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1.1 SC¥
1.1.0 AKX
n |
1. (Newton —Jix) (a +b)" = Zcr:an_rbr . G = k'(nl’l; k)l

2.a"—b"=(a—b)a" ' +a" b+ - +ab"r+ b
3.a"+b"=(a+b)a" ' —a"*h +a" b — - —ab"E + b7
4. a* +b*+c* —3ab = (a + b +c)(a® + b*> + ¢* —ab —ac — bc)

5. (B.Pascal fHZR) C, + C] = ™

W BECR A
1. Xn:lﬂ:ln )(2n +1) Zn:Qk—l 1(4n —1)
k=1 6 k=1

n
1
2. X:k‘?’:(1—|—2+---—i—n)2:é—an(n—i—l)2

1
3. 1-2+2-3+---—|—n-(n+1):gn(n+1)(n~|—2)

4.L23+a.34+~-+nmn+n.m+a):imn+nm+axn+a

=fRMA

sin £

n
1 (n+ 1) no
Y + ka) = i ( + —)
cos(x + ko) = — ; sin ————cos (x +

2. Zsm (2k — 1)x (smnx)

sin x

n .
n cos(n+1)x-sinnx
3. Zsin2kx = —— (n+ ) -
2 2sin x
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pi

REHE 5 HHK

in(2 1)t
1 sin(2n + 1)

9.

n
= 1—|—Zc082kt

sint
k=1

sin® x = —sinx — — sin 3x
4 4

3 1
cos” X = Z(COS 3x + 3cosx)

. tanx = cot x — 2cot 2x

sin* x — cos* x = — cos 2x

cosnm = (—1)"

3 1
™ Example |.1: IEB]: sin®6 = Zsin@ — Zsin?)e
1= Proof: R (De Moivre) A3

(cos@ +isin€)" = cosnf +isinné

A n =3, Ko

(cos@ +isin6) = cos® § + 3icos? @ sin — 3cos § sin? 6 — isin® @

= cos 30 + isin 36

3 | B A X3 Iy S8 45 e T A4 2

1
cos® § = Z(COS 360 + 3cosh)

sin® 9 = §si119——sir139

n
@ Example 1.2: JEB: ZC,f(—l)k =-1

k=1

% Solution

Y CKH) =Y ) xR = (-1 1) -1 =
k=1 k=0

1.1.2 &R

1.

@)l > @n4)n>1 L.o.mob !
2 4 2n V2n +1

1 1 1
. <In|{l4+-])<-
n+1 n n

—VV )=

—1
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3.
n—+

T . 2x . tan x X
4. M 0<x < =W, sinx +tanx > 2x; — <sinx < x; > —
2 T X sin x
arctan x
5 B x>08, In(l+x)> ———
% x> 0 Bf, In(1+x) > o
Theorem 1.1 = BEAFR .

la| = |b] < la £ b] < |a| + |b]

Theorem 1.2 {A%F (Bernoulli) &5 \

Bx>—-1LneN",n>21

(14+x)">1+4nx

Theorem 1.3 #Jf (Cauchy) AR .

I r

i’&xlwxza... ,xn:yl,y%”’ ,yn ﬁ%éﬂiﬁ’ IJI\IJ

(Swon) = () ()

i=1 i=1

—VYV )
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Theorem 1.4 ¥EAZER

Hy < Gy < Ay < On BRRAIERER WILH “PILFT” .

Hob: H, — —— — i B VR

n -1 1 1
ZL x1+x2+ +xn
B

G, =
2, R
= X1+ X2+ o+ Xp . . ;
Ay = ; = , W EAE IS
x4 x5+ 422, . ;
Qn = ’ Fﬁﬁ‘ﬁﬁzﬁﬂzi@ﬁo

n

-k Exercise L.1: 1 0 <a < 1, 3KiE |x + y|* < |x|* + |y|“
5 Proof:

e+ p1% < (x]+ yD® =[xl (] + DO+ Iy lOx] =+ D < Ix)® + [yl

&7 Exercise 1.2: JRIEAZET
Lo Jx=y| > |lxI=y|

2. |x 4 x4 A x| = lx] = (Jx] + -+ |xal)

1= Proof: 1) H
Ix =yl =lx+(=y) = x| == y| = |x] = |yl
)3
Ix =yl =y —x| =yl —Ix| =—=(x]—y])
HIESS

Ix —y| = |Ix] = |yl|

WATan e : i [xy| > xy Al
x%—2xy +y2 > x% = 2lxy| + y?

By
(x = )2 = (Ix] = y])*

—VV )=
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7 BiA5
lx =yl = |Ix| = |yl

2)

|X X1+ x| = x] = X
i

}X+x1+---+xn{<|x1|+|xz+---+xn|

< -
< |xaf + e 4 -+ x|

Jr A

X+ 21 4 x| = |x] = (Jxa] 4 )

O
& Exercise 1.3: JEBH: (cosx)? < cos(px), x € [O, %], 0<p<l
15 Proof: 53 1 % x € [0 —] 5
cos(px) = cos(px + (1 — p)-0)
> pcosx +(1—p)cosO=1— p(l—cosx)
1

XHAHRAER (14 9)!7 > 1+ Zyy > 1 wf

1/p 1/p p(1 —cosx)

(cos(px)) ¥ = (1= p(1—cosx))’" >1— —————= =cosx,
p
T

M} (cos x)? < cos(px), xe[O,E], 0<p<l1 O

@ Example 1.3: JEBAXFAETBAE n, A

_nf<zf N

v Proof: 2l A
SvE=y [ fdx<z | vrae= [ras=tavi
k=1 — kL

A, WREE] (M, mR)
k
Vk+Vk—-1< Vx dx

k—1

wa :12 (VE -+ VE=T)

—0V/))——
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1 n
= (2 - — vz
( S VK ) Vi
k=1 k=1
< Z Jxdx = Znn
o -1 3
T i i
2 4
S VE-Y L s Y VR T
2 3 6
k=1 k=1
& Exercise 1.4:
1= Proof:

—VYV )
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113 EHASTHA
@ Example | 4: % A, B NAEZEREEE, S =AU B | iEH:

sup § = max{sup A, sup B}

% Solution HF § = AU B BARRIEEHRHL, Hit S W L, THAHALE
—FH M, VxeS, AxeAdxeB=— x<supAd i x <supB

MIMA x < max{sup 4, sup B}, #§f%
sup § < max{sup A4, sup B}

B—Jm, A ACS = supA <supS, WEIXA BCS=supB <supS. Al
sup S > max{sup A4, sup B}

%k, Bipife
sup § = max{sup A4, sup B}

|
™ Example 1.5: JFB: V2 AFEH%L
% Solution X4 n = 2 I}, v2 BAAK LB FHE It n > 3.
RARIERE. B V2 RERE, TREEFHNIER (RER) WIEEE p.q H5
f/_:g<:>2=q—z<:>q"=p"+p"
4 4
REMNERGH G RKEH (Fermat’s Last Theorem) 77 J&, HE5
Theorem 1.5 Fermat’s Last Theorem
Bn =3B x" +y" = 2" TRRERR
|

—VV )=
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X X

. e —e Yy
Slnh(x) B 2 y = cosh x
X —X
cosh(x) = % 5 |
tanh(x) = sinh(x) et e —1 n y = sinh
cosh(x) eX+e™> e>*41
coth(x) = C?Sh(x) = e fe = e +1 \ ]
sinh(x) e¥—e™ €2 —1 N
1 2 \\\ /’”// y = tanhx
h — — o -
sech(x) cosh(x) e¥+e™>
1 2 4 3 2 1 ° 1 2 3 4
csch(x) sinh(x) e*—e=* 1
2 1.2 _ 2]
cosh”(x) — sinh*(x) =1
—3 1
1 — tanh?(x) = sech®(x)
4
coth?(x) — 1 = csch?(x)
—5 1
sinh(x + y) = sinh(x) cosh(y) + cosh(x) sinh(y)
—6 |
cosh(x + y) = cosh(x) cosh(y) + sinh(x) sinh(y)
tanh(x) + tan(y)
tanh =
anh(x + ) 1 + tanh(x) tanh(y)
sinh(2x) = 2sinh(x) cosh(x) 3
cosh(2x) = cosh?(x) + sinh?(x) = 2 cosh?(x) — 1 2
2 tanh(x)
y = cschx

) = () e

sinp? (%) = =L 5 T

2(*\ _ COSh(x) +1 y = cothx =
cosh (—) = / ,
cosh(x 4+ y) = cosh(x) cosh(y) + sinh(x) sinh(y)

3 i
Example 1.6: 3% f(x) = \/% W n IRE A ERECH
X
(fofofeeees f)(x):m

i —k Btk RE S EE N ___r
Solution BUBLE n = k B, k IREBEEAHE (f-f-f - f)(x) NEwTa
WXE n=k+ 10, 2k +1 REGRECH

X x?
(fefefeof)x) = —m/\/1+k (m)

—VV )=
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- X 14+ x2+ kx?
VIt 1+ x?

X
IR
RSB A B TE

Theorem 1.6 EREHY B HA 4

VoA f(x) UL T ARSI AT SeR 80 00 f7 () 15 0A T S A 390 4 o £
[E] f(x) 2T AL B £ (x0) 748 W f'(xo +T) = f'(x0)

2. f(x) VAT o i 9 34 S i 5

&)
a+T T = nT T
/a f(x)dx:/o f(x)dx = : f(x)dx /(; f(x)dx:n/(; Sf(x)dx

v N

@ Example 1.7: JEBH: & XA (—o0, +00) LHIEEEL f(x) = sinx +sin V2x Sy A R R 5
Solution (L iEy%) B f(x) A T AR, M 0= f(x+T)— f(x) BP

0= (sin(x + T) + sin (\/§(x + T))) — (sinx + sin ﬁx)

TEHBAR 2sin — cos (x + —) — 2sin — cos («/ﬁx + —)
2 2 V2 V2

Hﬂltl;%ﬂsing:O:sin%. U\Wﬁ2nn:«/§mn,%=«/§1ﬁm,n%ﬁ%%{ <
@ Example |.8: SN % f(x) R RERER

aﬂm+¢(§)=§ (lal £1. a. b, . JHH0)

e f(x) Kzl

%Swmm%xz%RA%%ﬁﬁqu)+fm:an%t&%xﬁ%%ﬁ&jﬁ
Faa o
af )+ (5) =2
X X
af () + flx) =2
Rl 1 b b — bx?
1) = g (B be) = o= @ A )
8

A f (x) REAF R %L

—0V/))——
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V¥

N

¥
e
83

1.2.2 R

Properties: B R ¥— A7 FE R R EL
Example 1.9: 3R y =sinx (% < x <) BREL

% Solution JR %L vy WMEIECA [0, 1]

| S

LX< —

o

<x—7ww <0

sin(x —mw) =sinx =y

FItUA,

X —m = arcsiny

HIR

X = —arcsiny
NIV G ok
y =m —arcsinx, x € [0, 1]

<
Example 1.10: 0] A% f(x) BIRRAEUE F(x), "SR g(x) BEEECE G(x),
g(x) B f(x) X 1 Ry A%, ()

(A) F'(x)G'(x) =1 (B) f'(x)g'(f(x)) =1

O
Example |.11: ReEEL f(x) = VX2 —x +1—vVx2+x + 1 MR SR R o B & S35
Solution W1 [&] B 77

fAx)=y*=2+2x> —2yxt+x2+1

(¥ —2—2x%) =—2yxt+x2+1

—0V/))——
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WL RRTF
4 _ 4y?
o2 ety o 2
T
yt—4y®
g (Y2
4y? —4
4 2
B f(x) = Va2 —x + 1= VX2 b x + L MRESH f(x) = £ %ﬁé% )

[ Example 1.12:
2 Solution

—0V/))——
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HHNRIR PR

Definition 2.1 lim x, = a

n—oo

lim x, =a<=Ve>0, I3 E¥EHK N, En>NHW,HI|x,—a|l<e

n—>o0

= 0.

Example 2.1: F| F & S kB li)m (_’j>n

== Proof: H4eH

(n

(="

n

1
|x,,—0|=‘ —0‘:—.
n

B Ve > 0, B [x, — 0] < ¢, Rﬁf‘%g%<s, E|]n>§. ﬁﬁ(HXIE%%ZIN:E]JrL

% n> N B, A

CLE
w i T 0 e
Example 2.2: FIFEXHEH lim ¢ = ¢
Proof: Ve > 0, KA S
|Xp —cl=]c—c| =0,

Fi AR BB n, A |xn —c| <&, B Jim e =c.
Example 2.3: | F & S kB li)m g" 't =0.

== Proof: HHF

|n—1
9

|xn — 0| = |¢" "' = 0| =g

It Ve > 0, Z4E [x, — 0] <&, 2

|q|"_1 < e.

PIILER H R 8L, 15
(n—1)In|g| < Ine.

A gl <1,Inlg| <0, &

|
n > ne +1

Inlg|
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Ine
In|q|

Be>10H, JEREL XA N = 1. 2% e < 1 I, B

N = [l:l|;| +1]

W% n> N B, SiA

lg" P —0] <e,

Bl lim ¢" ' =0. jFke. O
n—>oo

1
@ Example2.4: # x, = 1/1+ — (k e N, Fle3Es lim x, = 1.
n n—o0o

= Proof: ¥ 4%,
1 nk 1 1
= 1—|——k—1:—<—k<—.
n 1+ 41 2n n

ow = 1] = |1+ = —1
Xp—1| = — —
n nk

IEIJH:V0<8<1,E1§;|xn—1I<s,R%%<s, Elln>§ mmE%ﬁN:E],
W% 0> N B A < e KT

Vit ! 1
nk

<,
Bl lim x, = 1. jIE¥e. O
n—>oo
3n—1 3
@ Example 2.5: FJFf & XHEB lim " = —.
n—oo2n+1 2
1= Proof: B4
3n—1 3 9 )
e
2n +1 2‘ 22n+1) 4n
3n—1 3 5) ) )
I 1 2= — — p 3% — | =
i Ve > 0. 384 |71 <D <o A < W L BORERHON | 2 |
WY n > N B, A
3n—1 3
——l<e,
2n +1 2‘
—1
B lim o3 0
n—oo 2n + 1 2

@ Example 2.6: JIEBH h_)m Un=1
“> Solution B JLT-SEAPIA LXK FF

SRR NI ()
<1+in ’
Jn

—0V/))——
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2 4
ﬁ&%@!%—ll<ﬁ<e,ﬁgn>g—2ﬁﬂﬁ£
4
R FAERRER o , N — [z] U > N B -1 <6
HIFSS
lim ¢n=1
n—>o0
. |
@ Example 2.7: B SGIEBH: lim a_' =0
n—oo n!
% Solution ¥ [HE a, TF4E No >0, 4 n > Ny b}, H n > |a|, B} la] < 1. %8
n
a’ ol el _lal lal lal _lal | la|
n! n! 1 2 No No+1 n
Wl al Jal
NO! N0+1 n—1 n
B—UiH<1
|a|No+1 1 M |a|N0+1
o= Hdi M =
N(]! n n (/\EP N()' )
a” M M
et 7 —o| < 2 e a2
M n
XEFAERMIER ¢, TN :max{zvo, E4 +1§, Y > N W, A %—o‘ s
45
HIFSS o
lim — =0
n—oo 1!
A |

@ Example 2.8: & L HE

% Solution /E4 ¢ > 0, iy

3n2n—7 3

Wn>T7h,n+7<2n3n>—n—72>3n%>-2n > 2n>

&3y

R¥%n > 3—18 I
RER LIRS SRR max{7’ [3%]}, Won>N B, H

n? 1
n2—n-7 3

—VV )=
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Efe
) n? 1
lim = -
n—»oo3n?2—n-7 3
<
Example 2.9: yIEBH:
. tann
lim =

& Lemma 2.1
ﬁ%ﬁScR%E,N?E¢WGSL§§ﬁEﬁ@¢%ﬁﬁgﬁﬁ,

0 < ‘x — g‘ < %, N x By IC B B (irrationality measure) & SR w(x) :ﬂ
pibrel_fq w, BIHA S B FHR
HAETEH pn(r) < 7.6063

tan n — tan n

Proof: ffi% nli)m # 0o AR B lim
Sk A AR, LM?%EE%#IE@%?J {an}, ﬁﬁ

tanay

an

=A>0,

VA>e>0,dIN,n>N —

<e=ai"(—e+ A) < tana,

me—;%,ﬁ%—ﬁbuﬂw}ﬁﬁ

1
—1+A<-1+ Aa”‘1 < tan by
1
I e = @ sy LA b2 € {an} > by 15

2

1+ Ax28 < —1—|—Aa‘f1 < tan by

%Eﬁme=;%,ﬁ%~¢bwﬂ%ﬁﬂwﬁ%

3

—1+A4x3%< —1—|—Aa‘f1 < tan by

VAT A B BB (b}, AR {bn} C {an),

HAFEA by A7 P s AR LR AT tan by £ > 0.
T LY AT DI (tan by} L6 8900, 75000 WA v il it 36 891 7 50 B o
SUERHOSE— A B {en}y O <y <2, Ml by =c, (mod x)
Eh tanx HEIRE = ayp&Z%k, N tanb, = tancn

AT 0 <o < 7yl en = 7, PRPEL 08, ) iy

XA by =cn (mOd ﬂ)lﬁﬁ by WY — cn = My — 7N, Hp M,N e N
FI R arctan x + arctan — = % (x > 0) ABRAZES arctanx <7 H
X

8 b4 1 b4 1
tancn>An —1:>Cn>§—arctan(m) >§—m

—VV )=
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0 T 1
— <5_cn<—An8—1
;I%‘ M = MM _77Nn ’f’%]\’ ﬁ
oM, 1 1 c s
<7 = N1 S aNy 71 Ans 1 < g7 SHHCHTHE
My
AL T WL AT §2N—+1§ 3 A BN 2 L,

Bk w(m) > 7.7, fHIXFIEH ER w(r) < 7.6063 F)E.

#= A RTCIR, mﬂ%ﬁﬁ%&?ﬁﬁ%% D >0, {ji b5k,

FIFEAED {(bn} W52 Tn > n®

2= b, B hm a;nn =0 0
@ Example 2.1 : 35 nli)n;o@an —ay—1) =0, N nlgglo a, =0

15 Proof: X{E4 ¢ > 0, 276 N, #1584 n > N BWF

1 e
[2an + an—1| < &€ <= |ay| < §|an_1| + 3

M T A5
1 e
|an|<_|an—1|+—
1 e € e 1
<3 |an 2|+ tg =5t 5t 5lan—l
£ 1
< - 2+2—2+ +2nN+2nTN|a”_N| (H>N)
HH L %0

1
anl < &+ 5 lan—n] (n > N)

SHE Ny > N, 1 < o (0> N0). RIGTRAVH lan] < 26 (n > M), BE O
ay+as+---+ay

@ Example2.11: #% lim a, = a, JEB: lim =a
n—00 n—o00 n
1= Proof:[4][5] 24 a € R A,
W lim a, =a R, ¥e>0,3N €N, % n > Ny B, ?ﬁlan—a|<— TRH N EASTi$ER,
1%

ay+as+---+an _a‘

n
J(ar—a)+ (az—a) -+ (an —a)
N n
g|611—a|+|612—a|+“'+|611\h—al . lan,+1 —al +lan 2 —al+---+lan—a
n n
<|a1—a|~|—|a2—a|+---+|a1v1—al Jrn—N1 &
n n 2

» M
HK, ik M =lai —al+|az —al +---+ |ay, —al, HEL No, {1524 n > No Bf, ﬁ;
M4 N = max{Ny, No} , W4 n > N B, 5

ai+as+---+ay e n—N; ¢

—a| < -+ - <e&
n 2 n 2

l\DI(‘o

—VYV )
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M a — 400 B,
VM >0, EH{F‘nli)n;oan:—i-oo,fﬁﬁlﬂNleN,%n>N1 W, a, > 2M + 2. [EE N1, HH

. n—N; 1 . ay+tas+---+an,
lim =1>—-, Ilim
n—00 n 2 n—>00 n

MEM 2.1.1 41 3IN eN, N >Ny, ¥ n>N B,
n—Ny 1 ay+ax+---+an,

=0>-1,

> — > —1.
n 2 n
T
a1—|—a2+---+an_a1+a2+---—i—aN1+aN1+1+aN1+2+-~—|—an
n N n n
n—N 24+ 2
> -1+ L2M +2) > -1+ =M
n
e s . a +a _|_+a
KRR T lim ——— % = +o0
n—o00 n
%,la%_oo Hi?

YM >0, BT lim g, = —oo, Mt AN1 € N, Y n > Ny B, a, < —2M — 2. FH&E N, BN
n—>oo

. n—DN;
lim
n—o00 n

HEM 2.1.1 4 IN e N, N > Ny, % n > N i,
n—N 1 ay+as+---+apn,

=0<1,

1
:1>§’ lim ai +as + +an,

n—o00 n

> — > —1.
n 2 n
T
ai+ax+---+ap ay+az+---+an, +GN1+1+GN1+2+"'+an
n N n n
- N —24-2
<14 H2M —2) > 14— = -
n

BORIEW] T lim 2T 0
n—o0 n
2 Note: 5 a=ocost, hwT— K2, fM: ay = (—1)"
1+ 2+ Y3+ + Yn

@ Example2.12: #58: lim

n—oo

n
@ Example2.13: ¥ a, > 0(n=1,2,---), H lim dnt1 a, M lim a, =a
n—o0o (, n—00
% Solution4 a = 0 B}, B UM SHARFEHA 15

ai as an
a1 d a =1 +___ 4_..._% _“n
0< Yay, = =2, L gL a an—1
1 a; ay_1 n
. an+1 N Api1 &
Holim 27— L Ve>0,3N, €N, % 0> N, B, A |4 —a‘<—.
n—o0 d, ay 2

TR N AER iR, 5

a1 a2 4 ... An
Ly

an—1

—da

Yay —al <

n

—0V/))——
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— ai an—1
n
<|T1 ol vt i
an anN
[ |2 g (22 g 8 g
n n
a
<|T1 ot el em)
= n n 2
N a £
Bk, i M = )Tl—a El/EL ‘ HEU Ny, #1324 n > N, I}, ﬁ <3
}J\ﬁﬁé\N:max{Nl,Ng},ﬁllJén>NH]L,ﬁ
T+t e n—N+1 ¢
”’an—a}é . n-1 _ 4 <§ Tl+.§<g
Moa >0 B, MHABEARERG
+o et ara;  a, TP+t
1 an <n/a — nf 272 . < an—1
/ n = 1 a; an_l\ n

AuEX A, W lim “a“ — 4 < lim a“ = — AL BRIREEL Ve > 0,
n—>oo n n—>oo n+1
3N, € N, "

1
%,In>N1HTJ‘7ﬁ

_ 5\ < g TR N M5 Tk, 45

an+1

1 a4 G
a1+a2+ + a 1

n a
1 1 an— 1
_— = + — 8n—1 __ L1
< ai a ag an a
n
1 1 an 1 ANj+1 1 ap—1 1
n n
1 1 ay 1
B R e =N+ e
h n n 2
v 3 1 an, &€
HRK M= |———|+-+ EERN2,1i1«5°é|n>N2H]‘7ﬁ =
a, a aN1+1 a 2
y\ﬁﬁé\N:maX{vaNQ}7ljl\uﬂ:!|n>NH‘jaﬁ
1 n—
T <§+n—N1+1‘§<8
n a n 2
L+ﬂ+...+‘lrl_—1 1
XU T hm 2 25,5ﬁ$%‘%iﬁlﬂa=0lﬁ
FRHKE {EB"JT@ lim «/an =a <

—VV )=
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@ Example & lim a, =a, lim b, =b. fl e — N EUEH:
n—>0o0 n—>oo
. aobn +a1bn_1 +'~+an_1bn +Clnb0
lim =ab
n—00 n

%, Solution A nlgrgo a, =a, nlglélo bn = b, WHB {an}. {bn} BRA R,
Bl 3% M >0, 1% |an| < M, |by| < M, |a] < M.

lan —a| < —— by —b| < ——
AM iM

‘ . MK
HWK, 2 K = |lag—a|+---+|an, —a|+|bo—b|+---+|by, —b| +|b|, BIR nlggo—n =0

2MK MK
HEU Ny = —— 8% n > N, Hﬂ‘,ﬁ—<§.

Bl No A RS N > max (V). N}, 0124 0 > N BHA

Clobn + Cllbn_l + e+ an_lbn + anbo _
n

ab’

ab

[(aoby — ab) + (a1by—1 — ab) + -+ + (an—1b1 — ab) + (a,by — ab) + »

[bu(do—a)+a(by — b) + -+ bolan—a)+alby — b)] + ‘;_b

]\

=|§:|§§|b—‘ S| —

N

[lao —a| + -+ lan — al + |bo — b| + - + |by — b| + |b]]

N

[lag —a| + -+ lan, —a| + |bo — b| + - + |by, — b| + |b]]

M
+ 7[|aN1+1 —al+ -+ lap —a| + |by,+1 — b + - + |by — bl]

XER T
. aObn +a1bn—1 +"'+an—1bn +anb0
lim =ab
n—o00 n

& Exercise 2.1: JEBH

3= \/1+2\/1+3\/1+4m

5 Proof:

3=V9=V1+8=V1+2x4
:\/1+2«/1_:\/1+2~/1+1 :\/1—1—2«/1+3x5

:\/14—2\/14-3«/2_:\/l+2\/1+3«/1+4x6

—VV )=
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:\/1+2\/1+3\/1+4J%

:\/1+2\/1+3\/1+4m

O
2.1.1 IS H B R
Theorem 2.1 PR AME—14
WL {xn } WeBL, T4 B WA FRAE—.
Proof: fIRIER. B lim xp =a. lim x, = b, H a <b. WEHSIHRIE LA
b oy — b—a -0, IN, e NT,Vn > Ni, A |xn —a| < eo.
2 ANy € NT,Vn > No, & |xn — b| < eo.
BN = max{Ny, No}, Wl Vn > N, B
|xn —al <eo 5 |xn—b|<eo,
BIRIBA x, <a+ep = ath Hxp>b—g= a+b7 IXSEAN T RE.
FrAMBS a < b Ao, FEERE R a > b WA AL,
M a = b, BIARFRAZEME—R. JEEe. U

Theorem 2.2 YXSIEFIRY A A1

WL {xn ) WL IBABS {xn} —EAH.

Proof: % Jimx, = a, ARBIIR IR & L, B eo = 1, WMIAFLEIEERE N, % n > N B, A&
%X

|xn —al| < 1.
T, 4 n>N K,
[xn| = |(xp —a) + a| < |xp—al+la] <1+ lal.
B M =max{|xi|, [xol, -, |xn |, 1+ |al}, WXF—Y] x., #H

|xn| < M.

—VYV )
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B {xn} HHE. EEE O

Theorem 2.3 YL E %R R S 1%

!lﬂ%nlggoxn =a,Ha>0(ka <0), WAGAEIEEE N, Y4n > N B, #8H
X, > 0(8 x, <0).

= Proof 4 a > 0 I, HRBHIML RN E L, B eo = % WEAEERS N, % 0> N W, &

a
|xn —a| < 2

N}

Xp>a—— =

FIPEAE @ < 0 MTHIE. 5. O

Theorem 2.4

% lim ap=a>b(@<b),MIN, €N, Y%n> Ny, HFa,>b(@K<Db)

WREH) {x,} NETGEA x, > 08 x, <0), Hnlggoxn =a, WLa=>0
(Ba <0)

Theorem 2.5 Toeplitz FEIE

n
#n,k eN, t,x > OﬂZtnk =1, lim t,r = 0. TPH lim a, = a.
n—00 n—00

0

n
Al H : . —
JEBH nlgglokztnkak a
=1

1= Proof: i§ lim a, =a H, IM > 0, f#i |a, —a| < M, Vn € N.
n—o0
Ve>0,3N, €N, % n> N, Ha‘,ﬁ|an—a|<§ B Ni, B Tim g = 0.
# IN, €N, 4 n > Ny if,

£
0<t

X g 7k:1,2,"',N.
nk INoM 2

—0V/))——
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4 N =max{Ni, No}, % n > N if, ISR Y =14
k=1

n
Z hkag —a
k=1

n n n
D twkak =Y tara| =Y tnxlax —a)
k=1 k=1 k=1

<tptlay —al+ -+ tan, lan, —a| + tan,+1lan,+1 —a| + -+ + tynlan —a
£

2

<M (thi+ -+ tan,) + =(tany 41+ + tan)

<M-Ny-

n
BT A nli?éoztnkak:a O
k=1

Theorem 2.6 Y& TS5 FIIRIKFR
WERES {x, } WeSLT a, IBL B RAE—TF 5L, HARFRHR a.

1> Proof: W {xn, } REH {xn} HITH, i x, = a.
WIEL SRR E XL, Ve > 0, FHEIERE N, 4 n> N B, AAREK

|xn —a| < s.
M ne >k, 84 k>N B, B ng >k >N, \Tig
|xXp, —al <e,

B lim i, = a. GERE. .
2.1.2 B REFERF 7 EIR

Theorem 2.7 FiBFEIE

WL {xn by {yn} B Aza} W FHNFAR:
1. M%Iﬁﬁl EI] EIJVO € N+» ﬂ:_,l n > NO Hil‘:ﬁ

A4 501 L, HORRIRAFAE, HL i x, = a.

—VV )=
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Proof: 25y} nli)n;o yn =a, nli)ngo Zn = 4a, ﬁﬁu*ﬁ?ﬂ‘ﬁﬁu*ﬁm%%}(,
AN, e Nt Vn > N, B |yn —al < e.
Ve > 0,
IN, e NY. Vi > No, £ |zp —a| < e.
B N = max{No, N1, No}, W] Vn > N, f

lyn—a| <& |zn—al <e

[e] Fek B3z, B

a—e¢<y,<a-+e a—¢e<zp<a-+e
Iﬁjﬁﬂ‘)ﬁ_\‘—l‘. EHJ/ngxngzn (n>N0)» ﬁﬁlﬂ\%’ln>N Hﬂ‘vﬁ
a—e<y,<xp<zp<a-+e,

By

X, —al <e,

I8 li)n;oxn =a. jEEE. O
EX:mple 2.15: IERH lim Ya=1(a>0REE.

Proof: (1) Ha >1 El]‘ S Va=1+hy (hy>0). FESEE lim h, = 0.

H AR T 2RI A A

nn—1
:(1—|—hn)”:1—|—nhn+ (2' )h3,+...+h2,

ijua 1+nhnay\ﬁﬁ

a—1

0<hn <
n

D=0, BOSGERIAL im by = 0. T lm Ya= Tim (14 k) =140 =1
(2)%0<a <18, 5> 1 180 H Jim '{/gzl,.’sjz

1
lim ¥a = lim =1.
n—00 n—00 nf1
f Jm,
HERe. O
n
9 1R- SY : _ k -1
Example 2.16: RARFR nli)ngo kg (n+1—k)[nCy]
=1

Solution 7 EE 2
nn—1)---(n—k+1)

Cr = K

Mo >k BEA

n(n—1)~--(n—k+1)]_1

(n+1—k)[nC,f]_1:(n+1—k) [n py

—VV )=
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B AR A
0< Y (n+1-k)[nCk]" <2072 >0
FEP SR

lim » (n+1—-k)[nCF]" =0
k=1

<
Example 2.17: ¥ {a,} BIE)J¥5], H lim Ya, =1, jE#:
n—o0
lim Ya, +a; +-+a,=1
n—>00
Proof: J#2=3|
1= lim Z/a_nfnlggo YVar+ar+ - +ay
n
FRDURBHEI D ax i—A- LSRR T T = 1 4,
k=1
N
IHEBAER e >0, FAEN >0, M n>NWa, <(1+e)" F A=) ag, N
k=1
1 n—N+1
Zak <A + i 8)
1+ ¢g)r— N+
i n 7esnt ST A
n—N+1
Lim % -1
n—o00 &
ES )i
lim Yai+a1+-+a,=1
n—o0
Inl -
Example 2.18: # a, >0,n=1,2-- Ot:limsupnnan,ﬂ

n—o00

Xn = \/a1+ \/a2+\/a3+---+\/an, n=12--

KUE: B8 {xn} X4 o <In2 BPYEL, T4 o > In2 B RHL
Proof: 4 o <In2 B}, W EMIEHEN, HEno e N, 24 n>ng B, ¥ Inlna, < nln2,
AR an < e, XWX n > no, A

an\/a1+--~+ ano‘f‘""i‘@

—VV )=
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< \/a1+'--+\/an0+1+\/e2"°+-~+\/e2"

Jatot \/an0_1+62"0\/1+\/1+-~-ﬁ

o1+ /5
9

IA

IA

ap+---+ \/an0_1+e
\

FEOA o BRI LTS, Mok
Yoo > In2 W, {748 B > 2, AHERI no, #H n > no, M43 an > ", ikt

Xp = \/a1+"'+\/an0+"'+m

n

B
> \ai+- 4 Van, 1 + e 0T

> e(8)

WA, {xn} KHL- U
™ Example 2.19:
1= Proof:

2.2 KEAIRPR

Definition2.2 lim f(x)= 4

X—>X0

lim f(x)=A<=Ve>0,3>0,F 0<|x—xo| <§ 8, |f(x)—A4] <e. g

X—>X0

@ Example 2.20: yEBH lim ¢ = c.

X—>X0
1= Proof: B4E |f(x)— Al =|c—c|=0.
W Ve> 0, fFBLS >0, B 0<|x—xo| <S B}, H |f(x)—A] <e, Pﬁuxlin; c=c. O
—>Xo0
@ Example 2.21: EB] lim x = xo.
X—>X0

1= Proof: B¢ |f(x)— A|l = |x — xol.
M Ve>0, =6, B0<|x—x0| <SB},H|f(x)—A| <&, H li)rn X = Xo.
. o O
Example 2.22: F Ff & Sk BH ii_)ml(Sx -2)=1.
1= Proof: |f(x)— Al =|(3x —2) — 1| = 3|x —1].
Ve >0, Bffi |f(x)—A|l<e, RE 3|x—1| <e, B |x—1|<%8.

(n



(n

*°
[\
T
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MR

HOR 8 = <, W2 0 < v = 1] < 8 B, 4
e
|(Bx—2)—1] <3-==¢.
3
By liml(?)x—2) = 1. jiF k.
x—
Example 2.23: fEH: 24 xo > 0 B, lim +/x = /Xo.
X—>X0
X — Xo 1
Proof: — Al = - = <
roof: | f(x) — Al = |v/x — /ol 11ﬁ+ _xO\ -

Ve >0, B | f(x) — A <& HE EIX—XOI <e

B |x — xo| < /Xoe. FIHRT /x BSO8R x > 0, XA A |x — xo| < xo BHE.
WO 8 = min{xo, «/X0&}, WY 0 < |x —xo| <& B, H x>0, H

|x — xo-

[Vx = V/xol <e.

N(] xli)H;O VX = Jxo. IEHE.
Example 2.24: JEB: lim x* = 1.

x—>—1

1= Proof: IA x — —1, JATAIRAB [x — (=1)| = |x+ 1| < 1, HEiRk —2 < x <0,

L

}J\Tﬁiﬁ7 |)C—].| <37 :J:%
X2 —1|=|x—1]-[x+1|<3|x+1|<e

B, Ve >0, Bf x> —1] <e, RE [x + 1] < e, X |x —1] <3,
BPRBE § = min{l1, £}, 24 0 < |x + 1| < § W}, [x* — 1| < & BROL,

B lim x% =1
x—>—1
. 1 3 1
Note: ?’LTI‘]{*_’)?_J_ V}’l)'nk |x — (—1)| = |x + 1| < 5, ‘t*?)fbj?f; —5 <x < —5,
%2

2 g —|x— o 2
|x“—1| = |x 1|-|x+1|<2|x+1|<8,|x+1|<5e

A 8:min{%,§s}
Note: 2T wik |x — (=1)| =[x+ 1| < 2, &34 -3 <x <1,
%3

x2—1|=|x—1|-|x +1] <4jx + 1| < ¢, |x+1|<%e
A~: § = min{2, %8}
Note: Z 7T w42 |x — (1) = |x + 1| < % 3t —% <x< —%,
%3

|x2—1|:|x—1|-|x+1|<g|x+1|<8, |x+1|<§e

A~ § = min{%, Ze}

7
;) ‘)..‘ 1 N 1 —_— =
Example 2.25: JEBH: )lcmi T 1

—VYV )
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Proof: AH

7/(16x%2 —9) —1
VT/(16x2—9) +1
7 16/1 + x||1 — x|
< -1 =
16x2 -9 |(4x + 3)(4x — 3)|

7 J—
16x2 -9 N

16~3|1—x|
3-4|x

P x —1] < < EI] 1—— <x < 1+ ﬁimiiﬁﬁﬁﬂ‘%fljﬁ? 32|11 — x|.

Ve >0, HXS—mm{s 32}*,)\lJé|O<|x—1|<8H]L "/16 7
\/—— 0
el oo =

Example 2.26:

Blx—1 <1, B 0 <x <2 W EXAHBRT

1| < & WL,

Proof:
O
Definition 2.3 1i_1>n f(x)=
lim f(x) =4A<=Ve>0,3X>0,% |x|> X, A |f(x)—A| <e.
1
Example 2.27: F H & X ukBH lim 0 — = 0.
Proof: | f(x) — Al—‘——O‘ |x|
Ve > 0, Bl | f(x)— 4| <e, ,\%ﬂ<a B |x|>—
1
mmngulﬂ\u% |X|>X Hﬂ‘aﬁm<8’:":%ﬁ
‘1—0‘ <e.
X
M lim 1 =0. jFEe. O
X—00 X
+1

Example 2.28: F F & S kB llm
Proof: I/ Ve > 0, E:}kﬁM>0 ﬁ IX|>M mF, A

2x2 +1 B 7 .
x2-3 X2 =3

M |x| > 3 B, |x* = 3| > |x|, B

—_— < — < ¢
X2 =3 x|
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7
H# x| > —. ﬂ(Vs>O,mM=maX{3,g}>¥l x| > M i, £
€

2x2+1
x2—3

—2‘<8

2x2 +1
FR lim o 0
x—>00 x4 —3

2.2.1 RN PR BV R

Theorem 2.8 R #UAK PR ME—14%
i xli)ﬂ)}o S (x) FAE, A4 XA R —.

Theorem 2.9 R PRAYEHERE R

ﬁn%xli_)r&lof(x) = A, BALELETEEM > 0f6 > 0,540 < |x — x| <8 B,
Alf(x) <M.

Proof: K xlgr; f(x)=A, FiDAI ¢ =1,
W 36> 0, % 0 < |x—xo| <8 B, 47 |/ (x) — A] < 1. [k,

f)l=1f(x) = A+ A< |f(x) — A+ |A] <1+ |A].

WwM=A+1 FEH
lf(x) <M.

JIEtE. 0

Theorem 2.10 R PRAYEER RS %

W L f(x) = 4, A > 0 (8 A < 0), IBATEAERBS > 0,250 < [x—xo <
SHHA f(x) > 0 (5 f(x) < 0).

Proof: fi{ik A > 0 WIIEIEIER.
B Jim £ () = A, DU ¢ = 5.3 > 0,40 < [x —xol <3 I, 45

) -4l <5,

—VYV )
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LN] ) P
f(x)>—5+A:5>0.

HEEE. O

ISR p(x) > ¥ (x), T lim g (x) = A4, limy (x) = B. B4 A > B

Example 2.29: # lim f(x)=A4, lim g(x)=B, H A< B,
HEWY: AR xo MEER OB f(x) < g(x)
Proof: A xlgr; f(x)=A4, PPk Ve > 0,361 >0, st x € U(x0,61) BJA | f(x) — A <e H
% lim g(x) =B, itk Ve > 0,36 >0, st x e U (x0.82) B4 |g(x) — B| <&
Jir A
A—e< f(x)<A+e B—-—e<g(x)<B+e¢

Jii A
B—A-2¢<g(x)— f(x)

BH &> 0 (ERE, iU & < B;A WA () — £ (x) > 0.

