +

ˆ
1≤x≤x0,y=0,z=x

(x+ y − z)(dx+ dy) + (x+ y + z)dz

x2 + y2 + z2 + 2xy

+

ˆ
x=x0,0≤y≤y0,z=x0

(x+ y − z)(dx+ dy) + (x+ y + z)dz

x2 + y2 + z2 + 2xy

+

ˆ
x=x0,y=y0,x0≤z≤z0

(x+ y − z)(dx+ dy) + (x+ y + z)dz

x2 + y2 + z2 + 2xy

=u(1, 0, 1) + ln(x0)

+
1

2
ln(2x2

0 + 2x0y0 + y2
0)− 1

2
ln 2− ln(x0)− arctan

x0 + y0

x0

+
π

4

+
1

2
ln(x2

0 + 2x0y0 + y2
0 + z2

0)− 1

2
ln(2x2

0 + 2x0y0 + y2
0)

+ arctan
z0

x0 + y0

− arctan
x0

x0 + y0

=C +
1

2
ln(x2

0 + 2x0y0 + y2
0 + z2

0) + arctan
z0

x0 + y0

�

u(x, y, z) =
1

2
ln(x2 + 2xy + y2 + z2) + arctan

z

x+ y
+ C
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6.1 111���...­­­¡¡¡ÈÈÈ©©©

1. �Σ�(x− 1)2 + y2 + (z + 1)2 = R2§O�
˜
Σ

2x+ 3y + zdS (�[5]§P. 17§

�!2)"

2. �­¡Σ�¥¡x2 + y2 + z2 = R2§O�
˜
Σ

(x + |z|)2dS (�[5]§P. 21§

�!4§ë�[5]§P. 25§�!5)"

3. ¦�Ý�1�þ!�ÎNx2 + y2 ≤ 1, |z| ≤ 1é��L : x = y = z �=Ä.
þ(�[5]§P. 26§8)"

4. �­¡Σ : |x|+ |y|+ |z| = 1§O�
˜
Σ

(tan(xy) + |y|+ |z|)dS"

6.2 111���...­­­¡¡¡ÈÈÈ©©©

1. O�
˜
Σ

x(1 + x2z)dydz + y(1 − x2z)dzdx + z(1 − x2z)dxdy§Ù¥Σ�­

¡z =
√
x2 + y2(0 ≤ z ≤ 1)�eý(�[5]§P. 20§Ê)"

2. O�­¡È©I =
˜
Σ

2x3dydz+ 2y3dzdx+ 3(z2− 1)dxdy§Ù¥Σ´­¡z =

1− x2 − y2(z ≥ 0)�þý(�[5]§P. 22§Ê)"

3. O�I =
˜
Σ

xyzdxdy§Σ�¥¡x2 + y2 + z2 = 1�	ý¥÷vx ≥ 0, y ≥ 0�

Ü©(�[5]§P. 27§Ê)"

4. �¼êP (x, y, z)§Q(x, y, z)§R(x, y, z)3¥NΩ : x2 + y2 + z2 ≤ 1þkëY
 �ê§­¡Σ : x2 + y2 + z2 = 1§���	ý"3Ωþ

∂P

∂x
+
∂Q

∂y
+
∂R

∂z
= (x+ y + z)2

¦I =
˜
Σ

(Pdydz +Qdxdz +Rdxdy)��(�[5]§P. 29§n)"

5. O�I =
˜
Σ

[f(x, y, z)+z]dydz+[2f(x, y, z)+y]dzdx+[f(x, y, z)+z]dxdy§

Ù¥f�ëY¼ê§Σ�²¡x− y + z = 131o%�Ü©�eý(�[5]§P.
127§Ô)"

32
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6.3 ÖÖÖ¿¿¿SSSKKK

1. O�­�È©I =
˜
Σ

xdydz + ydzdx+ zdxdy

(x2 + y2 + 4z2)
3
2

§Ù¥Σ�¥¡(x−1)2 +y2 +

z2 = a2(a > 0, a 6= 1)�	ý"