Fibh g(x) = £ (x) > 0 s

Theorem 2.12 G2 EIE

WA i (x) 725, o) REBRC S () B3 SUBOA FE— BT o 0RO, 1L
WEAE: 0 # x0 (n € N°), J64 RURAO AR 1 (xn) 2HC8E L &

lim f(x,)= lim f(x).

n—o00 X—>X0

1
Example 2.30: JIEB] lim0 sin — ARELE.
x— X
Proof: BUBAHLF {x),}. {x,}, Hrpr

/ 4 1
X, = —. = .
" 2nm " 2nm+ %
k)
/ ” . s "o
x, #0,x, # O(Vn),nli)n;oxn = nll)ngoxn =0.
5} .
lim f(x,)= lim sin — = lim sin2n7x =0,
n—oo n—oo xn n—oo

1
lim f(x))= lim sin— = lim sin (2117( + g) =1,

n—o00 n—o00 x”{ n—o00

—VV )=
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% 2% MR

XY {x,} BN ﬁlﬁﬁﬂﬁﬂf 0 I, X B ol BB B8 T A [ AAEL,
it L. P 1 B ;1_% sin < NEAE

2x3—5x—|—1_

Example 2.31: JIEB: lim = 00.

x—>to0 hx? —4x — 4

Proof:
2x3 —b5x + 1 S x3 X - 100
T a2 a = X
hx2 —4x — 4 6x2 6
2x3 —bx + 1
B, Y M >0, B | > Ty S o Mo x> 6M
5x2 —4x — 4 6
2x3 —5x +1 .
B REEL X = max{100,6M}, % x > X B, & ;2% > M BT,
X< —4X —
2x3 —5x + 1
Bl lim at—ox+l

Theorem 2.13 E & KRR & LN

Xo B DABBA AL % lim g(x)
B g(x) # o, W

U—>Uug

BeRELy = flg(x)] REHEE y = f(u) 5B u = g(x) LEMK, f[g(x)] £ER

up, lim f(u) = A, BAE xo BFEE L

Theorem 2.14 B ETE

(B ST J:(X), g(x) B h(x) W2 %A
(1Y x € Ul(xp,r) (8 |x| > M) B,
g(x) < f(x) < h(x);

(2 lim g(x) = A, lim h(x) = A4, 2 lim f(x) FFAEHFT A.
(x—>00) (x—00) (x—00)

—0V/))——
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232 lim(1+x)x =e

@ Example2.32: %t n € N, jiEBj

1 " 1\ pi1
1+ >14+=D"", n>2
n—1 n

1= Proof: FJFMAZEHF] (Bernoulli) AZEX, (1+x)" <1+nx,

1 \" n 1 n+1
(1+ ) >1+ (1+—))"+1>1+ i
n—1 n—1 n n

—VYV )

2.3 MIRALEN BEAEZHR ~31/566-
23 MREFAEEN FEPNEZERR
sin x
2.3.1 lim =1
x—0 X
sin x
lim =1.
x—>0 X
1= Proof: X4 x # 0 B}, %k Siix HEXL. FH
|sinx| < |x| < | tan x| (—% <x< g)
AEXPBFBR A |sin x|, 155
1 X 1
= ‘sinx’ | cos x|’
s - <x < T 50— > 0, NIiTH
2 2 sin x cos X
1< 'x < L 217 1>Sinx>cosx.
sinx  cosx
TRA . :
0<1- 2% <1—cosx:2sin2£<2(£) = =x?, (1-2)
2 2 2
1
T Tim, =% = 0, fi DA Hi i i B4
. sin x
)11_)1110 (1 X ) =0,
B .
lim 22X 1,
x—>0 X
k& O
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S py]
n n+1 n?—n?-1 1
n—1 n n(n—1) nn—1)
Jir DA
14— e 142 yrtt
n—1 n
O
@ Example 2.33: F) - FEMEAZEGIEH
1 n 1 n+1
(1~|——) <(1+ ) , n=1,2,---
n n+1
w5 Proof: ) F-FIME A
1
Y X1X9  XpXnp1 S Y 1()61 + X9+ + Xp + Xnt1)
1
qjxlsz:"':xn:1+;7xn+1:17DI\UJ:EEEJC%
Yeea) e () =
1+-) 1< n(1+=)+1|=1+—"
n n—+1 n n—+1
Wi n+13%J5, 153
1 n 1 n+1
(1—1——) <(1+ )
n n—+1
O

@ Example 2.34: JEBIAZER n n
n n
(Z) <nl<e (5)

1= Proof: H i(n—i)ég, 0 %[lni—l—ln(n—i)]gln%y\ﬁﬁ
n—1 n -1
;lnz SUESHEES (n—1)!<(—)

wrEEy L om e < (1) TR
LR, 5. 4 0l < (5) . TR

Bp

A (2)" <t B = (2)"

Xn n" (1 + L)”_l " <
= = n
Xp—1 (n—1)""le e

—VYV )
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FiDL QERE v = - < 1)

X9 Xn
xn — xl ----- < n'
X1 Xn—1
M ESS: i
(’1> <n!
e
O
Example 2.35: JEBIANZER
e (t) e
Proot % 1 =2 i, 1% (2‘2”) =9 0o R
(k—%l)k
k! < | ——
2
WX+ n=~k+1K8,H
k+1 k+1
@+1ﬂ<(ﬁii) (k+U:ﬂ(Eii)
2 2
HF k +2 k+1 1 k+1
Mﬁﬁﬁ k+1
@+1M<Fﬁi;ii]
BIXFF n =k + 1 B, A2t 507
& NP EmMER%n>1, f
n+1\"
I <
(&)
O
Example 2.36: fiEBH
1 n 1 n+1 1 n+2 1 n+1
(o <ot oo )2
n n—+1 n+1 n
Proof:
O

n n+1
Example 2.37: JEBIA S (n—;—l) <n!<e(n+1)

Proof: %} k =1,2,3,--- ,n,
1+1 k 1 1\ K+
k ¢ Tx

(1) <<= (2)

—VYV )
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3\? 3\*
(3) << ()
2 2
() =< ()
<e<
n n
(n+1)" (n +1)n+1
ERE] —— <o < ———— HBE
(n+1)" (n +1)"+1 (n+1)" (n+1)"H
<nl < = <nl<e
e’ e e e
O
o Lym 1\m+1 R .
Proof: FEREMERMERS m 4 (1+-—) <e=(1+-—) . A, WY
(n+1)" <e” - n! < (n+1)"
Ben =k BEOL, BB
(k+ 1)k < ek k! < (k +1)k+!
WMn=k+1F
Kk + 1) =k kle(k+1)> (k+1)F-e(k+1) = e(k + 1)k
L k41 k1 _ k+1
z(1+k+1) (k+1)" = (k+2)
75— T
Kk + 1) =k kle(k+1) < (k+ 1% e(k +1) = e(k + 1)k
L kio k2 _ k+2
= (1 =) P+ ) = (k4 2)
T, WA, XREEBS n BOL. O

2.3.3 1R R AN

Example 2.38: BHANHERLM: lan —an| <r",n=1,2,---, Hip r €(0,1).
KA {an) WS

Proof:  n<m , N

lan —am| < |an — ans1| + |lans1 — ang2| + -+ lam—1 — am

P pm P

<rn+rn+1+‘__+rm—1: <
1—r 1—r

n n

r r

HF lim =0. /& Ve>0,IN,n > N, <e.
n—>ool —r —r
Hm>n>N A
n
lan — am| < : <eé
1—r

—VYV )
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AP YD, {an ) WO O
Example 2.30: XA €M v E, T x —a-sinx =y (0 <a < 1) HM—fE

Proof: 4 y = xo, H. x1 =y +a-sinxg, x, =y +a-sinx,—1 (n € N). KA |sint| < |¢| AFPA
MEZEARE n & p, AIHI

|Xn+p — Xn| = afsinx, 4 p — sin x|
< Ollxn+p—1 — Xp—1] < 052|xn+p—2 — Xp—2|

<< a|xp — xo| = " sinx | < @

BT 0 <o <1, 8 {xn} & Cauchy 5, Mifi 285
BAES xp €6 (n > 00), A & =y +asiné. H#—F, FEUITRAA—W x =1,
WE |n—§| = alsing —sin§| <afn—§[, ATHI n=2§ u

234 BIEREIE

Example 2.40: #t a, = \/1 + 24+ Vn (n MRS, HEH: li_)rn a, #1E
Proof: WARYF {a,} HIDEN, XF—V) n FH 2" > Inn, A

e >n (n=1,2,--)

XA

an < \/62 \/622+ 4 Ve <e\/ + 14+ + 1 1—i—\/_

HOU {an) HRA LI, B iy A7 =
Example 2.41: # a1 = ~/1 + 2015, as = \/1 + 2015+/1 + 2016, -- -,

a, = J (1 +2015\/(1+2016\/(1+"'+ (2014 +n)4/1+ (2013+n))))

SR M {a,) WL IR lim g, HOLE
Proof: x >0, neN, %

Jn(x) :\](l—i-x\/(l—l—(x+1)\/(1+---+(x+n—1) 1+(x+n))))

il

= \/1+xfn—1(x+1) (21)

USRS fo(x) < x + 1, FROARFIEIRENG x, {fu(x)} BN L5,
FEOA 4 ()} B, Tim £ (x) FE4E, 32 F(x) = lim fu(x), U

Fx)<x+1, F(x)=1+xF(x+1),

—VYV )
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SR F(x) =x+1, BN

/ PO I 1
Fu(x) > \xyfx-e x = w2ttt = 1T

m*&lﬁfg F()C) > X, i//)% bO = 07 bn—‘,—l = 2 )

WY F(x) = x +by W, i (2.1) #7

145
F(x)Z\/1+x\/F(x+1)>\/1+x(x+1+bn)>x+ 5 L =x+bpi1,

BIF(x) = x +bpr, BIEA F(x) 2 x4 lm by = x 41, L F(x) <x+1, Pk F(x) =x+1,
HE— it AT lima, = F(2015) = 2016, -
Example 2.42: 3 {an}nso N

an = \/1+\/2+\/3+---+\/ﬁ.

AR, FTRARER € = lim a, fF7E, W lim ViVl —a, = %
Proof:(by ytdwdw) X}F x > 1, id

an(x):\/x—|—\/x+1—|—\/x—|—2—|—~-+«/x+n—1, £(x) = lim an(x)

2
KK(DJH\/H\/H"*m,
ﬁ<£(n)<ﬁ\/1+\/1+\/1+"'+«/ﬁ:1+2*/5\/g’
= lim @: lim @:1.
n—oo /n n—00 \/’7
Xid

fu(x) = \/1+\/2+\/3+---+«/n+x, x=-n.
WFFAE § € (0, £(n + 1)) 43

C—an = fa(l(n +1)) = fn(0) = f(§)€(n +1)
" 1

=+ ][]
112\/j+\/j+1+---+\/m

Mfi
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b
REFIERF (ba}, # lim == F4E, W Stolz AR
n—oo b,
. n/ _ . Inbn o . In bnt1 o . bn+1
ngnc}o bn = nll{goe - nll{goe = nll>néo b,
SIS
1
1)\~ 1 ny o 1 1)n+l 1!
lim /n tn+1) = —4/ lim (n_) = —,/ lim (n+1) /(n—l—):£
n—00 on . /n! 2\ n—o0 \ p! 2\ n—oo n"/n! 2
n . n
Vi) o Vo
o (,1_[1 ;) 2 T
e ] 1 " Ve
PRI, H e v D) A5 30 nll)néo Vnytl—a, = Tk 0

Example 2.43: (JLPY i R BCERERSE) B {x.} B xi = a > 1, Bk

x2
i1 =1+1 & J=2,3,---
il +m(l—klnxn) "

ks {oen} W, IR AR A
Proof: S FIZANAIEIED] x> 1, BUEMRBE xn > 1 MR HZEEH]

2
x
1n(1+1’;xn) >0 x2—1—1Inx, >0

ZREH f(x)=x"—1—Inx,x > 1, % f/(x)>0, Bibk f(x)> f(1)=0
HHIEW x, < Xn+1, R4 R EEBH

x2
—-1-1 L >0
Tl n(l—i—lnxn)

gx)=x—-1-2lnx+In(l+lnx),x>1
St
, x—14+xlnx—2Inx
gx) = x(1+Inx) R

FZREB h(x)=x—1+xInx —2Inx,x > 1, HF g(x) >0
BEFR 14+2Inx

G(x)=1+2lnx+In(l+Inx) = G'(x) = 0+
FHASESHE x(1+nx) >1+2nx,x > 1, HO0<G'(x) <1
LA

Xn
0<xn+1:G(xn):[ G'(x)dx+1<1+ (xy—1) = xp
1

LR B B {xn} BB IRAT TR, B {xn WE, BARBRIEN A, A

lim x, = lim x,41 =4
n—>oo n—>oo

—VV )=
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B
A2
A:1+ln(1+A) — A=1
O
Example 240 BEH) {xn}, {yn} Wi x1 =2, y1 =1, HiHRE
Xni1 =X+ 1, Yur1 = XnVn
. . Xn s . .
SRAE: lim " W FRAEAE, AR A A | HEHIEH A < V7
n
Proof: Hi 8441
Xn+1 _x,%+1_x_n+ 1
Yn+1 XnYn Yn Yn+1
5t {"—} KPR BB, HY 0 > 2 B
n
x_n:xn_l i:xn_2+ 1 +i:...:ﬂ+i+i+...+i (2'2)
Yn Yn—1 Yn Yn—2 Yn—1 Yn »n Y2 V3 Yn

EE%FF xn+1 :xg + 1 %I] xn+1 2 2xn ’ n = 172“'7 }J\Tﬁj {xn} Pﬁmi@; %EA
%ﬁ"’ Xn 2 2n_lxl =2". Eh%ﬁz Yn+1 = Xn)hn %ﬂa X:J‘ nz=2,

Yn+1 Yn
Yn+1 Xn

Yn+1

KBHEH xo =5, y2 =2, y3 =10 MA LR {x,} BFFEER, X n > 3,

TR NE - I - A
(T) B 1_[ o S l_[ X2 (5)
FRAE (2.2) R, Y n > 2 B, TATAE

Xn <x1 . 1 (1+1+(1>2+ +(1>n—2)
Yn 1 o 5 \5 5

2

1

y
X 5 1
a2 =
yi 4 y

= 2.625 < /7 (~ 2.646)

N | —

L5
4

M BB i S RIRAELE, LIRS A SRR 4 < VT O

Example 2.45: BB fn(x) = x" + nx — 2,

HEWE: £, (x) 46 x > O SIS A— AR 0, FERBEAL L (14 a,)"
Proof: T f)(x) =nx""'+n=n(x""1+1)>0(x > 0).

FRVARREL fn(x) 42 x > 0 BRI, JF A2 552

[1(0)==2<0. f(2)=4+2(1—1)>4>0(n>1)

FRPA fu(x) A HAXA ME— R IEAR.
% n=1 Hﬂ‘a ﬁ

fx)=x+x-2=0=x=1=a; =1

—VV )=
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Yo >1H, B fu(x) =x@x""+n)— zlmen, BB A AERL T (0,1) XTI
HRAE B HRIL R LA, 2R S © = — 0,

f"(%):,%+1—2:nin—1<0

W n B3N, ZEERUN, 8y = % RN, 15

211 n

ﬁ(ﬂza—+2—2:%?n

n" n

W%n>wm@ﬁmw%<%<§-%%@+%)<u+%W<O+—)
B SUSLIION ¢, FRAY o, JORRIERAN
BN L BN © AR, AR - o

1 1 1 1\" 1 1 1 1\" 1
-+ )=+t +nl-+=5)-2=(-+5) +--1
n n n n n n n n n
f 2 2 2 2 "+ 2 2 5 2 2\" 2

—_—— — —_— n —_— — — —_— —_—
M\n n? n n2 n n2 n  n? n

1 1 2 2 2 2
ot stinn | 2 2 22
n n n n n n
TR R
. 1 1\" lim n-2EL
lim (1+—+—2) —=en—oo T —p
n—oo n n
lim (1 + 2 32) = enli>m<>on'2’rlzg2 =¢?
n—oo n n
—_— \ T2 2 27 ...
FRA HI D AT T AR R T [; -2 ;] WA,
SEEA lim (1+a,)" = o -
2
Example 2. 1() i& ap *ﬂ ai %iﬁ’ Ejﬁj/ﬁi anJrl =dy + ?an_l,
n

WY 7 {2} B, R

Proof: #
Sx)=ao+arx+---+apx" +---
[l
o0
S(x)=ap+aix + Zanx”
n=2

o0
=ag+aix + E a1 x" 1

n=1

—VYV )
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o0
=ao+a1x+Z(anx”+1+n+1an_1x”+1)

n=1
X

=ao+aix +x(S(x)—ao) + 2/ tS(t)dt
0
PR x KT, GRS TR
(x=1)8"(x)+(2x+1)S(x)+a1—ap=0

HEFPUE So = ao, XA ODE, 153

o 1 (2x2—6x+5)(a0—a1)+(5a1—9a0)e_2x
S(x)_1.|: o ]
FATAE R
1 - (k +2)(k+1) Cox >, (—2)k
(1—x)3_,;) 2 e _/;) 0
[l
1 1
(2x% — 6x + 5) - =54+9x+ Y —(n+5)(n+2)x"
(1—x)3 ;2
€—2x. 1 _ O cnxn
=
Hp .
B " (=2)*(n—k+2)(n—k +1)
o _kzo 2 k!
TR
S(x) = 2(611 —ap) (5 + 9x + Z %(n +5)(n + 2)x") + (gao — —al) (Z CnX )
n=2

X X" iR, FE
n . k _ B
an:%(n+5)(n+2)(a1—ao)+(2a0_§a1) (Z( Dk (n —k +2)(n k+1))

4 4 b 2-k!
FE R
S
BRA
i g(n+5)(n+2)(a1 —ao) 1
nLHc}o n2 - g(al N a())
XNEES
1 1 )k
—QZ n—k+2)(n—k+1——2 (n? +3n —2kn + (k — 2)(k —1)]
-2
= 2.]2 —|—0(1)—>e— (n — o0)
k=0
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. an (9 5, 1 1 5
nhféoﬁ_(ée ‘g)%*(é‘ge a“
U

® Example 2.47: # Zan HIERBHL, Ay = Zak,{d } ST 0, Zd an Wbk,

k=1 n=1

Fit A

n lim d,A, = 0.
w= Proof: RYjik dyn >0, dy | 0. XMERIEEE 1. p,

n+p n+p
D dkag = ) di(Ag— Ag-y)
k=n+1 k=n-+1
n+p—1 n+p
=dnipAnip—dny1dn+ Y didi— Y diAro
k=n+1 k=n+2
n+p—1 n+p—1
=dnipAntp —dnt14n + Z dp A — Z diy1 A4k
k=n-+1 k=n-+1
n+p—1
=dnipAntp —dni1An+ Y (di — dis1) Ax
k=n+1
n+p—1
> dnipAntp — dni1An + Z (di — dg11)Ans1
k=n+1

=dntpAntp — dny14n + (dnt1 — dnsp) Ansa

= dn+pAn+p - n+pAn+1~

AHERTBISEN 1, 4l doipAnss = 0. 4E BSR4 p - oo, 43

o
limsup dm Am < Z dray.

m—00 [
A n— oo, FE ?_EJZdnan s, B3 limsup dmAm < 0. 3 hmdA,,—O O
n—=1 m—00
1
™ Example 2.48: ReKEL f(x) R (1) =1 HXF Vx> 1, F f'(x )_W

HEB): lim f (x) #F4E, B Jim f(x) < 1+§

v Proof: HEEM f'(x)>0,. . f(x)H f(1)=
1

x>1mtvﬂm>1:$xlhﬂu) H_gtfﬁﬁﬂﬁﬁﬁ
1 t 1 -
/f /1x2+f2()dx</1‘ 1+xgdx=8u1"ctant—Z
Fr A
f(t)_f(1)<arctant—%
PRI VX

f(l)<arctanl—%+l=> lim f(x )<1+%

X—>+00

—VV )=
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W ESCR S () A ER SR A R A lm S (x) £71E O

=1
Example 2.19: EH {a,} e a1 =1 apy = ap + e, KRR lim M

Solution(by ] &) B HE#EMENR a1 = 1,ay1 = ap +e™ E%}El?]ﬁ_‘[{% ap > ln(n—l—l)
Sl

1 1
——<0.
n+1 n

1
(@p41 —In(n 4+ 1)) — (an —Inn) = e " —In (1 + —) <
n

XL by = ap — Inn ZHPEIAELS, FL lim b, = b F74E. RNJFIBHHER]

&
e~bn

1
bn+1:bn—1n(1+—)+
n

n

b
lzn%b>0,ﬁlﬂﬁ2}jNeN,%’|n>NHﬂ‘,bn>§#l3bj‘éﬁ- iy

b b
e 2 1 e 2 C
< b, — — <b,——.
n n+1 n n

1
bn+1<bn—ln(1+—)+
n

KHL C > 0 RS MRS R AK R TR, UL lim by = b = 0. B

1 e bn 1 1 1
bpi1=b,—In|1+4+—)+ =(1—-=-)b,+—+0—].
n n n 2n? n2

_ L +o(Inn)
nn olnn).
n 2

1 1

nbyy = (n—1)b, + o +o0 (—) =(1+o0(1))

lnn lnn

X by = — 4o .
omn

) a, —Inn ) n (Inn Inn 1
lmn——=1lim —|—+o| — = -
n—o0 Inn n—oolnn \ 2n n 2

Example S xR —1<x0<0, xp4q = x,f +2x, (n=0,1,2,---),
UEM: {x0 ) W8, IR lim x,
Proof: 4 n = 0 B},

x1=x2 +2x0 = (xo+1)2 =1 € (~1,0)

Y on=1H,
Xg=x} +2x1 = (x; +1)* =1 € (—1,0)

EY n =k B, xppq € (=1,0), Y n=4k+1H
Xkto = Xgyq + 2041 = (k1 +1)7 = 1€ (=1,0)

—VV )=
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HEEEAGE R -1 < x, <0, Bl {x,} FF, H
Xna1— Xn :x,21+xn =xp(xp+1) <0

BEA {xn} BB, HEREA R BB {xn ) B RRAEAE,
i lim x, = A, W lim xp = A 8O

A=A24+24= A=0FK A=1

HT 1 <x0 <0 PAREA {x,} BT, 0 ii_)moxn =-1 O
Note: 4L — o +x, > 18P {x,) £33 BH-1<x,<0
Xn
Example 2.51: RAKMR lim y,, Hrp y, =1+ : —Ji’_n—l Cyo=1
n—00 Vn—1
Proof: itk 1 JGBHEN) MLMEHRML lim yy F1E, JFIEARALY A, IR
A 1+5 . 1—+/5
A_1+TIZ:¢A—- 5 ;A = 5 &5
N . 14+ /5
BUAERIED] lim vy = Tf =P
0< _1—1-\/57 Yn—1 _1+\/57 Yn—l_f_;
T T T e 2 | 20w+ DB - VB)
>2 >O’t’>_/
1 V5—1 '
“ypog — 3
<gpo- | s
<eee < ! —ﬁ_l — 0 (n — 00)
on—1 N 3_ \/5
e VR . 14+ 4/5
T e E v mT A, iy, = 2\/_
(7 2 BiAAR) B8 1<y, <2, HFEA
X ; 1
f(x):1+H—x:>yn+1:f(yn):>y - (1+x)2 > 0,
1
)H—W=1+11%{ﬂ@:§>0:§yﬁﬂ@ﬁﬁﬂ{h}$ﬁﬁ%,
WH B yn > yu_1, IS {ynl} PR, H BRI
J’1—yo=1+1+y0—)’0=§>0:>y1>J’0
BB n =k WAL, BIA ye > ye—1 - Bn=k+ 108
Yk Yk—1
—we=(1+ Y I el B
Y1 Tk ( 1+yk) ( 1+m4)
Ye k=1 _ Yk — Vk—1 >0

Tl 14y O+ + )
PRt B AT R BRI Tim oy AEAETFIEARIRA A, PALSOH R

CES

A 14+4/5 . 1—-45
A=14 — = A= A =
+1+A 2 % 2

—VV )=
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|
Example 2.52: 3 x1 > X9 > 0, Xpy0 = /Xnyr1Xn, WEBH: lim x, 7F7E, FoRARRR
n—>oo
Proof: EIE] Xn+2 = A/ Xn+1Xn, EU?%

Xn+42 Xn
— —t xn+2 — XQ\/
Xn+41 Xn+41

X1 X1 X1
X2 < X3 =X9,/— < X1, X2 < X4 =X9,/— <X3,/— =X3 <X,
X9 X3 X3

R {xok—1 ) I, {xor ) BAIRIEHG, H xo < xop i1, Xox < x1. BLHBCRHAIEIED]

BRI X2 < Xog—1 < Xog—3, Xog—2 < Xog < X1, N

Xof41 = X2/ —— < X2 = Xok—1 > X2
Xok—2
X1 X1
Xok 2 = X2 > X2 = Xok < X1
X2k +1 Xok—1

H AT SR BEAT A {xor—1}, (oo} BRFRAFAE. JFHB

Xn Xn—1 X1 X1
. e e — xQ
Xn+1  Xn X2 Xn+1

T

lim xop_1=a, lim xop =b
n—>0o0 n—o00

X X1
Xok—1 = X2 ,  Xok = X2
Xok—2 Xok—1

/X1 /X1
= —_—, b = _
a X9 b X9 P
fiftfg a=>b= {x1x3 = lim x, 0
n—-oo

Example2.53: % x1=a >0, y1=b >0, H

TR

[y

3 340 FOAR R T 45

1
xn+1: \/xnyn, yn+1:§(xn+yn), n:1a29“' 9

i lim x, = lim Vn
Proof: x, >0, yn >0 ZBRM. B

Xn¥Yn = Xn+1,

|

Xni1l = A/XnYn 2 /XnXn = Xp ,

Xn + Yn < Yn+n _
2 X 2 }’n

Yn+1 =

R Axn ) HRYIHII, {yn ) BRI, X
Xn K Yn Y1, Yn 2 Xn 2 X1

—VYV )
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FIRUA {xn}, {yn} A5 BR nll)Holoxn =A, nll)ngoyn = B 1#1E.

X + y N VA
Xt ynp1 = = 5 T WL BUR R, 15
1
BZE(A+B):>A:B
O
. N ) a
™ Example 2.54: & ap = 3,a, = a>_, — 2, #EB: nlinoloﬁ —J5
od1 - Ay—1
1= Proof:[0]
ay —4=(an—2)(an +2) = ap_(a5_, —4)
= a}?l—lazl—Q(al?l—Q —4)
= ‘1721—15’3;—2 : "a(%(a(z) —4) = 5“%“%"'“3—1 ,
FEREF lim a, = +oo, NiAH
n—>oo
2 _ 4 1
i gy Y \/ - =+5.
n—>oo aOal"'an—l n—0o0 aoal"'an _a_2
O

@ Example 2.50: (_B¥#ARHAKEE 1991 @88 # x1 =1, x, =2, H
Xny2 = m(n =1,2,--+)
K lim x,

n—00

15 Proof: 4 y, =1Inx,, WH Xpi2 = /Xnt1 Xn 15 Vnio =

1
2
1 1\2
Yn4+2 — Yn4+1 = _§(yn+1 - yn) = (_ 5) (yn - yn—l)

BUifs
n 1\n—1 n
ymazyw4+(——)ln2:yn+(—§> 2+ (=) In2
0 1 n
= :y1—|—|:(——) 1112—1—(—5)1112—1—---4-(——) ln2i|
In2]1 L Ly? "
i (D) (B (]
n+1
1—(—%) ) 1\n+1
—In2. 1 _—P—(—) }mz
[ 3
2 1\n+1 2
. _ 2 (1 _ 2 o
LA nll>noloyn—~_2 3 nlggo |:1 ( 2) :|1n2 3 2, F2
lim x, = lim x,,0 = lim e”"+2 — en BV _ of
n—>oo n—>oo n—>00

e — (L) —
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1
& Exercise2.2: % x1 =a, xo =b, x, = E(xn_l — Xp—2) (n = 2).
EW: B () Wk, IR Tim
% Solution A

Xn — Xp—1 = _§(xn—1 - xn—2)a (n P 3)
KA
n n 1 n—1 1
l—[(xz Xz—l) = l—[ |:_§(xi—1 - xz—Q)] = (—5) (xz xz—l)
=3 =3 1=2
A1 , ,
1\"" 1\"~
Xp — Xp—] = (——) (xo —x1) = (—5) (b—a)
KA 1
1— (=4
Xp— X1 = (b—a)x _((i)l)
2
Bp
1 n—1
Xp==(b—a) |:1— (—5) :| +a
['¢
lim x, = —(a + 2b)
n—>00
N 1 » . an
@ Example cWag=1,a,41 =a, + —,n € NT. JEB: lim =1
[25% n—o00 n
1 1
v Proof:[1] i ant1 = an + — PR ap.q =a, + —+2
n n
1
Upyy =y + 5 +2> a5 +2
al’l
> >af+2(n+1)
T2H . .
a2, zai+2n+1)=2+3—= <
n
[4
a2 =d’_, + +2<ad’_, + + 2
1
< oo < g2
< \a0+2(n+1)+22k_1
k=1
I

n
1
k=1

—VV )=
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1,1 1
RPN RS bt bttt = .
S 2n+1 n m+ 1
1]
1,1 1
i Lts st tmg o Hon— Ha
n—>00 n n—00 n
— lim (ln(2”)+)/+82n)—%(lnn+y+8n)
_n—>oo n
1
— lim ann —0
n—oo n
e a?
W g HEN &1 lim — =1, Tk
n—oo 2n + 1
. 2 op 41
lim 2 = jiy —9n n =1= lim — =1
n—o00 2n n—>00 2n + 1 2n n—o00 /o
Il
, 1
&7 Exercise2.3: # yo>2,y, =y —2(neN),S, = —+ +eeet
Yo Yo Yoyi- -y
— 2_ Y
FEB: lim S, = 20— VYo—®
n—+o0o 2
v Proof: % yo = 2, My, = 2.n € N. Jthf
> 1 Yo —/y5—4
n=1
e >y N yo_ y(2)_4
#H Yo > 2, X a = 5 Jklzﬁl‘yo—ox+—.~ﬂ§ziﬂa,
m=a¥ +a?, neN
ES )i
yoy1ya-ym = (@ +a e +a )@ +a ) (@ +a )
I A |
T a—a !l a?-1 g2
[
1 _052—1 a2 _cx2—1 o 11
yoyiyercyn o a1« a2 1
a?—1 1 1
= o @7
ES )i
. w?—1 1 1
Sn_gyoyly2 _Z ( 2k+1_1_a2k+2_1)
2
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>

% 2% MR

EEE o <1, B

Er Exercise2.4: WHO an WRIH ar] + lasl + -+ + an] +-- WS,

HEWT:  lim (jar]” + Jaal” + -+ |an|” + )7 HIMRRAEAE, FER .
= Proof: i

1
llallp = (lail? + laz|? + -+ |an|? +---)7 . (p > 0)

T fai] + lag| + -+ lan| + - B8 FIA limJan| = 0, sup |an| F74E

E'Uij]z |a7’l| = ||a||q (q > l’n = 1’2’39"')7 a:ZEI!: Suplan| = ||a||Q7 XT"‘ 1< q<p

1
llallp = (la1|? + laz|? + -+ |an|? + )7

1
= (la1|""ar|? + laz|P"az|? + - + lan|P"Nan|? +---) 7
p=q 1
<llallg” (la1|? +laz|? +--- + lan|? +---)7
p=q a
< llallg” llally = llallq
W lallp < llallg, BTl llallp, RF p BB EA TR TRA
1-4 5
an < |lal|p < (supan)™ 7 |lallg
Y p— +oo B, FREEH, lim |la|l, = sup|an]
p—>+00
L . 1
& Exercise 2.5: BHA {a,} Wi a1 =1,an1 = an+ , 3
ap+as+---+ay
v Proof: Bl {an} BN, HHET oo, Fkd
1< n+1<1
Tooa, nay
1 4 nfl 14 ntl
15”"‘1_” Anp E napn hm n(;n:
ap+1 1+nan ”_>°°1+nan
1 _
S g D@ TRy, T
n—oo ap41 n—oo gy +das +---+ay
. n
lim - =0
n—00
(X ai)?
i=1
Pt
| ag_l (a2 2 _ n 2an+ 1
nl{go 2Inn _ninolo 2 n+1 = fn _nLHéo 2

@ Example2.57: R X" +x =148 (0,1) iR A a, (ne NT)

—VV )=

n—>oo

2lnn
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(1) Kk BB ay )5
(2) SKIE: 11)1{.105111 =1

(3) RiE: lim ——(a,—1) =1

n—oo Inn

(1) RARBL lim " (1—an—1“—”) — 1
n—oo In(Inn) n

2 Solution

(1) S2BR LA FIZ A B B PAME IS X" + x = 1 48 (0. 1) HofME—IESHAR

W fo(x) =x" +x—1, WA
fori(@ni1) = 0= (ans1)""" +ap1 =1

fulay) =0= (an)" +a, =1
GER
flx)=nx""14+1>0

B fu(x) RT x HURENY, HERE

fn+1 - (an+1)(an+1)n+1 + An+1 +1

= (ans1)(@nt1)" — (ans1)(@ns1)"

> 0= fulan),0 <apy1 <1

+1

PiAA

apt1 > Aap

(2):

PR
lim (a + 1)2n(a +1— x,,)

n—oo

1= Proof:(by tian27546) Z1%

a+1—xn+1_ 1
a+l—x, (a+1)+ x4
a+1—xn+1_ 1 (1+a+1—xn+1)
a+1—x, 2(a+1) a+ 14 xp41
SO
" a+1—x;
a+1—x, = a+1—x 1+—)- 1
+ n 2 (a 1)n( + O)E( a+1+xl) (1)
WARRNA
a+1)—x
a+1—x,_( +1)—xo
(a+1)

—VV )=

<

& Exercise2.6: a > 0o xg = 0,X,41 = \/Xp +ala+1),n =0,1,2,.... FETFHEX MK
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Bp

Wk Bl—AHEL f(a) € (0,00), B

lim 2"(a+1)"(a+1—x,) = f(a)

BARNBRES G2
oo a>1
2
fla)= % a=1
0 a <1

& Exercise 2.7: B xo = 1,x, = xy—1 + cosx,—1(n =1,2,---),
T 1
ﬁEHﬂ:%xaooH?j,xn——zo — |-
2 nn
= Proof: ik 1 4&iF 1 < x, < g, B8] xp —xp—1 >0,

B R BT o B AL lim = 2. R ARAIEY] lim 0" (5, — ) = 0.

2
Bz
lim n" (x,, - Z) —0.
n—o00 2
®AH
nll)néo (n+ 1)"+1 (an — %) = nli)n;o n—+ 1 ntl (xn + cosx, — —)
o n+1 T _ Z)
_nll)n;o(n—i—l) (xn+81n(2 xn) 5

. b/ 1 /m 3w
i 0407 (o (5 o) = (5 ) 5)

1. 4+ \13
=g, [ (- )] =0
. b , . -
Tk 2: & yn= 9" Xn, 18] yn = yn—1 —sin yp—1. WTRAUEW
lim Yn+1 _1
n—oo y: o 6
HY n > N B, &MNAE
Yn41 1
— <5
Vi 2
A I
1 N3, 1 1434431 N=2 N
0<yn< 5)’3—1 < (5) )’3—2 << (5) y;)v+1 ,
B

1 (3”*N*1—1)/2 3n— N—-1
0<yn<(§) YN+1 -

—VV )=
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]
&7 Exercise2.8: #0<p<1,x>0,a>0,b>0,xp01=0a+ %,n e N.
WAL () WS "
1= Proof: 4 f(x) =a+ Y€ (0,400). f(x) 7 (0,+00) L#EZW MY, HfE f(x) =x #&
(0, +00) WA ME—FF, LR x™. {Zzn} BAYRIE G, {ovont BV, B {xon—1} BRPHEEI, {xon—1}
BN, B, a < x, <a+ =2 I i xop B lim xon—1 SEELE, AR IRAES) 53
WA A B, dHE A=Al
b b
ITFIEB] A= B(=x"). 3k BA f(f(4) =4, f(f(B))=B, f(f(x¥)) =
HLSGH, & A# B, A, B, x* R ¢ =AM ARFEMAZ R, H g(x) = f(f
Lagrange ¥, 778 0 < &1 < & 18 ¢'(61) = ¢'(&) = 1. A
b2p2
(ax + bx1—p)PT!
(0, +00) EFEASIBEAEL (FEEBI 0 < p < 1), )& FERHLA A= B. BEF {x.} K
8. O
o Bxercise29: ¥ {x,) WIERCHHY, lim gfw 2. JEH: fx,} TR

n

1= Proof: 4 8 = liminfw. Wae(2p) MELLEEL N, 15

n—o0 Xn

X

(x)). M4

g'(x) = f(f(x)f'(x) =

Xn+2 + Xnt1
nte Tt S o Vn > N.

Xn
. Vaa +1-1 VAo +1+1 . .
A = — Ay = — s N Ay > Ay > 1. PA_EASZE AT DL 5
Xn42 + A2Xny1 > A1 (Xpg1 + A2xy), Vo > N.
NI}
Xnt2 + A2Xnp1 > A1 (Xpg1 + A2xp)
> k%(xn + Aoxp—1)
> ---A’l’_NH(xNH + Aoxn),Vn = N.
HEEE A > 1, BATAE nlglgo (Xn42 4+ Aaxnq1) = +oo. #L {xn} TR O
& Exercise 2.10: #
41nn 1 (7 |sin(n + 3)x
an:Ln_—,Ln:_/ (,—XQ)CIX,I’Z:LQ....
2 21 J_, sin 5
WEH {an} AHERED.
% Solution 4*
1 2
— — — O<x=m
flx)={sing x
0 x=0

—VV )=
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2
Wl f #£ [0, 7] J:i%’é,ﬂosf(x)ﬁ—;,ofxsn. NI}
1 (7 . ™ }sm |
= —/ f(x)|sin(n + =)x|dx + —/ —————dx = Ly + Lyo.
7T Jo
Horpr . , ,
0<Ly= / f(x) |sin(n )xdx<—-n-(1——):1——.
v/ v/ b/
™ |sm 1) ‘ 9 [Ota)m |sinu|
L = — 2 ——
n2 / JT/
|smu| Ml)”
:_Z[ﬂ _712Zz+1 |sin u| du
212 gy
> _
- 71221 +1 - 7r2Z/ X
4 (o2 dx 4
> F(lnn+1n2)
R 13214k 71 -
Lny <1+ —+ —(Inn +1n2).
TooT
N]
4 4
—(nn+In2) <L, < —(nn+1n2)+2.
T b
41n2 4In2
5 <a, < +2,n=1,2,....
T 7
M {an} A5 <

% Solution H5 b, HTHIAR BB B L,
1

o)

T

7 |sin(n + 1)x|
sin 5

et {an) BRA. ARYE sinu <wu,u € [0,7/2], 53]

L, = dx

(n+3)m

3 /” \sm | 2 / |sinu|d
n —Z — = u
T Jo u
= Z W| T
— smmu|jdau = —
- i+ 1)m 2 i:0i+1
’+1 dx 4
S 4 ( Z/ )——2(1+1n(2n+1))
> —

(lnn +1+1n2).
w2

—VV )=
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PNI]

44+41In2
72

B {an} ATFH. BUEMTE {an} B EF. DT BER > 4.

27 . 1 : 1
1 [zn+t sin(n + 2)x T sin(n + 3 )x
Ln = —/ de +/ de = Lnl + Lng.
0 27

T sin % sin

Zn+1 2

an = —

Hr
21 1

1
SnE Y=o
2

Lnlz_
T

4 : 1
T
2:1:

1 /2311 sin(n + 3)x
0

T 1
4 4’

X
sin D)

_ Z 2n+1 ‘sm xl)x}dx—i_ l/n |sin(n‘ + %)x!dx
2i i 2nmw

x
2n+1 sin 2 2n+1 S 2

(2i+2)1

2n+1
2i

2n+1 2n+1

dx

I A

1
sin(n + i)x

i 1
sin(n + i)x

—Z

1 1
e
ﬂ81n2n+1 2nm_

2n+1

sin

4 iﬁ L, 2
C w2 +1) ZsingZ w(2n+1)si

nm
2n+1
4 2

n—1
—42%
C m(2n41) & smmHl 7(2n + 1) sin 7(2n + 1) si

.4 nm
2n+1 2n+1

I /\

4 2
+
Z/l 1 sin 7(2n 4+ 1)sin %=  7(2n + 1)sin

2n+1 2n +1

2n+1

4 f”l m 2
7(2n+1) ), sin 7(2n+1)sins"=  7(2n +1)

on +1
—1

= In tan M — Intan +

72 4dn + 2 4dn + 2 7 (2n + 1) sin

nmw
2n+1

7 (2n + 1) sin

2n+1 2n+1

4 2
—(nn+In5—Inm)+ —.
T 7

| /\

M
4 2 1
Lnf—(lnn—l—lnS Inm)+—+4+—-,n>4.
2 T 4

D7 gin x
@ Example S an :/ dx, n HHARE,

T

Kik: (1) lang| < lanl; (2) nlg{.loan =0
= Proof:
(n+2)m o; (n+1)m o
/ sin x del - / sin x dx
(n+1)m X nmw X

—VV )=

lani1| — lan| =




>

~54/566- %2 F MRt

_/(”+1>” sing | /<"+1)” sinx
nm I+ n

e bY
(n+1)m . 1 1
:/ |sinx|[ —— ——]dx <0
nw X+mT X

BVECH {anl} RN, FL anl > 0. AR lim |an| 15

=x—m

(DT gin x (DT | sin x|
i o] = i | [ dx| = lim
n—00 n—oo | [, X n—=>0 Jnx X
(n+1)m
4
A fEEA lim |siné£| —dx, §enm (n+1)n]
n—o0o X

nmw
1
= lim |sin§|-ln(1+—)—>0, n— 0o
n—00 n
Bl lim |a,| =0, HH lim a, =0 O
n—0o0 n—oo

™ Example 2.59:
15 Proof:

2.4 Stolz EIE [1]

Theorem 2.16 = &I Stolz 433 .
00

BBB {xn}, {yn} iR Him X, = 00, lim y, = +oo H. {x,} P,

1PN
lim i = il =a (L%, +oo, —00),
n—=>0 Xp — Xp—1 n
i
Yn . Yn — Yn—1
lim — =a = lim
n—>00 X, n—00 X, — Xp_1

s PI'OOfZ[l] & an = Yn — Yn—1, bn = Xn — Xp—1, K yo =0=x0. FR& by >0. &
bm

thim = , m=12,---,n
" by byt + by
ljl\IJtnm>07-H~
n
b1+ by + -+ by
i +tn2+ o lam = Y gk = =1
e " kg”" b1+ byt ot by
. . bm . Xm — Xm—1
o
. Yn . artas+---+ap
lim — = lim

n—o00 Xy n—>o0o by +by +---+ by,

—VYV )
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. bl ai bn an)
=1 P L
nggo(bl_}_b2+..._|_bn by bi+by+---+b, b,
— i A Jan
=l (i Gyt
Toeplitz n Yn — Yn—1
= lim — = lim ——— =
n—>o0o b, n—00 X, — Xp_1
U

° .
Theorem 2.17 — &Y Stolz A3\,

o0
BB (5}, (v, Sk L) RS, B T, = oo
(FER: A lim y, = +00). FR

9 yn - yn—l
lim =¥——

n—>00 Xy — Xp—1

=a (iﬁs +OO, _00)9

. Yn 9 Yn — Vn—1
lim — =a = lim ————
n—>00 Xp n—=>00 Xp — Xp—1

1= Proof: (1) a AIZHL.
Ves0, BN lim 22— 2"0 4 BiplIN, €N, % n> Ny, B, A

=0 Xp — Xp—1

yn_J’n—l_a <f’
Xn — Xn—1 2
Bp
PR LAl ST
2 Xy — Xp—1 2
P &
T A TR
A
e e
(a — 5) (Xn—l — xn_2) < Yn—1—Yn—2 < (a + 5) (Xn_l - Xn—2) )
e &
(a — 5) (XN 41— XN,) < YNi+1 — VN, < (“ + 5) (XN 41 = xN,) -
5 Em 2% SR A3
8 8
(a=5) G —xa) <ym = 3w < (a+ 3) (on —xv).
a_f<Yn YN, <a+f
2 Xp— XN, 2

REEER N, B lim xp = +oo, fibh, IN > Ni,st. % n > N I, 4

—ax X
le Nl < O< N1

£
-, <1
Xn 2 Xn

—VYV )
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Fi
M_a‘ _ Yn — YN, + YN, —AXN, —a (1_XN1)'
.)Cn Xn .Xn xl’l
_ YN; —AaXN, (1 le) (yn — VN a)
Xn Xn Xn — XNy
—ax — & &
_ YN, Ny + Yn — VN, al< 42 =¢
Xn Xn _le 2 2
BORIEM T lim 2" = a
n—o00 Xy
(2) a =400

BH lim 222" i~ 4o, BiLAN €N, Y n > N B, &

n—>00 Xy — Xp—1

Yn — Yn—1
Xn — Xn—1

B {yn} 88, ShT

>1, Yn—Yn-1>Xp—Xp—1>0

Vn—=IN = n—=Yn-1) + Vn-1 —Yn-2)+ -+ (YN+1 — IN)
> (xn - xn—l) + (xn—l - xn—2) + -t (XN1+1 - XN)

:Xn_xN7

TR nlgréo Xp = 400, Hl nll)rrgo yn = 4oo. M (1) K& HRE2]

lm 2 = Pl 1/)}”_—)}”_1:0

T
(3)a=—o00
H1 (2) A,
lim — lim (=yn) = (=yn-1)
n—o0o X, n—00 Xn — Xn—1
n—>00 xn J— xn—l
B
im 2" i n - Yn — Yn—1
hm_:_llm :_OO:hm— .
n—00 Xy n—>oo Xy n—>00 Xy — Xp—1

@ Note: % lim 22— 271 _ o of, {x,} F#3% A nli)ngoxn = 400 &f, #F - HE 4 4

n—>0o0 x}’l — xn—l

. Yn
lim — =0
n—00 X,

BBl Xy =n, y, =[1+(-1)"]n* et lim In 7Vl oo 49 g lim 22 # 00

n—00 X, — Xp—1 n—00 X,

—VV )=
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0] .
Theorem 2.18 0 Al Stolz a3\, \

BEATH (xa}, (b, 3601 () TR, HL lim x, = 0, lim y, = 0. Q05

lim 0t a (SE¥, +oo, —00),

n—00 X, — Xp—1 n

. Yn . Yn — Yn—1
hm — =da = hm —
n—>00 Xy n—>00 Xy — Xp—1

iy

Proof: (1) a JsL¥.
VA>0 FEN lim 222 oy 22Tl e AN EeN, %> N OB A

n—=>00 Xy — Xp+1 n—>00 Xy — Xp—1

Yn = Yn+1 _a‘ L
Xn — Xn+1 2
B
a—£<M<a+£, Xp—Xpy1 >0
2 Xp—Xpt1 2
€ e
(a - 5) (Xn - xn+1) <Yn—=DVn+1 < (a + 5) (Xn - Xn+1) :
ESiE)
e &
(a — 5) (xn+1 - xn+2) < VYn+1 —Vn+2 < (a + 5) (x”+1 - x"+2) ’
e &
(61 — 5) (Xner—l - xn+p) < Yn+p—1 ~ Vn+p < (a + 5) (xﬂJrP_l - x"+P) :
K b & U 2]

& &
(a - 5) (Xn = Xntp) < Yn = Ynip < (a + 5) (Xn = Xnip)

4 p— +oo, H Xniyp —> 0, ynyp — 0, 153

BT x>0, F
Yn €
a—¢<a—-<—<a+-<a+te¢
Xn
FrPL, lim y—n:a
n—>00 Xy
(2) a =400

VA>0 FEXN lim 222w gy 22Tl o BiplIN €N, %> N B A

n—0o0 xn —_ xn+1 n—00 _xn — xn—l

Yn — Yn+1
Xn — Xn41

> 24, ,

—VYV )
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Rl BRI uEA
Yn = Ynip > 24(Xn — Xnip) -

é\ P — +OO, Eh )’n+p - Oa xn—i—p - 07 'f%%ﬂ

yn > 24x,. 24> A,
Xn

Jit A,

. Yn
lim — =+
n—>00 Xy

(3) a =—o0

A0 (2) BUEBHBK (2) BMSSISRAE] {(—y, ) BIG
ol 434 al

Example 2.60: #t a, = ' ,n €Ny, 3K {a,} BRI,
n!
Proof:Jji% 1 HZH Stolz EERHFLUIT
U243l (n+1)! . (n1)!
1m = lIm —— = |lim =1
n—>00 n! n—soo (n+1)l—n! n—ooo nln

Jik 2(JE ) A
W42 43kl U243 44 (1=2)! (2= 1)!

n! n! n! +1
i 11421 + 31 2! 9 2!
0o U2+ It (n— ).<(n— Y(n — )._)0
n! n!
[
W42 +3 4t n!
im =1

n—>00 n!

Example 2.61: 3R R

2 on—1 22 Qn%?. 2n—1 2
lim { —— S
n—oo \ 22 — 1 23 —1 2 —1

Proof: %
1 1
2 on—1 92 on—2 on—1 \ 2
n (22—1) (23—1) (2"—1)
[l
1 Lo 2 2
nx, = n n — In
"ooon—17T92 1 on=2 7793 2 on—1

1 2 22 neo ., 201
:2n_1(ln22_1+21n23_1+~-+2 ln2n_1)

=21y 217
. . n_ .
lim Inx, = lim ———2=L — lim ——— =—In2
n—o00 n—oo 2n—1 _ 9on—2 n—00 92 — ST

—VYV )
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. (n+1)4+1
@ Example s OORARBR —
oo 1+11 4o+ 11---1
lim
n—co 107
% Solution
(n+1)4M1 n k i n+l
—_—— >y 10 > 10
o 14+11+---411---1 . k=0i=0 Stolz . i=0
lim = lim ——— — lim —
n—o0 107 n—oo 107 n—oo 107+l — 107
W=l 100

= lim —————— = —
n—o0 107(10 — 1) 81

A |
@ Example C ORI FR
2 n
1 1
lim n? (n_ — — = —)
n—o00 6 k2 n
k=1
2 1 1 1
% Solution 4 y, = — — Z — = X —. B {x.) BIHEEIEET 0.
6 — k? n n?
o0 ]'[ B
WRE Y = Tl (v} — 0. R Stolz 4438
k? 6’
k=1
2 1 1
T ]g ¥ n
JER = lim =
n?
1
— 2(p—
= lim In 7 Il li nl(_n2n1)
n—>00 X, — Xp_1 n—00 72 (n—1)?
. n—1 1
= lim =—=
n—oo 1 —2n 2
|
& Exercise 2.11: KR
2 1 4 1 2n—1 1
1 _\on—1(_)2n—2 B
L (2)7 (=) (G 7)
% Solution: 4
2 1 4 1 on=l
Xn = (3)2”71(5)2" ’ (2,, —)?
il
2 1 2n—1
n = gy gt oy Foot g,
1 4 _y, 2nt
= on1 (ln +21n§+- 42" ln2n_1)
M Stolz 8 F KA PR
on—21p 2
lim Inx, = lim R =In—-
n—>00 n—oo 2n—1 _9n—2 5o 2_2}%1

—0V/))——
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>

% 2% MR

4

. ) 14 1 on—1
nll)néo Xp = ngngo(g)znfl (§)2"—2 e (

N |

1
2
2”—1)

& Exercise 2.12: RARFR

1 n—=1 .(k+)nw
lim YU E / x290¢in3 x cos? xdx
n—o00 (2n — 1) Pt ok

“ Solution: MRYEHE MR — P EEEL, XNEENMIEREH 3 0, € (0.1) fEifF

(2n+1)m (2n+1)m
/ x20106in3 x cos? xdx = ((2n + 6,)m )20 / sin® x cos? xdx
2nm 2nmw
H I fE
2n+1)m
/ x2010 6in3 x cos? xdx
2nmw
2nmw+m
= ((2n7)*'0 + 0(n?1)) / sin® x cos? xdx
2nm
5 3 2n+1)m
— (2 2010 2010 cos5x  cos3x  cosx
((2n7)*" + o(n*1?)) <0 e
2nmw
4
= 1—5((2nn)2010 + 0(n2010)) (n — 00)
Foh

(2n 4+ 1)291 — (21 — 1)?9M = 4022(21)2°10 + 0(n?°10) (1 — o0)
¢ Stolz EH

1 n—1 .(2k+1)mw
lim —— / x 2010 gjp3
w00 (21— 12T 2 fop

(2n+1)m
/ x20106in3 x cos? xdx
2nmw

n—00 (21’1 + 1)2011 _ (2n _ 1)2011
2 ) (an)2010 +0(}’l2010)

= 30165 b0 (21)2010 1 o(2010)
9772010

30165
I RO P B — 2 SRk

x cos® xdx

1 n—1 . (2k+1)mw o P
lim —m8M x? sin® x cos? xdx =
n—00 (2;1 — 1)P+1

T (p>0
k—0 2k 15(]7 + 1)( )

@ Example B x1 €(0,1), xp01 =X (L—xp), Vo> 1, JEB: lim nx, = 1.
n—>00

—VV )=
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15 Proof: 5 0 <x, <1,Vn > 1, X541 = Xy (1= xpn) < xp, BRI {xn} B AR,

%
Xp—>a(n—>o0),a=a(l—a),a=0,
A
lim x, =0,
n—00

. 1 1 ) 1
lim — — ) = lim =1,
n—00 \ Xp41 Xn n—>o00 1 — xp,

H Stolz AR,

lim nx, = lim 4 = lim nl— (n _11) =1.
n—oo n—>o0 — n—->-o00 — —
Xn Xn Xn—1
O
v Proof: B4 HIH4M: % 5 uE e :
xn<l:>@:1—xn>n_1
n Xn n
B {nxn 1} 2B ES), H
n
nxpy1 < m < 1.
IXFRE 1im nxn 1 £F4E, NI lim no, F4E. FAVEGR
li)m nx, =B <1.
. . B+1 e .
FIRIER:, i B < 1, WATHL A = 5 = L, WAFFEFE A KM k fifs
Vn>k xn<&:>xn+1_1—&
Xn n
JEH
1 1/\>11+1)L Vn>k
i - 2\ n’ "
it A
m—1 m—1
Xm A A+1 1
N (E AR
_ n=k
ALAl
lim mx, = +oo.
m-—00
BEIF)E. bk B =1. O

@ Note:[](by maorenfeng88) EEp>081E, 2¥HAT .
ko aniy = f(an) ¥ ay, EHa, 5 nr B,

L 2—¥, % q, >0, (RBEEHZER T2 A4, 2 PF 2 b249,)

2. 8%, on v k¥, £5 A8 solz: lim— = lim 2 "
n (n+1)—n

—VV )=
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-p —p
Ayiy —an’

3. 22Y, Ray = fla,) K, FRAPREREN B A a, =1 lim —— =
(n+1)—n
lim £ (¢) ~ 177

t—0

1 1 1 1
=ap+— (n>1),3K lim — » —
a.

Api1 a -
n—+ n j=

&~ Exercise2.13: a, > 0, Hap1 —

155 Proof: X 0 <a, <M

11
Any1—an = — + Sap—a=y —+) —=>2
n  An+l i M

& n — +o00,an TR, 5{1%’6&?@! BIR an HEEPBEIE, W an — +oo(n — +00)
3[% ap4+1 — =an + a_ %ﬁq‘?‘ﬁ'fﬁ‘

apn41

2

9 1
an+1+2—=an+a—2+4

n+1 n

M

1 5 1
an+— = [dn+ay+ — —2
an al

H Stolz A, #

i o omEn+1 NSV
lim = lim ———— = lim =1
n—00 n n—oo An+1 n—00 1 1
dntal+— -2+
aj an+1

Iy

T t
k7 Exercise2.14: % ne N*, I :/ Slsrll " dr, HEM R hm

0
1 2nt % sinnt 21— cos2nt
% Solution FI sinznt:ﬂjﬁl _/ SH'l " dt:/ ﬂdt
o sint 0 2sint
Pl )
] I _/21—6082 /2 1—0082ntdt
n " 0 2sint 2sint
_/2 cos2nt —cos2(n + 1)t ds
B 0 2sint
A HANZAEB A X
L a+p . a—p
cosa — cos B = —2sin sin
2 2
ﬁ: T T
£ 92sin2(n + 1)t sint %
Ino1—1 :/ S (n+ )t sin dt:/ sin (2n + 1)t dt
0 2sint 0
[ cos(2n+ 1)t % 1
B an+1 |, 2n+1

—VV )=
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1 n 1
J I, =14+ —-4--- BARY i, i =—
B dy =14 gt g = BASE > boo I, i o= =2
MR Stolz EHA:
N A Inpi— I o oon 1
lim — = lim = lim ———— = lim =
n—>oolnn  n—ooln(n+1)—Inn  n-ooln(l4 ) n-co2n+1 2
|
Example 2.65: #8H] {an} W2
a;=1l,ap 1 =a, +e
RIAE: '
an
li —1)=-
oo (mn ) 2
s W =1, %{j’fﬂ:hm n—l
nn
RS ang1 > an, ﬁﬁld\ﬁlﬂft*%ﬁiﬁ HitHH IZEIE*&FE%%%‘*&F%% +00,
# A= lim a,, WA
n—>o0
A=A+e = 0=¢"
L RAEA A = +oo, XAFHAFE] lim a, = +o00
et = ¢ . el = ¢ (1 + e + 0(e”)) (n — +00)
Fr A
et = e + 1+ o(e” ) (n — 00)
an
O.Stolz & EFE% lim ¢ _ =1, iXH} lim fn _ 1, 1M
n—>o0o0 n n—oo lnn
n n 1
limn( ):lima -limna nann
n—oo  \lnn n—oolnn n—ooo ap
X 1 O.Stolz 153
. na,—nlnn . (m+1)api1 —nay, —((n+1)In(n +1)—nlnn)
lim ——— = lim
n—00 a, n—00 Adpi11 — dp
(n+1)"+1

(n+Vapyy —nap—((n+1)In(n+1)—nlnn) (n+1)(a, +e ) —na, —In

nﬂ

apy1 —dp e an

H a, ~ lnn, 53]

(n+1)(ap + e %) —na, —In ()" ln( - n—il) + %(n +1)—nln (1 + %)

nl’l

e an 1
n

—VV )=
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Fit A

Jim ({2~ 1) = )

@ Example IR {a,) W an (Za;’) =1, H p>—-1 BEBHEE,
i=1
K A, B, i A, B i

lim L(A —na?*t'y =B
n—o00 lnn

n
% Solution & S, = Zaf, 2 G iE W
i=1

lim a, =0, lim §, = +o0

n—>oo n—>oo
A O.Stolz 15 F|
lim na?™ = lim ———— = lim ;
n—oo n—o00 ﬁ — # n—00 S:jll — S,f’
1]
S:jll —SPt = Srf):ll — (Spt1 — arlz)Jrl)pJrl
p+1 f X
k k 1-
= On+1 — Zcp—|—1<_1) Sif—:_l Sy
k=0
(P+1)p op1 2
— (p =+ 1)Sn+1an+1 — —2| Sl1p+1 anil + e

= +D+o(l)  (n—+oo)

1 1 ..
PPk A= —— FBA (p+ Dalt ~ = iXH}
p+1 n

p+1
lim — (A4 —na?*') = lim na?™. lim ————
n—oo Inn n—00 n—0o0 Inn

XA O.Stolz EH

ASIT - ASEH S -1
lim ——— = lim i
n—o0 Ilnn n—>00 In (1 + ;)
) - ST )
= lim T
n—>oo ;
-1 2 -1 2
I —%Sfﬂ a,7y+o(Syayty)
= A p+1
n—00 (p + l)an—H
___ P
2(p+1)

—0V/))——
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Fit DA
P
B=—
2(p+ 1)
, <

Example ﬁ&kﬁaﬁk?1%%ﬁ,waﬂkﬁﬂxﬂfwm+vy,

xk+1 "
K: lim , Kk

xX—>o0 n

oo (X e+ \F) 1 e+
lim — S e
n—oco lnn \ nk k 2 k

Solution(by P§7) R4 SEEN]
x4 1\F
nlggo nk _( k )

1
x,1,+" k+1

Ak, REGEW]

lim
n—oo n k

ﬁﬁ)ﬂéw1ﬂ°§J Xny1 = Xp, Xp > 0, lillﬂ.'n Xn Eﬁiﬁ 1'%)?5] Tﬁ A= hrilooxn’ ljl\IJﬁ
A = +oo. B x, = +oo,n — +00.

1 1 1 L+z
(it ) = ((x"“) - 1)
Xn
1 1 1
:x;rk exp (1+—) In{1+ —1
k xl I3
n

k+1
~ (0 +oo)
fitbh, M O.Stolz g 1
Y X5 k1
ninolo n o k

AT MR, RATER— AWK, RHERE—MEITH], K Tim a, = 4, T
4,

TN Xn k+1
X, Iﬁan— — WA hm ay = ——— T = A.
n n k+1
lim — (a¥ — A¥) = lim —(a, — A) -k - [ ——
ng{olo]nn(a ) nggolnn(a ) k ( k )

—VV )=
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k+1 k+1
k k
n Xn x,¥ —nA
_ Al 7
Inn n Inn

X, ATPAA O.Stolz BT o B

k4l 1+ I+z
x % %
) X, —nA oStz . Xpt1 — Xn - A
lim —— —/———— lim T
n—>00 Inn n—>00 In (1 4 ;)

C 1+7
= lim n x,11+" ((@) — 1) — Ai|
n—o00 Xn
[ 1 1 1
= lim n | x, (exp (1+—) In (1—{——1) —1) —Ai|
n—o00 k I+
N Xn
B 2 2
I T (1+1) ! 1(1)+ (1) 1] -4
= lim n | x, exp N\ —-= T 0 T —1]-
n—00 k xrll+k 2 x,1+k xi"'k

B 2
: 1+4 k+1 1 1 1
=limn|x, © T 5| T
n—00 k x) K 2 X F

_ k+1 n 1
" il 2k2 T 2%k
ik, mSAIE. <

Theorem 2.19 BRI PRAY Stolz EIE \
W f. g : [a, +oo) — R, i

() g(x+T)>g(x), Yx > a, KB T > 0 HHE

(2) B 1. g #E [a. +oo) MALATAH R X A F

3) xli)rfoog(x) =+ o
# L T)— f()
. — X -
A e T —gln) 4
Ms tim L) g
x~>+oo g(x)

\. J

1= Proof: HBIE, X Ve > 0,3A >a, X4 x > A B},

f(x+T)= f(x)
g(x+T)—g(x)

—VV )=

—A| <e.
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NVx>A+T,IkeNfEx=A+kT+r,0<r<T, B, x = +oo & k - +oo. HiH—

RHNAER:

A—e< S = fx=T) <A+e

g(x)—gx—T)

S —(k=1T)— f(x —kT)

s —(k—D)T)—glx —k7) ~A7TF

A—¢e<

M. A4 Be AR

)= flx=T)+ f(x=T)= f(x=2T)+--+ f(x = (k=1)T) = f(x—kT)
gx)—glx—-T)+g(x-T)—gx=2T)+-+gx—(k=1)T) — g(x —kT)
S = fx—kT)  f(x)=f(A+7)

=) s kT) g gair) “ATE

B fg 78 [AA+T) vERK xggloog(X) =400

A—¢e=

= - f(a) ORI ST N
g —gd ) T AR e ST
() [ (Bt
o g() eoe g —g(A ) T
[0y S =B
e g0 e g g(aTr)
W e > 0 BB, Hefi
R
IS ) S g <
! /@)
. X
e
O
Example 2.68:
Proof:
O

T35 MRIELER

Properties: FFRANTCSH /NFUGZTCS /.

Properties: A RRATGS /INAIFFUI IR TC S5 /.

Properties: AR BEFNTCS /NI ZTC 55 /.

Proof: BERHL u(x) & xo 322048 U(xo,51) PIEA SR,

B 3M > 0 {643 u(x)| < M 38 x € Uxo,81) Bor. X3 o 2% x — xo BTSN,
Bl Ve > 0,362 >0, Y x € lO](xo,b’g) s

&
lo| < —.
M

—VYV )
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B 8 = min{8y, 82}, M4 x € U (xo. 8) i,

[5) I BOE. AT

2
lua| = |ul|a| < MM =e.

Bp

lim ua = 0.
X—>X0

Theorem 2.20

B 5 o REMTCTT /N TES B AF A

B =a+o(x).
1= Proof: SEiFAERE. % o ~ B, N
limﬂ_a:lim(ﬁ—l):limé—lzl—le,
o o o

A
B—a=o()

B
B—a+ofa)

FRIEFE/ME. B B = o + o(e), M

i 2 = i ¢ 0@) :hm(1+@) _ 1,

a a a
ES )i
a~p,
R O
@ Example 2.69: 3EBH: Yx — 0 B, FHln (x +V1+ x2) ~ X
= Proof:

ln(x—i— 1—|—x2):ln<1+(x—i— 1+x2—1))

~

~ (x + 1+x2—1):x<1+#)
™ Example 2.70: (2017/10/20) RAR PR

lim (cos vx+1—cos ﬁ)

X—>00

—VYV )
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—69/566—
15° Proof:
. o+pf  a—p
cosa — cos B = —2sin sin
2 2
RIZAER N e Vs A e v
JAR, =——= —2 lim sin sin
X—>00 2 2
HE —2 lim sin ! sin Y1ty
x=>o0  2(/x + 14 /x) 2
sin x~x . 1 AT+
——— -2 lim sin
x—00 2( /x+1+ﬁ) 2
HRTTIIN R 0
. 2 El
‘ ) sin® x
@ Example 2.71: RAEMR lim ———
x—n 1 + cos3 x
2y Solution:
) sin? x ) (1 +cosx)(1—cosx)
lim ———— = lim
x> 14 cosd3x  x—=m (1+cosx)(1—cosx + cos?x)
. 1 —cosx
= lim
x—>m 1 —cosx + cos? x
- 2
3
O
@ Example2.72: &
In sin 3x
im —
x—0 In sin 2x
2 Solution:
In sin 3x ~In Sigi’x +In3+1Inx
im ————— = lim .
x—>01Insin2x  x—0 ln% +In2+1Inx
In sin;;’)x In3
sin 2x
¥=0 lnln2)2Y + lllrll_?c + 1
O
@ Note: (#A k) x > 4+oo, In*x < x? <a* <x*, B+ a, >0, a>1
@ Example 2.73: KA FR
1 1
) 1+x)x —(1+2x)2r .
fg LX)~ (1 23) I AN E
x—0 X

2 Solution

ﬁﬁl:ﬁ{{g (1+x)¥ — (V1+2x)~

X
| (2 )%_1 14x
= lim («/1+2x)x-lim—'1+2x:e-lim '1+22x
x—0 x—0 X x—>0 X
:e-lim1+x_ 1+2x:e- imx—2- !
x>0 X2 x=0x2 14 x 4+ T+ 2x

—VYV )
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N
2
|
@ Example C R RR
) 1 —cos*tB x
im
x>0 /1 — cos® x+/1 — cos® x
%, Solution JFE |
o « o o
l—cos®x=1—(1+(cosx — 1)) ~ —a(cosx —1) ~ 5%
TR
, 1 —cos*h x , #xQ o+ B
lim = lim =
x>0 /1 —cos® x+/1 —cos® x  x—0 T B\ 2 Vap
|
@ Example D ORI R
((1 + x)i)x
lim
x—0 e
2 Solution
141 1
(L4 x)¥ Y mom 1 (L4 x)x
lim | ——) ———explim—In|———
x—0 e f&=egn S x—0 Xx e
1 e%ln(l—i—x) —e
=explim—-In{1l4+ ———
x—>0 Xx e
In(14x)~x ' e%ln(l-{-x) —e ‘ e%ln(l—&-x)—l 1
—————exp lim ——— =exp lim
x—0 ex x—0 X
eX—l~x . %ln(1+x)_1 . 111(1—|—X)—X
———— exp lim =exp lim ————
x—0 X x—0 x2
x—ln(ler)fv%x2 1 _1
——exp(——) =e 2
2
<

@ Example D ORI R

lim n® (tan/ Asin x dx + sin/ Nsin x dx) —Hg /N EE
0

n—oo 0

o

3
X
2. Solution ¥4 x — 0 B, tanx —sinx = 5 —+

4 4
lim n® (tan/ Nsin x dx + Sin/ A/sin x dx)
= lim n? (tan[ (v" sinx—l)dx—sin/ (v" sinx—l)dx)
0 0

n—>oo

—VV )=
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(fo( Slnx—l)dx)

= lim

n—o00 2

. (fon In sin x d)c)3 (rIn2)3
= lim = —

@ Example DR R
224+1 34+1 n3+1

B I T R
% Solution
k?—1 —1k*+k+1
lim 1‘[ 1‘[ L.
n—00 k3—|—1 n—>c>o k—|—1k2—k+1
, 1x2 & (k+Dk+1
= lim
n—oo (n — 1)n s k(k—1)+1
. 2 (n+Dn+1
= lim
nsoo(n—1)n2(2—-1)+1
. 2(n+1)n+2 2
= lim —————— = -
n—oo  2(n—1)n 3
. X X X
@ Example & nll)rgo COS 7 CO8 75 +++ COS oy

2. Solution H % MA/A 3 sin2x = 2sin x cos x

X X X
1°x =0 K}, lim cos—cos—---cos— =1
n—>00 2 22 2
2" - COS 5 COS 55 *++ COS 35 + SN 37 sin x
2°x £ 0 W}, JFE3 = lim 2 2 2 = lim ———
n—>00 smz—n 2" n—>00 sm2—n 2"
. sinx sin x
= lim =
n—oo X X

&7 Exercise 2.15: SR KR

s fon (e o []) o (o 3]

2 Solution:
t 0 =1t 2 "
an n +[11] =tan|m,|n —I—[Hi|—nn
]
—n
24 11
TN — | —nm = T
11 n2 + [Ln] + Vn2
IR THIAER
6 6 6
i T

—VV )=
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3
M n — oo, I HFT T [14
. 6n 3
lim tan (n‘/n2 + |:—i|) =tan —m
n—00 11 11
AR 7, mTRATHEE
lim sin (n 4n? + [S_n]) = sin 371
n—00 11 11
3 2
X+ tan —m + 4sin "= VI By, XEARESA . O

11
Example R x =1 W, H Zx”2 NI TS KE.
n=0

Solution JEZFFIY x — 17 B}, f(n)=x" FE n € [0, +o0) AR,
—J7 1

) 00 00 n
Zx"Q:l—f—Zx”Q:l—f—Z/ X" dt
n=0 n=1 n=1vn"1
ad n 2 © 2
<1+Z/ x”dle—l—/ x"dx, x—>17
n=1 n—1 0

n=0 n=0
[8
Foo 2 ad 2 oo 2
/ XUdr <) X" </ xXUdr4+1, x—>1
0 o 0
1%
+00 ) +00 )
/ x! dt:/ Iy g
0 0
i
/-i-oo 1 U — 1 /+oo o gy — 1 Ll 1 T
0 h’l% 0 2 ln; 2 ].—X
Hor
—+00 . 1 —+00 1
/ e dr == —/ Wi " du = “r(d) = v
0 dt:ﬁdu 2 Jo 2 2

Example 2.80: 32 |x] A x BIFgKEE 32 {(x} =x — [x].
KA lim {(2+ /3)"}

—0V/))——
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w= Proof: F i — i 5 5E B
2+ V/3)" ZC" V3)konk
Rk BB Ay Bk R B, Wik, B
(2++/3)" = A, + By
B (2—V3)" = An — By, T 0<2—+3 <1, 1] A, > B,
0<2-V3<1= lim (2-V3)"=0= 4y~ By >0
WRE CF NEHL, W An > 1 Y

A (@43 + 2- V3

PR An NEEH FTDL By BEAE n BIBERM SR ZMRN, B {Bn} = By — [Ba] — 1. HiL
&

{An + Bn} = (An + Bn) — |An + Bn| = By — | Bn| — 1

0
&7 Exercise 2.16:
1= Proof:
(|
2.6 EREAVELE S EET =
BB y = f(x) BR xg WE—ANRBAFEZL, R
lim Ay = lim [f(x0+Ax) = f (x0)] =0, (1-6) (9

Ax—0

AR S (x) 5 xo ELE

—VV )=
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Definition 2.5

Ry = f(x) B2 xo WE—NMRBAREL, 42 R

lim f(x) = f(xo), (1-5)

X—>X0

MAREE £ (x) T o RIELE O
EHER “e-8” EF Rk T
fx) BExg RiES & Ve>0,36> 0,5 |x—xo| <8 B, A | f(x)—f(x0)| <

s

@ Example 2.81: HEBHPAEL y = sinx fEXJH] (—o0, +00) WIRIESEN.
= Proof: #t x X (—oo, +oo) WAER—R, % x BUFKRAE R Ax I, X P2 B L &2
Ay =sin(x + Ax) —sinx. FH

. ) . Ax Ax
sin(x + Ax) —sinx = 2sin — cos <x + 7)
[e] I
cos (x + —x) <1
TRGE]
|Ay| = |sin(x + Ax) —sinx| < 2 sinTx‘.

PSRRI A BE o, B o # 0 B4 [sine| < |af, BTRA

A
0 < |Ay| = |sin(x + Ax) —sinx| < 2-% = |Ax]|.

WY Ax — 0 I, dEZHA |Ay| — 0, Aifi Ay — 0, BIREHE x dbi&Es:

M x BERMEARE y = sinx £ (—oo, +00) NHEELE.

R BEATIEBREL v = cosx FEIXIH] (—oo, +00) PAEIELEH). O
0 Example 2.82: ERE f(x) 5 g(x) 78 xo mIELE, UEWHBRZEL

¢(x) = max{f(x), g(x)}. ¥(x) =min{f(x). g(x)}

TERL Xo WIESE

1= Proof:[] .
p(x) = maxt £ (), g(x)} = 5[ (0) + 8(x) +1£ () g ()1]
¥ () = mind £ () ()} = 5[/ () + g(x) = | (x) = g()]
X H () 2 w0 SR 1 ()] 46 xo AL SR, %05
B (), W(x) £ o AL 0

= Example? S5 ¥ 15 g AFAFBEE B lm [f(x) - g()] = 0. W f = g

—VYV )
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w5 Proof:[1] ¥ f Fl g WA N Ty F1 Ty, WS Vx e R,

= lim [(f(x+nTs)—g(x+nTs)+

(8(x +nTy +nTg) — f(x +nTy +nTg)) + (f (x +nTg) +g(x +nTy))]
=0+0+0=0

W f(x) =g(x), BiA f =g O
™ Example 2.8 (BRI mf) # f (x) X (—oo, +oo) W—H x A f(x*) = f(x),
H f(x) £ x=0,x =1 & WEW: f(x) ££ (—oo, +00) LA
% Solution ¥4 x > 0 i}, A&, &

TR

F) = F(2) = flx]) = oo = f(lx]) = -

T2
F00) = lim £ (1x1#) = £ ( lim [x]77) = £(1)
o =0, f(x)=lim f(x) = lim /(1) = f(1).
i, f(x) = f()(HE) «
x4 ax? + bx
@ Example S f(x) = lim TSR, K a, b WHE

n—>00 x2n 4+ 1

% Solution x = 1,x = —1 AbRJ AR MW s, 7E x = 1, x = —1 - HIERZELGRIR

+0o0

n—1 2 on—1
. . xT"T dax® + bx X
A= I e T e
“+00
0
2n—1 2 b 2 b
x7 4ax® + bx ax” + bx
lim f(x)= lim lim o = lim lim =a+b
x—>1- x—>1~ n—o00 X +1 x—1~ n—o00
——
0
f(x) #E — lim f(x)= lim f(x)=a+b=1
x—>1t x—>1—
0
on—1 2. p 24
X 4ax* +ox . . ax”+bx
lim f(x)= lim lim o = lim lim =a->b
x—>—1+ x—>—11t n—>00 X +1 x—>—11t n—>o00

0
—0//))——
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oo

2n—1 2 2n—1
: : . X" 4ax® +bx . o x-
AmSe0= I o S e
~——
o0
f(x)#S%E = lim f(x)= lim f(x)=a-b=-1
x—>—1% x—>—1"
a+b=1
{ —a=0b=1
a—b=-1

1
@ Example 2.86: #t f(a) :/ |x —ale® dx, 3K f(a) FH|WriE sk .
-1
1= Proof: 5G4 XHE A
1

2
1:a<1H2|‘f(a):/ (a—x)exdx:ae—a+
-1
1
2
2:a>1ﬂﬂ‘f(a):/ (x—a)exdx:a:_ —ae
-1
a 1 a+2
3: —1<a<1Hﬂ‘f(a):/ (a—x)exdx+/ (x —a)e® dx = 2e% —ae —
—1 a e
Ji A
2
ae—a+ a<l1
e
2
fla) = at —ae a>1
e
Qea—ae—a+2 —l<a<l1
e
5}
3
lim f(a)= lim f(a)=e—-=f(1)
a—1+ a—1— e

W f(a) 48 x =1 Ah#ESEH R

lim f(a)= lim f(a)z%—i-e:f(—l)

a——11 a—>—1—
W f(a) £E x = —1 hbi&Esk

@ Example 2.87:

5" Proof:

Definition 2.6 & [E] 4 ==

B f(x) EE xo BELSAHBAR L. .. F Tp58

—VV )=
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2.7 AXiE) EELE R IE R

Theorem 2.21 N EEE

WEEy = f(x) FEH XA [a,b] L g2 H AR X ] i s A 5] B e S fE
fla) =A% f(b) = B, WART A5 B 2R MFER— R C, ZEIF XA (a.b) ()
WE DA — R A5 £ (§) = C.

v Proof: MGEHHBIREL, W o(x) = f(x) - C,
M @ (x) ZEM XN [a.b] F3ESE H @a) =A-C 5 ¢(b)=B-C 55 (Cf£ A5 B ZH),
FRVLEZREBRAN, ZETF XM (a.b) HEDVH—R & M o(§) =0. T ¢(§) = f(§) - C,
TRAE3
f(€)=C (a<§<b).
P UM RSO % y = f(x) 58 A figl B ZE—&KKPFHEZL y=C
BVH AR O
&7 Exercise2.17: ¥ f (x) 7£ (0, 4+00) WHA[S, H xf'(x) 7E (0, +c0) WAER,
EH: f (x) 7E (0, +o0) N—Eik4E.
% Solution: ERE 0 < x1 < x2 < +oo, i Cauchy FEEH, F1E & € (x1,x2), 15
S(x2) = f(x1) o ’
BV 2VES().
e M = supf2] ()| VX : x € (0, +00)} < +00, Il

£ (x2) — £ (x0)| = 2| £/ () VE(VX2 — /31) < M /x2 — x1.

W f AE (0, +oo) N—EikSE. O
& Exercise2.18: # f(x) £ [0, 400) E—F# %, HXMERE >0, H lim f(na) =0. 3K
HE: nli)rfoof(x) = 0.
% Solution: B f(x) ££ [0, +00) L—FGELEAIHAl: Ve > 0,38 >0, 24 [x —y| < S W, FH

)= fO) <5 ¥xoyelo+o).

Njﬁ&miggwﬁzoﬂ&NeN%%n>NMﬁﬁumw<g.
WM A=NSVx>A 3n> N, [Hig

ns<x<(m+1)§ < 0<x—ns <34.
T
e €
|f(x)|<|f(x)—f(n5)|+|f(n8)|<§+§:8,
#, lm f(x)=0. -

X—>+00

—VV )=
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& Exercise2.19: % f(x) £ [a,b] Ei%EZE, WEB:m(x) = min f(7), M(x) = max f(z)

tela,x] tea,x]
iéJE [a’b] J:j%éio
% Solution: Wik m(x) £ [a,b] bi#%E, FELE, AV a<xi<xx<b

0 <m(x1) —m(xz) < X f@) - i f () = w(f. [x1,x2])

W f(x) 48 [a.b] EESTAETE [a.b] E—BoE%E, Wi

Ve>0,36§>0,st Va<s<xi<xg=<bh

HB xo—x1 <8, BAH o(f [x1.x2]) < & WIMXIXAER 8, x1, x2, o4
0<m(x1)—m(x2) <e

M m(x) 18 [a,b] E—Fsk, BliEst. ' =
& Exercise2.20: 3% [0,1] ERYELERHE g(x) W2 g(1) = 1,g(0) = 0, By K %
f(x) W f(x) =0, f(x) <1 9B f(x)=g(x) 1& [0,1] E—=EH#.
“» Solution: RFHHLE f(0) # ¢(0), W £(0) > g(0) = 0. t1 g € C[0.1] WA 320 > 0, fEif3H
0<x=<eg B, H
g(x) < f(0) = f(x).
A A={t:xe0,1,g(x)< f(x)},MeeAidS=supd ¥ S=1 0 Vx €[0,1), H
glx) < f(x) = f(1), M
1> f(1) = lim g(x)=g(1) =1,

x—=>1"

e f(1)=g(1) =1. & S <1, X Vx €[0.5), 7 g(x) < f(x) = £(S), W

f(8) = lim g(x) = g(S),

x—>S—

W f(S) > g(S). TR Ie1 >0, 7S <x=<S+e B, Hglx) < f(S) = fx), W
S+e1€Ad4, 5 S=supd FJE. a

2.7.1 —EHUESM

@ Example CHEE f(x) = x 7B [1, +o0) E—FEs:
v Proof: FIAXMERM x1, x2 € [1, +00), i

|xo — x1]

ST+
FXHERRIER e > 0, B § =&, % |x1 —xo < B,

VX1 — /x| <|xa—x1| < ¢

FibA Vx 7E [1, +oo) bE—FkESE -
R, M M (x) S (x) FE [0, x] BB, M (x) TR

VX1 = Vx2| =

< g — x1q]

—VV )=
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@ Example2.89: yiIEB f(x) = % 1E (0,1] A E—3iEL:
v Proof: UG & R i T A . .
"= x2:n+1’
Hon RIEBRL XA x1, xo BARTE (0,1) B A
o1
1 = xa] = ;_n—kl‘_n(n—kl)
R n BURRIBR, BREME [x1 — xo| < 6. {HIXHIA
1 1
f(x) =Sl =|g——|=lh-+1)]=1>¢
n n+1
R — BRI, BV f(v) = - 72 (0.1) A k308 0
™ Example 2.90:
1= Proof:
O

—VYV )
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@ Example3.1: 3% f(x) A['5, £E F(x) = f(x)(1+]|sinx]|), W f(0) =04 F(x) ZEx=0
AT TE A 5 B A A
s Proofi(1) f(x) WA £(x) #8E, X £(0) = 0, FRAH lim £(x) = £(0)

F'(0) = ;gw = lim S 1—|Sinx|)
— i L= SO0 . |sinx]
_il_rﬂ)f_‘_i%f( )x—>0 X

= /(0)+0=£'(0)
(2) £(x) TR £ (x) 8%, FRAL lim f(x) = £(0)

FL0) = tiy FOZFO_ y, SO0 i) = 7(0)
= lim M+ lim f(x) lim | sin x|

x—>0" X x—0 x—0— X

= /'(0) + £(0) lim ——= = (0) ~ /(0)
F0) = 1m F(x) - F<o> _— S+ |sinx|> - £(0)
~ tim f(x) ; £(0) ﬂ% 1) 1, sin|
= 1(0)+ £(0) lim === = £7(0) + £(0)
F(x) W§ = F'(0) = F%szumz:f@:o 0

5 Example.2: BEEBK f(x) AR, F(x) = £(x)(1+ [sinx]), F(x) 46 x = 0 &bl &, K
£(0)
. Solution f (x) FISI £ (x) ¥%E FRATH lim £ (x) = £(0)

Fro) =ty FOZFO g, SO0 E Inad) 2SO
g TOIO 150
= £/0)+ £0) lim == £0) - £(0)

FL(0) = g&_”x);”o) _ %ﬂ x)(1 +|s;nx|>—f(0>
i OSSO e L

x—>0t X x—0 x—>0+ X
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sin x

= £1(0) + £ (0) Tim Z2E = £1(0) + £(0)
F(x) 4 x = 0 LT § = F'(0) = FL(0) = F{(0) = f(0) =0 <

£ (~a, a) AT AF R LG B0 18 R 5L 5
e (—a, a) N AT 3B B K S AOR AT B AL

™ Example3.3: XBAEL f 1 (0,400) > RAE x = 1 b5, HAMEREM x, y e (O —|—oo) H

fxy)=yf(x)+xf(y), iEB: % f(x) 72 (0, +00) WA, H. f'(x) = f(1).
1w Proof: fERZER f(xy) =yf(x)+xf(y) Hd x=y =1, WEH f(1) =

fxy)=yf(x)+xf(y) &= fxy) = f(x)=yf(x) = f(x)+xf(y)

EXPLRERRA x(y — 1) 713

SOy) = fx) _yf )=S0 +xf) &) SO =S

Xy —Xx x(y—1) X y—1
Ly—o1f
LG = S0 S 0= )
y—1 Xy —x X y—1 y—1
Hf(x) 6 x = 1 67T S
i LN =1 1)
y=>1  xy—x X
Rk, B /() 1€ (0. +o0) T, B /)= 2 4 ) =
J(2x) - f(x)

& Exercise3.1: ¥ f(x) £ x =0 4bi&E%E, H lim

% Solution: AA—l M , FiE f'(0) =
H9 kWL ¢ > 0 *E?Eﬁﬁél‘%‘# f#1E 8 > 0, 1%1%

‘f (2x) — f(x)
X

FHAE. SRIE f7(0) F#1E.

X

—A’ <&, V0 < |x| <8,
Bp

Ax —¢|x| < f(2x) — f(x) < Ax + ¢|x|, V0 < |x| < 6.
N]

b () () e

FIHAER 0 < |x| <8 fineN,
(1—21,1) (Ax — g]x]) < f(x)—f(;l) (1—21) (Ax +e|x|).

—0V/))——
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& n — oo, FIA] f 18 x = 0 AbMESe:, 155
Ax —elx| < f(x) — f(0) < Ax + ¢|x|, V0 < |x] < 6.

&l
J(x) = £(0)

x
XHIEW T f7(0) #4148, H f(0) = A.
Example 3.1 # f(x) £ x = 0 &z, hH%)

g |
Solution 72ty Akt tim 7OV LD gy o)~ 0 s

— A <& V0 < |x| <8,

g
ST goge b r (o) e 0 feses

. sin(2x) — J% 1
im =——.
x—0 x3 3

Ik, £74E n € (0.1) fE134 0 < [x| < n I,

sin(2x) —

2x

A/ 14x2

<0
X3

3, % % < it g

sin — < =

NS % N
F—JiH, Ve > 0, iRk, F4E e € (0, 2) #4524 0 < |x| <& I,

2
2 T 2
3.1
- (3.)

|f(x) = f(sinx)| < elx?|

B2 0(x) = a1 (x) = sinfay (v)) FEHCHHCK WE 5 +1< K < o WA (31)
4 TiE

2
|an(x)| = an(|x]) < T Vn = 0.
PNi]
1SN 1 f (an(x) = flana(x)] <& ) lan(x)
n=0 n=0
g;(kfn)gggfk:)o%dt: ]1€6i1<168|x|, VO <|x|<$
A I,
‘f(x);f(o)‘gme, VO < |x| <8
MIiFE f(0) = 0. <

—VV )=
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Theorem 3.2 BREE A

B f(x) 7E xo W]

Ay = f'(x0)Ax + 0o(Ax) (Ax — 0)

Theorem 3.3 EHSH AR

(€Y = (1) = !
(sin )' = COS X (cosx) = —sinx
(tan x)" = sec? x (cot x) = —cscx
(sec x)" = sec x tan x (ecscx) = —cscx cot x
(@*)=a*Ina (e¥) =
(loga x) = — sy
(0] nx —
S X lna1 X .
(arcsinx) = Nigars (arccosx) = — i n
1 1

arctan x arccot x)' = ———

1+ x2 1+ x2

e* +e* P eX —e
(sinh x)" = cosh x = (coshx)" = sinhx =
/2 /2
X _ ,—x 1 x —x 1

(tanhx)/ - ex e—x - 2 (COthx), = ex - e—x = . 4.

e* +e cosh” x ) et —e sinh? x

/ /
(arsinh x)" = (ln(x + Vx2+ 1)) = ——— (arcoshx) = <1n(x + Vx2 — 1)) +
Vx2+1

Theorem 3.4 R EREHIK S EN

WAREE x = f(y) EXE L, WP arsH () # 0, 088 R
y=fT(x)FEXH L = {x|x = f(y).y € I,} A%, H

A= L g P_ L )
Lf ()]—f,(y) A g (2-6)

ww Proof: HF x = f(y) 78 I, WHIH. w5 (ML), HEPE 1.1.1 4,
= f(y) MREAE y = £ (x) 248, B fNx) 78 I Wi, st
EHZ x €Ly, # x UBUBE Ax (Ax #£0,x+Ax € L), B y = £ (x) MR 41

Ay = f7Hx +Ax) = f7H(x) £ 0,

—VV )=
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[3¢
Ay _ 1
Ax ﬁ—f}
XHF y = f7H(x) B
Al)icgoAy =0,
it Ay 1 1
M) = AlyichA_x = Afﬁoﬁ:}c =70y
) O
 Example3.5: F y = f(x) FAEBMEREE x = o(y), H Y #0,y" #0, kK 32—;,
d3x
a3y
% Solution H d_x =1 d_x =1/y', 153
dy dy
Y L FO KR
dy?2 dy \dy dx \dy ) dy dx \\y’ y’
1 L ody )y
YO A )
Pe_d (B (e are ]
d*y dy \dy*/) dx\dy?/ dy  dy LO/)*] Y
YR30y 30 =y
- (»)° (v')?
<

@ Example 3.6: % y = y(x) BENIE [-1,1] LWl Seh%, Hie e

d?y  dy
(1—x2)@—xa+a2y =0,

: N M) > » d2
(A LA x = sint 5, TV BBy MR S +a’y =0
v Proof: 1% (;—); =cost =~1—x2, ¥

dy dydx dy\/—
& dxdr dx *
d2y

d (dy) d (dy)dx
A2 dr \dr )  dx \dt ) ¢
d

= (j—i\/l —x2) V1 —x2

—VV )=



3.1 S F#

FHRNZ 5 A2 BT £k

Theorem 3.5 1THIT R ERIK S3EM

Su(x)  fia(x) -
Sar(x)  faalx) -

Ja1(xX) Jua(x) -
WiE I e, H

Su(x)  fialx) -

F@) =30 i) fal)

BEeREL fij(x), (i) =12, ,n) FEXH 1 NATT, THIRKE %

Sin(x)
San(x)

Snn(x)

Theorem 3.6 Darboux FEEIE, SH N EETE

B f(x) 48 [a, 0] BRI, MNT £ (a) 5 f2(b) Z HK—YHE £,

W 3IE€lab],st. f(§) =k

&7 Exercise 3.2:
2y Solution:

A}

™ Example 3.7: RGP LRIK x = ay® IER W &%

%, Solution ¥l x = ay? = a = %, X x = ay? ¥ x KS, 5

dy 1 y

dx  2ay 2x
MEHPERE x = ay? IER (BH), ¥

dx 1y

dy  2ay 2x
RSO TR 0B 2

y?+x2:C
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3.1 EMEH

Theorem 3.7 BEHEM FH AN )
(a*)™ =a*-In"a (a>0) (e®)™) = ¢~
(sinkx)™ = k" sin (kx +n- %) (coskx)™ = k" cos (kx +n- %)
(n)
(nx)® = -1y 1 AT
X" x+a (x £ a)"
x™® =mm—1)---(m—n+1)x™™" (x")™ =n!
™ Example3.8: # y(x) = arctan x, 3K y™(x)
% Solution y’ = L Bi (1 +x?)y" =1. #|H Leibniz ARG
-1
(1 + x2)y(n+1) _|_ n . 2xy(n) + —n(n2' ) . 2y(n_1) g O
A x=01
ytD(0) = —n(n — 1)y (0),n =1,2,3
2x
0)=0,y" = =0, 1
i »(0) y |, &
y//(O) -0 : y////<0) — O, , y2n =0
H y'(0) =1, 1%
yEED(0) = —2m(2m — 1)y () = - = (=1)"(2m)1y'(0). m e N
gy PR (0) = (=1)™(2m)ly'(0), y'(0), L5 E
(n) 0, n %—"ﬁ%ﬁ
yor= n "
1) 2 (n—=1), nRH&EFEH
<
™ Example3.9: # y(x) = arcsin x, 3k y™(x)
1
2 Solution y' = ———, Bl V1 —x2y' = 1. BRKSE, 53
Ve p y KR, 13
y// /1—X2—yl°L:>(1—X2)//—Xy/:0

1—x2
FIF Leibniz /A 4%

nin—1)

(1 — x%) 4 ny™ T (—2x) + 5V M(=2) — (xy™ ™ 4 ny™) =0

—VV )=
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B R
(1—x2)y®2 — (20 + 1)xy" ) —p2y™ =

BUER x = 0 N, BE2IEEHE A

y*(0) — n?y™(0) = 0 = y"*2(0) = n?y™(0)

y///(()) =1, y(5) _ 32, y(7) — 52 ,32,... ,

I PSEsy)
yCmED(0) = [(2m — D), m e N,
%k
(n) {0’ n=2m
yoo= 2
[(2m -, n=2m+1
. <
@ Example3.10: 3k y = —— By n i SH
x% +a?
& Proof: FAEHMAMRAR 3= —(———— ), WA
' AT T wi\x—ai xtail
1 \" 1 (—1)"n!
x2 4 a2 C 2 | (x —ai)" Tl (x4 ai)rt!
 (=1)"n! 1 1
 2ai | (x—ai)"tl (x +ai)rtl
x
PAEA x =acoth,0< 0 < m, 0 = arccot (—), )
a
sf £isinf
X *ai :a(cot9 :I:i) = a(cos - £ o )
sin 0
S AP it
1 sin" ™ 6 .
GZap =~ o [ cos(n + 1) F i sin(n + 1)0]
~, RYN N _ a S, N
RN AIFER sin 0 = Wt E k]
1 () ~ (=1)"a!'sin" ! O sin(n +1)0
2+ a2 - ant2
_ (_1)nn!sin [(n+1) arccii(lx/a)]
a(x2+a?) "z
0

™ Example3.11: y = (x? 4 1)sinx, 3k y©0.