2. �¼êf(u)ëY��§PIt =
˜
Σ

Pdydz + Qdzdx + Rdxdy§Ù¥P = Q =

R = f((x2 + y2)z)�k�­¡Σ´¥ÎNx2 + y2 ≤ t2§0 ≤ z ≤ 1�L¡

	ý"¦4� lim
t→0+

It
t4
"g�µef(u)ëY�=3u = 0?��§T4��Û

�º

6.4 ëëë������YYY

6.4.1 111���...­­­¡¡¡ÈÈÈ©©©

1. )µ

I =

¨

Σ

2x+ 3y + zdS

=

¨

Σ

2(x− 1) + 3y + (z + 1)dS +

¨

Σ

2− 1dS �
|^é¡5

= 4πR2 ¥¡¡È

2. )µ

I =

¨

Σ

x2 + z2dS +

¨

Σ

2x|z|dS �
|^é¡5

=
2

3

¨

Σ

x2 + y2 + z2dS

=
8

3
πR4 ¥¡¡È

3. )µÄkO�:���x = y = z�ålµ

d2 =
|(1, 1, 1)× (x, y, z)|2

12 + 12 + 12
=

1

3

(
(x− y)2 + (y − z)2 + (z − x)2

)
�e5O�=Ä.þµ˚

V

d2dv

=
2

3

˚
V

x2 + y2 + z2dv |^é¡5

=
4

3

ˆ 2π

0

dθ

ˆ 1

0

dz

ˆ 1

0

(r2 + z2)rdr Î�IC�

=
10

9
π
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4. )µ

I =

¨

Σ

|y|+ |z|dS |^é¡5

=
2

3

¨

Σ

dS |^Ó�é¡5

=
16

3

¨
x≥0,y≥0,z≥0,x+y+z=1

dS 8�n�/¡È

=
16

3

¨
x≥0,y≥0,x+y=1

√
1 + (−z′x)2 + (−z′y)2dxdy

=
8

3

√
3

6.4.2 111���...­­­¡¡¡ÈÈÈ©©©

1. )µ

I =−
¨
oxy

x(1 + x2z)(−z′x) + y(1− x2z)(−z′y) + z(1− x2z)dxdy z¤1�.

=2

¨

oxy

x4dxdy

=2

ˆ 2π

0

dθ

ˆ 1

0

r5 cos4 θdr =
π

4
z�4�I

2. )µÖ¿��­¡Σ1 : x2 + y2 = 1�þý"

I =

¨
Σ∪Σ−

1

2x3dydz + 2y3dzdx+ 3(z2 − 1)dxdy

+

¨
Σ1

2x3dydz + 2y3dzdx+ 3(z2 − 1)dxdy

=6

˚
V

x2 + y2 + zdσ −
¨
oxy

3dxdy pdúª

=6

ˆ 2π

0

ˆ 1

0

dz

ˆ 1−r2

0

(r2 + z)rdr − 3π z�Î�I

=− π

3. Öþ�K§�Y�
2

15
§L§Ñ"

4. )µdpdúª��µ

I =

˚
V

∂P

∂x
+
∂Q

∂y
+
∂R

∂z
dV

=

˚
V

(x+ y + z)2dV

=2

˚
V

x2 + y2 + z2dV |^é¡5

=2

ˆ 2π

0

dθ

ˆ π

0

dψ

ˆ 1

0

r2r2dr =
4

5
π z�4�I
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5. )µ��z¤1�.­¡È©µ

I =−
¨
oxy

(
[f(x, y, z) + z](−z′x) + [2f(x, y, z) + y](−z′y) + [f(x, y, z) + z]

)
dxdy

=−
¨
oxy

2(y − x+ 1)− ydxdy = −1

2
z�1�.O�

6.4.3 ÖÖÖ¿¿¿SSSKKK

1. )µ©O�

P (x, y, z) =
x

(x2 + y2 + 4z2)
3
2

Q(x, y, z) =
y

(x2 + y2 + 4z2)
3
2

R(x, y, z) =
z

(x2 + y2 + 4z2)
3
2

KN´�y£�,O�k:E,¤µ
∂P

∂x
+
∂Q

∂y
+
∂R

∂z
= 0"

(i) �0 < a < 1�§O�«�SØ�¹�:§�I = 0"

(i) �a > 1�§O�«�S�¹�:§ØU��¦^pdúª"�dÚ
\Σε : x2 + y2 + 4z2 = ε2���	"K

I =

¨
Σ∪Σ−

ε

+

¨
Σε

xdydz + ydzdx+ zdxdy

(x2 + y2 + 4z2)
3
2

=
1

ε3

¨
Σε

xdydz + ydzdx+ zdxdy

=
3

ε3

˚
Vε

dV = 8π ù�´K8��:

2. )µÄk
∂P

∂x
= 2xzf ′((x2 + y2)z)