—VV )=
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1= Proof: B4
(x2+1)=2x, (X*+1)"=2 (x*+1)"=0.

Wu=sinx,v=x2+1, 70
(sinx)"™ = sin (x +n- %)

WA B %% A AR
(60) — 4, (60),, 4 C610u(59)v’ n C620u(58)v//
. TN o , e 60-59 7r
—s1n(x+60-5> (x +1)+6051n<x+59-§)~2x+ S sm(x—i—58~5> -9

= (x% 4 1) sin x 4+ 120x(— cos x) + 3540(—sin x)

= (x% — 3539) sin x — 120x cos x.

O
™ Example3.12: #F f(x) BEEH f(x) =3x + / (t —x)2f(t)de, sk £EUD(0) B
2 Solution . " . .
f(x):3x—|—/ t2f(t)dt—2x[ zf(z)dz+x2[ f(t)dt
0 0 0
f’(x):3—2/xtf(t)dt+2x/xf(t)dt, f'(0)=3
0 0
f'(x) =2 i f(o)de,  f7(0)=0
frx)=2f(x). f"0)=0
SO =2f"(x). fO0)=2x3=6
£ () = 0, n# 3k +1 (k=0.1.2.)
2.3 n=3k+1
BT 2017 =3x 673+ 1 FHL
f(2017)<0) — 3.2673
&7 Exercise3.3: y =sinx 4 cos*x, 3k y™
2 Solution
y = (sin®x + cos® x)z — 2sin” x cos® x
zl—lsin22x:1—1(1—cos4x) :§+1cos4x
4 4 4

& Exercise3.4: y = sin® x + cos® x, 3K y(n)

—VV )=
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% Solution

y’ = 6sin® x cos x — 6 cos® x sin x

= 6sin x cos x(sin® x — cos® x)

= 6sin x cos x(sin® x — cos? x)(sin® x + cos? x)

3
= —3sin 2x cos2x = ——sin4x
<
&7 Exercise3.5: B4l y = x%e* | 3k y@
%, Solution ¥ u = e** , v = x?, Nl
uk) = 2ke2x (k =1,2,...,20)
v =2x, v =2, v =0 (k =3,4,---,20)
RN BK A, 7
P20 — (x202%)(20)
20-19
= 2% x? 420 2™ - 2x + ——21%e* .2
= 2%%*(x* 4 20x + 95)
A B A
n
(uv)" = ZC,fu(”_k)v(k)
k=0
A |

&7 Exercise3.6: K y = x%e* Wy n BrSsk

% Solution # u = e** , v =x? |

RNFAGRR AKX, 7

y(n) _ (XQe?)x)(n)
nn—1)

— (eBx)(n)x2+n(€3x)(n—1)(x2>/+ :

<€3x)(n—2) <x2)//

= 3" [9x% + 6nx +n(n — 1)]

n
(uv)" = Z Cly =Ry ®)
k=0

—VV )=
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<
1

& Exercise3.7: % f(x) = ———M—
& B0 =

% Solution [HA

;‘R f(lOO) (O)

1 14 x2
f(x) = 2 1 6
1—x*+x 1+x

i B R I Z eIk A K, A

F(X) =04+ xH1—x8 4 4 x% — x102 4 o(x102))

FiA f (x) J@IF 100 KIS 0

£090) (100) [y _
WA o = 0. 8 S1(0) =0
<

&7 Exercise 3.8: & f(x) = e*sin2x K f@(0)
% Solution HZETEFFA I

’ " (n)
f(x)= f(0)+ / (O)x + / <O>x2 +- S0 (O)x” +o(x")

1! 2! n!

|

flx)= (1 +x + %x2 - %x?’ + 0(x3)) (2x — %(2)6)3 - 0(x4))

FrbL f (x) JRITE 4 tkIiA
2 1
§x4 - Q(Qx)?’ cx = —x*

(4)
HIES) / 4!(()) =—x* g fFW0) =24
<

A" G

n!

& Exercise3.9: & fu(x) =x"Ilnx, n € N, 3R nli)ngo
% Solution 4E3K f,(x) BI—MSFE, B

fix)=nx""Inx + x"7 = nfy(x) = x"7
PIAESR (n —1) B 5
£ (x) =nf,"V(x) + (n - 1)!

-1
G A C NS S
- T2, o n=1,2,--
n! (n—=1)! " n

Kewi n AHEFREAM, BIA

fi(x)=(xInx) =1+1Inx

S(x)  filx) 1
TR

—VV )=
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1 1 1 1 1
== L4 == e =, FTRA
n! n 23 n

(n) (1
= 1 1 1
lim fn (”):hm (1+__|__+..._|___lnn):y
n—o00 n! n—00 2 3 n
Hrry 4 Buler ## <

32 MR LHBSHAEMHENRHNSE BRTiER
Example 3.13: 3K y = x* HSH
% Solution ZEF X FIABCT 545 Iny = x* Inx, #EZF|

(xx)/ _ (exlnx)/ _ Xx(l +1nx)

Iny =x*Inx PAX x K, 17

(n

/

1
Y =x*(1+Inx)lnx + —x*
X

y
S S LI FES
y = x* [x* "+ x*(1+Inx)Inx]
|
@ Example 3.14: #eR%L y = y(x) AR xe/ ) =¥ n29 g, Hrp f BHAE S,
2
B0, W=
= Solution HFE xe/ V) = ¢ In29 WFH BRI x KRS, 15
!V xy' f1(y)e! ) = y'e? n29
Fo) _ Loy =y my=— 1t
WK xel @) = ¥ 1n29, # , +y' f(y)=y, Bl y = A= 70) Sflie
O W 7:4t%
d2x x* (1= f'(y))  x[1—=f'(»)?
I ¢ 1 ST = SO
X2[L=f")P x2(1—f'(y)) 21— f"(y)?
|

—0V/))——
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3.3 BRI

Definition 3.1

B f(x) BERBARZ L, xo & xo + Ax XX B A, 4R a8 2

Ay = f(xo+ Ax) — f(x0)

STRTA
Ay = AAX + o(Ax) @

A ARTRBT Ax 9FH, AMAMRBR y = f(x) & xo AT, @

AAx B3y = f(x) BE xo MEEH AR ENRE Ax 95, WiE dy , B

dy = AAx

2 Note: % f(x) A& % xo 7T #ot, Loa— A dy = f(xo)Ax
Note: % f(x) E4e% & x 0, 4 4 & 209 i, 6k dy 4 df(x), B dy =
f'(x)Ax

2 Note: B ¥4t ¥ x 099 F Ax #% § TF 098, 101k dv, B dy = Ax

BRELy = f(x) 7E xo AT T/ S BSR4 f (%) 7E xo bW, H

dy = f'(x0)Ax.

w5 Proof: (1) BEM & y = f(x) 7€ xo LW, K& LH
Ay = f(xo+ Ax) — f(x0) = AAx + o(Ax),

M
Ay A4 o(Ax)

Ax Ax
A Ax — 0, BT o(Ax) & Ax WM IE55 /N, Bk

BIf(x) 7 xo AbWI, H A = f'(x0), % dy = f'(x0)Ax.
(2) FEE B S (x) 7 xo APTF, WU

Ay
lim =X — #/
Axs0 Ax S (x0),

—VYV )
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Bp

2 )] =0,

Aljcgo [Ax
A
B ST - (o) B Ax = 0 WIFSN, JME @ TR

Ay

Ax S (x0) +a,

NI)
Ay = f'(x0)Ax + aAx.

HAHY Ax — 0 Bf, a — 0, FfPh aAx = o(Ax), H. f/'(x0) AMEIHT Ax,

WO SCHRIR B y = f(x) 48 xo AEATHY. O
Example 3.15: WAy TEALRE /S x Ab Ay Hg &l
* x? VX241
Ay = ——Ax———— Ay + —— " Ax-A
Y VX241 g Vx24+1+1 Y Vx24+1+1 ey
foarctanx y(f) dl

B (0) = 0. HFRR i
Solution K&

Ay = AAx +o(Ax), A=y'(x)

54
Ax-Ay =0o(Ax) =0(Ay) (Ax - 0,Ay — 0)

M

A (1 L ) -
Y V2 ri+1)  Jxrtd
HE A5 f(x) I H

Ax +o(Ax) (Ax - 0,Ay - 0)

itz

H y(0) =0, Ht

lim = =1 X X

x>0 g — x>0 [ £()de ~/ g(1)dt (& |
lim f =1limg=0 0 0

x—0 x—0

—VV )=
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4

arctan x arctan x 1 1 1
/ —In(1+x?)dt = / —x?dt = —(arctan x)® ~ —x?
0 2 0 2 6 6

10}
Vx2+1-1
In(x 4+ vV1I+x2) ~x*(x +V1+x2-1)=x* (1—|—x—)~x3
x
[

foarctanxy(t>dt B 1 %X3 1

lim = lim >—
o0 2 In(x + VIF a2 #9006

@ Note:

lim = =1 X X
=0g = %$x -0, Q’f f(t)de ~/ g(t)de
lim f =1limg=0 0 0

x—0 x—0

In(x + v1+x2) ~x

¥ Example
2 Solution

34 &P

= Example 3.17: —ANAIGRREL f(x), 645 /7 (x0) > 0, {H f(x) B xo BAEA 4TI A 45
AR B

2 Solution

—VV )=
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41 Wy HEEE

Theorem 4.1 25 (Fermat) EIE

WRREL f (x) FER xo BIEEFI U (x0) WA E X, 31 BAE xo PR, WERXAER B
xeU(xy), B

£ < flm) (Bf(x) > £x) 0
4 "(x0) — 0

X

@ Example4.1: BpA%L f(x) £ [0,400) ERJS, H 0< f(x) <

14 x?
RIE: 4745 £ € 0.100) 068 7/6) = oo
% Solution HEAARZERX, 4 x—> 0/ f(0)=0, Hf lim - =01%
x—>400 1 4+ x
f(ro0) = lim_f(x) =0
/Q\,\
X
Fix) = £~
T _L ’ . 1—x2 o % Y .
(1) BEXN—Vx=>0F f(x)= Tr 2 n f(x) = ek FRUHMEATIESL § A
/ o 1_52 .
f (E) - (1_'_52)27

(2) A 30 > 0 HAF 1 (x0) # s W Flx0) <0, W1

0

F0)= f(0)—0=0, F(+o0)= f(+00)=0,

FA F(x) 7 (0, +0o) WHER/ME, KE/MEN F(5), M EBE F/(§) =0,
B

I e

(1+&2)%

[ =



~96/566- $4F WoyPlaRRESFHGER
URERRL S (x) Wi
(1) LEH X1 [a, b] LS5

(2) FETF X (a,b) T3
(3) A& X [l st Y PR EBUEA S, B f(a) = f(D),

HBAFE (a.0) NEVPH— K E(a <& < b), [EREAL [ (x) EZRHPYEFTF,
B f'(€) =0

w5 Proof: M eR%L f(x) LM XM [a, b] FiESE, AR A X H) 3% 25 ok 50 5 AR e ML e 3,
1E [a,b] EXEBUFEMRKIE M Fuf/ME m. T2
(1) & M =m, W f(x) 1€ [a,b] BAEETHE M. Bk, WER x € (a.0), H f'(x) = 0.
FitOA, AEBL € € (a,b), H f'(€) = 0.
2) # M >m, K fla)=fb), iIAM 5 N W2 LH-ARETF f(a) F5 f(b), B
Wik M # f(a), WAE (a,b) NEDHFE—RE MER () =M, ]

f(x)< f(§)=M, Vx€la,b].

B f(x) 42 x = € AATS, FHIEW /'(§) = 0. RRSHMEL (25),
) =t L) =S ®)

x—>§  x—§&

ERB x> & I,

% x <&t
fx) =7
x—§
TG 2 B A ST S 20 P TR PR A -, 7581
£ = £ = tim L =SE)

x—§&+ X —%'
7©) = 1) - i LH=LE
Bk, f'(§) = 0. HiEEe. 0
&7 Exercise4.1: % f(x) f£ (—o0,+00) WH T, H. f(a) = f(b) =0, f'(a)f'(b) > 0, jit
B f'(x) =0 7& (a,b) WEDFEAEHANAHEHI TR
= Proof: W f'(a)f'(b) > 0, ARG B f'(a) > 0, f'(b) > 0, HFHE L5
@) = £l = tim L 50 pey = gy = i L2

x—at X —da x—>b— X —

= 0;

<O’

2 0,

—VV )=
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HAR R OR S AT A 3xg € (a,a + 681) Rl x2 € (b — 62, b) i1
f(x1) >0, f(x2) <0

ot 81, 82 RFEAT/NIIES, BAR x1 < x20 FEXTH] [x1, xo] BN FSMEE G : 3¢ € (x1,x2) C
(a,b) fifF f(§) = 0. Fly f(a) = f(&) = f(b) =0 RB/REHMH: F4E m € (a.§)
n2 € (§.0) 1%

f'(m) = f'(n2) =0

O
g "heorem 4.3 Fiti#IH (Lagrange) hEEIE
HISRESC 1 (x) W2
(1) AR [a, b] L5
@) AT (a, b) FIATS: &)

MAFE (a.0) NEDVA—R E(a <& <b) fEERX F(0) - f(a) = f'(§)(b—a) K

YA

Proof: Z5i845 KA

J§) = —— =0
B
[0 - LT~
AR
F() = f(x) - L0 2T,
W () Wi
Fla)= =IO p,

H F(x) £ XM [a,b] EFESE, FEIFIXW (a.b) WA, 2P /R EHARELE (a.b) HE
PR E (a <& <D), fiff F'(§) =0, TRA

By

O
Example £.2: B f(x) 7€ [0,1] LB, |f7(x)] <M, H f(x)£E (0,1) PR
KAt R
£/ O]+ £/ (D) < M

—VV )=
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% Solution ¥ f(x) £ x = c € (0, 1) BAFHEKM, H f(x) £ (0.1) B, # f(c) =0
NFEE Yy = f'(x), B f'(x) £ (0,1) EA's, ZEXW [0,c] 5 [, 1] B4 51 FHL
B H P EERG: F1E 6 € (0,0), & e (e 1), fHfF

f'(e)=f1(0) = f"(E)e.,

f'()=fe) = f"(&)1-c),
Bp
FO)==f"E)e. f/(1)=f"(E)1-c)
TR

LSO+ 1AW = 1" (x0)le + £ () I(1 =€)
<Mc+M(1l—c)=M

<
' Example 4.3: BeRL f(x) #£ [0,1] B3 £E (0,1) kEnls, H [f/'(x)] <1, f(0) =
S (1) .
JEBH: X [0, 1] J:H‘Jﬁ%npﬁﬁ X1, X2, TEA |f(x1) - f(x2)| < 5
15 Proof: WK x1 < xo , HBIREXS [0, x1], [x1, x2], [x2, 1] 20 FI4 F Hik% BA H H{E € BEAR
fx1) = f(0) = fl(&)x1 & €(0,x1)
fx1) = fx2) = f'(Ea)(x1 — x2) & € (x1.x2)
S = fx2) = f'(&)(1 —x2) &€ (x2,1)
L BRI, EERR £(0) = f(1) , 1%
2(f (x1) = f(x2)) = f'(E)x1 + f(E2) (x1 — x2) + ' (83)(1 — x2)
EA[f (0] <1, FR
2| f(x1) = f(x2)| = | f/(€1)x1 + f'(E2)(x1 — x2) + f/(E3) (1 — x2)|
< | f1ED)x1| + | f (E2) (x1 — x2)| + | £/ (63) (1 — x2)|
<X1+(X2—X1)+(1—X2) =1
O

@ Example 44 Bl FHlar@h BB FS_

1. In3 < +/3mn2

[
2. Inm < /—
e

3. 2v15 < 15

—0V/))——
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4. 3eln? < 4+/2

Solution iy 1:

In3 n3 22 I3 Ind
I3 <32 & 2 cp e 2 20 o h

= < —
V3 V3 2 V3 V4
fird 2:
| - n@lnn< 1<:>lnfr< 1 <:>lnﬂ<lne
nmw — — - — < — — < —
e T Ne T m T Jr e
fird 3:

In15 N 4In2 - In15 N In16 - In15
V15 4 V15 V16 V15

VI 15 & In2vVP® < 1n15 < In2 <

s 4

42 In8 2 In8 Ine?
361n2<4«/§<:>eln8<4\/§<:>1n8<i<:>n ne R

—_—< - s <
e 22 e 8 e?
In 2—Inx

é\f(x):T;f,m'J fl(x) = . — x>e’ fl(x)<0;0<x <e? f'(x)>0
w1,

In4 In3 ,
ﬁ—%=<4—3)f(é)>0, £e(3.4)
fimi 2,
%—%=(n—e)f’(é)>0, £ € (e,m)
i 3, In16 Inl5
fimi 4,
M8 Mel (s o) f(e) <0, Ee(e8)
V8 Je? ’ ’
GEEEM1, 3, 4 <

Corollary 4.1

R A% f(x) X 1 BRSSP E, R4 f(x) FEXIE T ER—R—HE

Proof: 7873 PEAR, T I ik B 46 B
FEXTH 1 EAERPIR x1,x2(x1 < x2), £E [x1.x2] BN (3-1)

f(x2) = flx) = fl(E)(x2—x1) (%1 <& < xa).
A f/(6) =0, i f(x1) — f(x2) =0, BP
f(x1) = f(x2).

—VV )=
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PR x1, x2(x1 < xo) XM _EREAERPIR, BTRL f(x) X 1 ER—AHE u
™ Example4.5: yEB: ¢ € [0,1], 1845 2arcsint + arcsin(1 — 2¢?) = %

1= Proof: 4 f(t) = 2arcsint + arcsin(1 — 2¢%) 1|

P 4t _2
V12 J1-(1-2%2 Vi-2 a4t
2 2
V11— " iz
HHEAS B H B £ (1) = C, 4 x =0 {8 £(0) = 5
W Ve el0,1], A 2arcsint + arcsin(1 — 2¢%) = % O
Corollary 4.2
GRREL S (x) X Tk f(x) = g(x) HHBSL, W f(x) EEXH T EF f(x) =

gix)+C

Theorem 4.4 i f h{EEIE

SReAEL S (x) K F(x) i
(1) FEH X [a, b] EiESE
(2) LETFIXTE (a.b) AAT; o
(3) XfE— x € (a,b), F'(x) # 0,

fla)-fb) _ f'(¢)

MATE (a.b) WEDH— 8 <& < b) WHR 0= 00 = o B

©= Proof: B4 g(b) —gla) = g'(n)(b—a) (a < n <b), H&KM (3) & g'(n) # 0, FibhH
g(b) —g(a) # 0. HKKLEREIEHN

1'(§) -

H F(x) fEM X [a.b] F3ESE FETFIXE (a.b) WA, Wi B R EBAR EILE (a.b) HE
PAFE— R € (a <§ <b), flif3 F'(§) =0. TRA

—VV )=
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Bp

|
s N 1 Xy
@ Example4.6: & x 5y By RKF 0, H x #y. EH: —— <1
xX—yle* e
155 Proof:J #7273
v eX
Lo |x oy |_xe? —ye* prpummay v T
X—=yle* e’ X—=y %—%
e* 1 .
/%\f(X):?,g(X):;,IﬂJJ f(X),g(X)E[X,y] )-iiéi,Xx;éy,éﬁ(f(X),g(x)T{(x,y)ﬂ
F,

ARy > x, f(x).g(x) & [x, y] BLRTFT P E @,

- S =cf(1-§). Ee(0<x<E<y)

XA h(x)=e*(1—x), M h'(x) = —xe* <0, x € (0,+00), # xe%ixoo)h(x) =h(0) =1
PR AN 2 3T O
& Exercise4.2: % f(x) £ [0,1] E#%E, ££ (0,1) BRI, H f(0) =0, f(1) = 1. 4EB:

IMERMIER a 1 b, BAFFE .1 € (0,1) (§#n), HfF

‘ + b =a-+b
& )
v Proof: # 0 < c <1, 6 f(x) FEKM (0. c]. [e. 1] 4B ROk 1 I rbofi 2 By 5
o fO)=F0)  f(e) 5 i
f (S)_ C—O - ¢ ’ El € (O’C):> f/(g) - f(C)
)= fe)  f() = f(e) 5 o)
L e R CY R 1)
Bf
?_ 4 b :a+b<:>ﬁ+$=1
RGN GRRAC)
i
b
1€)== 1= 10 = 55
T F0) =0, £(1) = 1, kS B A E EAL, F77E ¢ < (0.1), {8 f(c) = ——

- T atb
&7 Exercise4.3: 3¢ f(x) 78 [0,1] EWfg, f(0) =0, f(1) = 1. ZAIEH kl,kg,ag F

H 1M (0,1) WEAESARAR 6. 60 &, 18
A Ao As
e 7E&) &)

—0V/))——
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15 Proof: # 0 <x1 <xo <1, X} f(x) ZEXMH] [0, x1], [x1, x2], [x2, 1] 43 B4 F ik B H sh B €
iR

ey Sx) = f(0)  fx1) . A Aix
e =" =, B0 = s = T
pie S (x2) = fx1) oy Ay Ae(xp—x)
f) = e = s = 7o)
piey JSA) = fx2) 11— f(x2) . Az A3(1—x2)
S =T T T BT e T T )
AR
Mo ek
f(&)  f(&) (&)
H%E

f(x1) =21, fx2) =A2— 4y
X f(0) =0, f(1) = 1, HIESERBOAEETLA,
7E x1 € (0.1), 48 f(x1) =2 F1 GFE x2 € (0.1), 8 f(x1) = A2 — Ay O
7 Exercise4.4: % f(x) #£ [0,1] EA['RH £(0) =0, f(1) = 1. H f(x) 7£ [0,1] E™#
12 3
HEBE: (0,1) WAFFE & € (0.1) (1 <i <n), ffifF

FE T T

15 Proof: ¥ & € (0,1), X} f(x) ZEXTH] [0, x1]. [x2, x3], -, [xp—1. 1] b4 504 I BiAS BH H Hp B €
b LS

=n

pen S x) = f(0)  f(x) 1 x
=TS s T R R T
ey S (x2) = fx) I x-x
S = B S e T T )
’ _ S (1) = fxn-1) I 1— f(xp-1) 1 . 1—Xxp—1
f(n) = 1= x, 1 ] “xy &, € (xp—1,1) = (&) =1 = Conet)
i
LI S
J'(&1) J'(&2)
A
F) = 5 f ) = 2o f o) =

X f(0)=0, f(1) =1, HELERBNMEEHL, 748 xk € (0,1), k € [L,n—1], flif f(xx) =
R
& Exercise4.5: #% f(x) 1€ [a.b] Fi#%E, £E (a.b) AT (0 <a < b), f(a) # f(b),
In 2

FEBIAETE £, € (a.b), 115 f;(;) =gz /()

mERES
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2. Solution # &
f'(§)
2§
gx) =x% g(x) 5 f(x) 7€ [a,b] L35, AE (a.b) WA, A PG HhfE & #EA

— g'(x) = x* = Mk g(x) = x°

&

nf'(n) = T = gx)=Inx = W& g(x) =Inx
4 g(x) =Inx, g(x) § f(x) £& [a,b] E3ESE 1E (a,b) WNAIT, hlvG b {E & B0
An € la,b]

LWy = 1 0) = fl@) = Znr )

’ 1 b
M3 &n e (ab) 3 f2<;) - b2n_aa2 nf'(n). FHIE <
S Note: A AHRANR, #T%; LARALE, LLWAATD, § ¥ 4 At 0

& Exercise4.6: W& f(x) £ [a,b] Fi#ELE, FE (a,b) WA, H f'(x) #0,

Py 4 f/(é)_eb_ea _
WIE 5 .1 (a.b). fity 251 = S = o
2. Solution # g

o = €)= ¢ = Wi gln) =

(x) =e*, g(x) 5 f(x) £& [a,b] Li#%E £ (a,b) WA, HIAT PG HfE 2 BN

s
o

gb)—gla) g e PR Gt ad VALU)
o) —f@ O @

f(x) 72 [a,b] Li%%E, 1E (a,b) WRI'T, prfits B H A EEBEAN 3 7 € [a. )]
f(b) = fla)=(b—a)f'(§)

et — et

(€

6 e (o) Ml T = G e i -
&7 Exercise4.7: W% f(x) 78 [0,1] &L, H (0.1) WA WEB: V£ ne (0,1) ff
3 ey S
SJ(§) = e

w5 Proof: f(x) 4E [0.1] FiE%E, 7 (0.1) RIS, BB B H A e e T f3
F)=f(0)=f"(§) §€(0.1)

—VV )=
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3
% g) = U ) 15 0 4 (0.1 B 2 (0.1) AT OBV

F) = £(0) = 2 - ne(0.)

WY Ene(0,1)f

O
& Exercise4.8: 1% f(x) £ [01] F3%%E, #£ (0.1) WA, f(0)=0, f(1) = %, WERH: 1%
HEEne(0,1),E#n T f/E)+f(n)=E+n.
& Proof: 4 G(x) = f(x)— %)ﬂ M GO)=G) =0, 4 G(2) =m

2
N Lagrange JE BRI 40 3¢ € (0, %),s.t.

G/(S) _ G(%l) - G(O)
-0
2
dn e (%, 1),s.t.
G/(n) o G(l) - 1G(%)
1-=
2
HG/(6) +G'(m) =0 -
™ Example 4.7: eh% f(x) BEAZHS% H f(0)=0,

WM fede € e (<. ), fief
(€)= f(§)[1 + 2tan’ §]
1= Proof:(by PiVH) &%
g(x) = f(x)cosx, g(-5)=g(0)=¢(5)=0
M2H
g'(&) =¢'(&) =0, £ € (—%0) & € (0, %)
h(x) = g'(x) _ f/(x)cosx — f(x)sinx
cos? x cos? x
[l 5]
h(é1) = h(§2) =0
1lps 1
W) = g€ = O+ 2tan )

—VV )=
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@ Exampled.8: % f(x) £ [0,2] Wi#EZE, HAE (0,2) AaR, H f(1) =0,
Kik: 3 € (0,2),

/ _ T[(E — tané)
FE) = 282secé —mwétané <)
% Solution(by P4 PY) i '
Fox) = (27 2) 109
, sin x — x cos x , 2x —mwsinx
Py = (I g+ (ZEEY)

1T F (5) = F(1) =0, i Rolle 8K 3¢ € (0.2) 443 F/(6) =0

7 (PEEEE) r@ e () o

£ 3
’ _ n(é—tan%‘)
= ¥ = 28%2secE —mwEtané (€)
|
&~ Exercise4.9: ¥ f(x) 78 [0.2] LEAEEZE S, H f(x) <0,
WE: BN FO0<a<b<a+b<2, H f(a)> fla+b), W
bf(b
SO0 oy
= Proof: M4 f”(x) <0, AJ&l f 4£ [0,2] ERMEE. %
1) = f (5 r b+ 5a) > 25 @ b+ S @)
FRIESRAM f(a) = fla+D) 73F] f(b) > fla+Db). Hik
af(a)+bf(b) a b
a+b _a+bf(a)+a+bf(b)
a b
>mf(a+b)+mf(a+b)=f(a+b)-
O

& Exercise4.10: A% f : [a,b] — R 1£ [a,b] EW[SF, H f'(a) = f'(b). WEWH: FE €
(a,b),s.t.
—a
v Proof: Rk f'(a) = f'(b) =0, HWA f(x)—xf"(a) BIW. £

f(x) = f(a)
F(x) = X—a
f'(a) =0, X =a,

, x €(a,b],

—0V/))——
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W F(x) £€ [a.b] WiEZE, 1E (a.b
Hi Rolle BLAIAl, f#1E & € (a.b

N}

2 F(h) >0, fF F'(b) = — Y20, BT x1 € (a,b) 13 F(x1) > F(b).

5

(b :0)2
0= F(a) < F(b) < F(x1),

M MEE BRI A, 748 x2 € (a.x1) $1F F(x2) = F(b), T H Rolle & W[ HI {7 7£
£ € (x2,0) C (a,b) {7 F'(§) =0, MIMZLHMIL. X F(b) < 0 RANATIE. O

= Proof: 4

fW-f@ L,
glx) = X—a
f,(a)’ X =d,
W g 4E [a.b] LIS, 1 (a.b] LIS S =HIRYIE
1) (@) = f@) = PO 2T ) g Role s f24 £ < (a.0). 400 £'5) = 0. 3%
ST
7o = L1,

2) (@)= /@) > LSO _ ) gonss

f'(b) = PG gla) - 50)
B b—a N b—a
IR B x € (a,b) HITHMEE b, B g(x) < g(b), # g(a), g(b) ¥R ¢ HB/ME, Pt
g W/ MEMTER R & € (a,b) RbIKF]. I g'(§) =

9 g(@) = /@) < TOZID _ o) gonss
() _ LB)=f (@) ol
QYA =-ml (OB (OB
MR x € (a.) BISAHEIE b AT 8(x) > ¢(0), B g(a). £(6) M9 & BRLKI P
& MBLKHLBAEIEA & € (a.b) JEEL WAIT ¢/(6) =0 .

& Exercise4.11: #t f(x) f£ (—oo,+00) W&, H f"(x) #0.
(1) HEWH: SMEATIERTEL x, FFAEME—1 0(x) (0 <0(x) < 1), ffife
f(x)=f(0) +xf"(x0(x)).

(2) 3k lim 6(x)

x—0

—VV )=
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w5 Proof: (1) MAERAERIH x, Mt B H A EE A 0(x) (0 < 0(x) < 1) F#1E, fHfF
f(x) = f(0) +xf'(x6(x)).

WX FERY 0 (x) AMe—, MAFTE 01(x) 5 62(x) 61(x) < O2(x), T £/ (x0:(x)) = f'(x02(x)),

MBREB, FAE— R & i 7(6) = 0. x5 f"(x) # 0 FJE, Fild 0(x) EME—#
f'(x0(x)) = f'(0)

(2) W 7(0) = Jim S S
00 = () TR0 - ()
x>0 x T 50 X
o L= SO = xf(0)
x—0 x2
o LG =110 f10)
x>0 2x 2
iDL lim 6(x) = 3 0

k7 Exercise 4.12: B 401 | f(x)+ f'(x)| <1, f(x) fE (o0, +00) AR, EH: | f(x)] < 1.
15 Proof: &AM, WIS
[e*(1£ f(x))] =0,Vx eR.

514
e (1+ f(x)) >xli)rlaooex(1j:f(x)) =0,Vx e R.
Pt
1+ f(x)>0,Vx eR.
Bp

[f(x)] <1,Vx eR.

& Exercise4.13: % f(x) #£ [0,1] bi#%E, £ (0,1) Evfs, H f(0)=0,f(1)=1
HEWY: FEMAARBEE 0, £ € (0,1) F £/(5)f'(n) =1

% Solution &S F(x) = f(x)+x—1
Kk F(0)F (1) < 0 MHFE ROEFLAAFLE xo € (0,1) fH13 F(xo) = f(x0) +x0—1=0,
Bl f(x0) =1—xo
1E (0,x0) F1 (x0,1) _E43HIXF f(x) FHLHE B H A E 2 BT 15

£ o) = £ 0) = F(E)xa—0) & =2 = F(6).€ € (0.30)
F)= f(x0) = £/ )1 = x0) & 77 = £ w € (0.1)
FRAT o
FEL = —=x o =1
AP E PR R 0. € (0.1) 608 1/(6) () = 1
<

—VV )=
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& Exercise4.14: % f(x) ££ [0,1] E=Kmrs, H f(0)= f(1)=0, f'(1)=1
RUE: f77E § € (0.1) ffF f7(§) =2

% Solution 4 F(x) = f(x)—x% W F(0)= £(0),F(1)= f(1)—1,
H F(x) %258 8 H hE @ B4 0. ik B H e e B,

3C € (0,1), f# F(1) = F(0)

FC) ==

=1

X
F'(x) = f/(x) = 2x. F/(1) = /(1) =2 = -1

H F(x) 12 [C, 1] 2B /R EPERAAE. BT REH 36 € (C, 1), F'(§) =0
Bl f7(8) —2=0, WEIFETE £ € (0,1) flifg f"(§) =2 <
k7 Exercise 4.15: % f(x) FEXIH] [a, b] Ei#ESE, JFIXIA] (a,b) N AR,

b
fwwaﬂm:a/"fquzomwa
(1) BT E < (a.b), 1578 1(€) = £ (E):
(2) FAAEAE— 1 € (a.b). 1 # & 7 1"(n) = £(n)

b
% Solution 4 g(x) = f(x)e™, H / S(x)dx=0HFLE f(A)=00<A<b)

a

H g(A) =gla) =0,g(x) FEXIA] [a.b] LIELE, FFIXH] (a.b) Kol
HP /REHA, BV & € (a,4), 7

g'E)=0(a <& <A
F, 2/0FE—R & e (A,b), g
g'E)=00A<&<b)

A h(x) = f2(x) = [f' (07, B k(&) = h(E)
h(x) 78 (§1.6) EWREBREBMKMNE, HREVFE - ne (5.6).n# & #HiF
B(n)=0, B0 f"(n) = f(n) <
= Example 1.0: JeEL f(x) EAXH [a, b] WIELE, IFIXH (a,b) WATR, IRIELE (a.D)
WEDFIE— R x, W2 2x[f(b) — f(a)] = (b* —a®) f'(x)
o Proofi F(x) = f(x)~ L OS] 0
& Exercise4.16: %L f 1€ (-1,1) EZFalfg, f(0) = f'(0) =0, HAEZXH _ERLA
FEX NSO =SSO+ ()], HEH: f(x) =0.
% Solution # xo & | f/(x0)| 78 [—1/2,1/2) EBUSRKMER A, W Lagrange FHE E A

f'(x0) — f'(0) = x0.f"(0x0),0 < 0 < 1.

—VV )=
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MEaeH, A

| (x0)| = Ixollf" (6x0)| < Ixol (/" (6x0)] + [/ (0x0)]) =< [x0l(1/"(x0) + |/ (6x0)])-

6xo Oxo
A £ (0)ldr

A f (6x0) = f'(0)de, B f(0x0) < Olxoll f(xo)lo Bt
S (xo)| = Ixol (1f"(x0)| + Ol xollf"(x0)]) = (Ix0l + 8x5) ./ (x0)I.

0

B |xol + 0x5 < 1, #& f'(x0) =0, XPEBH f'(x) =0, Vx € [-1/2,1/2],
X f(0)=0, ¥ f(x)=0, Vx€[-1/2,1/2]

Be 0<e<1/2, ¥ xi & |f(x) 7 [1/2,1 —¢] ERAGFHRIAAM R
B Lagrange H{EEHE,

< (3= )AL @1+ 1O = ()l + 17 @)

(e E=1/2+01(x1—1/2)). T

g
fEI=][ f)d

§
l < [ 1wk =643 = 5) 15 ).
FIE, f(x) 8 [1/2,1—¢] BHER 0, H & > 0 AR, 8 f(x) =0,Vx € [-1/2,1),
FISLATE, % x € (~1.1/2) B, f(x) =0, «

&7 Exercise 4.17: RAFBR
lim n2(f/m— ”ﬂ/ﬁ)

n—00 In(n + 1)
% Solution fR#fE Lagrange @, XERE n > 1, fF4E &, nn € (0, 1), fHi1F

1/n—1
n/n T 1— (;/ﬁ: (I’l +En) :nl/n—Q(l + é_”)l/n—l’
n

n

1 1
Y — "Yn =1 . n+1nn R X
Yn n nn-n (n n—|—1)
N}

1 | 1
W—Q/_w—Q,(’/ﬁ—"+{/ﬁ~ n(nj)(n—>oo)
n n

Fit DA
n*(¥n+1—"/n) _n*(In+ —z/ﬁ)+n2(V— "/n)

In(n + 1) In(n + 1) In(n + 1)

—0V/))——
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—0+1=1(n — o0).

Al
i n2(”/—n—|—1— n+\1/ﬁ) _
n—00 In(n + 1) ’
% Solution {¥EEZ] (A, € (0,1))
Ynt1— " =e 5 — e
_ o 1“(’;+1)+(1—An)}1“—ﬁ(ln<” +1)  Inn )
n n+1
In(n+1) Inn  Inn +1n(1+1/n)
n n+1l nn+1) n
Inn N 1 N 1
= - —_— 0 JRE—
nn+1) n? n?
Inn In(n + 1)
~ ~ (n — 00),
n(n+1) n?
W
i n*(Yn+1— "Yn) 1
n—>00 In(n + 1) )
&~ Exercise 4.18: XpAEL f(x) = x¥,x>1
- 1
O FEW: Vx> 1, fHA 1< f(x) <1+et- 2
X
1493 435 4 uetpn
® b fm T2 S
n—00 n
n’ 1+22ik+33ik+..._|_n;%k
14F7 | = S 1
® BHH 1 ; TR K lim 1,

Inx

1 1
> Solution@f(x):xf:eT,x>1#i‘£,%f§Un—x>0(x>1)éijlf(x)>e0:1
X

Inx

T e 2 0. == | AT, ik i F A
e 0 InX e Inx
e e = r et &€ (O, r )

Inx 1—Inx

B g(x) = = g'() =~ W g(x) E (1e) 1 4E (e,100) b B gma () =

nx In x Inx mx Inx
f(x):elT:1+e$—<1+—e17<1+ e
X X X
@: HOH
1425 435+ +nn 1 Ini
1< lim PO (1+— I%’e%)
n—o0 n n—00 n l

i=1

—VV )=
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Hr
lIni ilnnen 1 ilnn(lnn + 1)
— ee < ee - <ee———F =0 (n - 00)
n 4 [ n i n
=1 =1
4B S EN R
1 1 1
14224354 +nn
lim =1
n—00 n
B AR
n
1
1 -
nn <Zi <Inn+1
i=1
@ HoOH
n
(1+2% + 33 +---+n%) =Y it ~n+to(n)
i=1
e 1
n2 n2 Z 17
< I < i=1
Jim D e S s im )
n2
N . n
FESERIR lim Y s
— 5
n? n? k N
i Yt =t Y [
k=1 k=1
n? k n
n n
< = _
\nlggosz_l n2+x2d /0 n?+ x?
H—J
n? n? ki
n n
ﬂLOOX_:I’ZZ-i-kZ :"113302_: ¢ nZ+k?
n? k+1 n?+1
> lim / " dx:[ " dx:z
n—oo £ Ji n? + x2 1 n2 + x2 2
A P R 3E T D
n2
n /g
nl—>n[olozi12—i-k2 )
k=1
Pt
n? 1 1 1
. i 1+ 228 4+ 33F 4. 4 ik
lim I, = lim 5 =
n—00 n—00 n _|_k2
k=1
<

—VV )=
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& Exercise4.19: R EL f(x) £ [a,b] EZMm]%, f(a)= f(b) =0, iEH:

(b—a)® max |f"(x)|.

a<x<b

oo |

max | (x)] <

a<x<b
v Proof: MHEATE /) x € (a,b), &

f(x)

g(t) = f(l)—m(f—a)(f—b)J € la,b],

M g(a) = g(x) = g(b) = 0, H4fE Rolle B, 7#4E & € (a,b) fHifF g"(€) =0, B}

Fey = EZZD) iy e 0.,
Wi 2
£ < L2 s 77001,V € fa, 8]

8 x€la,b]
A& Exercise 4.20: % f J27E R _EAPUKESAT FHBEEL, x € [0, 1], #He

/Olf(x)dx+3f (%) - 8/; £ (x)dx

HEB: 477E € (0.1), 78 £ @ () =0
1= Proof: 4 G(r) :/ g(x)dx—Sf g(x)dx, Hrp

g(X)zf(X+%)—f(%)

o~ NI

538 6(0) = 0.6 () =0, th Rolle FEMATIFLE 1 € (0.1/2) B4 G'(1) = 0. 1T
G'(0) = 5(1) — 45(5) — 4g(=3) + 8(=1)

W G'(0) = 0.G’(19) = 0, | fH Rolle EHAF: G" (1) =0, X
G"(1) = /(1) —2¢'(5) +2'(~5) — g (~1)

B G"(0) =0, Bl EEBA G (12) =0, X
t

) = (g"(—5

2 =g (1)

G" (1) = (8" (1)~ &"(5

i
G"(12) = (8" (12) —8"(2)) — (¢ (= 2) — g (~12))

XA B H PR B TEAE 01 € (12/2,15), 6 € (12, _%2),

(8"(12) — ¢"(2)) — (¢ (= 2) — ¢ (~12)) = 8" (6:) 2 — ¢ (6-) %

—VV )=
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R 1 # 0B g"(04) —g"(6-) =0

AR TR ¢ (6) = 0, B0 79 (0+5) =045 0+ 5 — 0, 5 £9(6) =
(]

& Exercise4.21:

= Proof:

41.1 BH K 5

Theorem 4.5 K{&3Xx 1

T WSS TIE 2 BT, S84 8 B § BRI 40 B8 R — AN B4R, I %
HAHH K, Mg K %K

2. REARH K MR T S AT, I FLA A 2 (&)

3. A AL um b BLIX A (a,b) B3 S a (B2 b) 2 F K x I 225 A
F(x), B F(x) B e b3 F Bl o6 50

Theorem 4.6 K1{&E% 2

T WSS TIE 2 BT, 484 8 B § BRI 40 B R — A AR, I 2
HREH K MiE—A8 K %K

2. X HBK B3 T8 BRI, 55 R B a MR ARBER, A
A b SR AREK

3. ERERXT X (a,b) Wi a b WRE KRR, R 2 %R
Zevir HBLAY a 2RI x, A 2N F (x), Bb F (x) B g Bl s i 4 Bh
PRAEL

= Example 1. 10: Jel %L f(x) FEH XM [a, b] WHESE, IFIXIT] (a,b) WA, RIETE (a, D)
WE D TEAE— 5 x, R 2x[f (0) — f(a)] = (b° —a®) f'(x)
X[ £ (b) - f(a)]
b2_a2
2 Note: 2B ARG RN G ¥ 14 %52, (a,b) % T 4 A4 0

1= Proof:4 F(x) = f(x)—

—0V/))——
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© Example L. 11: 3 f(x) 7E [a.b] EREAESEN MIE, Kik: 3¢ € (a.D) , 17

[ rwa=0-ar (“52) + farorse

1= Proof: 4 / f(t)dt — (x —a) ( _g ) 214(x—a)KD1IJg() g(b) =0,
Horr
K:/a = (“50)
1 3
ﬁ(b—a)

Pt A B 7R BRI AE— K xo € (a,b) 4% g(x0) = 0. X

e = f0) = 7 () <250 (5 - - ark

2 2 2
pibL . 1
f(xo)=f (a QXO) + x02 af,(x02 a) + g(XO—a)QK
a —+ xo 4
e v = “E5 g £ () SMRTE, 4 x = xo
- - 1
Flxo) = f (a —;xo) n x02 af/ (x02 a) n g(xo a2 f(E)

stop 6 < (v, ) € (ab) Bl (4.1)(42), 18 K = f7(6). FiOA#s ¢ i

a-+b
2

[ rwac=o-ar (“50)+ S oo

© Example.12: K f(x) 7E [a,b] FRAESM_MIE, Kik: 3¢ € (a,b) , iz

f(a) + f(b) + i(b —a)3f”(§)

b
J I R

@ Example4.13:
% Solution

4.2 /%'«l(,‘ ii'ﬂ']
@ Example 4.14: % f(x) @ XAEXE (0, +00) WY EA —MiESSFE MR, H
"(x)F2xf(x)+ (P + D) f(x) <1

W lim f(x) =

X—>400

—VYV )
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flx)es

x2
2

w Proof: xf4rKik 56 FH P IR B TR

e

| e ) S ()]
xgr—fr—loo f(x) N xgr-ir-loo XT

lim >
— X
X—>+00 xe 2
2

o 020 + (P4 D e

X—>—+00 x2

(x2+1)e=

e

=0

O
™ Example 1.15: # f(x) 7E (—1,1) A4, H £/(0) =0, f7(0) = A # 0, Zk)lcl_f)% S (x)— f(sinx)

XA
2 Solution

Fx) = f(sinx) sga . f(x) = cosxf"(sinx)

lim

lim

x—0 x4 x—0 4x3
— fim f/(x)— f'(sinx) + f'(sinx) — cosx f”(sin x)
x—0 4x3
’ ol 1 _ -
— im f'(x)— f/(sinx) et Sf’(sinx) — cos x f’(sin x)
x—0 4x3 x—0 4x3
1. (x—sinx)f”(&) .. 1—cosx . f'(sinx)
= — lim + lim lim
4 x—0 x3 x—0 4x2 x—0 X
& fEx 5 sinx 2 [f]
A 1 A
=21 + g Jin lim cos x llm Sf"(sinx) = 5
<
@ Example 4.16: KA FR
lim [(x3 —x*+ g)ex —/x6+ 1]
X—>+00
% Solution
(- (0= s et
u—l (1—u+u2€u)—\/1+u6
X l
uiH)l'*‘ us
u?et 3u® e 3ud
= lim+ 2 2 L _ lim+ 2 Z;/W
u—0 u u—0
g 1
6
<

@ Example 4.17: RARFR

. 1 —cosx/cosxcosx--- {/cosx
lim :
x—0 (x + sinx)?