∂Q

∂y
= 2yzf ′((x2 + y2)z)

∂R

∂z
= (x2 + y2)f ′((x2 + y2)z)

u´

It =

˚
V

(2xz + 2yz + x2 + y2)f ′((x2 + y2)z)dV

=

˚
V

(x2 + y2)f ′((x2 + y2)z)dV

=

ˆ 2π

0

dθ

ˆ 1

0

dzf ′(r2z)r2rdr
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�^â7�{K�±¦�µ

lim
t→0+

It
t4

= lim
t→0+

2π

ˆ 1

0

f ′(t2z)t3dz

4t3

=
π

2
lim
t→0+

ˆ 1

0

f ′(t2z)dz

=
π

2



ÔÔÔ ???êêê

7.1 ������???êêê

1. �ü���?ê{an}§{bn}÷vµ
an+1

an
≤ bn+1

bn
"XJ?ê

∞∑
n=1

bnÂñ§y

²?ê
∞∑
n=1

(−1)n
√
an
n
ýéÂñ(�[5]§P. 27§Ô)"

2. ®�üN���?ê
∞∑
n=1

anÂñ§y²µ
∞∑
n=1

n(an − an+1) Âñ"

3. ���?ê{an}�Ü©Ú�Sn =
n∑
k=1

ak"y²µ(1)
∞∑
n=1

anÂñ�¿©7�

^�´
∞∑
n=1

an
Sn
Âñ¶(2) éu?¿λ > 1§?ê

∞∑
n=1

an
Sλn
Âñ"

7.2 ������???êêê

1. �f(x)´3(−∞,+∞)S���¼ê�|f ′(x)| ≤ mf(x)§Ù¥0 < m < 1"

?�¢êa0§½Âan = ln f(an−1)§n = 1, 2, · · ·"y²µ
∞∑
n=1

(an − an−1)ý

éÂñ(�[5]§P. 18§Ô)"

2. �¼êf(x)3(−∞,+∞)þëY�÷vf(x) = sinx +

ˆ x

0

tf(x − t)dt"Á�

½?ê
∞∑
n=1

(−1)nf

(
1

n

)
�Âñ5"

7.3 ���???êêê

1. �k?ê
∞∑
n=0

an

(
x+ 1

2

)n
§e lim

n→∞

∣∣∣∣ anan+1

∣∣∣∣ =
1

5
§¦T?ê�Âñ�

»(�[5]§P. 21§�!2)"

2. ¦¼ê�?ê
∞∑
n=1

(x− 3)n

3nn
�Âñ�(�[5]§P. 26§n!1)"

3. O�e�¼ê��?êÐmµ

(a) òsinx3x =
π

4
?Ðm¤�?ê§

(b) òln(1− x− 2x2)Ðm¤�?ê§

37
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(c) ò
x

4− x2
Ðm¤�?ê§

(d) òf(x) = arctan xÐm¤�?ê§¿¦f (n)(0)§

(e) ò
1

(1− x)2
Ðm¤�?ê"

4. �y¼êy(x) =
∞∑
n=0

x3n

(3n)!
§−∞ < x <∞§÷v�©�§y′′+y′+y = ex§

¿¦y(x) (�[5]§P. 28§Ê)"

5. ®�
∞∑
n=0

1

n2
=
π2

6
§O�

ˆ 2

0

1

x
ln

(
2 + x

2− x

)
dx (�[5]§P. 129§n)"

6. �a1 = 1§a2 = 1§an+2 = 2an+1 + 3an§n ≥ 1"¦�?ê
∞∑
n=1

anx
n�Âñ

�»9Ú¼ê"

7.4 ëëë������YYY

7.4.1 ������???êêê

1. y²µd^���µ
an+1

bn+1

≤ an
bn
≤ · · · ≤ a1

b1

�
an ≤

a1

b1

bn

u´d?ê
∞∑
n=1

bnÂñ�?ê
∞∑
n=1

anÂñ"?


∞∑
n=1

∣∣∣∣(−1)n
√
an
n

∣∣∣∣ ≤1

2

∞∑
n=1

(
an +

1

n2

)
=

1

2

∞∑
n=1

an +
π2

12
<∞

y."

2. y²µd��?ê
∞∑
n=1

anÂñ�an7üNeü§�bn = n(an − an+1) ≥ 0"

?
d

n∑
k=1

bk =a1 − a2 + 2a2 − 2a3 + 3a3 − 3a4 + · · ·+ nan − nan+1

=a1 + a2 + · · ·+ an − nan+1

≤
∞∑
n=1

an <∞

���?ê
∞∑
n=1

bnÂñ"y."
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3. y²µ(1) �?ê
∞∑
n=1

anÂñ§KÙÜ©ÚüNþ,�k.§=S1 < S2 <

· · · < Sn < · · · < S <∞"�
n∑
k=1

ak
Sk
≤

n∑
k=1

ak
S1

≤ Sn
S1

≤ S

S1

<∞

=?ê
∞∑
n=1

an
Sn
Âñ"

��§b�?ê
∞∑
n=1

anuÑ"Kéu?¿�½g,ên§�3p¦�Sn+p >

2Sn"�
n+p∑

k=n+1

ak
Sk
≥

n+p∑
k=n+1

ak
Sn+p

≥ Sn+p − Sn
Sn+p

≥ 1

2

d�ÜÂñOK�?ê
∞∑
n=1

an
Sn
uÑ"

(2) �?ê
∞∑
n=1

anÂñ�§K

n∑
k=1

ak
Sλk
≤

n∑
k=1

ak
Sλ1
≤ S

Sλ1
<∞

=?ê
∞∑
n=1

an
Sλn
Âñ"

±eb½?ê
∞∑
n=1

anuÑ"K�n ≥ 2�§k

an
Sλn

=
Sn − Sn−1

Sλn
=

ˆ Sn

Sn−1

dx

Sλn
<

ˆ Sn

Sn−1

dx

xλ
=

1

λ− 1
(S1−λ

n−1 − S1−λ
n )

u´
n∑
k=1

ak
Sλk
≤ a1

Sλ1
+

1

λ− 1
(S1−λ

1 − S1−λ
n ) <∞

�?ê
∞∑
n=1

an
Sλn
Âñ"

7.4.2 ������???êêê

1. y²µéu?¿n ≥ 2§d.�KF¥�½n��µ

|an−an−1| = | ln f(an−1)−ln f(an−2)| =
∣∣∣∣f ′(ξn)

f(ξn)

∣∣∣∣ |an−1−an−2| ≤ m|an−1−an−2|

Ù¥ξn0uan−1�an−2�m"du0 < m < 1§�'��O{��?

ê
∞∑
n=1

(an − an−1)ýéÂñ"y."
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2. ?ê
∞∑
n=1

(−1)nf

(
1

n

)
^�Âñ"

y²µdK¿��µ

f(x) = sin x+

ˆ x

0

tf(x− t)dt = sinx+ x

ˆ x

0

f(t)dt−
ˆ x

0

tf(t)dt

�

f ′(x) = cos x+

ˆ x

0

f(t)dt+ xf(x)− xf(x) = cos x+

ˆ x

0

f(t)dt

u´f(0) = 0�f ′(0) = 1"?
�3δ ∈ (0, 1)¦�f ′(x) > 0�|x| < δ�"

ù%¹X��?ê
∞∑
n=1

(−1)nf

(
1

n

)
����3n ≥ N =

[
1

δ

]
�´üN

eü�§k4ÙZd�O{���?ê
∞∑
n=N

(−1)nf

(
1

n

)
^�Âñ§�?

ê
∞∑
n=1

(−1)nf

(
1

n

)
^�Âñ"

7.4.3 ���???êêê

1. )µdK¿��?ê
∞∑
n=0

anx
n�Âñ�»�

1

5
§��?ê�Âñ�»�

2

5
"

2. )µd

lim
n→∞

1
3nn

1
3n+1(n+1)

= 3 lim
n→∞

n+ 1

n
= 3

�¼ê�?ê�Âñ�»�3§Âñ«m�(0, 6)"

±e�äÂñ«mà:�Âñ5"

¼ê�?ê3x = 0?�
∞∑
n=1

(−1)n

n
§�^�Âñ"
¼ê�?ê3x = 6?

�
∞∑
n=1

1

n
§�uÑ"u´Âñ��[0, 6)"

3. )µ

(a) -x = t+
π

4
§K

sinx = sin

(
2

4
+ t

)
=

√
2

2
(sin t+ cos t)

=

√
2

2

(
∞∑
h=0

(
(−1)n

(2n)!
t2n +

∞∑
n=0

(−1)n

(2n+ 1)!
+2n+1

)

=

√
2

2

(
1 + t− t2

2!
− t3

3!
+
t4

4!
+
t5

5!
+ · · ·

)
=

√
2

2

[
1 +

(
x− π

4

)
− 1

2!