—VV )=
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% Solution
y 1 —cosx./cosxcosx--- I/cosx
im
x—0 (x 4 sin x)?
1— eln(costcosx 3/cos x-- Wcosx)
= lim -
x—0 (x 4 sin x)?
Y In(cosx) + In(/cos x) + -+ 4 In(/cos x)
= — lim
x—0 (x 4 sin x)?
. tanx 4+ tan2x 4+ ---+tannx
= lim -
x=0  2(x 4 sinx)(1 + cosx)
1 : tanx + tan2x +--- 4+ tannx
=— lim
4 x—0 X +sinx
1 i sec? x 4+ 2sec? 2x 4+ 3sec? 3x + -+ nsec® nx
=— lim
4 x—0 14 cosx
1 nn+1)
=—(14+243+-+n)=———
8< ) 16
|
@ Example 4.18: SRR FR lim+ xIlnx g /N E
x—0
%, Solution A
21In /x In \/L;
0< lim |[xInx| = lim T = lim |-2—
x—0t x—0t * x—0t *
1
< lim |[—22%] = lim |2v/x] =
x—0t * x—>0t
W Eh IR ) 0
lim xInx =0
x—>0t
in(e* —1) — (e52¥ — 1 h
e _ _ eSln _ L
@ Example 4.19: SRR lim sin ) 1 ( ) g /N E £
x—>0 sin” 3x
%, Solution
1 . sin(e¥—1)— (5" —1)
}Eﬁ: ? )lcl_f)% P
was 1 e¥cos(er —1) — S cos x
434 x>0 x3
1 e*cos(e® —1)—e*cosx + e* cosx — e ¥ cos x
= im
4.3% x>0 x3
1 _ 2e*sin C M gin =g dinx |
L. o1
4.3\ 2 6) 4-35 9712
<

—0V/))——



@ Example4.21: (2017/10/8) >RARBR

ol —e 2 — /14 2x —cosx
lim

x—>0T v x3

—0V/))——

4.2 &bk EN —117/566—
@ Example 4.20: RARPR
1 1 1
im| — —
x—>0\x2  sin?x
% Solution
, 1 1 _ sin®x — x?
Iim [ — — —~ 5= 11m Y .9
x—0\ x2  sin‘x x—>0 x2sin”x
. (sinx — x)(sinx + x)
= lim
x—0 X
sinx — x sinx + x
= lim X lim
x—0 x3 x—0 X
. cosx—1 cosx +1
= lim im
x—0 x2 x—0
1.2
= 21lim —2
x—0 3x2
1
3
|
&~ Exercise 4.22: KRR
1 1
lim x% | — —
x—0 sinfx  x8
2 Solution
6 1 1 o x8—sin®x
Imx°({—5———— ] =lim ———
x—0 51n8 X x8 x—>0 x2 Sln8 X
. (x* —sin® x)(x* + sin® x)
= lim
x—0 x10
o x*—sintx
=2 lim
x—0 x6
. (x% —sin® x)(x? + sin® x)
=2 lim
x—0 x6
o x2—gin’x
=4 lim
x—0 x4
. (x —sinx)(x +sinx)
=4 lim
x—0 x4
. X —sinx
=8 lim ——
x—0 x3
. 1l—cosx 8 %Xz
=8 lim = — lim £—
x—>0  3x2 3 x>0 x2
4
3
|
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= Proof:
R (L 1 T, —e72* _92x + cosx
x—>0F VX3( V1—e2x 4+ /1 +2x — cosx)
[ ——
Y Y
2X _9x

M TCT lim cosx —e
x—>0F 24/2x2

Bk .. —sinx 4 2e72 —2
lim
x—>0F 4/2x
gk Xk (4) 5
x—>0+ 4«/§x 4:/2
Wik i —cosx —4e™2x 5
— lim = —
x—0+ 42 42

. HEAE —e™2¥ —2x + cosx
JE L lim ‘
x=>0" /x3( V1 — e 2X + /1 + 2x — cos x)
—_——
~a/2x ~ 2%

SMEHA . Cosx —e ¥ —2x
x—>0% 24/2x2
(1= 42+ 0(a?) = (14 (~20) + (2002 + 0(x?)) - 24

xl—i>rg+ 2/2x2
(i)
N xir{)lJf 24/2x2 B _4\/§
& Bxercise4.23: Bt f (x) 7E x = 0 WySESUSA AR, A lim (Siifx n f)f:)) 0.
3
% £(0). £/0), 7(0), i T2

%, Solution Hyf¥i &
(sin3x N f(x)) ~ lim sin3x + xf (x)

x3 x2

. sin3x —3x + 3x + xf(x)
= lim

lim
x—0 x3 x—0 x3

x—0
sin3x —3x . 3x+xf(x)
3

x—0 x3 x—0 X

2 x—0 x2

¢
:g:limf(x):—?;

x—0
H f(x) 78 x = 0 BREGUA il 2, #
f(0) = lim f(x) = =3

x—0
ot 3 ! 9
lim %(x) s S 9 £(0) = lim f'(x) =0
x—0 X x—>0 2x 2 x—0

—VV )=
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3%
. f/(x) IR f/,(x> . ”
Rl lim "= =5 = S7(0) = lim f"(x) =9
|
-k Exercise 4.24: KRR
. T x+1 5
lim | — — arctan
x——o0 \ 4 x—1
2 Solution
1
T x+1\~* In (¥ —arctan xtl
lim (— — arctan + ) =exp lim (4 1)
x——o0o \ 4 x—1 X——00 X
~In (— arctan l)
=exp lim 2
X—>—00 X
—In(—x
=exp lim L =1
X—>—00 X
Hrp
b1 x+1 = b4 x—1
— — arctan = — — | — —arctan
4 x—1 4 2 x+1
x—1 =
= arctan - —
X+ 1
T
= (arctanx - — 4+ 71) —
4
b4 + arct T L b ) 1
= — 4 arctanx = — —— —arctan —
2 2 2 X
1 1
= —arctan — ~ ——
X X
@ Note:
b
arctanx + arctan — = —— ,x < 0
X 2
1 T
arctanx + arctan— = — ,x > 0
X 2
X =)
arctan x — arctan y = —m + arctan , x<0,xy<-1
1+ xy
<
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43 ZTEIAT

Theorem 4.7 TEFNHEEE-KITIERR

TSR BREL S (x) FER xo BIFEANFIH U (x0) N (n + 1) B 38 IR ARHE—
xeU(xy), B

£ (xo)

n!

f@)zf@®+f%mxvmw+f§?)

Hrp R, (x) = o[(x — x0)"]. B A B M35 T A3 50

(x — x0)2+- -+ (x — x0)"+ Ry (x)

Theorem 4.8 RN {EEIE-FIHEER A

WIS 1 (x) 15 x0 A FAT n B S TBA A E o 19— AR, X DUTY
e x , 4
" (n)
£6) = £ ) /o) ey + L5 = g ) (R
:H:EP R ( . f(n-&-l)(s) _ n+1 NN > ”
Sl Ry () = Sl A 0 2L Ru) BB
SR A
1= Proof: N HiEHH x > xo BITHTE.
e AT o
Ra(0) = () = 3 L
k=0 '
S Ra(x) W5 HPH
/ ’ f(k)(x()) _
) = 110 = 0 G
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KEFEN
Rn(x0) = Rjy(x0) = -+ = R (x0) = -~ = RY" (x0) = 0.
STEREL R (x) A1 (x — x0)" T FEX ] [xo, x] bR FIAT G pfi s B, 45
Ry(x) Ry (x) — Ry (x0)
(x —xo)" 1 (x — x0)"HL — (xg — x0)" !
Ry, (£1)

= (n n 1)@_1 —xo)n’ (xo < %‘1 < )C).

ARLERTBREL R, (x) A (x — x0)" ARRENMBISEAE XN [xo, &1 LR AR A, TRA
R, (§1) R, (1) — Ry (x0)
(n+1)(& —xo0)" (n+1)[(61 — x0)" — (x0 — x0)"]
Ry (&2)
n(n+1)(& —xo)" !

Ry (£n)
(n + 1) (Sn - XO)

(Sn) (XO)
(n + 1) [(€n —xo) (x0 — X0)]

G AR
m+1)!  (m+1)

Horxg<€<é <o <& <& <x. HEHPE

(n+1)
f(n + 1()5!) (o = x0)" .

HEEE. O

Theorem 4.9 ZEIH{EEIE-1] Faf2

TR E f(x) 72 xo W BA n B 28 IBAFEAE xo B— A8, X TSN
E@ﬁ_‘x ’ ﬁ

Ry(x) =

" (n)
£6) = £ £ o) =)t Lo o T (s gy
(n+1) _
H Rn(x) = f ()(Ci(i——i_l—?g'x XO))(x_xo)n+1’ S (O’ 1)1Rn(x) %k A vy
et e

@ Example 1.22: AL f(x) 2 [0,1] WS, H | f(x)| <a, |f"(x)] <b
b
WERT: | f ()] < 2a +
> SOIUtion f(x) E X = X ﬁ%ﬁj@ﬁa /\EP E ﬁﬂ: X '3 X0 ZIEU

f(x) = f(xo) + f'(x0)(x = xo) + §f”($)(x — Xo)*

—VV )=
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AR x =0 R x =14

F(O) = £ (0) = S (o + 5 1 (6 ®
F0) = ) + £(0) (1= 30) + 5 1 (E) (1= ) @
H @-O 15
FO) = £(0) = f/) + 5 €)1 -3 = 5 (6%
— f(x0) = F() = F0) = 5 @)1= xo) + 5 (60
Fit A

£l < LF O+ O] + |5 77 E)0 - x| + |5 77E)x)

< 2a+ g[(l —x0)* +x5] = 2a + g(l + 2x5 — 2x0)

<24 é x0€(0,1)
a
|

&~ Exercise 4.25: # lim fix> =1, H f"(x) > 0. #EB: f(x) >
% Solution: FHH hm M =1, Bk f(0)=0, f'(0)=1

i f(x )fx—Oﬁﬁiﬁﬁ VIS YA W)

)= 7O+ o+ e
EI] /!
fe =+ L8
XHF f(x) >0, # f(x) > x. O

&7 Exercise 4.26: % f(x) f£ [a,b] FEBEHSE H f'(a)= f'(b) =0
WEW: 3§ € (a.b), f#

) > Gl )~ (@)

% Solution ## f(“*b ) VR a R b R RAEAR, 2 S £/(a) — F/(b) = 0
i
b bh—a\’ b
f(“‘2F ):f(a)Jr%f”(&)( 2"), a<§1<a; (4.3)
a+b 1., b—a\> a+b
1(55) = sy re(t50) . Sl <a<s G

—VYV )
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 (4.4) — (4.3), 7

F(B) = F(@)+ L[/ (&) ~ £/ —a) =0
i
i ((,f)__aga)‘ <5 (/76 + @) < 1@
Job 17(6) = max || (€))7 (&)1} >

&7 Exercise427: # f(x) 1€ [-1.1] FEEEM S, F™(0) =0,Vn e N, HAFEFER
¥ C =0 HHMFA e Ny Ml x e [-11] Bor AR | ™ (x)| < nlC". JEH:
f(x)=0. X

1= Proof: Affiik C > 0. 4 § = min{l, %}, NIXHEAT x € [—6, 8] FEEE n, ARHE Taylor ¥
Mg 4, 1748 0 € (0.1), {13

i f(i)(O)xi + f(nH)(ex)an f(n+1)(9X) n+1
i!
i=0

(n+1)! *

|/ ()] = CESI <27

A n — oo, 138 f(x)=0,x € [-5,6]. \Tfi
fM(x)=0,x€[-668.n=012,....
/7\
a =1inf{a € [-1,0) : f(x) =0,Vx € [«,0]},b =sup{p € (0,1] : f(x)=0,Vx €0, B]},

ARG CIELE R, 1 <a<b <1 BAIHELHa=-1b=1 SFiEb=1 Fb<1, K
§1 = min{s, 1 — b} WXAEMT x € [b.b + 6] MIEEEEL n, MRYE Taylor EHMEIUELR, F1E
91 € (0’ 1)7 1%’?%

S (b + 61 (x — b))
(n+1)!

~ fD0)
i!
i=0
A n — oo, £33 f(x) =0.x € [b,b+ 8], \Ifi f(x)=0,x€[0,b+8], X5 b WELTFE.
FIEHBLA b= 1. AT £ (x) = 0.x € [0, 1], JBIATHE a = —1. MIi f(x) = 0,x € [-1,0].
135 f(x) =0,x € [-1,1] 0
& Exercise 4.28: XMEL f(x) 7E (0, +o0) EH =M%, FHH xgrfoo fx) A xli)rfoo S"(x)
T, W Jim () A lim S (x) A, I B
lim f'(x)= lim f"(x)= lim f"(x)=0

X—>—400 X—>—400 X—>+00

w5 Proof: P B FRAFAEAAE, T

lim f(x)=a, lim f"(x)=0»b

(x _ b)(n—i-l) < o—n—1

|f ()] = (x=b)" +

xX—>+00 X—>+00
F () 45 (0. +o0) EATZH S
FletR) = F(0)+ FO+ 3 f/ G + o f (5 (45)

—VV )=
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SO ) = £00) = f O+ 5 R = < £ ()i (1.6
Hip & € (x,x +h), nx € (x —h, x).
(45) 53 (45) FRATI,
3
P10 = (FOet B+ =B =27 () + (£ (E) — 17" 12)

#ERh 4 x — oo, AT lim  f7(x) {246, JFHL

lim  f7(x) = (a+a—2a)—é(b—b) ~0

Xx—>+00
(45) 15 (15) FH, 13
3
P10 = e[ B) = F ) = (776 + ()] (4.7

R (4.7) 4 x — +oo, ATHEH im S (x) 48, W Lagrange H{H &,

fx—h)— f(x+h)=2hf'@). 6e€(x—hx+h)

2
FER (17) 4 x> o0, 4 0 — oo, Flea =a—" U sk b =0 HiDk lm " (x) =0

18 (4.5) 1, & x — +oo, 15 XEIwa’(x):O O
&7 Exercise4.29: % f(x) e C?(0,1), H. liIIll_ f(x)=0. HEFLE M >0, ffHifg

(1—=x)?f"(x))<M (0<x<1)

il lim (1—=x)f'(x)=0
x—1—
1= Proof: Xf t,x € (0,1) : ¢t > x, F Taylor A3\

(t—x)?

f@)=fx)+ f/(x)—x)+ ()

A= x+ (1= )5, (0<8 < ), AV

2

£ = f(x) = 81— ) f(x) + 2 £7(6) (1 — x)?

2
o (-0 = LU ey
=) = LOZTOE S ey 2

HEFH E=x+(—-x)0,0<0<1

= (1-£) = (1-xP(1-86)" > 7(1 - x)

GEHHIT 0 <80 < ) BAM (1 -2 /"()] < MO0 <x < 1)

(1—x)
(1-¢)?

—VV )=

SLEI0 - 2 = I8 S coms
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S (1) = f ()]
)

=/ (x)1-x)| < +2MS$

BAE, Xﬂ‘Va,EYS:ﬁXﬂ‘LﬁSs,ﬁﬁ;n>0,X§]‘VO<1—x<n,7ﬁ|f(t)—f(x)|<%8

XEE, W Yo<l—x<n, A = |/ (x)(1—-x)| <efif
Jim (120 =0
Ol
@ Example4.23: % f(x) & [a,b] EZM0]%, f'(a) = f'(b) =0, KiE: F4E & € (a,b)

1% A
‘f”@” = mu(b) — f(a)]

= Proof: ¥ f(x) £ x = a 5 x = b b4 W RIS
) = f@)+ £ @) —a) + 3 f )~ a) € (@)
)= FB)+ B =)+ 5 @)~ & € (x.b)

Euiwﬁﬁ%éxzigfmﬁ

P30 = r@ L e -0, te (0900

2
a+b b)

2
F(50) =0+ 41 @ a0 e (“F0

8

(b—a)’

f(b) = fla) = ——=(f"(&) = /(&)

(b —a)?

= (€] + 177 6)))
(b—a)’ (b—a

< max (£ €] |1 6)]) = 1)

XHE R |fE)] 5| £ (6| Hk B O
@ Example 4.24: SRR FR

£ (b) = fla)] <

(0¥ _ (14 x)~

lim
x—0 x2
2y Solution
1 eln(14+x)
1+x)x e
) e( — (1 4+ x)=x . e X 1 eln(1+x)
lim ( ) = lim (6(1”))C X — 1)
x—0 x2 x—0  x2
e maen— In(l14x)—x
= lim e = - 1
x—0 x2 X

et 1 (ln(l + x) —x)2

x>0 x2 2 X

—VV )=
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et 1 [(x2)2 2 petl
= lim - =
x—>0 x2 2 X 8
@ Example R PR
lim (()C _ 1)e§+arctanx _ enx)
X—>+00
%, Solution
lim (()C _ 1)e§+arctanx _ enx)
X—>—+00
= lim ((x — 1)€%+(%_aman<%)) — e”x)
xX— 400
:en lim ((.X _ 1)e—arctan(%) . .X')
X—>4+00
T 1 1
=e” lim ((x—1)(l——=+0o|—]))—x
X—>—+00 X X
=—2e"
T
s
arctanx +arctan—=—, x>0
X 2
& Exercise 4.30: KR
n+1
1 2 — (n* +
nLIEO(n n+1 (n ) n+2
% Solution
n n+1
li 2 ——=(n*+1
nzﬂo(" Vst s
i nyn+2—n*+1)(n+1)n
= lim
n=o0 Vn(n+1)(n+2)
(n% 1+%) — (n% +n%+4n? —I—ﬁ)
= lim -
ni (1+%—2n%+o(n%))) - (n2 +n2 +n +ﬁ)
= lim 5
n—o00 n2
3
2
@ Note:
1 1
V14 x = 1—|—§x—§x2+0(x2)

—VV )=
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@ Example R PR

xX—>+400 X

lim x?2 |:ln (1 + l) —3 —1Fx:| —Hg /N

2y Solution

i 1 1
lim x2|Iln (1 + —) — ]
x—+00 X 1+x
5 ,[1 1 1 N 1
= lim x°|———— ol —
x—>t+oo | x  2x2 14x x?

) o[ 1 1 . 5 1 1
= lim x*|—40l— )|+ lm x°|——
X—>400 2x2 x2 x—>+00 x 14x

1
<
-k Exercise4.31: RA%FR
" x(mOT _ (i x)¥
xLI{)lJF x3
2 Solution
(sinx)* _( : )xsinx
X S1n X
li
xig)l*' x3
e(sinx)x Inx __ exs“‘x Insin x
= [
xir{)l"' x3
y e(x—éx3+o(x3))xlnx _ ex(x_%x3+o(x3)) In(x—4x3+0(x%))
_xi)I{)lJr x3
ex(x_%XS) 1n(x—%x3) e(x—éx3)lnx—x(x_%x3) ln(x—éx:‘) 1
= lim X lim
x—>0+ X x—>0t x?
1.3 —3x3 1.3
=1x lim (x — gx )mx—x(x o )ln(x_éx )
x—0+ x?
I A L e
= lim — lim
x—0t x2 x—>0+ x2
B Iy 1
B 6) 6
|

-k Exercise 4.32: RARBR

2 Solution

—0V/))——
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) 1
= — lim x —1

¢ x—oe | exp (x In(1+3)-— 1)

=i on(1-a(4 - gk o))
()

= — lim x |exp
e Xx—00

2e
<
-E# Exercise4.33: RA%FR
lim x3 («/x+1+«/x—1—2\/¥)
X—>+00
2 Solution
lim x%(¢x+1+¢x—1—2ﬁ)
X—>+00
. 2 1 1
= lim x 1+ —4+4/1——-=2
x—>+00 X X
T+ i+ V1I—1-2
= lim
t—0+ t2
1, 1 1 1
gy Ut — gt o) + (-5t — 51 Fo(r?) —2
t—>0t 12
_ —itP+o(?) 1
= lim ———— = ——
t—0t l2 4
@ Note:
1 1
V14+x = 1+§x—§x2+0(x2)
|

&7 Exercise 4.34: RAFBR

tantan x — sin sin x

im -
x—0 tan x —sin x
% Solution
. tan(tanx) —sin(sinx) . tan(tanx) —sin(tanx)  sin(tanx) — sin(sin x)
lim _ = lim , + lim -
x—0 tan x —sin x x—0 tan x —sin x x—0 tan x —sin x
. stan’x +o(tan®x)  2cos RXISIE gjy fanxosing
= lim T + lim -
=0 Sx3 4 o0(x3) x—0 tanx — sinx
=14+1=2

—VV )=
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% Solution

tantan x — sinsin x . tantanx — tansin x + tansinx — sin sin x
im - = lim -
x—>0 tanx —sin x x—>0 tanx —sin x
tantan x — tansin x . tansinx — sinsin x
= lim - + lim -
x—>0 tan x —sin x x—>0 tanx —sinx

tantanx —tansinx tansinx (1 — cossinx)

= lim - im
x—0  tanx —sinx x—0  tanx (1 —cosx)
) x X 3x? 1
= (tang) + lim = +1=14+1=2
x=>0 x X x2 cos?e

g€(sin x,tan x)

&~ Exercise 4.35: KA} R
, x*—x
lim ———
x=>1lnx —x +1

2 Solution

XX — x . x(e(x—l)lnx _ 1)

im —— im
x=1llnx—x4+1 x=1 Inx—x-+1
' . e(x—l)lnx_l
= lim x x lim —M
x—1 x>1Inx—x-+1

. e(x—1)2+o((x—1)2) 1
x>l —%(x —1)2+ 0((x _ 1)2)
i (x —=1)2+o((x —1)?)

x=>1 —2(x —1)2 + o((x — 1)?)
=2

@ Example 4.27: RAZFR lim nsin(2wen!)
n—o00
“ Solution

11 1 1 Opi1
LR TR TR + 0<Opyr <1
T TNy nr D gy O < <l

me—mf1s Lt L, +1 N n! N n0,.
R 1 2 m+1)! (n+1D)(n+1)

P sin(x+2km)=sinx, k€Z

1 1 1
lim nsin(2wen!) = lim nsin [Qnen' —27111'(1 + = T + = 5 +--- )]

n—-oo n—0o0
2 Ont1 ]

n+1 (n+1)?

. 2w Ont1
= lim n + =2m
n—oo \n+1 (n+1)2

= lim nsin
n—oo

—VV )=
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piid

n
1
@ Example 4.28: SRAEFR lim nln( _k)
n—o00 — Cn
% Solution

i e (30 ) =t o (14 4 !
Jim i () =t (14 g+ g (i)
. 2 1
zllmn(1+——|—0(—)):2
n—00 n n2

In(1 + sin®x) — 6(~/2 — cosx — 1)

@ Example 4.29: KA FR lir%
x—

x4
% Solution )
X X
(1+x)5=14+=—"—+0(x?
39
i In(1 + sin? x) — 6(~/2 —cosx — 1)
50 X
In(1 + sin® x) —sin® x + sin® x — 2(1 — cos x) + 4sin*  — (,3/1 + 2sin* £ — )
= lim
x—0 x4

4sin2§— (,3/1—|—2sin2§— )

In(1 + sin® x) — sin® x y sin? x — 2(1 — cos x)

= lim + lim + lim
x=0 x4 x—>0 x4 x—0 x4
. 2sin? X (2 sin? i)2
_ —isin'x  2sinxcosx —2sinx 4sm2§—6( a— +0(x2))
= lim + lim + lim
=0 xd x—0 4x3 x—0 x4
in2 £)2
1 .. 2sinx(cosx—1)  6x LU 2 52—+ o(x?)
= —5 + lim + lim
2 x—0 4x3 x—0 x4
Loy, T
S22 4) 76 12

sin(tan x) — tan(sin x)

@ Example 4.30: RARRR: lir%
X —>
% Solution(by ytdwdw)

,

# lim f (x) = lim g(x) = 0, HXY 0 < |x| < 8 BOL f (x) # g(x), Ul

x7

lim tan f(x) — tan g(x) _ n

=0 f(x)—g(x)

®iAE
. sin(tanx) —tan(sinx) pxf#tanx . Sinx — tansinarctanx
im ———— |lim
x—0 x7 x—0 x7
4.3 .. arctansinx — sinarctanx
x—0 x7

—VV )=
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sinarctan x=—-f— y arctan sin x — «/117
xlg%) x7
cosx 1
Wik L Isin®x (14 x2)3
x—0 Tx6
00522)6 _ 1
sin. 2 2)3
— lim 1+ X) (1+x2)
x—0 14x6
4 1+sin? x\3
i 1 —sin x—(%)
x—0 14x6
- 4 3(x2—sin? x)
~ lim —Sin- X — T ix2
x—0 14x6
. 3x2—3sin’x —sin*x 1
= lim - —
x—0 14x6 14
2 NV Sry =57 A
) 3x2 -3 Sil’l2 X — Sin4 X 1 . 3x2 _ 15—1600582x+cos4x 1
lim — — = lim - —
x—0 14x6 14  x-0 14x6 14
_ i 24x% —4(15 — 16 cosx +cos2x) 1
~ x50 7x0 14
. 24x —2(16sinx —2sin2x) 1
~ x50 21x0 14
_ 24 —2(16 cosx —4cos2x) 1
= x50 105x* 14
. 8sinx —4sin2x 1
= lim - —
x—0 1O5x3 14
. 8cosx —8cos2x 1
= lim - —
x—0 315x2 14
—4 sin x + 8sin 2x 1 1
= lim _— = ——
x—0 315x 14 30
Hrl DX AL
o 3x%2—3sin?x —sin*x 1 _ 3x?—3(sinx + %)2 11
lim — — = lim —
x—0 14x6 14 x—o0 14x6 12 x 14
— im 3(x —sinx — %) B 11
x—0 x5 12 x 14
i 3(1 — COS X — S“‘%‘TCO”) B 11
x—0 35x4 12x 14
. 3(sinx —sin x cos%c%—%) 11
= lim —
x—0 140x3 12 x 14
9 11 1
T 280 12x14 30
57
C 3x2—3sinx—sin‘x 1 3x%—3(sinx 4+ 20%)° g
lim — — = lim —
x—0 14x6 14 x—o0 14x6 12 x 14

—VV )=



~132/566 4% Wy P ERREFHGER

3(x—sinx—®) 11

= lim 6 7 _
x—0+ Tx® 12 x 14
3(arcsinx — x — £ 11
= lim ( 6) —
x—0+ Tx® 12 x 14
1 x2
_ hm 3( 1—x2 - - ?) . 11
x—0+ 35x4 12 x 14
1
C3(am-1-8) w
= lim —
x—0+ 35x2 12 x 14
C3((1—x)"2 =) 11
= lim —
x—0t 140x 12 x 14
9 11 1

T80 12x14 30

& Exercise 4.36: KRR
(s LY
im|—m—+- 4+ ——— ] .
n—o00 n2_|_1 I’l2—|—l’l
% Solution(by Hansschwarzkopf) 4>
( S D )” nooo Y
a, = i —) = —] .
§ Jn2+1  /n2+2 Vn?+n kZl«/nQ—l—k
HERF
1 x 3,
1—=< <1—=+-x°Vxel01],
2 1+x 2 8
153
n
n+1\" 1 1 n+1 (m+1D(2n+1))\"
-
" =t " "
[4
PR ' i+ 0(1)
a,=|1——+o| - =e o(l), n— o0
" 4n n
I
1'(1+1++1)n1' !
im viidt——) = limag, =e 4.
n—00 «/l’l2+1 \/’12_'_2 /n2+n nooo

&7 Exercise 4.37: KA R

() ) - -0l =)) ]

—VV )=
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% Solution(by P4PH) id

o[ ) ) ()

: JT : T : JT
o o e P s T g 1)
—% exp | nln 1

b1
EER
b1 b1 1( b1 )3+ ( ) (n = +00)
S111 = —_— i
ni+k o A/nif+k 6\ n?2+k n3
it PA
—Zsin( ;T ): > ——|:Z ;T 3i|—|—0(—2) (n - +00)
= n?+k vtk 6= /(n?+k) n
T
"o 1< k\ 2
s iE )
o VYt tk e n
I (i kLB
T n 2n?2 8 \ n2 n2
k=1
_ (n+1) (n+1)2n+1) 1
===t 1601 o\
it A
n n 2
lZsin b :1_(n—|—1)+(n—|—1)(2n+1)_1 v/ o 1
= nZ ik 4n? 16n4 6 — (n2 + k)3 n2

B (n+1)+(n+1)(2n+ 1| <
C 4n? 16n4 6| =

1 |:(n+1) (n+1)(2n+1)

1| 1
2 a2 16n4 +6|: — J/(n? +k:| +0(112)
(41 (n+DERe+1) 1| w2 1[n+1 1\ 1
ST T e 6 kZ ke | 2Lz 0\n)] T\ (n = +o0)

—_
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:;1+n|:_(n4—;:21)+(n+11)€3(jf+1)_é|: " ﬁ}_%[%—l—o(%)T%—o(%)}

k=1
15 72 (1)
=———+4o0(=) (n—> +00)
n

96n  6nm
X HAGHEER S5
" 72 72
; 2 + k)P oz
A

2
lim 7 = lim — (emwi—froli) 1) = - L (E L ”_)

n—00 n—>oo e

.&# Exercise 4.38: KA} R

% Solution F) A ZEK

n © n—1 —k” n—l_ [ee) ~
3 3 e B s S

1= = =

F— i, X EEIEREE L, BEUEHBSN)E K+ 1 3, BTRAIRS, Bl
A LB IRAR R, AT AR IR T 46T

n—1 . k .
) n—i\n . n—i\nr
lim E ( ) :E hm( )
n—00 n n—o00 n
k=0 i=0
k he—
L=+t
= e =
1—e!

B4k — oo BI15

—VV )=
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Corollary 4.3 [9

Let f : (0,1] — (0,+o00) be a differentiablr function on (0,1) with f’(1) > 0 and
In f having decreasing derivative. Let (x,),en be the sequence defined by

~=2[GI

Then,
0 if (1) <1,
: _ 1 . _
A Xn =\ T =1
+o0 if f(1)>1

&~ Exercise 4.39: KA} FR

% Solution (/MK K)

. B n k n ‘ [e%e} ~ n—1 k n

= :e:;(;) }Jgﬂ;"[% () }

= nll)rgon fe_k — (1 - %)n + ie‘ki|
:kio k=n

- nlggon kZ:e_k(l — (1 — %)nek):|
mn1 Lon o\

:nli)nolon Ze_k(—ln(l—;) —k) + 0 ((—ln(l—;) —k) )i|
[ k=0

= nli_)Iglol’l _:Z:)e—k(n(g + %22 +0<%33)) —k)+0((—ln (1 — %)n —k)z)i|
[ n—1

= lim n _; ek (g + 0(:—2)) + 0((](—;)2)}

n—1 k2 1 n—1 1 n—
— i -k - —kk3 - —kk4
nl)r&];e 5 +n0(k_0e +4n0 Ze

k=0
n—1 oo (e)e] 2
k? k (k—1)
— 1 -k _ k% ¢ _ —k+1
= nll)rgo E e 5 E e 5 S E e 5
k=0 k=0 k=1
o0 o0
2k — 1 1
—eS—) ekt = “kHlok —1
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= (2k +1) -ls 2¢7*

ez 2 (k) =g e S H oo ) 2
k=0 k=1
1 1 ( _k) e e +1)

- 1+Y 20 %)== "~
l—e12e—2 ; 2(1 — e~ 1)

_e(e’+1)
2(e —1)3

&~ Exercise 4.40: KA R

e(—e? 4 2e + 11)(5e + 1) ‘ (e+1)

[ 24(e — 1) _”( (e—l_Z< )) 2(e—1)3 )}
% Solution (P #) FATANHFI F A ¥ A AT LB BIRLF I 25 5

RS

lim n
n—oo

k=1 k=1
HEF
nln(l_’g) — k2 K33k —8)  k*(k%—8k 4 12) 1
¢ — ¢ (1_%+ 2unz 4803 +0(ﬁ)
HiEZF
et
Pt e—1
Xn:er—k _ e(e + 1)
k=0 (e—1)°
i

ZkS(Bk _g)e = e(—e? + 2e + 11)(5e + 1)
P (e—17

e(21 + 365e + 502¢? — 138¢3 — 35e* + 5e”)

> k(K — 8k + 12)e”

(e =1)7
N\ BRIy 15 2
i k\* e 1 e(e+1) N 1 e(—e*+2e+11)(5e + 1)
—\n S e—1 21 (e—1)3  24n2 (e—1)°
1 e(21 4+ 365e + 502¢? — 138¢? — 35e* + 5e”) 1
— . _|_ ol —
48n3 (e —1)7 n*

—0V/))——


http://www.wolframalpha.com/input/?i=Series%5BE%5E(n*Log%5B1-k%2Fn%5D),%7Bn,Infinity,4%7D%5D
http://www.wolframalpha.com/input/?i=Sum%5Bk%5E2%2FE%5Ek,%7Bk,0,Infinity%7D%5D
http://www.wolframalpha.com/input/?i=Sum%5B1%2FE%5Ek,%7Bk,0,Infinity%7D%5D
http://www.wolframalpha.com/input/?i=Sum%5B(k%5E3(3*k-8))%2FE%5Ek,%7Bk,0,Infinity%7D%5D
http://www.wolframalpha.com/input/?i=Sum%5B(k%5E4(k%5E2-8*k%2B12))%2FE%5Ek,%7Bk,0,Infinity%7D%5D
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B2 FATRT UGB Z

A [e(_e2 +2121§e+—111))5<5e e n(n (e = 1 ” é)n)_%)}

_e(21 + 365e + 502¢* — 138¢® — 35e” + 5e°)

48(e —1)7
|
& Exercise4.41: KR
i (0 1) = o))
% Solution: fi#iE 1 HAZR
(n+1)n <nl < (n+1)n-(n+1)
e e
P < (n+1)n
e e
A
BE 1 1 I ﬁ
oo = (o9 =) =t ((G) ™ )
A .
1 n n(n+i) 1 1 - -
n:)— ((ni— 1) e 1) <ap < n—: (n+1)n ((en)"("H) _1)
—Jim, H
. . L L 1) 11
nt (n+1)n ((en)n<n+1> — 1) = ((n + 1)(en+t — 1)) . w —Ine- P ;(” — 00)

NI

B—TJiH, &ty = (n+1) —1>0, nli}}rlootn =0, T4

1

1
e et e 1
ap = —1—( ) -1
(n+1) 1+1,

e
In 5~

- Inl+a,

1
n+1 e O\ nniD 1 In —&— 1 In & 1ln% 1
+ )2l o (BrE )t o, e lng L
e n+1 en—>+oo\Inl+a, en—>+ooln(1+an)a e lne e

R 8 e P A .
)=

NI

1

lim a, = Tim (((n+ 1)) = (a)

S

n—+o00 n—400
fgi%2 W .
1 n
lim (n+1)770 = lim ((n + 1)#1) =10=1
x_q 1 1
lim & _ 1l 2D
n—0 X n—-+00 n

—VV )=
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33

ntl ([ en \rmm
lim —1
n—>+oo e n+1

= lim " (enh D)
n—-+00 e(n + 1)n(n+1)

:1 lim (n + 1) (en+1 — en(n+1) 1n(n+1))

e n—+oo

1 li eﬁ —1 emln(”*’l) -1 ln(n + 1)
=— lim — .

e n—>+o0o _n—ll-l m In(n +1) n

1 1

e( X ) e

43.1 REFNFPEEE-FRoBKIN

Theorem 4.10 Z#h{EEIE-FRHH

B S (x) ZE T xo BB U (o) WAEZELM n + 1IN SB N VX e U(xy), A
S (xo0) £ (x0)

21 n!

(x _x0)2+...+

(x — x0)"+ Ry (x) o

Sk Rux) = o [0 =) BB A

n

Example 4.31: §iEBH: 1 —|— T + - —l— —_> — X‘J‘:‘Fﬂ:/l\%%%( n >0 BRor
n k

Solution HF " = F +
kf

{Lm—n%ana%m%ﬁw

n
n! > 26‘"/ (n—1t)e dt
0

—+00 n
/ "e” dt > 2e7" / (n—1t)e dt
0 0

S u=n—t, EX4LH
400 n
/ t"e ' dt > 2/ u"e " du
0 0

400 n
/ ue ™ du > / u"e ™ du
n 0

—VV )=
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W f(u) =ute™, MR EGEH
fa+h)>fn—h), 0<h<n
M pEARIE. PARUER Egorn. ERE TR
(n+h)"e™ " > (n—h)e"™

Al
nln(n+h) >2nln(n —h)+h

4 g(h)=nln(n+h)—nln(n —h)—2h, W) g(0) =0, FHX 0<h <n, H

de  n om L2,
dh n+h n-—h C n2—h2
MY 0 < h <n B, g(h) > 0. iXAER]BIAIE )

2 Note: #] & — # AT 23 4o F # . 2 A4 50 < a < 100, {245

[a (4 N x N x2 N N xlOO q -
e —_ JE— oo B — X =
0 1 2l 100!

& Exercise 4.42: AR R
. 1+n—|—§+"'+%

n—>oo en

2 Solution f#i% 1

2 nn 1 n

n_ A T
e—1+n+2!+ +n!+n!0e(n x)"dx
JE B SN T
] —n n 1 n e
lim / e*(n—x)"dx = = Tfin! = V2nw(=)"er,0 € (0,1)
n—oo nl J, 2 e

& lim ﬁfo (1 x)dr = /2

n—-oo

2

HEH e 7 > (1—x)e"(x >0)

1 1
lim /7 [ [e*(1—x)]"dx < lim \/ﬁe_%dx = \/g
0

e Jm |
) = (1=x)e" = (x 2 0,0 2 1), f/(x) = xe"(ae™ > = 1)
xli%h(ae_%_x — 1) =a—1>0, BAHE x, € (0,1), i ae™F =10

(1—x)e* > e_%(x € [0, x4]) = lim «/ﬁ/l[e"(l —x)|"dx

n—oo

—VV )=
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xa _nax2
> lim Jne 7 dx
n—o00 J0

KA a RAERER, il

4 bfy

Solution f#i% 2

2 n n n n .n,—x
n n n—t = x"e

(1+n+—+---—|——):e"—/ etudtnt—xe”—e”/ dx
I’l. 0 0

n! n!
WLERDL "
n xne—x
a, =1 —/ dx
0 n!
n n_,—x
FHE>K lim ¢ dx

1
é\n:n_%+z,0<s<8

dz

. [n xne—xdx x=n(z+41) /0 e—n(z+1)(Z + 1)nnn+1
0 n' -1 I’l'

=n ’ /Oe_”z(z+1)”dz
_ —[1+o<3>]/ e~z + 1)]"dz

2 nJ_4
n 0

_ %[1+0(%)][/_1[e_z(z+1)]"dz+/ e~ (1 + 2)]"dz]

-n

e ara < a -l - < o -

1.2z

I =o(/ne ")
THEHHE I

22 23 24
. e—Z(l + Z) _ e—z+ln(z+1) _ e_7+?_4<1+97<z))4 (0 < 9(2) < 1)

—VV )=
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n
P 0 ) 3
= [ tom ) [ e F (10T
2 —n
1 0 2 y3
— 2 dy(1+ d
5 ) ¥ ( 3ﬁ) y
n n,—x
. lim a, =1— lim re dx
n—00 n—oo J, n!
— 1~ (lim (1) + 1)
1 0 3
i lim —— [ e T dy(1+ L) dy

\/_ —n* 3\/5

0 3 )
—1—— 'z — i —e 2.d
/ dy ng{olo 2«/7rn /_oo 3 ¢ Y

(= )

n—>oo

:1___
2 n—><>o 2«/1171

T2
MIXA AT L

2 n"
(1+n+—+ -+ )

=e"—¢ / —e_xdx

= n' ( +n)"e " dx
n" (" n" Inm
_ 1 Mo Xdy ~ — [ —
nl 0 (1+ ) n'y 2

% Solution f#i% 3 # g Taylor AXMBHERX, H

2 nn 1 n

_1+n—|———|— —l——+— e*(n—x)"dx

n2 n" n
1+n+§+ 4~——e—/ "(n—1t)" de

An—t=x) =e" —e f —e_xdx
400
WEE([  Tedr—1) = e / e [ Doy
0 0

n!
400
x" _
:e”/ —e *dx
n

—VV )=
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1 [T
= — x"e"*dx
n!J,
1 [T
”l' 0
n +o00
_ (1+ f)”e_xdx
n! Jo n
iy Striling AR A5
oo X n" [nm
— 1+ =)'e ¥ dx ~ — | —
n! Jo ( n) nl'y 2
n! ~n"e "\ 2nm
Fit DA
. 1—}-”—}-%—{—"'—}‘% ~ lim nn_r!zf0+oo(1_’_%)ne_xdx
n—+oo en n—+00 e
n” An
= lim nlV 2
n—+00 en
n' AT
o . nte="/2nm 2
- ngrfoo n
1
T2
HEBH:
" °°(1+£)" ST L
n! J, n n'y 2
Sy
X n 2 x3
(]_-f--) e =e¢e 2n+3n2+0(7)
n
Fit DA
1 1 (= J7
/ (1+ =) —de—f e~ FitaEtotn) qx = vou | "¢ dt ~ /2n
0 n 0
THEHLZE
n" o] X\ nn+1 00 nn+1 n2 00
2 2 1.1 1
n2 n nn
In(r" e z)=n+Dlnn——=n*|(1+-)— — =
2 n’n 2
n+2
y : n+1l _— _ ax ( 2 ) —nx ( + 2)
ﬁﬁld\ nli)ngon 2 0 HﬂﬂeZ (n+2>‘ =e * < ( )n+2
2
+1 oo +1p —n? 00 n
=>nn e_n;/ (14 x) ”x/2dx<nn F 4+ 1)( +2)/ 1 1 idx
n! n (%)n+2 n X X2
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it PA .,
1 2 *©
i 2D ED gy (1+—) —dx =0.
n—o00 (ﬂ) n—oo [, X X
2
it A
nn+1 2 [e%e}
lim e_2f (1+x)"e™™/?dx =0
n—oo n! n
it A
noroe X\" _ n" Inm
o () eran~ S5

2 Solution f#i% 4 %&b PR & Bl
TATHRAE — A — ek B 2538 18 X1, x0,--- A E IR H AR S50 A 03 B4R 4

I _
fii Plxi =k) = e A
n n A{
D WA AT W P (Zl v - k) =) s

E(le-) = nk,var(Zx,-) =ni
i=1 i=1
O FR e BEE Y x A

n
X; —nA
-1

lim

: 1 /x /2
= <X = ez dt
n—00 vnA V21 J—co

Sy
> Xi—nA n [1A+x/nA] o
P|E— <x|=P Xi <nA+xvnA| = e A
v nA (; ) g k!
Fir DA
[n)t—&-x«/ﬁ] k
. _ (l’l),) —nA 1 /x 2
lim ¢~"* e = — e 2 dt
i Z o =/
" nk 1
FRUEL x = 0,4 = 1 BIf53: lim e " kZ: =3 <
=0
>
& Exercise4.43: % a, = ’:eon BN lim a,

—VV )=
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pi

4% WMovELEEFHGE A

% Solution KA

n? n" "(n—1)" = " x"e ™
(1—|—n+——|— ------ +—):e"—[ ( )e’dtnzxe”—e”/ dx
! 0 0

n!
[ipul Y
n xne—x n ne—x N
=a,=1-— dx, BI>K lim dx Htig
0 n! n—oo J, |
el =TTt Q<6< =
iSys)
0 ”l' -1 n'

n

= nn!:” /j e (z+1)"dz
)] [j le7*(1+2)]"dz

- o= [1+
UL eearas s [ esasore:]

= \/g [1 + o
B f(z) = e (142).(z <0).f'(z) = —e %z 2 0,

=1L+
FirEA

S|~ S|+

[ﬁkﬁﬂ+@Vﬁﬁ<ﬂ—anWL—MV<&7W1—MV

1
FiOA I = o(V/ne™2"™)
z2 i_ -4
BRI I, e 7(1+42) = e 7tNEHD — o725 T5000)" 0 < 0(2) < 1

Ft A
n 0 X2 3
L=,—[1 —|—0(n‘1+48)]/ e "3z
2 —
P 0 ) 3
— /E [1+o0(n™")] /_ne "T(1+n—)dz
1 0 2 q y3 q
= — e_ 2 1 +
21w J—ne Y ( 3\/ﬁ) Y
Fir A
] ] n xne—x .
lim a, =1— lim dx:l—(hm (11—1-12))
n—00 n—>0o0 0 n! n—oo
= tim —— [ e 1+—y3)d
=1— lim — e
oo oz Je P\ T3

—VV )=
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Fit A

) . n xne—x
lim a, =1— lim
n—00 n—>o0

dx = 1—<lim (I +12))

0 n' n—>00

= li ! ’ 7 d Y d
=1-— S e 2 1+ 2
nlm;co «/_ —né y( 3\/ﬁ) y
0

2 y3 2
=1—- — d — lim —e 2.d
«/271/ Y Tl 2«/71_11 3 Y

2
=1——-— lim | —-
2 " oo 2./7rn ( 3)
B 1
2
PRI, MIXAMRE W] DL
2 n" noyn 1 00
I+nt—r +eeees + =)= =" | —e=— (x +n)"e " dx
2! n! o n! n! Jo
n o0 n
=T (1 + i) e " dx
n! Jo n
n" [nmw
nl\y 2
<
& Exercise 4.44: JEBY
n! [~ n* 2, nk 4
|l 2]
k=0 k=n+1
% Solution(P4Pg): FATH
n ok © k nok n
n n n 1
e’ = —+Z—= —+—/ e'(n—1t)"dr
! ! k! n!J,
k=0 k=n+1 k=0
Ft A
o k n
n 1 / n
0 i e'(n—1)"de
k=n+1
n k n
n 1
i "= ef(n—t)tde
o © n 0

Rk, HEHH
NG

#AA

n 1
/ e'(n—1)"dr = n"“/ e (1—z)"dz
0 0

—VV )=
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/E
! 1,,2 1,3 3
_ nn—i—l/ e 2nZ 3Nz +o(nz )dZ
0
/E

! 1
o2’ (1 - gnz3 + 0(nz3)) dz

! 2 ("

n—(e”——/ e’(n—t)”dt)
nn n! Jo

le” ! 2 1
o [/ e3"? (1 —-nz® + o(nz?’)) dz]

n” 0 3

On 1 1,,2 1 1,2 1
= (v 2mnetn — 2n/ e 2" dz) + Zn/ e 2" (5”23 + 0(nz3)) dz
0 0

e 6, € (0.1)
BRA

1
lim (\/anele‘fn —Qn/ e_énzzdz) =0
n—>oo

0

e (1 afre 1 4
lim 2n/ e " | —nz® +o(nz*) | dz = lim - / efzdz+o|-)]| =<
n—>00 0 3 n—o00 3 0 n 3

it A
n' nk ai n 4
IS D D
= k=n+1
R
& Exercise 4.45: 3K
nook
n 1 2
1 Y s )
ALl ﬁ(e 2%l 2) 321
2 Solution <
&7 Exercise 4.46: 3KiIF
2 “nk o1 23
(- ()
n=o00 (3«/27: e ) 270+/27
2 Solution <

& Exercise4.47: #t a > 1, AjEH:

) nn+1
lim
n—>+oo 1!