(
x− π

4

)2

− 1

3!

(
x− π

8

)3

+ · · ·
]
, x ∈ (−∞,+∞)
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(b) duf(x) = ln (1− x− 2x2) = ln(1− 2x) + ln(1 + x)§9

ln(1 + x) =
∞∑
n=0

(−1)n

n+ 1
xn+1, x ∈ (−1, 1]

ln(1− 2x) =
∞∑
n=0

(−1)n

n+ 1
(−2x)n+1 = −

∞∑
n=1

2n+1

n+ 1
xn+1, x ∈

(
−1

2
,
1

2

]
�

f(x) =
∞∑
n=0

(−1)n − 2n+1

n+ 1
xn+1, ∈

(
−1

2
,
1

2

]
(c)

x

4− x2
=
x

4

1

1− (x/2)2

=
x

4

∞∑
n=0

(x
2

)2n

=
∞∑
n=0

1

4n+1
x2n+1 x ∈ (−2, 2)

(d) d

f ′(x) =
1

1 + x2
=
∞∑
n=0

(−x2)n, x ∈ (−1, 1)

��µ

f(x) =

ˆ x

0

f ′(t)dt =
∞∑
n=0

(−1)n

2n+ 1
x2n+1, x ∈ (−1, 1)

´��x = ±1�§
∑∞

n=0
(−1)n

2n+1
x2n+1Âñ§�Âñ��[−1, 1]"

d�?êÐm���5��µ

f (n)(0) =

{
0, n = 2k

(−1)k(2k)! n = 2k + 1

(e) �
;�O�?ê¦{§æ^¦���ªÐm§=

1

(1− x)2
=

(
1

1− x

)′
=

(
∞∑
n=0

xn

)′
=
∞∑
n=0

(xn)′ =
∞∑
n=0

nxn−1, x ∈ (−1, 1)

4. )µN´O�

y(x) = 1 +
x3

3!
+
x6

6!
+ · · ·

y′(x) = 0 +
x2

2!
+
x5

5!
+ · · ·

y′′(x) = 0 + x+
x4

4!
+ · · ·

u´y′′ + y′ + y = ex�y(0) = 1§y′(0) = 0"?
)�§��µy(x) =

2

3
e−

1
2
x cos

(√
3

2
x

)
+

1

3
ex"
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5. )µ|^�?êÐm�±��µ
ˆ 2

0

1

x
ln

(
2 + x

2− x

)
dx

=

ˆ 2

0

1

x

(
∞∑
n=0

(−1)n

n+ 1

(x
2

)n+1

−
∞∑
n=0

(−1)n

n+ 1

(
−x

2

)n+1
)

dx

=

ˆ 2

0

1

x

∞∑
n=0

1 + (−1)n

n+ 1

(x
2

)n+1

dx Ûê�þ�0

=

ˆ 2

0

2

x

∞∑
k=0

1

2k + 1

(x
2

)2k+1

dx

=
∞∑
k=0

ˆ 2

0

1

2k + 1

(x
2

)2k

dx

=2
∞∑
k=0

1

(2k + 1)2

d®�
∞∑
n=0

1

n2
=
π2

6
§��

∞∑
n=0

1

(2n)2
=
π2

24
§�

∞∑
n=0

1

(2n+ 1)2
=
π2

8
"u´�

ª=
π2

4
"

6. )µ�
O��?ê�Âñ�»§�bn =
an+1

an
"K

bn+1 = 2 +
3

bn

�bn ≥ 2�

|bn+1 − 3| =
∣∣∣∣bn − 3

bn

∣∣∣∣ ≤ 1

2
|bn − 3|

u´ lim
n→∞

(bn − 3) = 0§��?ê�Âñ�»�
1

3
§Âñ«m�

(
−1

3
,
1

3

)
"

�S(x) =
∞∑
n=1

anx
n§K

S(x) = 1 + x+ x2

∞∑
n=1

an+2x
n

=1 + x+ x2

∞∑
n=1

(2an+1 + 3an)xn

=1 + x+ 2x
∞∑
n=1

an+1x
n+1 + 3x2

∞∑
n=1

anx
n

=1 + x+ 2x(S(x)− 1) + 3x2S(x)

�S(x) =
1− x

1 + 2x− 3x2
=

1

1 + 3x
§Âñ�»�

1

3
§Âñ«m�

(
−1

3
,
1

3

)
"
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