/ (e™*x)"dx =1
0

% Solution B¢,

nn+1 [ele} 1 e’}
- / (e7*x)"dx = ] e Vy"dy = 1.
bJo "Jo

—0V/))——
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Hik, WA € (0,1) g ad > 1. fir

fx)=e*x= fl(x)=e™(1—-Ax)= f'(x) <0, Vx€[a,o0).

ES):A
e Mx <e Mg, Vxe la, 00).
nn+1 o0 nn+1 [e%e}
/ (e—xx)n dx = f —(1—=A)xn (e—kxx)n dx
n! n!
a a
nn—i—l [ee)
< o (e—kaa)n/ e—(l—)t)xn dx
. a
nn+1( e )n e—(l—k)an
= a
n! (1—=A)n
_ _n . e—an
nl 1—-2A
1
~ (ae'™ )" =0
(1—-A)v2nm
n}) :
18T I
lim / (e™x)"dx = 1.
n—oo n! 0

% Solution 4 nx = ¢, N JFA R T

1 na
lim —/ t"e tdt = 1.
0

n—oo n!
HEEF
1 o0
1=— t"e tdt,
n! Jo
EREM T
1 +00
lim —/ t"e 'dt = 0.
n—00 n' na

FE L AT
/+oo t"e”'dt = ((na)" +n(na)"" +n(n—1)(na)"> + ...+ nl)e™".

Ha>1%%

(na)" +n(na)" ' 4+nn—-1)(na)"*+...+n! < (n+1)(na)".

ES):A
1 e Mot ds < (n + 1)(”‘1)"@_’”.
n! Joa n!
i Stirling A0 et > ala > 1),
(n+1)(na)"e™  (n+1)(na)"e ™" no/oa \"
~ ~4—(=—=) — 0n — o0).
n! )" 2mn 27 (ea—l) ( )

—VV )=
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XU T

Y
lim —/ t"e7'dt =0,a > 1.
n

n—oon! [,
HERE 2
o lpreg ey g lnal
lim ' : n_=0,a > 1.
n—>00 ena
A |
44 REHRIPMSHZM M
44.1 HIZHIMOMSHS
BB f AR ] L. ExEF—3E x, xo €1, x; # xo FHEA L€ (0,1)
RN R
FAxi+ (1 —=A)xg) = Af (x1) + (1 —4) f(x2) (4-10)e
WAR f AR T _E6GTF WK
wf AKX T B AT e B WARAT X1, X0, -+ L X € T 5l RS
MAAo+ -+ A, =1 n DNIEZ A, Ao, -+, Ay BOLAZER
A f(x1) + Ao f(X2) + -+ A f(x0) = f(A1x1 + Aoxa + -+ + ApXp) o

S f R R, SRS S ST A5 S B 8 s B

x1:x2:-..:xn

&~ Exercise4.48: ¥ n > 1,ay,as,--- ,a, > 0. 3Kk

a+as+---+a n—1
1t " iy < max(Va — )

n n i.jeR

% Solution:(by tian27546) i

_ap+az+---+ay
n

flai,az, - ,ayn) — Yajaz---an

maxa; = b, mina; =a
1 1

—VYV )
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FIRMER a; > a; WH
f(al’a2,"' ,an)_f(al,a%"' , aj +8"" aaj — &, ,an)
= m— '{/al...(al- +8)(aj—8)"'an
= Yaiaz-—an(§f(ai +£)(aj — &) - Yaiay)

Eﬁ:
eIl

[

f(al’a2’... ’an)_f(alan’... ,ai +¢&, -+ ,aj — &, ,an) 50
WMTE, BOREY a; WH kK MER a, F n—k -1 Db, iBH—MRAERM, AR
ap =x >0, MEAIH &

k —k—1)b n
fle) = atn )b+ x — Vakpr—k-1x

n

BIH 1
F7(0) = Yakpn—i1. L (1 _ 1) w50

n n

WS ORMEE, BARAY x = b BEUGEK. IR R ZHEH
M — Vakpn—k < n- 1(a _2\/%_{_“

n n

B A
(n—1—k)+ (k—1)b +nVakpr=* = (2n — 2)vVab

XBARA 2n — 2 JTTHEAFERA

a+---a+b+e-b+ Varbk 4.4 Vanpn—k > (2n—2) "V qn—1-kpk—1gkpn—k = (2n—2)/ab

uEER!
R AR 7 5 3T AT AR 2 R
2 —_— LY
i min( g — )t = U g,
l’J
O
REMRESHEXERIME
Example W a>b>1. 38 & > pe”
Proof: (by Hansschwarzkopf)
1) # b > a®,
a b

a? > pP > pa”.

—VV )=
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| 1
2) # b <ab W T = R f(x) = — #E (L+oo) EAPASMERKL
Inb Ina a ab
U\ﬁﬁb_1>m7ﬁ|]g>b—a- Pt
ha _a_a
Inb — b b%
B
a® > b,
® Example 1.33: % 0 < x < 1, 3B (1 +x)%(1 n %)x <4
1= Proof:(by Hansschwarzkopf) Bl B £ 5
(1+x)%(1+l)x <4 In(1 + x) —|—xln(1+l) <In4
X X X
1
4 f(x) = ““; 94 xn (1+ %) i
roon 1 2 In(1+ x) 1
f(x)—;—x+1— 2 +ln(1+;)
v 2Im(1+4x)  4x?+2x 2 2x2 + x
f(X)— x3 —x2(1+x)2—F(ln(1+X)—m)
. B 2x% + x o xP—x x(x—1)
4 g(x) =In(1 +x)—m, m g'(x) = A+xP  (Q1x)p <0, Vx e (0,1), #&
g(x)<g(0)=0, Vxe(0,1).
FE /7 (x) <0, Vx € (0,1). #—EH
fx)<fO)+f)x—-1)=f(1)=4, Vxe(01).
N )
(1+;) 1+x)y =e/@® <4, Vxe(01).

™ Example 4.34: RpA%L

2 n
f(x>: (1—|—X—i—%—|—...+%)e—x
HUARAE, 30 0 HERR
n k

% Solution f(x) =e™* )]i—',

k=0

—VYV )
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n

koS x x*
= (‘ @l 537):'56

A f(x) =0, WEEME—TE R x = 0. 4 n REL,

, >0, x<0
f<X){<O, x>0
FRPA f(x) 78 x = 0 IRAMRKRAE £(0) = 1; T n RMEEW, VX #0 6/ f'(x) <0 Ff

DIBERE /() Tt -
&7 Exercise4.49: ¥ x > 0, EH] Vx +1—/x = ;, Hrp ;1 <f(x) <

2{/x +0(x)
. Solution(by Wé%): HI5

N | —

1
AT

1
:1(2\/x2+x—2x+1)

x)=2vVx2+x—-2x+1 WE g0)=1 KA
, 2x +1 (V1+x — /x)?

g'(x) = —-2= >0

ST Ex NrZE

B AT A g (x) 1
X )lcil)r%)g(x) =g(0)=1PKk xEng(x) =1+2 lim (Vx2+x—x)=2

x—>+00
mummzlgme(lﬁ

4 4 2
<
% Solution(by Hilbert): i
1 1
SrFl—Jx= Uy e = VI+x+/x=2/x+6(x)
[3'¢

O(x) =
3+ VI+x VI+x—Jx

2 2
VTR 2
Bl 4(vx+ V1+x)

(«/—1+;+\/§)2_x_ <W+ﬁ)2_(ﬁ)2

—VV )=
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. 1 . 1

B OC) 1 B lim 0(x) = PRk lim 6(x) =7

11
m G(X) S (1—1,5)
< 4 1 1 2
. \ T,

& Exercise 4.50: % 01< X <1§ WEBH - < R < 3
= Proof: i f(x) = (0<x< g) il

x2  tanZx

2 2cosx  2(x3cosx —sind x)

/ - = 4.11
Sx) x3 * sin® x x3sin3 x ( )

% p(x) = —x(0<x<Z)

3/cos x

4 1 —2 .. 92
, cossx+§cos 3 X sin” x
<p(x): 2 -1
COS3 X
2 2 1 _4
=—cos3x+—-cos 3x—1
3 3

HIEAER, 19

2 2 1 _4 1 2 2 _3
gcosﬁix—l—gcos 3 X = —(c0s3 X + cos3 X + cos 4x)

w

3 2 2 _3
> \/cossx—i—cossx—i-cos 1x=1

FiRA 0 < x < g I, ¢/ (x) > 0, AT @(x) BJAER, S 0(0) = 0, P o(x) > 0, B

3

x3 cos x — sin®

x <0

fh (4.11) R4 () <0 WA f (x) 2D (0. 5) MR, T

1 1 tan? x — x2
lim x)= lim [ —= — = lim —————
x—>0+f( ) x—0+ (x2 taan) x—0t xZtan?x
. tanx + x . tanx — x
= lim — x lim —
x—0+ X x—0+t xtan“x
Ly3 2
=2x lim 2 = -
x—0+t x3 3
T
Bk 0 < x < 3 B, A
4 1 1 2

0
™ Example1.35: #t a,b,c,d J& 4 ARETF 1 WIES, R abed = 1, ] a®° + p10 4
02010 +d2010 jﬁ:] a2011 +b2011 +C2011 +d2011 [ﬁlg/l\ﬁj(q %I,H_./A‘q

—VYV )
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% Solution
f(x)=a*+b"+c*+d*(x >0)

lES)
f'(x)=a"Ina+b*Inb+c*Inc+d*Ind

HA f(0)=0. ZHS%5
f7(x)=a*In*a +b"In*b +c*In*c +d*In*d > 0
BA f/(x) > 0,x > 0.f(x) 4% BB, 8
£(2010) < f(2011)

PNk
n n
Bai>0.p>qpqgeR¥E aaray=1,0>> al =) al. <
i=1 i=1
a—>b
@™ Example 4.36: jiEHH: < arctana —arctanb <a—b, Hp 0<b <a

V1+a?/1+b?

1= Proof: & f(x) =arctanx. W] f 7& [b,a] &SR, f/ = : —|—1x2'
Pk H (Lagrange) H{E €, IE(b, a), s.t
arctana — arctanb = rgz(a —b)<a-b
AE S — AR, A a =tana, b = tan B, Nl
a—>b b tana — tan
i aJich < arctana — arctanb < W <a—p

&= sinacosf —sinfcosa <a—f < sinfa — ) <o —p

sin(a—ﬂ)<a—ﬁ%’.0<a—ﬂ<%ﬁjﬁj

x—>b
#, & F(x) = arctanx — arctan b — .l
& F(x) T o i I
/ 7 x2—bx
F/(x): 1 _ 1 1+x W
1+x2  J1+b2 1+ x2
1 [1 bx +1 ]>0
1+ x? V14521 + x2
F(x) By, Ha>0b 15
a—>b
arctana — arctan b — = F(a)— F(b) =0.
V14 a2J1 + b2 (@) ()
a—>b
HIEfE arctana — arctan b > 0
V14 a?J1+ b2

@ Example4.37:
% Solution

& Exercise4.51: ™ MR REBMERAE A H A p = 40— 49 F1 C(q) =
2¢% +4q + 10, BURFAT=FhABER ¢ fERE, K:

—VV )=
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(1) T HABER ¢ iBi)e, RFFE AT ™ b 7= BT, DAURAEBII S -
(2) =121 =30 W, AR IFIRAFE AT ™ i = B A A, DLURAE
L
(3) BiE 1 AHL/AB, MEBMAREKT? BUI dh B 2R % /07
“» Solution  ZNAL & H A ek %L

Li(q) = R(q) — C(q) —tq = 36¢g —6q* =10 —tq, L'(q) =36—12¢ —1 =0,

36 — ¢ 36—t
y X L"(q) =-12<0, Fibhgi=q =

RMfE—ER g = RERNER, B

12 12
ih]
p,:40—4q,:28+§,
. 36 — ¢ t e
lz“[:[:’ uﬁﬁ%t ?Vﬁf‘ﬁﬁﬂk, %/llm% Qt = 12 ’ $‘4ﬁ pt = 28+ 5 HTJ) rﬁﬁﬁfﬂijﬁﬂ
36t — t2

T, SLRMEBINEE T = 1g, = —5—.
(2) 1 =12 RALRXE, 7

36 —12 12
12 3
et =30 1R, 1%
0 —s i Y e T —s0x s =15
430 = 19 —2,1730— 3 el = 5 —
(3) HAERLM AL 2
36t — ¢ 18—t 1
T: , T/: :O, T//:__
12 6 6

foME—BER 1 =18, X T"(18) <0, Pk =18 JodeKfAR. Bk, HBIR 1 =18
i, AEBIM AR, BLI
36-18 3

3
— = —, =40—4 =40—4 x — = 34,
qi18 19 5 P18 qi1s 5

AER L 2 5
T=18x5 =21,

Rk, S =18 B, AEBMERIRIN 27, BLE™ 5™ EN 1.5, B4 34. <

46 Lagrange ZEATI

&7 Exercise4.52: 3K

Z(_l)n—k (Z) i

k=0
%, Solution 4

fx)=x""—x(x-1D(x—=2)---(x —n)

—VV )=
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H (A A XIATH
f@}j@Ti_D)ﬂ@
k=0 \ j#k J
P WL X" REL
14+2+4-+n=> []] km-
o \j#k©
A1
SR LAV GRS
> (=1 k(k)k o
k=0
|

4.7 REAIM O

Theorem 4.12

BRAEL f(x) 4E [a. b] FIESE AE (a.b) WEA MK S5 A4
1. WURAE (a,0) W f"(x) > 0, IRA BBy = f(x) 7€ [a, b] LrgrRmMIK;: €3
2. WRAE (a,0) W f7(x) < O, IRAEEL y = f(x) 1E [a. b] EEEITER M.

15 Proof: SGIEETE (1). 7€ [a.b] FAREUH AL x1.x2, H x1 < x2, g

H 28 Bl e B

X1t X2
= TR

X0

f"(61)

S(x1) = fxo) + f'(x0)(x1 = xo) + == (x1 = x0)%, Hdt x1 < &1 < xo,
F2) = £ ) + Gz = x0) + Lo oy — g2, St g < 82 < v
T
X1 —xo = —(x2 — xp),
pibh
P+ £e) = 27 (o) 4+ OIS (e
AR /7 (61) > 0, 7"(62) > 0. WTiAT
J(x1) + f(x2) > 21 (x0).
w
f(x1)42rf(xQ) - f(xl 42er>.
BEB £ (x) 46 [a.b] ERETBAII. S5 (2) MEDLS L3S0, SEREse 0

—VV )=
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4.8 Aotk

Definition 4.2 7K E#nif %

X—>+00

V=c BEE y = f(x) 8KFHLE

W&y = f(x) B& (x,.f(x) BEX y =c WERA [f(x)—c|, %
lim f(x) =c, xli)rzloof(x) =c, xli_)n;of(x) =c ZMHHALZL— L, ﬁéig

2 Noter — 4w 5% 3 @ 4 9 5 8

Definition 4.3 $8E A%

X—>X0

AWK y = f(x) W4 A #L &

x—>xg

% lim f(x):oo(ﬁhxl_i)ril_f(x):ooﬁh lim f(x):oo), M A% x = xo

2 Note: % x —c HFHHf(x) LT W e, x =x0 KWK y = f(x) 694 B W LK

Definition 4.4 $l4iE %

f(x)

V= flx) Watanin

X—>00

F lim ——= =k #0H lim [f(x)—kx]=b, WAK y =kx+b HAHX

@ Note: 8¢ EE 5 x > —00 3 x — +00 evaitib. — A 1% & § @54 ¥ 1K
@ Example 4.38: Rk FR

1
lim |:\/4x2 + x1In (2 + —) — 2x1n2]
X

X—>—400

2 Solution

i 1
lim | v4x2+x1In (2+—) —2xln2]
X

x—>+00
i 1
= lim (\/4x2—|—x—2x+2x)ln(2+—)—2xln2]
x—>+o00 [ X

1 1
= lim | ( 4x2+x—2x)1n(2+—)+2x1n(2+—)—2x1n2]
X X

X—>—+00

i X 1 1
= lim In{24+—-)+2x{In{2+—-]—-1In2
x=>+00 | \/4x? + x 4 2x ( X) ( ( x) )]




49 thE 157 /566

1 1
= lim n{2+—)+2xIn( 1+ —
x—’+°°[~/4x2+x +2x ( x) ( QX)]

A |
&7 Exercise 4.53: R FR:
1 x — 1+ﬁ
xkrfoo [( +a)ttx — xMtwr ]
= Proof:
B = xli)rfoo [(x +a)(x + a)% X - xHa]
= lim x -xxiﬂ [ yIn(x+a) g nx _ 1] +a
X—>—+00
LY Yy xva lim x|:lln(x+a)— lnxi| +a
X—>+00 X—>400 X X T—a
. 1 1 1 1
= xll)rfoox |:(;ln(x +a)— ;lnx) + (; Inx — T a lnx)] +a
In(lp)~x [i N alnx ] fa—a
x—>+oo | x2  x(x+a)
O
Definition 4.5 #RALFREMILLZE
St FUABRLARE TOEX r = f(0), HHALEXA rsin(6—0) = p, «F’(—‘?e
li 0) = li Oy —0) .
o, 1 0) =00, Jug rib=6)
% Example 1.39: SKAABARR T HIHZ r = ﬁ T I 2
% Solution B HEHITFEIE
. cos
_ 1 s T —
"= 30 —m _ sind
y = 30 —m
T ey
Y HAYY 0 — 3 B, A x — oco. FIAMIZE R LA —&A L%, BT
a = lim Y= lim tan6 = /3
x>0 X T
sin @ — +/3cos 6 sk cosf + +/3sinf 2
b=l — =i — 1 = -
v =) = i T s ;
. y 2
DL, ARRIRIEL v = v3x + 3 <

—VYV )
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49 X

Theorem 4.13 HiZ (HALIRR)

By = f(x) 2R ek y = f(x) 78 (x, f(x)) AbHydh Ml K =

//|

|y

(1+»7)

3
2

Theorem 4.14 HAR (B 51E)

" =¢(1) RS ] K — |¢’(f)1/f”(f)—sv”(t)llg’(f)|

= W(f) [¢’2(I) + wﬂ(l)]z

== Proof: K
dy _ v'(1) Py @'Y (1) =" ()Y (1)
P Al o3 (0)
[3'¢
X | _ @' 1)y (1) — ¢ ()9 (1)]

1+ [P+

Theorem 4.15 HHZR (HRLLFRZR)

2 2 2
o e ARABETE A 7 — £(0) R, W K — 1

rr//|

(r2 L r/2)

3
2

Theorem 4.16 L4

y=Fx) ds=/(dx)?+(dy)? = VT+y2dy

410 FHIZHYIL AR

1
™ Example 4.40: RFFE x?sin — = 2x — 501 BRI, K#aE] 0.001

X

—VYV )
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s.in(@t)Z2

1= Proof: HZEHH/AR sint =1 — 0<b<1). &t=—15%

= | =

(8
sinl:l—sm(x) ,
X X 2x2

RN FE1%

Ly (9) 9% — 501 = x = 501 — s (9)
X——=—SIm{— ) =zx — X = — —S1mm\{—
2 X 2 X

0 1
x 500
|[x —501| = =
2

(9

FItbA, x = 501 R e 2k it O

—VYV )
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Theorem 5.1 FR{LFNEFMFULFELT

AL AIZE BALANZ
sino cos f = %[sin(a + B) +sin(e — B)] sina +sinf = 2sina;ﬁ cosa;'g
cosasin B = 1[sin(oz + pB) —sin(e — B)] sina —sinf = 2 cos = F sin = —b

2 2 €y

1 _
cosa cos f = E[cos(oe + B) +cos(e — B)] cosa —cosf = —ZSina—gﬁ sin & > P
sina sin f = %[cos(a —B) —cos(a + B)] cosa+cosf = 200305—12_'8 cosa;ﬂ

R 5.1 #RHIAERBOR o

/secxdx = In|secx + tanx| 4+ C cscxdx =In|cscx —cot x|+ C

X
/ —ar081n—+C
a
X —a
[ Ll
2_q x+a

Theorem 5.2

dx 1 X
ﬁ:—arctan—%—c
xX°+a a a

:1n|x+VX2:i:a2|+C

X
Vx%+a?

A5

AREy = f ) X T EAF W (x) BT 08 ORI o ZOFE X ] A —

Bl:y = Vx,x€(0,1] 5y =1-sinx,x € (—o0, +0)

& Exercise 5.1: SRAN @43

sin x sin 2x sin 3x dx
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% Solution

1
/ sin x sin 2x sin 3x dx = 5 /(cos X — cos 3x) sin 3x dx

1 1
:§/cosxsin3xdx—§/c083xsin3xdx

1 1
:1/(81n2x—|—sin4x)dx—Z—L[sin6xdx

1 1 1
= _§ cos 2x — 1—6COS4X + ﬁcos6x+C

@ Note:
sina cos B = %[Sin(a + B) + sin(a — B)]

<
—— N | s
52 AERTHITE
S ERB I ER S
@ Example 5.1: j?/max{l,|x|}dx
% Solution HF*
—x, x<-—1
max{1,|x|}:{ 1, —-1<x<1
x, x>1
Ft DA
2
—?—l—Cl, x < —1
/max{1,|x|}dx: x + Cy, -1<x<1
2
— + C5, > 1
g Tt X
A 74 ». y 1 1
R R B SRk, Bk Co = C, | G, = 5 +C, C3= 5 +C. %
2
1
_%_§+C’ x < —1
/max{1,|x|}dx: x+C, -1<x«<1
2
1
%+§+C, x>1
<

@ Example5.2: 3K /e|x|dx

—0V/))——
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/e|x|dx =

T Bk R E S, Pl

% Solution
e* + C1 y X = 0
—e "+ Cy, x<0

. x 1 X
xli>r{)1+(e +C1)—xli)%1_( e +C2)

1+C1:—1+C2:>C2:C1+2
Sl

*+C, >0
/e""dx: e’ + X
—e " +24+4C, x<0

<
@ Example 5.3: HHAER5
/[x] dx
% Solution MM HIEAEH, H
X [*X]-1 k41 x
/[x]dx:/o [t]dt 4+ C = ];/k kdt+/[x][t]dt+C
[x]—-1 X
= k + dt +C
LR
[x]—1
= Zk+[x](x—[x})+€
k=0
= x[x] — [XPS— X +C
<

™ Example5.4: & f|_xj|sinnx|dx (x >0), Hrp [x]| AHBEEREL

X
% Solution Hy /ijlsinnx|dx :/ |x||sinmx|dx + C, ¥ IX 6] N 4\ 850 55,
0
X
/LxJ|sin7rx|dx :/ |x||sinwx|dx + C
0

1 2
= / LxJ|sinnx|dx+/ |x]|sinzx|dx 4 ---
0 1

x]—1

Lx] X
—i—/ LxJ|sin7rx|dx+[ |x]||sinwx|dx + C
L [x]

2 3
:2—/ sinnxdx+2/ sinmxdx +---+
1 2
[x] x

(—1)LxJ_1(|_xJ — 1)/L J sinrx dx + (—I)L"J [x] . sinrtxdx +C
x|—1 x

—VV )=
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B R PSPPI Yl (] B 2(—1)L!
T T
[x]+1
+( 1) n+ | x (cosnx (_1)ij)+c
:LJ’;_J(H (- cosmx) + C

[RERBHTER D

= Examples 5 B y = y(x) IR y2(x — y) = x° FilisE MK 5L, SKBS / % dx
. Solution 4 y — rx, R A T ERRT {5 x — t(l%t) o
1 o s-2
Y= Y T sa—ye

1 2 3
f—2dx:/(3——)dt:3t—21nt+c:—y—2lnX+C
y 4 X X
<

™ Example5.6: # y = y(x) BHFRE (X% +y?)? = 2a°(x* — y?) FifisE BIRa ek 5L, KR4

1
dx
/ y(x2+y%+a?)

% Solution 4 y = tx, fONFTA T FER1F x = v2a 2 ,)JJ
tv/1—12 t° =3t
y=~2a———, dx = +2a dt
1+12 (1+122)2/1—1¢2
WERE 2 4y d? = a?
- 1+1¢2
1 1 der 1 t—1 1 —
/ dx:—/ — —m|—|+Cc=—mnm|""2|t+cC
y(x2 + y2 + a?) a?) t2—1 2a? |t+1 22 |x+y

&~ Exercise5.2: #% y(x — y)? = x, K4

1 t
% Solution & y =tx Ml x = ———, y =
A Vi(l—1)? Y t(1—1)2
1 t 3t—1

Wr>1/0x=
B4,

I-nvi’ ~ (-0)vi 2 —1)%3

1
I:/ dx
x—3y

—VV )=
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=-1 C
2ny—x+
1 t 1-—3¢
Br<lbpfrx=——y=———dx=——dt
-V T -DvE T 2 -t
R4,
1
I:/ dx
x—3y
1
_/ &
2t(t —1)
(/ dr + f—dt)
1
—-In y'+c
2 |x-—y
<
X—y=u x=—r = v 4 3u?
% Solution 4 1 x Bp u? = v f#45 v—1 wu?-1 7dx:udu
T Y= u_ o u (u2 —1)2
. Y v—1 wu?-1
Fit A
:/ dx:/QLdu
x =3y us—1
1
SInfu®—1[+C
—11K 1|+C
<

5.2.1 #ITER 9L (B )
&7 Exercise 5.3: 5K AR &4

2 Solution
/‘ dx _ dy/x—a
Jer—a)b-x) Jb—x
:2/ d/x —a
Jb—a) - (Vx—a)’

—VV )=
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X —da

= 2arcsin
—a

k7 Exercise 5.4: RANEF

dx
/ (9x + 7)v/x —2

% Solution

/‘ dx _ / dx
(9% +7)v/x =2 «9+v%—2P)Jx—2

:/’2ﬂ¢?f®

9+(J??®2

™ Example 5.7: 2%2:%*,”\5}/\/62’“—1—4%—1&6
. ?+1
SN Solutloné\\/62x+4ex—1:ex+t,mUt:\/62x+4ex—1—ex,x:ln4 5
/\/e2x+4ex—1dx:/(ex+t)dx:/exdx+/tdx
2t 1
=e* t — | dt
¢ +/ (1+t2+2—t)
2 2
_— 92— — 14— | de
e+[( 241 +2—J

=e* +t—2arctant —2In(2—1)+C

k7 Exercise 5.5: RANER

1
dx
(1+x)vVx2+x+1
% Solution
1 1
/ dx :/ dx
(1+x)vV/x2+x+1 1T+x)/@+x)2—(x+1)+1

_/ dx
(1+x)2\/]._1+_x+ (1+x)

/\/1 — 1+x

+x + (1+x

—VV )=
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=In(1+x)—-In@2vx2+x+1-x+1)+C

dx

@ Example 5.8: RASER 4y / x + 1)

% Solution

3+ 4x —4x2

dx

f dx B
(2x + 1)v/3 + 4x — 4x?

(2x +1)y/4(2x + 1) — (2x + 1)?

=wn _1/
2 4 — 1

-k Exercise 5.6: R EFSy

2 Solution

1

1

- dx
x4+ /1 —x2

X

X
G T e

/—dx:—/
X+ V1 —x2 2

x4+ +/1—x2
1/ 1 d +1/ 1 d
=) ———dx+~- | —
2 1 — x2 2 x + 41— x2

1 1
zéarcsinx+§1n|x+\/1—x2|+c

@ Example 5.9: 3RA EFR4

2. Solution B4R

1

——dx
x4 /1+x2

1 —

(x +v1—x2)

1

1 1 1
—dx:/( - )dx—i—/—dx
/x4«/1+x2 x4/14+x2  x21+x2 x24/1 4+ x2

Fo

1

1 1 1 1
P ()
x%/l—i—% 2 ,/1+x—12 o
1 V14 x2
:_,/1+—2+C:—i+c
X X

—0V/))——

J
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1 1 1 1
[ = — ) ——dx = 1+—)—=-2|dy/14+ =
(1) o= S| 5) -2y 5
1\? 1
1 1\* 1 5x2 — 1)4/1 + x2
=——(1+= +2,/1+—+C:(x )[ e
3 x2 x2 3x3

T W
1 2x% —1)/1+ x2
S N S C ) A e
i1+ x2 3x3
<
& Exercise 5.7: SRA @43
2
/x—dx
V14 x4+ x?

2 Solution

2

.X'2 x—i—l:@tant \/g 1
—dx&/ —tant — — | sectdt
/\/1+x—|—x2 2 2

3 1
/tan2tsectdt—é/tantsectdthé—L/sectdt

3 1
= /sect(se02t —1)dr — ésect + Zln|sect + tant|

=W =W

. 3 3 1
——/secdtdt—Z/secldl—%_sect+zlln|sect+tant|

= =00l W =W &= w

3 3 3 1
secttarll—Z/tan2tsectdt—Z/sectdt—ésect+zln|sect+tant|

3 1
sect tant _TSGCZ —§1n|sect +tant| + C

1
(2x—3)\/x2—|—x—|—1—§1n|2\/x2+x+1+2x+1|+C

&7 Exercise 5.8: 1154y

1
dx
[x\/x2—2x—3

2 Solution

/X@dx:fxm_llmd"

Xx—1=2sect / 2tant sect dt:/ 1 dr
2(2sect + 1) tant 2 + cost
2— t
:[ CcoS &
4 — cos?t
1 cost
4sin“t + 3cos?t 3+sint

—VV )=
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1 1
= | ————d(2tant) — | ————d(sin¢
[(2tant)2+3 (2tant) [3+sin2t (sin.)

1 ; 2tant 1 ) 81nt+c
= — arctan —— arctan
73 NN RV
1 2tant _ sint
V3 V3
= EarCtan 1+ 2tant % sint +C
V3 V3
1 X+ 3
= ———arctan +C
V3 V3v/x2—2x -3
&7 Exercise 5.9: KA EFL 43
X
/ x24/x2 -1
2y Solution
/ dx / 1
= dx
x2V/x?2 -1 x3./1— L
x2
1 1
[ =(0)
1- 2% X
1 1\7? 1
S (-5) e(i-5)
1 (1-L)
— - +c
1
2 3
x2—1
— +c
X

-k Exercise 5.10: 3R A EFR 7

f(x)g'(x)
/ f(x)[c+ f(x)es™)] dx

(c + f(x)e5™) = B [£/(x) + £ (x)g(x)]

%, Solution JEE |

(4

I+ fg )]
f(x )eg(x)[ +f( Jes )]

/ c+f 0]
Fix yemg
1

c/[f( Jes®) ¢+ f(x)es

—0V/))——

I =

}dk+ﬂnﬁm]
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Yk [e + f (x)es x>]_f o+ /et
c f(x)es™ ¢+ f(x)e®
1
== [In|f(x)e*™| —In]|c + f(x)et™|] + C
c
|
&7 Exercise 5.11: KA E L4
1
d
/1+x4 X
% Solution
_[ LI
) 14+ xt *
B 1/x —1-1 1/x —1
2 1—|—x4 2 1—|—x4
ot s )
= - ———— x —
2/ = -2 U
1 x2—1 1 x24+V2x +1
= —— arctan + In +C
2+/2 V2 42 —V2x +1
|
@ Example L ORA 'R / "o dx
2 Solution
x? x?
[
(x2—=1)2+2 xt—2x2+3
1 / x24+4/3 / x2—-./3
= + dx
2 x4 4+ 3 —2x2 x4t 4+ 3 —2x2
1 f 1+ 22 +/ -3
2 x2+ 3% -2 x24+ 5 -2
1 d(x — ) d(x + %)
= — / 7z dx+/ NGE dx
2\ oy revi T B ey
q |
X
@ Example C R A 14 /— By /N T
p KA EM S T g 7N
2 Solution
/ X / dt
N Ww e
wi=iiet Lodud(ut —1)7i du
uJu*+1
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2 1 2 12
:_/u_:__/(u +1)—(1 u)du
ut—1 2 ut—1

B 1 / du +/ du
2 u2+1 u?—1
1 -1
! '+C

= ——arctanu — —In
4 u-+1
J1+ x4 —x
J1+ x4

1 1+ x4 1l
——— —~-In

= ——arctan +C
2 X

&7 Exercise 5.12: 3R EFR 7
f v/tan x dx

2y Solution

S x— t? 1+ ¢2 1—1¢2
/«/tanxdx£2/ dz:/Ldt—/ dr

1414 1414 1+ 4

:/ﬁl)zd(f‘%)‘/@d(”%)
.

) r2+ft+1

—1In

12— 2t +1
V2 . (tanx—l) «/5 tanx + +/2tanx + 1
= — arctan
2 24/tan x

k7 Exercise 5.13: 3R A EFR 7

x2

f . . dx
(x cos x — sin x)(x sin x + cos x)
% Solution

X2

1 :/ - - dx
(x cos x — sin x)(x sin x + cos x)

X COS X X sin x
= - dx 4+ | ————dx
X SIn X + cosx X COSX — SIn X
/ d(xsinx + cosx) / d(x cosx —sinx)

X sinx + cosx X COSX — sin x
xsinx + cos x

+C

= 1n -
X COSX —SInx

@ Example L ORA 'R

/ X + sin x cos x
X

(cosx — x sin x)?

—VV )=

_.I_
tanx — v/2tanx + 1
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% Solution

X +sinx cos x x sec? x + tan x d(1 — x tan x)
dx = dx = — [ S rAnd)

(cos x — x sin x)? (1 — x tan x)? (1 — x tan x)?

- — +C = Lx. +C
1—xtanx CcosSX — xsinx
|
-&# Exercise 5.14: 3R &4
/ dx
Jx+1)2(x —1)4
2y Solution
/ - f / /¥ + 1 dx
Vx+12(x —1)* \/ 5(x — 1) x2—1Vx—
: du
=it 3+1 (u —1)
(1) -
3 3
:—gfduz—équC
3 3/ X + 1
=—z C
2 x—ljL
|
k7 Exercise 5.15: 3R A EFR 5
/ x2dx
(xt+ 1)
2 Solution , \ 1 1
X+ Xx
=] —— dx = al~—2
| = [ i (-3)
—x2 4+ x4 1 1
J=] ———dx = d 1
/()C4+1)2 * /((x+%>2—2)2 (X+x)
|
2 Solution

x? 4x3 1 -1 1
——  _dx= | ———dx= | ————dx*'+1) = [ —d|——
/(x4—|—1)2 * /4x(x4—|—1)2 * /4x(x4—|—1)2 (x"+1) /4x (x4—|—1)
-l +/ (!
C4x(xt 1) 4xt+1) \x
11 i 1 241)—(y2—1
/ d_:/ gy / dy:/(y+) (y )dy
xt+1 x yi+1 yi+1 24+ 1)
1 yi+1 / y2—1
= [1- d = ———dy—- | —d
/ yi+1 Y /2(y4—i—1) Y 2(yt+1) Y

—VV )=
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=y— d
/y4+1 Y
21 1+ L 2_q 1— L
Yoy = v Yy = 2 d
4 1y_ 2 4 1 441 Y= 2y LY
yi+ Vit yi+ yi+ 5
5= 0-3) |5+
e y—— e
(y—3)2+2 y (y+3)2-2

& Exercise 5.16: 3R 4

%, Solution {73

1

1
dx
/ sin® x + cosb x

sin? x + cos? x

sin® x + cosb x

sin x(1 — cos? x) + cos? x (1 — sin? x)
sin® x + cos® x

sin x + cos? x — sin® x cos? x — cos? x sin? x
sin? x + cos? x

sin? x + cos* x — sin® x cos? x(sin® x + cos? x)

sin? x + cos? x

sin? x + cos? x — sin® x cos2 x

sin? x + cos? x

1
[ s
sin® x + cosb x

& Exercise 5.17: 3R &4

2 Solution

/

sin X — X cos X

x(x —sinx)

X = dx
/ sin* x + cos? x — sin® x cos? x
tan®x + 1
= / I 5 d(tan x)
tan*x —tan“x + 1

t=tanx / t2+1
tt—1241

Zfﬁl)md("%)

t

1
= arctan (t — ;) +C

= —arctan (2cotx) + C

SInN X — X COS X

dx

/

dx:/—(x—sinx)jtgx—xcosx) dx
x(x —sinx)

x(x —sinx)

—VV )=

(
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_ X —sinx LC
X
|
-k# Exercise 5.18: KA &)
/2xx3x
dx
9X 4X
2 Solution
2x 3x % d%:%lnzd 1 1 2x
/9xx4de:/ 32x2dx (3)3 3x12/ 2x2d(3_x)
- 1—(5) ng ) 1= ()
] o ()
wi) -y
1 1 2% 1 2%
=572 / wd | o —/—%d 3%
2In 3 - 3% 1+ 3%
1 In (1 2 —1 1+2x +
fnd n _ n C
21n3 3* 3%
L -z N 1 3 —2%)
= n X CcC = n C
2In? |1+ 2ln2  |3% 4 2%
|

&7 Exercise 5.19: KA @45
1
J———
sSin X + Ccos X
2 Solution
1 CosSX —sinx
[t g [
sin x + cos x cos? x —sin“ x

By N TR S S

1—2sin“x 2cos2x —1

1 1 1 1
=— | ——d(+v2si — | —d(+v2

V2 ) 2sin?x —1 (f81nx)+ﬁ/20082x—1 (\/_COSX)
L 1 I ﬁsinx—l n 1 I \/icosx—l L C

2\/5 ﬁsinx+1 2«/5 ﬂcostrl

2 Solution

1 1
/sinx+cosxdx:/0032 (%x)—iln ( )+2008( )sin(%x) x
:2/ (tan( )—1) +2d(tan(§x)—1)

—0V/))——
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tan (
tan (

x)—1—+/2
x)—l—i-\/i e

1
2
1
2

2 Solution

/mdx:fﬁsinl e
\/_/smx %) (x—l—%)
- s tan(x—g%)‘+c
:%ln‘c (x+%)—cot(x+%)‘+c

@ Example CORA 'R

1
/ - - dx
sin2x + 2sin x
%, Solution JFE |

1 sin® £ + cos? ¥ sin® £ + cos? ¥ sin % 1
. — = 5 = = + —
sin2x +2sinx  2sinx(l +cosx) 4sinfcos¥ (2cos?%)  8cos?y  dsinx

2 2
[

1 sin% 1
/ - —— dx = / dx +/ —— dx
sin 2x + 2sin x & cos3 5 4sin x

I ,x
—gsec §+41n|secx—cotx|+C

@ Example R ER

sin'®® x
: 55 dx
(sinx + cos x)!

%, Solution & %]

/
sin x 1
sin x + cos x (sin x 4 cos x)?

. . . /
sin'®® x sin'®® x sin x
- - dx = - = | = dx
(sinx + cos x)190 (sinx 4 cosx)1®  \sinx + cosx

1 sin'® x

S C
189 (sin x + cos x)'8? i

—VV )=
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k7 Exercise 5.20: 3R A EFR 73
x2V/x2 + 1dx

% Solution

1
I :/x2\/x2+1dx:/x\/x4+x2dx:5/\/x4+x2dx2

/\/ x2+ - 2dx2:%/\/(x2+%)2—(%)2d (xQ—I—%)
| (x2 4 1)’

:_(x2+%)\/W——/\/(x

1 1 1 1
:—(x2+§) x4—|—x2—l—§ln(x2+——|— x4+x2)

2 2
1(, 1 1 , 1
=>I=—[x"+-)Vxt+x2——In|x"+ -+ Vx*+x2 )+
4 2 16 2
9 2 In2
= —x (2x —1)\/x2+1—E1n(x+ x2+1) tele=at ¢

1
8
% (2x? —1)\/x2—|—1—éln(x+ x2—|—1)+c

5.2.2 DERFASE

k7 Exercise 5.21: 3R A EFR 5
1

—d
(x2+x+41)2 Y
2 Solution

x24x+1

1 4344 (x+1/2) —(x +1/2) N
/(x2+x+1)2dx3/ (x2+x +1)2 d

4 1 2 1 1
:—/ngx+—/(x+—)d(2—)
3 (x_|_§) +3 3 2 x?+x+1

8 2x+1 2 x+3 2/ 1
= ——arctan - = —— ax
3) x2+x+1

+_
33 V3 3xZ4+x+1

—VV )=
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4 ; 2x+1+1 2x +1 LC
= —— arctan -
3V3 V3 3xZ4x+1
&7 Exercise 5.22: KA E L4
16x + 11
I = 5 dx
(x2+2x 4 2)
% Solution
2 2 5
128/ Xt de—/ 5 dx
(x2+2x 4+ 2) (x2+2x +2)
1 1
:8/ 2d(x2+2x+2)—5/ S dx
(x2 4 2x +2) (x242x +2)
8 1 1)% — 1)?
_ _5/ +(x+1) (x;{—)dx
X2 +2x +2 (x2 +2x +2)
8 1 5 1
:———5/—2d(x+1)——/(x+1)d S
X2 +2x+2 (x+1)°+1 2 X2 +2x +2
8 5 5 5 1
=—————— —bHarctan (x + 1) — X +—/—2d(x+1)
x24+2x +2 2(x2+2x+2) 2J) (x4+1)°+1
5x + 21 5
= — — —arct )+ C
2% ox 1 D) 2arcan(x+ )+
@ Example (18 H2f) KA R
/ezxarctan\/ex—ldx
2 Solution
1
/eQx arctan ve* — 1dx :/arctan Vex —1d(§ezx>
1, . ) 1[ e d
= —erarctanveX —1— - | ——dx
2 4 fex — 1
Y1 1 1
Net1=l §e2x arctan ve* —1 — 5]02 +1)dr
1 o, 1, 1
:56 arctan\/ex—l—ét —§t+C
1 1
zéeQxarctan\/ex— —éx/ex—l(ex—i-Q)—l—C

& Exercise 5.23: 3R &4

arctan x 2
J(Ems)
X —arctan x
2 Solution

arctanx  \? f—arctan x t?sec’t
- dx _ e d[
X — arctan x (tant —1)?

—VV )=
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r? t 1
S N
(sint —t cost)? sint  \sint —t cost

t 1 sint —t cost
= — : — . X — dr
sint(sint — ¢ cost) sint —t cost sin® ¢
t
= — - +cott + C
sint(sint —t cost)
x arctan x

X — arctan x

16x + 11
5 dx
(x24+2x +2)
2 Solution

16x + 11 2x + 2 5
5 dx =8 5 dx — 5 dx
(x2+2x 4 2) (x2+2x +2) (x2+2x 4 2)

:8[ L d(x2—|—2x—|—2)—5/ L > dx

& Exercise 5.24: 3R & 45

(x2 4 2x +2)° ((x+1)2+1)
B 8 f sec’t i
= x2+2x+2 (tan2t+1)2 x+1=tant
8
:———5/cosztdt
x24+2x +2
8 /1+0082t
= —dr
x242x +2 2
8 5 5
:————/dt——[COSQZd(Qt)
x24+2x+2 2 4
8 5l O 2t + C
= — —t — —sin
x2+2x+2 2 4
ox + 21

5
— ~ 2 arct 1)+ C
Siracgy puctanlet D4

<
& Exercise 5.25: 3R A &4
1
/ (1 +x — —)ex+% dx
x
% Solution
1 —/(1+x— )e”%dx
X
= /e”}c dx + / x(l - —Q)e”x dx
x
1
= xe¥ Ty — / x(l — )e”% dx + /x(l — 2>ex+% dx
x x
= xe**7 4 C
<

—0V/))——
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k7 Exercise 5.26: 3R A EFR 73

4 3 :
xsin+cosx [ X COS X —XSInX 4+ Ccosx
e SO dx
X4 Ccos” x

%, Solution & %]

d . :
_(exstrcosx) — xcosxexstrcosx
dx
793
COSX — X Sin x 1
ey W =-
X“COS” X X COS X

4 3 :
X sin + cos x (X COS™ X XS1H.X+COSX) dx

e
x2cos? x

: COSX — X sinx
exsm-l—cosx 2 cos x dx + ex51n+cosx . . dx
X< COS“ X

Xd xstrcosx) 4 exsin+cosxd . 1
X COS X

— x51n+cosx _/ex51n+cosx dX

1 . 1 .
_ exsm—i—cosx =+ X COS xex51n+cosx dx
X COS X X COS X
X sin + cos X
Xsin+cosx __ +C
X COS X

= Xe

@ Example D ORA 'R

/1+x 1 d
x
1—xt /1 —x4

% Solution
H+oxt 1
d
R = / 1—x4 1—x4 g
:/ / dx
«/1—x4 L—x*/1—x1
x —(—4x3) 2x4 1
=—— | x . dx + dx
vl—x4 1—X4 V1 — x4 1—x*/1— x4
/ 1 d +/ 2x* 1 d
x x
vl—x4 L—x*/1—x4 1—x% /1 — x4

- =t

—VV )=
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523 BESR

2
1+ u?

A

X
?u:tang (—w <x <), W x =2arctanu,dx = du

X X

_ _ 2tan 3 2tan 3 2u
SIDX:281n§COS—: _

sec? 7 1+tan2§
W X o X 1—tan2§ 1—
COS X = COS” — — sin” — = = =
2 sec® 5
2tan% 2u

1—tan2§ - 1 —u?

tanx =

&7 Exercise 5.27: A Ef 5
/ In (1 + Ly
X

i

) dx(x > 0).

% Solution 4t =

) x =
. Iy o

/ln(1+ 1‘;x)dx:/ln(1+t)d (;21—1)

_ ! In(1+1) / !
B 21

1

-——dz

141

1 1 1 1 1 2
—.—d[:— — — 2 dt
2—1 1+t 4 t—=1 t+1 (t+1)

1 1

1+ x
X

-k Exercise 5.28: 3R A B4
1

— dx
1+ /tanx

—VV )=

1
2(t +

,/1:x)+§1n(¢1+—x+ﬁ)

C
nT

LV ¢
21 +x+x

1 1 1
)+§1n(m+ﬁ)+§x—§\/x+x2+C.

<
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% Solution
1 tan x=t 2t
I:/—dx:/
1+ Vtanx (1+6)(1+17)
21 _Al3+Bl2+Cl+D+ E
(T+eH(1+1) 1+ 14 141
(A+E)t'"+(A+B)1’+(B+C)t*>*+(C+ D)t +(D+E)
(1+ 4 (L +1)
A+E=0 A=1
A+ B =0 B =-1
B+C ey — o _r-oreisl L
+C=0 - (T+eH(L+1) 144 1+1
C+D=2 D=1
D+E=0 E=-1

B —t24+r+1 1
1:/ rr dz—/—dt
1+ ¢4 141t

1 1 1 1 L1
= d(t*) + = d(t? /’ dt —In|l +¢
4/1+t4 ( )+2/1+t4 () + L2 nit 4]

12

1 1 1 1
:—ln(1+t4)—|——arctant2—ln|1—|—t|—|—/—2d (t+—)
4 2 (t+1)" -2 t

1 ! t + 42t +1
:—ln(1+tan2x)+—arctantanx—ln’1+m‘_£1 anx + v/2tanx
' ’ tanx — Vatanx 41|

&7 Exercise 5.29: KA @43
/‘3/1—|—sinx
—dx
1 —sinx
I:/ 3/1—|—s?nxdx
1 —sinx
x=20 / /1+51n29 _2/ sm@—l—cos@ d@
1—sm29 sin @ — cos @
:2/ 14 tan 6 d@
1—tan@
s [ [ (5 +6)] a0
4

=2 / tan? ¢de

2 Solution

—VV )=
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an 4 1
t‘i”zl/ dt:4t—4/ d
t4 1414
_1)
= 4t — dt
1+t4
12 1 2—1
=4t — 2[ + / dt
1+
1 1 1
=4t —2 t—=)+2 | ———d|rt+-
t (t+1) —2 t
i 1 . 1 : 124+ V2t +1
= arcan — n
V2 f 22 12— V2t + 1
1 1 tan (3x — Z) —1
=4 tan(—x—z)——arctan H(Q 4)
2 4 V2 V2
1 tan(%x—%)—l—ﬁ tan(%x—%)+1
— In +C
2v2 " |tan (Lx — Z) — 2, /tan (bx — Z) + 1
<

—VV )=
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&7 Exercise 5.30: 3R A EFR 73

/«/xQ—x—i—ld
—dx
X
2 Solution
11
Va2 —x+1 x=1 z—7t1l 1
—d_x: fdet
X dx:;—;dt = t

V1 —1 412 1
——/t—2+dt:/\/1—t+t2d;

V11—t + 12 1/ -1+ 2t

2 1—t+z2

dr
t 2

\/1—t+t2 / 1/ 1 s
«/1—t+t2 tA/1—1t+ 12
\/1—t 12 1 .
i / dt + = / dr #/1E 1
43 tA/1—1t+¢2
4
V1 —1t+ 12
:—t+ —1nt—§+\/t2—t+1‘+§J

1 =2 1 -1 1
t\/l—l—f-tz dt==4 du 1 1 + 1 u2 /u2_u+1

1 1 1\*> 3
=— du =Inju—-+ u——| +-|{+c
(u—l)2+§ 2 2 4
2 1

Jx2—x+1 V1—1 + 12 1 1\? 3| 1
X

1
= \/xz—x+1—§ln‘2—x+2\/x2—x—l—1‘+1n|x|+c

dX:ln‘x—i— x2+a? +c

1
/ VX2 4+ a?
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% Solution
/\/x2—x—|—1 x—x—l—l
X x\/x2—x+

2x — 1 X 1
—dx—/—dx—l—/—dx
JxZ—x+1 VxZ—x+1 x/x2—x+1

1
= ——————d (P —x+1)—J+K=2yx2—x+1-J+K
/«/xQ—qul ( )
X X
J:/—dx:/—dx
Vx2—x+1 _ 1y . 3
(x 2)+4
(x—1)="{ tant ﬁtant%—l )
=2 | 2 2y Y Tec*dr
dxzésec% dt [ sect

3 in ¢ 1
:ifsm dt+—/sectdt

2 cos?t 2

V3

"~ 2cost

1
= x2—x—|—1+§ln‘2\/x2—x+1+2x—l‘—|—c

1
+§ln|sect~|—tant| +c

x=1

1 1 -1 1
: —_— X —dt=— | ———dt
x==Fdt /1 1,1 12 /«/t2—t+1
t 1 t+t2

K= e
x+/x2—x+

1 1 1\?> 3
—/ > dl —1nt—§—|— t—§ +Z +c
V=97

:—1n‘2x—1—|—2\/x2—x~|—1)—1n|x|~|—c

Fit A
2 _ 1 1
RN e BN Wy FEN RN
X

-k# Exercise 5.31: 3R A B4

/ dx
sin® x + cos3 x

% Solution
/ dx B dx
sin® x +cos®x J (sinx 4 cosx)(1 — sin x cos x)
f sin X + cos x
= - dx
(sinx 4 cos x)?(2 — sin x cos x)
:2/ . sinx + cos x . A
1+ 2sinxcosx)[1 + (cosx —sin x)?]

—VV )=
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% 5% REARH

& Exercise 5.32:

d(sin x — cosx)

:2f[2_(

d
sin x — cos x 2][1+ (sinx — cos x)?] *

:2/@—

_2/ dv
3 1+v

2
= —arctanv —
3

= —arctan(s
3

RAEB Y

v2)(1 + v?)

dv / s(2—v)?+ 3140

2] T e oas)

+2/ dv
23] 2—02

2 1 v — /2
3 2\/_ (v+x/§)+c

1 inx — cosx — v/2
inx —cosx) — ln(smx cnt \/_)—l—C

3v2

sin x — cos x + \/5

1
—dx
/x8+x4+1

2y Solution
= dx
/x8+x4+1 / x8+2x4+1)—x4
:[ _x4dx
[ d
- X
x2|[(x*+1) 4 x*]
1
f dx
Zox+D)(x2+x+1)(xt—x2+1)
1 dx 1 dx 1 1—x2
= oot et 3
4 2x+1 4) x24+x+1 2) xt—x2+1

1 dx 1 dx 1 -1
a1l o s tal e sy 21
(x=3)"+3 (x+3) +13 SRR
LG St SRS S 20| 1/ (x+1
= arctan arctanl —— — — —
23 V323 V3 2) (x4 1)
arctanf

23 Wk

X2+ 2x +1

—0V/))——

2x—1 2x+1
+ arctan 1 2_ /9 1
G | <x V2x + )+C
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Theorem 5.3 BAERF T RARE X[

P(x) -
HHEES K Q(x)'y‘:qj Q(x) = Q1(x)02(x)
(x) Py(x)
Q &x 0:(x) "

Hifro(x) = (x—a)f - (x> + px+q)" - (x"+--+), (n=1,2,---), 1
Q1(x) = (x —a)k_l...(x2 4 opx + gy

Qs(x)=(x—a) - (x*+ px +q)-

P(x) d (Pi(x) Py(x)
PA(3). Palo) MRHCATFRA T REGEMN 5~ (&&J+wakm

@ Example L ORA 'R /

2 Solution

+1)

Q1(x) =(x—1D(x+1)=x>+x*—x -1
Qs(x) = (x —1)(x +1)x* —1

w

il

x _ (Ax*+Bx+C\  Dx+E
(x—1)2(x4+1)3 \x34+x2—x—1 x2—1"7

x=02Ax+B)(x —1)(x +1) = (A*+ Bx + C)(3x — 1) + (Dx + E)(x — 1)(x + 1)

BERERL 5

x4 D=0, A=—5
X ~A+D+E=0, B =—3.
x? A-2B-D+E=0, = =—1
x'|—24-3C+B—-D—-E=1, D =0,
x? —~B+C—-E=0. 1

TR
xdx B x24+x+2 1 dx
/kx—D%x+U3__&x—U@+1P_§/xW—1
X2+ x+2 1 x+1
= TS Dr12 1™ x—1‘+c

—VV )=
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x?+2
@ Example 5.18: Zkﬂiﬁﬂ:ﬂﬁ/m X
x2+2 AX+B ! Cx‘I'D
= Solution 3 = i M
0u101‘11£<x2+x+1)2 (X2+X+1) x24+x+1 }\J

P +2=Ax*+x+1)—(Ax+B)2x+ 1)+ (Cx + D)(x* + x + 1)

AR 5

x3 C=0 A=1,
X?|-A+C+D=1, B =1,
—
0
X A—B+ D=2 D=2
Jir DA
/ x2+2 x+1 [ 2dx
dx = | o0
(x24+x+1)2 x2+x+1 x?4x+1
x+1 +4 . 2x+1+c
= 4+ arctan
x24x+1 0 /3 V3
&7 Exercise 5.33: R AN E 4
2 Solution
53 EVIFERIE

Definition 5.1 JE;2/R

Fresnel Integrals

@ Example 5.19: HE 4 /2 /X sin xdx
0

2 Solution
1
[ VX sinx dx =———= SE ,/ /t51n(—nt2)
dx=mt dt 2

—V/ )~
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~187/566-

_ \/gc (1) ~ 0.977451

Definition 5.2 = AT S R

1. Sine Integrals

2. Cosine Integrals

) SRAER

[ Example 5.

2 Solution

[

&~ Exercise 5.34: 3R g4

2
) dx = —

1
/cos —dx
X

—V/ )~
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% Solution
1 =1 t 1
[cos—dx Vs —/COS dtz/costd—
X t? t
t int
_cost  fsint
t t
cost
= Ot —Si(t) +c
1 1
:xcos——Si(—)+c
X X
<
&7 Exercise 5.35: R AN E L4
/sinxlogx dx
% Solution
/sinxlogxdx :—/logxdcosx
= —log x cos x +/cosx dx
X
= —logx cosx + Ci(x) + ¢
<

Definition 5.3 X EHFA 493 R 3

1. Wy FEazAns

Shi(x)z/ sinh x
0

X
2. Wy g iEiRy
¥ cosht —1

Chi(x) =y +Inx —l—f — dt = chi(x)
0

—VV )=
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k7 Exercise 5.36: 3R EFR 73
arctan x
[ dx
X

% Solution ¥ f (x) = arctanx M

, 1 1 1( 1 1
Jrx) = =T " 3 14
1+x2 (1—ix)(1+ix) 2\1—-ix 1+ix

RUTRSAORTF f(x), HHRAV —— = >« x e (-1,1)
n=0
i

S 1 R R
T s y s B (no (ix)" + ) (=ix) )
PONTEUN AT Z S

FirPA:

Lo (—ix)" 1 (ix)"
f(x)zarctanx:512< ) _§ZZ< )

n=1 n=1

Fit A

arctan x 1 [ (—ix)"” 1, [ (ix)"!
/ r dx-§/2:: " dx—;/Z " dx

—VV )=
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&7 Exercise 5.37: 3R EFR 73
/xtanxdx
2y Solution
e"x—gf"x el _ p—ix
/xtanxdx:/xx 2 dx:—/ixedx
elx+e X elx+e—lx
2
. eQix 1
:_/lerix+l X = /Zde+2l[e21x+1 X
ix_ 1 1 r 1 ]. 1 t
et t——ix2+2i/ A = 2——1’/11—
9 11 21t 9! 2 ) (t+1)t
1 1 Int Int
= ——ix?— =i —dr - - df
2 2
1 1 ln 1+t
= —Zix2—Zi lnt—lntln )+
2 2 2
1 1 112t1t1t+1+f Z)kl
——l.x — ni—inf7zin
't T k
k=1
1. 1. (1, = (=)
5 -5 <§lnt—lntlnt—|—1) Z 2 +c
k=1
1. 1 1
5 51 (§ln2t—lntln +1) — Liy (—1))+C
_—zx +xln 2’x-|— ) —lL1( 2”“)—i—c
2 2
|
&7 Exercise 5.38: KA e 4)
/ xe*
1+ e*
2 Solution
/ xe~ t=e* / In?
1+ e* 1+t
In(1+1)
zlntln /n i
=1IntIn(l+1¢) /i t)"1
— n

=IntIn(l+1¢)—

dt + ¢

=Intln(1+1¢)+

= Liy(
— Liy

—t)+Intln(t +1)+¢

—*) +xIn(e* +1) +¢

—0V/))——
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|
&~ Exercise 5.39: 3R AN E L4
/ al dx
tan x
2 Solution
xxelX+e ix
/ /xcosx /‘ lx—%x A
tanx sin x e —25
zx ix eix_e—ix+28—ix
/)Cl te dx :/xi( - - )dx
elx_e—lx
—ix 1 ’
/lxdx+2/ ey dx——ix2+2/ 'zx dx
eix — e—i 2 e2ix _ 1
1
= —iXx —2/ LY — dx
2 1 —e2ix
. . .1
e2ix ¢ E—Z/l Xglnt % L dr
2 1—1¢ 2it
ix% i Int 1 l Int
—1 /ndt—1x+ /n /ndt
(l—t l—1
1 In(l—t¢
Six? 4= lntdlnt—lntln(l t)—l—/udt
2 2 t
1 z 1 &
- In’t —Intln(1—1¢)— = "t de
2 ( n ntln( nZ/ )
1 L
5 ( lnt—lntln 1—1) Zﬁ)
n=1
1. .
= gix (lnl—lntln(l—l) L12(t))—|—c
—xln 2”‘ —2 (x + Li, (Q’X))—l—c
|

k7 Exercise 5.40: AR ERD

2y Solution:

—VV )=
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%5

ii "sz —4)k (1—4k)x2n+2k+c

&7 Exercise 5.41: 3R EFR 73

2(n + k)(2Kk)!

1
/,/H—dx lxll< 1
X
1 Vx?4+1
/,/H_dx:/x—*dx el < 1
X Vx

% Solution

T
2/x

ﬁzf /u4—|—1du

dr=2 [ J(VE)+1dx

[l <1

4n+1

o0
_9 C1/2/ u dx = 2 Cl/2 C
nZ:; n * Z el

o0
_x 2
:2§:c1/2—+
=" dn+1

@ Example D RAER S

1
/ dx
Inx —1

(55) (%)

% Solution
1 nx— !
/ dx”:v/ ° v
Inx—1 dx=e? dv v—1
1—v
-y [
p=0n= p
oo 00 1 vn—‘,—p—‘rl
=22 i, "¢
n:Op:Op' p
o0 o0
1 (In x)rt+p+1
=—ZZ—,'(n+)—+1+C
n:Op:Op' p
ANEFRTEIILL

—0V/))——
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— MNP ER7TAXHIE A (by Hansschwarzkopf)

,
FMBW T A ERS A

x|% X
/|x|"‘dx=—| [* sen +C

o+ 1 n

o
/|x|“sgnxdx= 1] +C

Hrpo > 0 AW C ERFE

a+1

Example 5.22: 3R EFf4

1
/ X|x —a|dx
0

/(x—a)|x—a|dx:/|x—a|2sgn(x—a)dx:

Solution tR##

x —af®

C.
3 +

—al? —
/|x—a|dx:|x al®sgn(x a)+C

2
53
/1X|x—a|dx = 1—af ~|a’ +a|1_a|25gn(1—0)+a28gna
<
Example 5.23: - EH // |3x —4y|dxdy, Hedr D =1[0,1] x [0, 1].
D
Solution
1 1
//|3x—4y|dx<1y=/ dx/ 14y — 3x|dy
D 0 0
1 [t 1
= g/ |4y—3x|23gn(4y—3x) de
0
1 1
= §[o ((4 —3x)* +9x7) dx
1 /(3x —4)3 1
= _(M‘{'?)X?)) _ 2
8 9 .
|

Example 5.24: H-E B4 // VI]x = Iyl[dxdy, i D =[0.2] x [-1,1].
D

—VV )=
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%, Solution ARHEXTFRIHE:,

//‘/|x—|y||dxdy:2[01dy/02mdx
D
/Ix—y|2sgnx— y)

:5/0 ((2 y)? y)dx

dy

3242
15
@ Example 5.25: FEER /f Vi0y—x|dxdy, it D =10,2] x [-1,1].
[xI<1
2<y<2
%, Solution FRIEXTHRIE,
1 2
|| V=sTaray =2 [ 1y -5 sy - 57 ax
lxI<1 ’
2<y<2
/ ( )dx
%
= / cos* t dt —|— =
) 3
# Bxample 5 20: HEBRUS 1 :/ min{2, x2y} dx dy, Fsp D — [0,4] x [0, 3].
% Solution 5 H
2
2
I ://x y; dx dy = 60
D
H—Jim,
2
-2
I = // ded
/ / |x*y —2| y _ f“ (x*y —2)*sgn(x?y —2) ‘3 dx
A 4x? 0
—2) —2)+4
:f 3x? sgn(3x ) + A
0 4x2

Vi 2 1952 2
:/ 3(3—91)(1)6—1-/ (91—3+—2)dx
0 4 \/_ 4 X
ov/6 71 1146 71 846
_ 56 T Ve T 8Y6
6 2 6 2 3

—0V/))——

Wl
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FOE TERD

6.1 EFRTHIBL S M R

Definition 6.1 EF14

REE f(x) & [a,b] AR, &£ [a,b] PHEZTHENETAD A
A=X)<X] < X9 <+ < Xp_1<Xp,=0b
e X1 [a,b] 5 HA%E n AKX IE
[x0, x1], [x1, x0], -+, [Xn—1, Xn]
BN R R K AR A
Ax; = x1 — X0, AXg = X9 — X1, , AXp = Xp — Xp_1

’ﬁ—']‘ [ZJETJ [xl-_l,xl-] .]:-'fj{_‘ﬂy\",‘\]%—'\ 51’ (xi—l < E < X,’), ’ﬁ; lﬂ—zy’—’)z%i{ﬁ f(&) 'L:J’J‘ IZIET]‘&
B Ax; B9 f(E)Ax; (i =1,2,--+ ,n), FtEdhiAe @

n

S=Y flE)Ax

i=1

1% A = max{Ax;, Axy, -+ ,Ax,}, 22X H L — 0 B, INfRIR G £, L5
R [a,b] 899 E R KR & & BGBEL K, AR AAREIAME T A HHK f(x) £

b
la,b] LR ARS (FARERSY), it / F(x)dx, B0
b n
[aﬂx)dx:l:m;f(&mxi

A f(x) HEARAREH, f(x)dx HERREE X, x RS EE, a M HR
SR, b AR IR, [a,b] ™ AR X ]




6.1 EASGBEA SR ~197/566—

Definition 6.2 EF14r ¢ —§

HTABRI W RXRFTEEL T EHR ¢ 2 /@-E"/\ﬂ:—*f( 8, A 1F 2+
ﬁ_‘lXIET] [Cl,b] Q/J{{C{ﬂ_/fj\/é, T‘Lb éi [xn_l,xn] ‘:F';\_:*% , /\% A =
max{Axi, Axy, -+, Ax,} <8, &H

E)Ax; — 1| <e¢

b
R, AR 2R T R f(x) & [a,b] LERARS, Ttk / f(x)dx

™ Example 6.1: Dirichlet pF%{

{1, xR
0, xEICH%

b

- [ D(x) dx FEHE
SN Solutionaiﬁ

/D dx:iil)x});D(éi)Axi:I
AW E NHBR: D(§)

n

b n
D(x)dx =1 D(&E)Ax; = 1i 1-Ax;
/a (o) = m 3 D) Ax 31 ax

=b—a
HIE AT D) =0

b n n
D(x)dx = 1li D(&)Ax; = 1i Ax; =
fa (x)dx AIE%); (&)Ax Ali%;:o x;i =0

SORERC 1 A AEAE, Dirichlet @ECEEAERTIKI 1A TR “
k7 Exercise 6.1: FI] F & SUHH 4 R4
1
/ x2dx
0

| EFESE, B f(x) = x® 78 [0.1] BRI
,(1_12 1), /N ] [—1”;] (i=1,2-,n)

MG = (=12 ), A= maxiA) = o #

}_n

% Solution E#L f(x) = x> #& [0,
¥ 0.1 n 5, Har wOA X =

KR Axi:;(izl, N

/ .X2 dx = /{IE)IB lzl f(gl-)Ax,- = nli)Holo IZI é"l?AXi

0

SIN

~—

—VYV )
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R
D
e
o
Jh

(i)’ 1
T - v _ 1 - .9
=m0 (5) =X

1= 1=

Inn+1)2n+1) 1

—0V/))——

= 3 =3
|
k7 Exercise 6.2: F| & i E &4y )
/ e* dx
0
% Solution pA%L f(x) = e* ££ [0, 1]J:‘ mf()_exf[01]tﬁfﬁ-
45 [0.1) n 454, JE4H 20K x, :’;, (i = 1.2, .n), NI {_1”;] (=12 )
KN Axi = (i = 1,2, .n), B :i(i:m, ), A = max{Ax,} = —,
n n n
1 n n
/0 e*dx = %E)Zf(éi)Axi = nli_)rr;o;eéfoi
i (e —1)en
nlggon Zen - nlingon(e,ﬁ —1)
=e—1
|
k7 Exercise 6.3: FI] F & S 34 R4y
b
f ld)c
a X
. Solution B f(x) = - ¢ [a.] LHEEE, # /(x) = % 7€ [a.b] LR
b\ 7
:I%‘ [a’b] n %5}7 /\ﬁ)ﬁjﬂ Xo=4a,x1 = aq, x2_aq sttt s Xn :aqn :b’q: (;
/NX 8] [aqi_l,aq’] (i=1,2,---,n) KEN Ax; = aq’_l(q -1 =1,2--,n),
M6 =g’ (= 12,0+ n), A = max{Ax) = ag" (g - 1) ~ D (2 ),
bq
/a —dx-)l&_r)r%)Zf (§)Ax; = lim Z Ax,
n i—-1(, _
= lim M = lim n(1—q¢7")
n—o00 Py aql n—o00
= Jinn (1= (5)") = Jim o (1= 5))
a
D |
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& Exercise 6.4: RAFFR

o NMTH21 43+ 4 nl
lim

n—o00 n

% Solution T

W< YT+20+ 3+ +n! _ Yn xn!
n = n = n

i}
limﬂzzexpglimlzml—} :exp(/ lnxdx):1
n—-oo n n—oon P n 0 e
W | nl
lim X lim ¥/n x lim —n:1
n—00 n n—00 n—-oo n e
very g 1
Pt DA v SR8 1 DU 260 i sRAR FR A - <

&7 Exercise 6.5: SR BR

1 1 1
I = li e —
,,Elgo(nH*Hf w)

2 Solution
le 1 L
I = lim — —‘—/ dx =1n2
i=1 n
@ Example 6.2: RARFR:
n—1 2iin
. 1 i 24
nlggo (bn _ 1) an sinb 2 (b >1).
i=0
2 Solution
& Ax;
n—l 2i+1 i+1 [
A = Jim ) sin b7 (b = b7)
=
b
:f sinx dx = cos1 —cosh
1

&7 Exercise 6.6: 3R R

I = lim l(/n(n—1—1)(11—1-2)---(211—1)

n—oo n

2y Solution

1 i ! 4
I =exp lim—Zln(l—l——) :exp(/ ln(l—i—x)dx):—
n—oo 4 n 0 e

=1

—VV )=
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& Exercise 6.7: KA} FR

1 1 1 1
I = lim + + + e+ )
n=>00 (Jl? +n? VA JE g vn? 4 n?

2 Solution

/1 . d 1 241 1
= ——dx = | In(x + VXx* +
0 Vx2+1 [ ( )]0

=In(1 + v/2)

&~ Exercise 6.8: KRR

I T —
im
n—oo \ 12 4 n2 22+ n? n?+n?

2y Solution
[ 1 1 2
T s \12 12 | 224 p2 n? +n?
n i 1 n Lz
= hmz = hm—z 2n
n—>ool: 124+ n? n—>00n171 (”7) +1
1 1
X 1 1
- = _ 1+x?
/0 14 x? 2/; 1+ x? ( )
|

&7 Exercise 6.9: KA PR

2 Solution

T»-
gE
N
=|:_
N—
3|
Il
T»-
g E
D
>
e}
S| =
E
N
N—
Il
D
i
o}
T»—
g E
S|
=3
N
3=
N—

1 2 n
=exp lim —(ln——i-ln——i—---—i-hl—)
n—oon n n n

e, i !
=exp lim — E In— = exp/ Inx dx
n—oo p 4 - n 0
1=

:exp{[xlnx]:—/ldX} :%
0

—0V/))——
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& Exercise 6.10: RAKFR

n—0o0

tim [((n+ 1)) = (n1)"]

%, Solution {FEF|

n ! 1 1
lim v exp(/ In x dx)_ -
A ik
lim [((n + 1)!):11? _ (m)%] — lim I:eln[;njll)!] _eln[(:)!]]
n—00 n—>00
_ hm W [e ln[(’:lrll)!]_ln[(:)!] _ 1]
n—o0o0
| |
~ lim ol [ln[(n +DY ln(n.)]
n—00 n-+1 n
Vn![nl !
— lim [ ulln + 1)1 _m(m)}
n—>oo0 1 n—+1
Vn! 1 1)!
~ lim © [m[(n + 1)1 = In(n!) — M}
n—-oco n n—l—l

=2 1 [in(n + 1) = (“Y/n +1))]

11 n+1 1
= Inl| ————| = -
e " (n+ 1)! e

“. Solution PEREFIHFHEH A2 °
ntx V2en () oo
e (m)r ~ 2 (4 T 2
: :
T e o) )
<

& Exercise 6.11: RA%FR

sinZ sin%fr sin 7
lim »n 5 5 . 5
n—00 n+1 n?+2 n+n
% Solution T
n ] n
1 i sin=t 1 i
1 sin — < E ; < - sin —
n n L " n n
+ 1 Pl s i=1
n .
) T . n oo T 1 " .
lim sin— = lim —— x lim — sin — = — sinxdx = —
n—oop + 1 n nooe(n4 1) n—oon n 1w b/

—VV )=
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n . n .
1 T 1 . = im 1 ™ .
lim — sin — = — lim — sin — = — sinx dx =
n—>o0o p — n 7T n—>o00 1 — n 7 Jo

DA G AR TR By —
|

& Exercise 6.12: RAKFR
(2 )

241 n2+2 n?+n
% Solution T
. S| 1
i < i (l+ )< i +
n?+n n?+i n?+1

]

m " n2 1 i ! 1
lim = lim x lim — —=1x xdx = -
n—>oo§n2—{—n nLoonQ—}—n n—>oon121:n /0 2

i1 i 1
"152021124-1_HILII;OZI’I2+1+n1i>ngon2—|—1
2 1 no . 1
= lim 2n xllm—zl—:lx/xdx—
n—>o0o n4 + n—>ooni:1n 0
L HR 3 D)

l\DIr—\

nz+1 n2+2 n%+n

1 (F VI3 /7)

 Example 6.5 RAHE: ! > %

k=1 2n

712 sin
Lemma 6.1

n

1 2n? +1
Z 2k71_ 3

k=1 sin on

i Proof: ik I FIF=ZMAEZER

n
2n
sin 2nx = Z (k )(—1)k_1 cos?M 172K g%k x

k=1

2n
= sin?" x cot x (2n cot? 2 x — ( 5 ) cot? 4 x + )

—0V/))——
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k
Fib sin2nx =0, W 2nx = kn, x = % yapuliIGIEES

2 2
( 1’1) cot? 2 x — ( ;) cot? A x +...=0.

Jite (an) cot 2 x — (2;) cot? x4+ = 0 BIFTEIRA

5 km
t=cot"—, k=1,---,n—1
2n
n—1 2n
. , km 2n—1)(n —1
W4k Y o K- G @no D=
1 2n 2n 3
n n—1
k k 2n —1)(n — 1 m? + 1
CSCQ%—l—&—Z(cotQ%_,_l):(” )(n—1) b n3—|—
k=1 -
- 1
ik 2 FIRARS BRI escPx = Z S AT
e (X M)

n-t n e o n

km 1 n2 1
Yot or=2 ) -5y

cse
2
k=1 2n k—=1m=—00 (kn_n —|—mn) 2 M=——o00 k—1 (k —|—nm)2
n? 1 2n? IN 1 n2-1
B ; m2 - jT2 I’l2 Z W = 3
i m=1

TEIXA KA, XFEEH m,k N1 B n— 15K, Wk +nm WIFAEER n BEREE
Hi LA 1%

n—1 2n—1
k 1 k 1 [(4n% -1 m? +1
ZcotQ—n:— ZcotQ—n+1 S +1)= et )
Pt 2n 2 bt 2n 2 3 3

% Solution A},

—VV )=
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<rm+ X [* rwar= s+ [T s
5 —J5
o0 o0 n+1 oo n+1 [e%e}
Srm=% [ fmas>Y f(X)dx=/1 £(x) d
B .
/1 e <30 fn) < F0+ [ flx)ds

100

& Exercise 6.14: 3K Zn_% R B HER
n=1
% Solution —Jj 1H]

100 100 100 .p
1 1 1
Yonr=14) nz :1+Z/ n~2 dx
n=1 n=2 n=2Yn-1
100 ., ) 00
<1+Z/ x‘?dx:1+/ x 2dx =19
B
100 ) 101 1
n"2 < / dx = 24/100.5 — v/2 ~ 18.636
n=1 1 X — %
H—JH
100 100 ,p41 100 p41

101
n_édx>2/ x_édx:/ x_%dx:2(\/101—1> ~ 18.1
~ 1
100
L S nmt RO 18 <
n=1

@, Solution 75y3]
1 2 2

NN v v Sk AL
e
<1+2§([—Jnj):1+2(10—1)=19
. -

1 2 2
NN v = ik VU

—0V/))——
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[
100

100

Y n72 > 23 (Vn+1- ) =2(+101-1) > 18

100

It Y e iR A 18
K Exercinszl6.15: AR PR

I=1 S
—= 11m “oe —_—
n—oo \ [nm] = [nm + 1] 4n

2. Solutionl. —J5 1l

dn—[nm) 1

1 1 1
(] * [nm + 1] +'”+E_ kZ:O nm]+k

dn—[nrw)

k
1
< E ——dx
o /k—l ]+ x

/4n—[nn} 1 1 | 4
= ——dx > In—

. nm] + x 7
o5 —J5 T
dn—[nm]
1 1 1 1
] Tprry T ;%[mﬂ+k
dn—[nw]  piq 1
> ———dx
1«2—; /k nm] +x
dn—[nw|+1 1 4
- — L axom
0 [nm] 4+ x b

1 1 1 4

li et~ =2

A HEEO([mT] * [nm + 1] e 4n) -
<

% Solution2. = FERKFiH HH € XL

1 1 1
l+=—+-4+-+—=lnn+y+e,
2 3 n

M

1 1
(Y — Infnr — 1 _—
totgt +[mt—1] nnw — 1]+ y + €pr—1

11 1
I+ -+-++—=In(n)+y+em

2 3 4n
H (6.2)—(6.1) 13
1 n 1 T 1 ) 4dn .
ot — =In———— + €4 — Epn—
nm]  [nm + 1] 4n [nm —1] dn = Sl

—VV )=

(6.1)

(6.2)
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lﬂlﬂjlim(1+ L +...+i):m%

n—oo \ [nm]  [nmw + 1] 4n
<

2. Solution3. EAR

. 1 1 1 | 1
lim | — + e+ — :hmZ -+ lim —
n—oo\nmw nmw+1 4n =00 {— n +1i nooonm

1 1 o
zhm—z i:/ dx =1ln —
noeon = gLy wx 7
A=Y A} . 1 1 ]_ 4
W BN A lim + +o+—)=In—
n—oo \ [n] = [nm + 1] 4n T
|
&~ Exercise 6.16: KA} R
1 X
lim —/ (t = [))2de
X—>00 X 0

% Solution Y n <t <n+ 10/
/Ox(t—[t])2dt /On(z—[z])?dt+/x(z—[z])2dr
:i/ (t—[t])2dt—|—/x(t—n)2dt

:;[ (t—i)th—%(n—X)gz%[nﬂL(x—”)S]

PRk 1 [ +1
n 2 n — DRy
m<;/(; (f-[l]) d[< 3 ,1’1—1,2
HF lim _ " lim n+1—1,513H%’|n—>ooHﬂ‘?ﬁx—>oo,ﬁjﬂH\

n—oo3(n+1) n—oo 3n "3

lim l/x(z— 1)2de = =

X—00 X 3

—0V/))——
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<
-&# Exercise 6.17: RFH4)
+00 [1]
/ Lgdx
0 X
% Solution Y nw < x < (n+ 1) WY
+oo s (l+1)ﬂ i © pl+m
7T
= _d
—i -
_,-:o x2 \i2 (i +1)2
1 i 1 1 1 1
22k k+1 (k+1)2]0 12
Horda:
s (4 1 I
S TR TRl
A |

-E# Exercise 6.18: RA%FR

% Solution( ¥k 1) —J5

n2 n?

. n . n
nlﬂilo];nuw —nlggo;/ e

5—Jih
n? n k+1 n
D Brse=R Bl BY el
n’ k41 n?+1
> lim / " dx:/ " =2
n—00 r  n?+x? 1 n? 4 x2 2
W Y 38 4 0 0

(5% 2) W

n? n2
n
S, = lim E = E —
" n—>ook:1 n2+ k2 1 1_{_(%)2 n

—0V/))——
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[z] k
/n dx - 1 1</n dx
£ 14 x? 1+(1£)2 no Jiz 14 x2
n

dx <8 < " dx
0241 ] 4 x2 " o 14 x2

i

3=

oo a’x b1
= o b, BAGREHPRRIG T [ -3
B A T AR
& Exercise 6.19:
“ 1 5
1. #iEBH: Inlnn < < —-+Inlnn AR 45 B9
> o]
T " 1
2. RARMR lim / tan™"” x dx mAr 45 H 4
n—o00 J ];k(1+§+---+%)
2 Solution
& Exercise 6.20: K FR
n
. 1
B Dy =
=
%, Solution
‘ 1 1
nlggoilzn—l—’?—"'l :nll»nolon_|__ naoogz (n— 1)2+1
1= n n
= lim - ;Ax g.:w Ax-:l
A1—0 = 1+ (51')2 i 1 n2 ’ i n
1
1
_ / P
0 1 + X2 4
&~ Exercise 6.21: RAFFR
B+1
19 4 3% 4o (20 + 1)
lim [ (2n >a]+1 (a,8 # 1)
n=oo 28 448 ...+ (2n)F]
%, Solution
B+1
1% + 3% 4+ + (21 + 1)
I:lim[ (20 + 1] (a, B # —1)

oo [2B 4 4B ...+ (2n)B]"
o o n o i
1)) (5]
;[(;)ﬂ+(§)ﬂ++(2n_n)ﬁi| a1

—0V/))——

—2*8 lim
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—209/5667
B+1
2 p+1 1 a+1 ?
f X dx a1
0
— 20{—[3 0 — 2‘1_[9
5 o+l ) 9y a+1
JET
0 B+1 0
— ga—h (B+ 1)
(o + 1)B+1
D |
& Exercise 6.22: AR
2n
1 n
lim — [ Va2 +i?
n—oon i
% Solution B4, FATH
1 2 2n In(n? + i?) A
In ﬁlj! Vn2+i2)| = ;T—lnn
2n 2n N 2
Inn? 1 I 4
Z " +;Zln<1+(;))—lnn
i=1 i=1
1 2n i 2
—-j{:ln I
n 4 n
i=1
NS
1 2n 2n l 2 1
. - n/ o 12 : — —
nli)n;on411\/n +1 exp(nlggo;ln(l—l—(n) )n)
2
= exp (/ 1H<]_ + x2) dX) _ 2562arctan2—4
0
0 0 0 b
2 n
™ E 1 & a, = cevcos ——=, 2K lim a
xample W ay Cosnﬁcosnﬁ cosnﬁ ?kn_wo n
1= Proof: BUx%k, ®ATAE
Ina 1 ( i cos 20 cos no )
nd, = In( cos
nynoonyn ny/n
" k6 z k6
= l 3 = 1 ]_ S — 1
I;n(cos,nﬁ) kz;n( +(C05n\/ﬁ ))
PNIGIESS
) ) ) " k202 k404 1
i e = iy an =t 35 (=5 = +o(i))

n

_ k262 kto* 1
i S (- o)

— 0
12n6 n2
k=1

—0V/))——
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_02
FE lim g, =e” 6
n—oo

k7 Exercise 6.23: KA KR

% Solution BUXJ4L, FATH

-n")

11.92.33..
ln<(

L NIRIESS

SI\J‘H
N—
Il
=w| —_
:

B

|

| =
E
S

ne=n n 2n?
n

1 i i Inn

= — —ln— e

ne=n n 2n
1=

. (11.22.33...,1”),%2 B
e o

&7 Exercise 6.24: RAZFR

2 Solution

o[

n—0o0

1<~i. i Inn
li =y “ln— 4 —
im (ngn nn—i- 2n))

=

xlnx dx) =e

k

I =1
nﬂ&g(wk)(

1 2 2

n+k+1)

n n

n k k
[=1i —
nﬂilo];(wk n+k+1)
1
+

+ J—
n+2 n+2 n+

(an—k)_nJrZJrl)

3 n+n n+n+1

k=1
n 1
1 1 1 1
:hm—g k——:/ dx — -
n—>oonk:11_|_Z 2 o 1+x 2

—0V/))——

%6 F
2 1 62
_ xX2dx+0=——
0 6
1
hm (11 .22 .33...nn)n2
n—00 ﬁ

)
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|
@ Example 6.5: SRR
1 & 1 & ’
- 2
nli)rgo - Z(lnk) — <; Zlnk)
k=1 k=1
% Solution(by BXFH) HF
1 < 1 « k ke
L 2k — = 2/ _ 1 2
nZn k nZln " nZ(anlnk In n)
k=1 k=1 k=1
2 2
1 — 1. k 1 &
S Nl i ) I 12
(n Z nk) (n Zlnn) " (21nlnk In n)
k=1 k=1 k=1
TR
1 1 ’ 13 Lk (1. k)
1i = 2 (= T = PR ~
R (Ink) (n Zlnk) nli)rrolo " Zln " (n Zlnn)
k=1 k=1 k=1 k=1
1 1 2
:/ ln2xdx—(/ lnxdx) =1
0 0
BH T PA
1 — k 2 (1 k ’
R = lim —Z(ln——i—lnn) — (— (ln——i—lnn))
n—>oo | n n n n
k=1 k=1
1 « k 18 k)
SEARH lim —Zln2—— (— In —)
n—oo | n n n
k=1 k=1
1 1 2
:/ lnzxdx—(/ lnxdx) =1
0 0
D |

@ Example 6.6: #53&

n

2 4 2n
sin — + sin — + -+ -+ 4 sin — sin1
lim 2n 2n 2n — exp
n—00 1 3 on—1 1—cosl
sin — + sin — 4+ + -+ 4+ sin
2n 2n
2 Solution
n n

2 4 2n 1 2 4 2n
sin — +sin — 4+ -+ 4+ sin — f(sin——i—sin——l—---—l—sin—)

lim 2n 2n 2n — lim n i 2n 2n 2n
n—00 1 3 2n —1 n—oo | 1 1 3 2n —1

sin — + sin — + -+ - + sin f(sin——l—sin——l—u-—o—sin )
2n 2n n 2n 2n 2n

—VV )=
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L sinl +sin0 1
. /0 s1nxdx+—2n —|—0(; e sinl
n—oo . cos0 —cos 1 1 I —cosl
/()SIDde+TI”12 0(;)

k7 Exercise 6.25: KA FR

I = lim
n—oo

In(n+1) Inn+2) In(n + n)
+ e ——— —lun
n+1 n—+ 3 l’l+,—l

% Solution T

In(n+1)+---+1n(n +n)

In(n 4+ 1) +1n(n—|—2) +m+ln(n+n)

: — —Inn > —Inn
n—+1 n+s; n+ n—+1
In(n+1) In(n —1—12) - In(n +1n) Cnn < In(n+1)+---+In(n +n) lun
H
1 1) +---+1
lim (n(n+ )£t n(n+n)—lnn)
n—o0 n
_ Inn+1)—Inn+Inn+2)—Inn+---+In(n+n)—Ilnn+nlan
= lim —lInn
n—00 n
1 1 2
—hm—[1n(1+—)+1n(1+—)+---+1n(1+f)]
n—>oo n n n n
1
:/ In(l14+x)dx =2In2—1
0
. Inn+1)+---+In(n +n)
lim —Inn
n—00 n+1
, Inn+1)—Inn+In(n+2)—lnn+---+In(n+n)—Inn+nlnn
= lim —Ilnn
n—00 n—+1

) 1 1 2 n Inn
= lim In{l+—-)+n{l+- —|—---+1n(1—|——) —

n—oo \n + 1 n n n 1+n

. n o1 1 2 n . Inn
= lim clim —[In{1l4+—-)4+1In(l1+ - +---+ln<1—|——) + lim

n—oopn +1 n—ooon n n n n—»oo 1l +n

1
zlx/ In(l1+x)dx+0=2In2-1
0

P DA S 1 O R %

—VV )=
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&7 Exercise 6.26: KA R

2 Solution
n k n

2 1 1 2
% Solution ¥n < — < 1 —<x< — W, [=|=mn
olution X4 : n+1 B S 1) XS5 i [x n
1 1 1 1
lﬁ]ﬁéﬂlﬂ, %,'” < —<n _'_l EI] — <X < - NJ —|= n7
X n+1 n X

117 2 27 2 2 U 2 2
n+1'n| \2n+2"2n| \2m+2"2m+1 on+1" 2n

2 2 1
) i, [;]: 2n + 1, [;]zn , B

[E]_Q[E]: 2n+1)—2n=1

X X

<

A Vg <
S0 < S g,

%/l

2 2 1
2 1

[—]—2[—]:211—211 0

X X

[ EHE) S EHED)

n=1"% n+1

S )£

st

= 2n—+2

m+1 2n s 2 2
:Z/ dx+2[20dx:2(2n+1_2n+2)

1
=2|-In2+1—-—-
( n2+ 2)

=ln4—-1=2n2-1

—0V/))——



-214/566- %65

Example 6.7: %% W

P(x) = amx™ 4+ apm x™ o Fasx® Faix +ag, am >0

B P(1), P(2), -+, P(n) MSABERULIEGEN A, . Gy KA lm 2~

Gn
Solution 7 J5 {8, FATICAE
Spx =142 ... 4nF
1% .
Sn,k k _ 1

n—oo pk+ _/Ode_k—l—l

W24
P(1)+P(2)+---+P Sn Sn—
4 _ PO+ P () o Swk o Sk Lo

n n

i 7% <]

Py

- — am

nm
" InP(1)+1InP(2 In P G

nG = - (D +InP@2)+--+1n (n):>limln  =Inay,
n n—00 (n)z
W24
A (n\" 1 e
lim — = lim . =
n—oo G, n—oo \ Upl m+1 m+1
Example 6.8: yIEBH:
n=1
cse (lﬂ)
_ lnn(k_1 " 2 ) 2y 2lnm —1In4
lim ——n|=-—-
n—oo 1 Inn /4 b4 b/
Solution (by tian_275461) id
n—1 X
Inn kZ:lCSC (%) 2 P k
I = ——n :—chc — ) —2Inn
n Inn b4 n— n

lim I =2y —2Inmw +1n4

n—oo

—VV )=
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At
lim 2y —1)=2Inw —1In4

n—>0o0

wS=2y—1,&MNAE

1 1 1
y=l+-+-+-+———Inn+e¢, e, >0 (n—> o0)

2 3 n—1

n—1 - n—1 kT[
S =2 - — ]+ 2c
Z " CSC( N ) n

_l’_
k=1 k=1
P 1+ 1 P km L9
- = _ - — csc | — c
A
Tr1 1 1
lim S :/ — — dx
n—o00 0 X T — X Sin X
WO BLIE
T 1 1
¥ — = dx =2Ilnm —In4
o \x m—x sinx
1]

T 1 1 1 T /1 1 1
— 4 — — dx = -+ - = dx
0o \X mT—Xx sinx 0 X mT—Xx sinx

11 1
+ ] (=+ - =
e X T —X S11n X

2

BB y =7 —x

71 1 1
:>limS:2/ (—+ — = )dx
n—o00 0 X T — X Sin X

EEE

Xt n sk
(Hn=2m—1(m=1,2,---) B}

@4yﬂ.m(1—2%)=ﬂn(@mé;%?;_$)

—0V/))——
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2)n=2m(m=1,2,---) i

(=1)"*'.In (1 — #) =In ((4m +(Z1y)72;1 — 1))

i1}
k 2
1 1 (2k)! 7
Syt (1 ) =1 n Wallis 24
,;1< ) n( 4n2) n[4k+1((2k—1)!!)}_)n4 (F Wallis 25%)
W GE
(1 1 1
/ (—+ — — )dx=21nn—ln4
o \x mw—x sinx
<
&~ Exercise 6.28: KA} FR
. 1P 43P 4.4 (2n—1)7
I = lim
n—>00 np+1
o;
% Solution & f(x) = x? (x € [0,2]). ¥ [0,2] n %4y, 48K = (i = 1,2, ,n),
n
2 2i —1
ANKEKER Axy = 2 = L2 n), & = > L = 1.2 .n), & =
n n
2
max{Ax;} = —, ¥
n
1 2 (2k—1\? 1 “ 1 [ 27
I:—lim—Z( ) = — lim (éi)pri:—f xPdx =
2n—>oonk:1 n 2A—>0i:1 2 Jo p+1
<
&7 Exercise 6.29: KA fR
1 i—1
1i = . 2
ngg()ﬂésm( p n)
% Solutionl. FJE f(x) = sin(zx)(x € [0,1]). ¥ [0,1] n 24y, /3= N l—, (i =
n
1’2’...’]1)’
1  — 3
KRR Ax; = (i = 1,2 .n), WM& = —2( = 1,2, ,n), A =
n n
1
max{Ax;} = —, i
n
1 & i—z - 1 2
nllrgo;;sin n2n :%ii%i:l Sin(éin)Axi:/O sin(nx)dx:;
<

“ Solution2. ZJ& f(x) = sinx (x € [0.7]). ¥ [0, 7] n 24y, 43 K ’7” (i=1.2--.n),

T 1 —

K JE R Ax; = (= L2 ), W E = nin(i = 1,2,--.n), A =
max{Ax;} = =, #

n . 1 n . 1
o1 ) i—3 1 . = ) i—3
lim —E sin 7] =— lim —E sin b4

1=

i=1

—0V/))——
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= — lim sin(§;)Ax; = — sinxdx = —
T A—0 — : R b4

<
& Exercise 6.30: %t f(x) 7£ [a,b] WL, F(x) & f(x) & [a,b] EM—NREE, A E
FRA W 8 SRS B H 8 & BILIE I 4= 1535 A5 JE 9K 22 3K

b
[ F(x)dx = F(a) - F(b)
% Solution F43 5

A=X0<X] <Xg <+ <Xp_1<X,=0b

¥ [a,b] R n A/BNXEL I8 Axi =x; —xi—1 (i =1,2,+++ ,n), A = max Ax;

1<i<n
RS B H HE e B, BAFTE & € (X1, x;) fHif%
F(x,-) - F(xi—l) = F,(Si)<xi - xi—1)
T
b
x)dx =1 ) Ax;
[ = m 3 rieas
=1
)Lli%z Fxi-)
— F(b) - F(a)
|
& Exercise 6.31: JIEBH
%
lim sin" xdx =0
n—>o0 0
1= Proof: Ve > 0(e <m), A
/2 §sim"xdx <£sin” (z—f)
0 2 2 2
R bid -
fii lim sin” (5—5) 0, itk IN €N, % n> N it
T (T_E) < €
0 <7 sin (2 2)<2
x T £ T
/2 2sin”xdx </2 dx:E
3 -5 2
MVe>0,3eN,YYn>NWAH
% %_% %_% £ &
/ sin” x dx| < / sin” x dx —l—/ sin" xdx| <-4+ -=¢
0 0 z 2 2

—VV )=
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&
(@)
e
Ay
NN
>q
&

HAR IR #y s2 SCRPAR s ST
@ Example 6.9: yEBH:

L

7
lim sint"dr =0
n—oo 0

1= Proof: ¥f Ve > 0, FfE 0 <a < Z, HEE

z 1—a 14a
/ sint" dr = / sin " dr +/ sin " dr +/ sin " dt
0 0 1—a 1+a

=L+ 12+ 13

[SE]

i [sinx| <1401 [l < 5, 4 1, 4

1-a l1—a n+1
1—a
|I1|§/ |Sintn|dt§/ antf(—)
0 0 n+1

BTSNy > 0 41 0 > Ny T ] < 2 WA 7

T T

2 2 d(—cost”
13 :/ Sintn dt :/ %

1+a I4+a NI

T
2

1—n 3 cost™
+ . P dt
1+a n 14+a !

cos(l+a)"—cos(Z)" 1-n /721 cost”
+ . dt
n(l+a) = n )i

—cost"
nt”_l

ta 1"

SAMFAE No, R0 0 > No, AT |1l < 7, B0RE, RN = max{Ny, Naj, %4 n > N B,
WA I <e B

lim | sing"dr =0
n—-oo 0
1= Proof: .
R 1 G L .
1= sint"dt = — - yn " sin ydy (y=1")
0 nJo
11}

1 o0 o
T (1 — _) - / u e du = / yl_% xTme ™V dx
n 0 0

1 (3)" too —xy .
I:nF(l——l)/o (/0 X ne dx)~smydy

- 1 /+oo . /(g)n I
_nI‘(l—l) ; x ; e sinydy | dx

gl —-— o (3" + (5" (3)']

dx — >
1+ x2 nl'(1-1 (1 + x2)e*(%)

X
n

—VYV )
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ﬁ +o00 ta—l T
[, W ». dt —
T e i /0 =
+00 1 T
:>/ = lim /1 =0
2<:os— n—00

I = (/ /+°°)—sl+s2

/\EP
P /1 < foos (8)" + (5)"sin (3)"]
b (t-3) Vo (1+ x2)e*(3)"
< 1 ! [(%)n +1]x77
T al(1-1) /0 (%) dx
1 (Z)" +1 (5) L,
== (1 — %) (%)n_l /0 z ne “dz
1 @)
=T (1 — %) (%)n_l /0 z ne ?dz
1 T\ 1—n
- 13)+(3) ]*0
o /oo < foos (8)" + (5)"sin (3)"]
CTar-4) b (11 x2)er2)
1 +oo X n T
Snr(l—%)'[l e S ara-y 7’
[

I

2
lim sintdt =0

n—>0o0 0

@ Example 6.10: JIEBH:
1
lim cos” (—) dx =0
n—+00 X

% Solution /EAS ¥ u = )lc’ A

[ o o

| 4 1 g
< 1 —du —E _— "uld
< cos” /1 + (2k—|—1) / | cos™ u|du

k=
= cos” 1/
1

1d +1/”| "uld
—au — CcCos uljdu
M2 20
— V)

k—|—2

cos" u cos” cos”

du

u2

T
2



~220/566- %6 F 2y

T
4 n — o0, Al cos" 1 — 0, / | cos” u|ldu — 0. XEHTF
0

m 3
/ | cos™ u|du = 2/ cos" udu = 21,
0 0

T A S SURBEA n — oo IRIRBIRIFAE. P A BB P i 4 23 5UA0 Wallis

AR
(n—l”n / /1
Iy, = —"— , B —> 00
on’

1

lim cos" —dx =0
n—oo Jg X

& Exercise 6.32: JIEBH:

== Proof: fiffAsif x = %, 53]

1 a1 T cos™ u du
cos” —dx = ——
0 X 1 u

M 1 +
o0
[l ot L < [ e i
0 X 1 u
MAERIEEEL k,
/Hk” |cos™ u|du k /Hin | cos™ u| du
1 u? 1+(-1)x u?
k 1 1tim
<)y ——m——— | cos™ u| du
; (1+@@—1)m)? /1+(i—1)n
k 1 T
= —_— | cos™ u|du,
2 TGOy 3
/+°°|cos”u|du</+°° 1
1+kn u? S Jiskn w? 1tk
Pl it

! 1
/ cos" —dx| <
0 X

& k — oo, 3%
1
1
[ cos” —dx
0 X

1 T 1
_ 3 d ,Vk=1,2,....
;(14—([—1)71)2/0 |cos®uldu + ==

o0

1 4
D I — "uld
;(1+(i—1)n)2f0 | cos™ u| du

X 1 17 72 [T
<Z,—/ |cos”u|du:—/ | cos™ u| du.
el 6 Jo

il )

lim | cos™ u|du = 0,
n—0o0 0

—VV )=
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M :
lim cos” —dx = 0.
n—>oo J, X
Il
1
15 Proof: fiiAs#fe x = —, 155
u
/1cosnldx = /+00 —cosngdu.
0 X 1 u
Wi 1 +
0 X 1 u
MRS |
/+°°|cos”u|du _i/”’” | cos™ u| du
1 u? — Jpi-a W
o0 1 1+im
< —_— | cos™ u| du
; (1+ @ —1)m)? /;+(i—1)ﬂ
o0 1 T
=) — | cos™ u| du
— (14 (G —1)m)? /0
1 kg 7t2 g
< 2—2/ | cos™ u|du = —/ | cos™ u|du,
— 17 Jo 6 Jo
i=1
(e
1 1 7.[2 T
/ cos" —dx| < —/ |cos u|du,Vn =1,2,....
0 x 6 Jo
Sl ]
lim | cos™ u| du = 0,
n—>0o0 0
PNI] X
lim cos” —dx = 0.
n—>oo Jq X
Il

2
——xe B ?] MR » AP 7 =

b
/ £ (x) cx A BB y ZEI I [0 b] LRGP

k7 Exercise6.33: #ty =

1
b—a

% Solution

-[AHF 6 FmgE (p234)

2 x2
——dx
/; — x2 _1—2\/§+ln(7+4\/§)

1
y =
V31 V3-1
22
|
* b4
@ Example D ORAEFRE lim / sin dr
n—o0 [, X 14
% Solution ¥ 1:
x it 2x T
lim sin df === lim sin — du
n—oo J X+t n—oo [, u

—VV )=
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BRI o
— 1i / —+0(—)du:nln2
n—oo [, u u
¥ 2
X it 2x
lim sin dr == lim sin — du
n—oo Jq X 1A n—>o00 J. u
_z x ¢
d lim n/ ﬂd
n—>00 T

@ Example D f(x) e
% Solution(by W) {FEZ

Fit A

1

lim ne ™" f(x)dx
n—oo 0

1
@ Example D ORAEFRE lim / _
n—>oo 0

2, Solution {3

" 2 t
= lim e f (—) de
n—oo [, n
v 2 4 " 2 4
[T (o [ (1)
n—o0 0 n Jn n

ﬁ 2 n 2
_ lim f(gn)/o e di + lim f(g,,)/ e di

n—-oo n—-oo ﬁ

S
= lim f(&,)- lim e dr+0= gf(O)

n—>oo n—>oo 0

1 n
n - 1 2
/ —eXdei[ en? dt
0 n2x2—|—1 0 t2+1

Fit A

X n 2
lim [ —o——e* dx
n—oo g n4x? 4 1

n 1 t2

= lim en? dt

n—oo Jo 12+ 1

v 1 2 n 1 2
= lim / en? dt—{—/ en® dt
n—o00 0 [2_|_1 ﬁt2+1

g (vYr o1 2 (" 1
= lim enQ/ dt + lim en2/ dt
n—00 o 1241 n—00 N AR

3 b4
= lim e»Z . lim (arctan /n — arctan O) +0= 3

n—oo n—o00

—0V/))——
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x |
/ 1™ f(¢)de
@ Example 614 B f(x) = sinx], 32 g(x) = i —, WHlim_g(x)
X X—>+00
% Solution X} Vx > 0, BAF7E n i nm < x < (n + )7, IBAWFH
* (n+1)m
[ 1™ f(¢) dt / t"|sinz| de
i o 00000 < : 0
XETOO xml T nllgil-loo (nr)m+1
1 . 1 n (i+1)m .
=
1 " (i+1)7
’ m__m .
< m+l ,,Erfoo m+1 2[;(1 +1)"n fi” | sin¢|dt
=
1 1< (i +1\™ [ithr
= — lim —Z( ) / | sint|dt
T n—>+oon P n in
s |
(i+1)m P
/ |sint|dt=/ |sint|dt =2
i 0
it DA
/ 1™ f(¢)de 9 1 n i1 m
im 2 <= lim —
xll’rfw xmtl o T g nllffoo n ZO( n )
1=
2 ! 9
= —/ xMdx = i
T Jo m+1
ZEM R BEAR w45 )
/ 1™ f(t)de 91
lim =2
X—+00 xm+1 m —+ 1
HH 3 o | A5 )
/ 1™ f(r)de 97
lim <2 —
X—>-+00 xm+1 m+1
|
@ Example DR R
/ sin” t cos™ t dt
lim 2
n—-oo X
2. Solution

x . n
sin” ¢ cos™ ¢ dt x
: / kn<t<(k+1)zw 1 .
hm 0 % — / Slnn t COSn t dt
n—oo X T 0

T

2 21

—/ — sin” 2¢ dt

T Jo n

u=2t l/” (sinu)ndu
T Jo 2
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[ Example DR f(x) LR, RARFR
m (22t DM / 1 12
nli)rgo ), fx)[1=(x=1)] dx
% Solution(by ¥i#H) =]
(2n+ 1! 1 B 1
(2n)! /g cosZtlt dr /1(1 —x*)" dx
Fit A
1f(x)[l—(x—l)2] dx 1f(l—x)(l—xZ)” dx
JEARIR = lim = = Jim 2
/(1—x2)”dx nee /(l—xz)"dx
[T ra—on—ras [ ra—no-sa
= lim — T -
n—o00 3/n
(1—x?)"dx + (1—x?)"dx
J /.
EEE:
/1 1 1
(1—x*)"dx T Y A
lim Tﬁ < lim ( 1ﬁ)( n2)
/ﬁ<1_x2)ndx /ﬁ<1_x2)ndx
0 0
1 1.n 1 nln(l——g)
1-— Yo 1-— -3 \/ﬁ 1— Y e n2
R
n—00 1 1 n n—00 1\n
73 (-3
1 1
Jn(l——=)e™*
< lim ( ﬁ> =0
n—0o0 1 n
(1-7)
Fit A
1 U
/ (1—x*"dx =0 (/ f(l —x?)" dx)
3%/5 0
[ BE
! Vi
/f(l—X)<1—x2)”dx:0</ f(l—X)(l—x2)”dx)
¥ 0

—0V/))——
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ﬁlﬁ L g‘e( n1/3
/Bﬁf(l x)(1—x?)"dx fQa- én/flx
lim “—— = lim = f(1)
n—00 3 oun n—00 o
[T [ (1 -3 dx
ES):A
(2n 4+ 1)!!

[0 FO[L= (= D] dx = £(1)

n—>o0

@ Example6.17: % f(x) € C[0,1], #EBH lim n/ x"f(x)dx = f(1).
0

n—0o0

1
& Proof: Y% (n+ 1) / i = 1, DR A
0

nli)n;o(n/olx"f(x)dx—(n+1)/:x"f(1)dx) =0

1

HA lim/ x"dx =0, A Rk hm n/o xX"(f(x)—f(1)dx =0

n—00

Ve >0, fh lim f(x) = f(1), ﬁﬁu33>0(mﬁi§z5<1),g.0<1—x<5ﬁa‘,7ﬁ
()= ()] < 5, H3M > 0, 415 Vx € [0.1], 41 |f ()] < M, Fibk

n/:x”f(x)dx <

[T - pnasen [ st - s as
1=t ¢ n
n+1 +§'n—|—1

<2M(1-8)"+ 4 %

1
”/o X f(x) = £(1)]dx

<2Mn

5}
lim 2M (1 —8)""' =0

n—00

BEOL 3N, 4 0 > N R, A 2M (1= 8"+ < S FHAY 0 > N W, A

<oM(1-§)tt i< fy oy

1
n/o x"f(x)dx 5<31%

SIIES)

0 Example6.18: % f #E R FiESHAR. KRR

+o00 t

lim —— f(x)dx.

t—0t J_oo X%+ 12

—VV )=
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w5 Proof: XMERL ¢ > 0, HESENE, 748 § > 0, N —] x| <8, H | f(x) — f(0)] < % NI]

[ s sonas (1 f s [7) s - rone
<2M(/_8 /+oo)x2+t2 +8/ixzizzd

=4M arctan + — arctan ;

AM1 i
< T + €.

[
+00 t

tl_i)r(I)l+ . mlf(X) — f(0)|dx < g, Ve > 0.

W e > 0 BERE,

+o00 t

lim ———|f(x) = £(0)]dx = 0.

t—>0+ oo X2 412

w5 Proof: JEZEF], WL t > 0, MBI EEBE, F7E £ € (=1, V1), 15

iy Vi
[ o rola=1re-rol [ i

1
=217 () = 7 (0)| arctan —

Mfi

[ s - sl —(/ / /+oo)x2+t2 - £(0)dx

+o0
<om (/ / ) e+ 207(6) - f(0)|arctan%

= 4M arctan /1 4+ 2| f(§) — £ (0 )|arctan%
<AM~i+ x| f(§) = f(0)].
M

+o00 t

lim ———|f(x) = £(0)|dx = 0.

t—>0+ oo X2 412

@ Example6.19: f(x) A [a,b] EAYZESERE, UEH

b
ngrpw{/a If(X)I”dX} ~ max £ (x)

15 Proof: & M = rél[mz] | f()]. & M =0, MZRFJUEOL. WAL M > 0. % xo € [a,b]
WE M = |f(xo). WAHEM & € (0, M), XM [c.d], 1% xo € [c.d] C [a,b] H
|f(xX)| = M —e,Vx € [c.d]. I\

\ .
(/ IOk dx) > (d —c)h (M —e).

—0V/))——
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b
h_m(/ |f(x)|"dx) > M —e.
b i
1_m</ |f<x>|"dx) > M.

5]

=

& — 0", 133

B—m, BRE 1
b n
(/ If(x)l”dx) <b—a)m
TR |
b n
Eo(/ If(x)l”dx) <.
Wi

b ; b ;
ggo</ |f<x>|ndx) Clim (/ |f<x>|"dx) =M = max |/()]

Il
&~ Exercise 6.34: fo(x) ££ [0,1] _ERJFR,
Folx) > 0: fi(x) = / for(dt, (n=1,2,...),
0
* g, o)
1= Proof: % 0 <8 < 1. A fo(x) #£ [0,1] ER[FRH. fo(x) >
VL i) = || [ fole) e SEBCI 0.1) EREBRIRE, HObPAETER m, M, Gt
filx) =M (x €10,1])
filx) =m (x €[8.1])
SHE— A% n, FIBCEEAANERT DA QR AR %
maay(x —8)7 < fuii(x) < M7 g, x "o (6.3)
o 2 a1 22 1 on=1
an = ()" ()77 (G —7)?
Yn=1H,H

—VV )=
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# (6.3) RAMMA LGN — DI ARE n FROL, (R BATIEZ 34 B A 4R
A

1 2 1 22 1. ont
Ina, = S In 57 1 + 2 ln23_1 +---+§ln 1 (n=1,2,--+)
FRDARSEARE R K B (A S Pk se i 4R 2 2 ) A
lim Ina, = lim In =In—
o 2n—1
T2 5
lim M a,x'o7 = al lim m#an(x —5)1_2%' _ 1
n—+00 2 n——+00 2

8 BFEREPEBNAIRHE ) x € (0,1] 4
Jim o) =3

XA fn41(0) =0 (n=1.2,---) JiAX—Y x € [0.1] H

pt
lim  far1(x) =5

n—-+oo

. tol "o
lim n dx| — =
n—0o00 0 1+ x" 2

@ Example R PR:

% Solution HHA

ug 1 (1 a1 1 1Y ot
ﬁ_/ = - —— dtzl——/ T
nJo 141 nJjo 1+t

PR A XA 2 L 1
I =1==m % 5 O(E)
5]l
["(n) = emn 1) — gnin[1=52 452540 (35) |
Ao (o]
A B J A 2

lim 7 / ) Moot e,
n—00 o 1+ x" 2 24 4
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<
™ Example 6.21: A% PR
%
lim ﬁ/ e*(ost=1) cosrdt
0

X—>+00

1= Proof: {£Z%| lim cosx = 1.
x—0

FB, FEE e, FEES>0, ¥ 0<x<SBfcosx>1—¢

§ T
1 :/ —l—/ e*(cost=1) costdt
0 $

8 8
\/}/ ex(cost—l) costdt < \/}/ ex(cost—l)dt
0 0

1
i (-2y

x(1—cosd) x(1—cosd) 1
ﬁ/ eXlcost=1) gy — ﬁ/ e ” dy
0 0

dy, |

/%y:x(l—cost),=>t:arccos(l—z),:dt:
X

1 x(1—cos§) L 1
= e Yy 2. — (]
\/5[0 Y /1— 2 g
2x

1 x(1—cosd) L 1 1 x(1—cosd) L
5k N sl et

2x
—A+ B
BRA
1 x(1—cosd) L A
A = E/ e_yy_§ . 2x dy
0 ,/1—%(1+,/1—%)
1 X 1
< e Vy2dy -0
= 2«/5)6/0 yzay
1 x(1—cos§) L =
B=— ey 2dy - || = (x — +00)
sl &
T34 s s
ﬁ/ et cosrdr > ﬁ[ e~ (1 —e)dt — \/g(l —¢)
0 0
T A )
1irJrrl XSt cosrdr = 0
X—>+00 §
X HEH]

2
t t
cost —1 = —2sin’ — < -2 (—)
2 T

FERE R B R BN SOREF, Boa, W e BMERE, 17

T [
lim ﬁ/ X511 costdr = | =
xX—>+00 0 2

—VYV )
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+00

= eample 6.2 KhRt tim i ([ S a)

. Solution % § = n™ %, M|

I:[+°° COS X dx:erS COS X dx+2/+°° COS X dx
o T = L T @2 ey

3]
[T < [T = Y
o G NS ) Ty 2T ()
2n — 3)!
= M — 0 (n > 00)
2(2n — 1)1
Fit A
) T cosx ) 5 cosx
([ ) ‘nEIfwﬁ(f_s e dx)
+4 5
= lim ﬁ (f elncosx—nln(1+x )d)C)
n—400 —§
E5p3) X
Incosx —nln(l + x?) = — (n + 5) x? +n(x?), x € [-8, +]
Fit A X
Incosx —nln(l + x?) = — (n + 5) X2+ o(n"%)
Flt A

@ Example D ORI R

N

lim n
n—>oo 0

—VV )=

sin x
xIn (1+ : )cos”xdx
X
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% Solution 44 cosx =1, 15

z sm 1 cos 1t vi—12\
x1n cos" xdx = In{1+ t" dr
0 o V1 —12 cos™t

é\f(t)=f/(f:—;ln 142 —1;)’ S (04 1 €[0.1) B lim £ (1) = In2

ﬁﬁﬁﬁ%:*ﬁﬁ@ﬂ&ﬂ&MSt

Zif@ﬂdh;ﬂm/‘tm+kﬂf()L2Mh

f(O)n1 In2 1
n+1§+ +1h_é+]

z . 1
2 X
lim n/ xln( o )cos”xdx = lim n/ Sf(e)e" de
n—o00 0 X n—o00 0
, [nan ngntl
lim

(f(0)—In 2)]

n+1 n+1
=1In2
<
@ Example DR f(x) £E [0, 7] Ei#ESE n e N EB:
b3 2 T
lim f( )|sinnx|dx:—/ Sf(x)dx
n—00 T Jo
1 Proof: ¥f k e N,
k% B km 7
f |sinnx|dxﬂl/ |sinu|du:l/ sinuduzz.
(k—1)Z nJk-1r nJo n
HH f(x) 7£ [0, 7] bi#gE, B E e e
/ f(x)|sinnx|dx = Z/ X)|sinnx|dx
1)”
Kz
BARHER Zf(ék)/ | sinnx|dx

k—1 (k=1)%
- 2 2 w
:Zf(gk)';:;Zf(ék)';

k=1 k=1
Ft A
: T RUbEN 2
nlgléo/ f(x)|sinnx|dx = hm —Zf - ; f(x)dx
O

—VV )=
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® Example 6.25: eRE f(x) FEAIXIH] [0, 1] FRAZESS: 0)=0, f(1)=1.
HERA :

h_)m n (/ f(x)dx — — Z )
= Proof: X [0.1) M 1 By, BAMA v = o W A= B
, 1 k
Jm (/0 f<x>d"—;k§f(;))
1 n
-t ([ - rtegan)
0 k=1

n

([ [f<x>—f<xk>]dx)

n—00 e Xk
= (3 W@—W)
k=1""k=1 k
Mﬂ;w (Z féél _éixk x ) Hrp & € (xg—1, xx)

M'tiw (Zf o /xk 1 (x — xg) dx ) , Herng € (5, xx)
=n1£20”(2f |- %@‘k—l—"k)QD
——%nhf;o(zf ) l—m)
:__/j‘ Jdx = —
o Example 26: WL f(x) 4 0, b] LAFERESH W94 1)
iy [ [ s (a + -1 ")} =) -

1= Proof: W@, ¥ f(x) & x; (xi =a —1h-

%) AR F AT

f(x):f(a+212_1b_a)+f( 21—1b;a).(x_a_2i—1b—a)

2 2 n

f"(&) 20 —1b—a

T Gl )
i—1 —1b—-a , .. .
/ﬂ\itijxe[a—I—T(b—a)a—l— (b— )] &N T xHa+ 5 , R

(a—i— (2i b2 )

—0V/))——

Bn:/abf
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i
b a) n rat+(b-a) _
[ /+l1b . dx—;/(Hi;l(b_a)f(aﬂL(Qi_1)b2na)dxi|
S L [ ngod
{ /“*ll(bb“a[ 2i2—1b;a)_(x_a_2i2—1b;a)
+f”($,-)(x_a_2i2—1b;a>2] x}
ET Y {Z/H o ) )<X—a—$b;a)2dx}
_1h—q\3|*tnba)
ZM(x—a—Ql2 1bna) o
_ (b—a )> b-a ZM
Fiat 2R T X i = a0 —a) xR A
[Fi] BE ] 45

n
9 (b—a)?> b—a '
Wbz Zi_l i

b Myomi 2881 £ (%) Tl anat Loy —aﬂ A, M,

i £ (x) WL B
b
=/Aﬂﬁﬁh=fﬂﬂ—ﬂw)

B,
b g — —a)?
Jim. [/ Fr -0 (o (2 >b2n“)}=(” 5 1(0) - £ (@)
4 i=1

@ Note:
n

6.2 AT EARLT
™ Example 6.27: REF5

[ ]9
)

/ arccos(sin x) dx
T

2

—VYV )
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Solution Hi iz o & LBATA
arccos(cos fi]) = M, H € [0, 7)

arccos(sin x) = arccos(cos (x —Z)) = x — %

3

[;” arccos(sinx) dx = [;” (x — %) dx = %2
2
Example .25 W () REAESIEH, WEE 7 (x) =35 = [ f()dx =2
0
n f(x) = .
Solution 4 A = / F(x)dx, W f(x)=3x>—A4-2,
0

1
A:/ (B3x*—A—-2)dx =8—-2(A+2)=4—24
0

W A= B () = 3

Example DR f(x) RESN SR, A

f(x):x+x/ f(t)dr + x? lin%)fix)

0 r=

R f(x) X

Solution % / f(t)dt = A, ln% f)(cx) = f'(0)=B, N f(x)=x(1+A4) + Bx?
0 x—

A—(1+A)/01xdx+B/01x2dx
B=1+4
f#fF A=5B =06, TR f(x)=6x+6x 1
Example :&ﬂm%ﬂﬂm:w—ﬁjﬁff%Mxifm
0

1
Proof: é\A:/ F20)dx, W f2(x) = (3x — AV1 —x2)% i
0
1 2
A= /(3x—Av1—x2) dx—%—2A+3
0 3

%’%A:;EZ%A:?), B £(x) = 3x — 3V —x2 8 /( )—3x—;«/1—x2

Example :iﬁfE[O,l],%"ﬁfof(x)dx:—+/f ydx. K f(x)
Proof:(by FKFH) & 5eh

1 1 1
_ 2 2 _ 2
/Of(x)dx—/o F?)dr _/O 2xf (x?) dx

—VV )=



6.2 fhARSF AN X 235 /566

1 1 1
/{;2xf(x2)dx:§+/0 f2(x?) dx

1 1
/ xQdX:%—i—/ (f(x2)—x)2dx:>f(x2):x<:>f(x):\/}
0 0

(b L IR i )
! x2=t f
J, s —% o

(/ fx)dx
2 [ - (/ e dx)

[
1 2 2

(/(; f(x)dx—g) <0
B EARY f(x) = V5 4 w

% Example 6.3 B4 £(x) / [ 1] de, B uax f (x) =

%, Solution
1 X 1
:/ |1n|x—z||dt:/ }1n|x—t||dt+/ |In |x —¢]| de

/\lnx—t|dt+/ |In(z —x)| de
—X X 1—x
/|lnu|du / |lnu|du:—/ lnudu—/ Inu du
0 0

f'(x)=In(1—x)—Inx, F4H Jnax f(x)= f(%)

max f(x) = f(%):—2/021nudu:1+1n2

0<x<1

<
&7 Exercise 6.35: i f( ) 1E (0 +00) WA AR SHE, BHRESH /' (x), A
e wes [ wa= Lo m =)
(A) Vx—1 ()J_+1 (C) 24/x—1 (D) 24/x +1

% Solution 4+ %xg —9=0=x=9, X f(x) ££ (0, +00) WA FHEL
B F(9) =2, RNIET A HT A IEHH
A M) =u=t=f(u) = dt = f'(u)du

S(x) 104\ x
/ £ dr =0 / uf!(u) du
2 9

—0V/))——
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‘ —/ f(u)du
1 s
o) =9fO) - [ flau=gxioo o
X (6.4) kG , ,
xf'(x) = §x% — f'(x) = §x_%
Xt BRI
(x) =vx+C
RN f(9) =24 f(x)=Vx-1 <
Example C (1] SRAFERSY TR
f(t) :at—/otsin(x—t)f(x)dx (a #0)
Proof: HT f(x) xsint = /Ot f(x)sin(x —¢)dx, FFRAUR T FER
f(x)=at+ f(x)*sint.
i F )= 21/ (), B 21 = 5. Llind =
1
F(S)_sa_2 5241 ()
Bp _
F(s)=a (s_2 + s_4)
BB PC3% AR e I 5 R IR ,
f0)=a (z + %)
O

Example CBA f(x) &[0, +00) ERYAESESEREL, H
/xf(x—t)f(l)dt:e2x—1, x>0
0

XK f(x).
Solution(by ytdwdw) i F(s) & f(s) #J Laplace 254, N

1 1 2
F?(x) = ——= , 85> 2.

o f AEfL, At F AR, BrbA

N
sls—2) J-12-1

—VV )=

F(s)=
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V2 1 <N 1
T 51 1_(3_1)—2_\6];6‘2"@( )z s >2
M
N 0 . x2n
f()C) = 2e ;C2n4n(2n)'
. e x2n .
= /2e 24’1(”!)2 = 2 Iy(x), x>0
Horpr Io(x) AFMHHE—RIEIE Bessel ¥ <
R *2Inu 1
@ Example 6.35: 3t f(x) :/ T du, x € (0,+00), M| f(x)+ f<;) =
0

2lnx

% Solution 4 g(x) = f(x) + f(%), mg'(x) = P HEEE

g =2/ (1) =%
P o 2
g(x) :/1 2 )Iclxdx—l—g(l) :ln2x—|—%
1 fx) )
@ Example DR f(x) #EEE g(x) :[ f(xt)de, H. hm— A, A NEE,
0
K g'(x) Ittt ¢ (x) 78 x = 0 Zb WS
% Solution %, # f£(0) =0, g(0)=0. %4 u=xt, 1%
g(x) = kf; x#0
i x
g’(x) _ xf(x) _){02 f(u) du X 75 0
R i )
, u)du - f
g(o)_}cli%o X2 _)1c1—>0 2; =4
HF
lim g'(x) = hm fo lim fx) lim fo f(;/t)du
x—0 x—0 x—>0 X x—0 X
- A_A_,O
—ATS TS T g'(0)
W ¢'(x) 46 x = 0 Abisk p
@ Example R
2x
/ |x —t|sinz de
lim 22 3
x—0t X

—VV )=
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pid

% Solution it (FEZE A E )

X

2x
/ |x —t|sinzde x_tu/ |u|sin(x —u) du
0

—X

X
= / |u|(sin x cosu — cos x sinu) du
—X

X
—2/ ucosu du -sinx
0

it A
2x x
/ !x—t|sintdt 28inx/ ucosu du
lim 29 = lim 0
x—0+ x3 x—0+ x3
X
/ ucosu du
] 0 . XCosXx
=2 lim ———— =2 lim =
x—0+ x2 x—0t  2X

BH

/ ucosu du ~ / udu = [—uz] = —x?
0 0 2 Jdo 2

@ Example W f(x) ££ [A, B] &S, A<a<b< B. Rk

b X — X
hm/‘ﬂ +2 SO e — 1) = f(a).

‘|

h—0 J,
%, Solution

[P fx A h) — f(x)

ilzl—%/a - dx:}lll_rﬂ) /f +h) dx—/f
t=x+h . 1 bh
—%i%z{ N f(t)dt—/a f(X)dX}
L’Hospital }lll_% [f(b + h) . f(a + h)]
= f(b) = f(a)

& Exercise 6.36: % f(x) = fx Cos % de, 3k £7(0)

0

% Solutionl FAR f(0) =0, ArkA
fx)=f© . 1 (% 1

= lim — cos — drt
x—0 X x—>0 X 0

1 " 1 1 1 x 1
= lim — t2d (sin —) = lim — (x2 sin — — / 2t sin — dx)
x=>0x Jo t x—>0 X X 0 5

—0V/))——
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* 1
/ 2t sin — drt
0 L i ( 1) _0

= lim lim | 2x sin —
x—0 X x—0 X
|
&
%xSolution2Xﬂ‘V8>O,H18:§,%O<x<5ﬁff,7ﬁ
X d /x cosud
/0 sy too  U? ! 1 |sinu |t [*OOQSinu
= = — du
X X x| u |1 1 us
1 sini| 2 ptoq
< == — — du
X % xJiooud
11 1\ ™ 1
=xsin—|+-|—— =xsin—|+x<2x<20=c¢
X X U 1 X
X
1
/cos;dt
Iﬁjﬁaﬂ:!l_8<x<oﬂﬂ‘7&ﬁ 9 <87
it A
[ o
cos — df
— 1(0
f'(0) = lim f(x) f<):1im 0 =0
x—0 X x—0 X
<

6.2.1 A FER

Theorem 6.1 (17 — HELRAF )

w f(x), g(x) FEXTH] [a, b] B3 S, GEB:

(/abf(x)g(x)dx)2 < /ab f2(x)dx./abg2(x)dx

b
15 Proof: XEESE A, A / [f(x)+ )Lg(x)]de >0, B

b

b b
/ fz(x)dx—l—QA/ f(x)g(x)dx—i—kz[ 22(x)dx > 0
ERAEMR—ARTF A Wk ET, B AR H R0 EEE, BiA

4(/abf(x)g(x)dx)—4/abf2(x)dx./abg2(x)dx<0

—VV )=
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M A AT O
@ Example 6.39: JEBIARZER
1 100 e—x 1
— < / ——dx < —
200 o X+ 100 100
15 Proof:—J5 1
100 —Xx 1 —X 1 1 1
/ ¢ dx>/ ¢ dx > — | e *dx > —
o x-+100 o x4+ 100 101 Jo 200
i 100 100
- 1 1
/ ¢ dx < — e Ydx < —
o x-+100 100 Jo 100
2 O
™ Example 6.40: yEBY
T
/ (esmx _ e—cosx) dx 2 2
0
1= Proof:
sin x . sin? x
e =1+sinx +
2!
—sinx __ 1 : Sil’l2 X
e =1—sinx + o1
Jir A
sinx —sinx : Sing X .
e —e =2sinx 4+ 2- i +--->2sinx
P
T T 3
/ (esmx _ e—cosx) dx = / esmx dx _[ e—cosx dx
0 0 0
T T
—_ / eSInX gy _/ e SInX gy
0 0
— / (eslnx _ e—smx) dx
0
%
> / 2sinx =2
0
O

™ Example 6.41: ik

15° Proof: HF

—VYV )
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FIt A
/+°° o, 1]cosa?| 1 /+°° dx
sinx“dx| < - + = —
a 2| a 2 ), xZ
1 1 1
< 4 - =
“2a 2a a

15 Proof: XMTM A > a, RIEFIHHE —HEHEH, 77 € € a. A], 13

A
/ sin x?
a

Mfi

5]

@ Example 6.42:

v Proof: FfI%ME

(

1+

2

5]

A
1
dx:/
e 2

X

S

4
tan? xdx >

J

INE]

tan? xdx

@ Example 6.43: {&iiE:

1= Proof: £l (by tian27546):

T
/2
0

X

sin x

%
dxg\//
0

1 § cosa? — cos £2
-2xsinx2dx:—/ 2x sinx?dx = § .
2a J, 2a
4 1
)
/ sinx“dx| < —,VA > a.
a a
+00 1
)
/ sinx“dx| < —.
a a
T (a>0)
44 2am
% a % a—1 1 T o
= tan? xdx + atan“"" x (= sinx)dx
0 0 cosx 2
I T 1 T sin 2x
= / tan? xdx + / atan®"!x ( 2 ) dx
0 0 cosx \ 2cosx
T T 1 2x
> / tan? xdx + / atan®!x ( ) dx
0 0 cosx \ 2cosx
%
> / (tan" x + ax tan®" ! x sec? x) dx
0
x=Z
— xtan® x|
x=0
U
4
T n
/ tan? xdx >
0 4 + 2am
16 [” X 418
— < . X < —
o sinx 225

T
2

x2

sin? x

dx/ 12 dx
0

In2x = ‘/1112 1.849 < 18 1 8577
=, /7n2x - =m/— ~ L. — =~ 1
V 2 2 225

—VYV )
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PUAESRAE I 2230 B 3 i X1 (by Hansschwarzkopf)
HEEEF] f(u) =e" J& (—o0, +oo) _Ej™# 1™ e HOF

T
2 X T.m
In—dx=—=1In—,
0 sin x 2 e

3

M

T

£ 2 (% 2 16
/2 X dx > Zexp —/2 In——dx | = 2 ~ 1.81541228 > —.
o sinx 2 7 Jo sin x 2e 9

Example 6.44: (18 WRMBEE ) WEBHFR A 255K
1 - ! xe* dx - 2
0 V/x2—x+25 99

Proof:(by Hansschwarzkopf) &%

1\2 99 99
x2—x—|—25:(x—§) +Z>Z,a.e.x€[0,1],

Mfi

/1 xer dx < 2 1xexdx—i
0 V/x2—x+25 /99 Jo V99
—J W, R, 153
1 xe* dx o (x—=1)e* ‘1 1 (x—l)(x—%)ex .
0 Vx2—x+25 Jx2—x+250 Jo J(xZ—x+25)3
B 1+/1 (x = 1)(x —3)e” e
0

5 (x2 —x +25)3
A X—3 X
2 f(x)= (xz_x+25)3,g(x)=(x—1)e .l
, _—2x2+2x—|—% 1 B ) .
f(x) = (xz_x+25)5>O,Vxe[0,1],[0 f(x)dx =0,g"(x) = xe",

it fg 72 [0, 1] Ej#sdHg. AR#E Chebyshev R AZERK,

/\j% /f dx>/01f(x)dx/01g(x)dx:0.

/1 xe* dx 1
_ > —,
0 Vx2—x+25

1</1 xe* dx - 2
5 Jo /xZ—x+25 99

—VYV )
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|
@ Example 6.45: & f(x) £ [0,1] FAE#EZSE, H f(0)=0
RIE:
1 1 1
| rmar<s [
0 2 Jo
== Proof: [HH N
1) =)= O = [ f s
HA PR A 2
X 2 X X
/ 72
f2(x):(/(; f(x)dx) g/() 12dx‘/(; S (x)dx
X 1
_ /2 12
—x/(; f (x)dx<x/0 S (x)dx
Pk L 1 Lo 1
/(; f (x)dx</0 xdx-/o f (x)dx:§/0 S (x)dx
O
@ Example 6.46: % f(x) 48 [0,1] EA#ESSE, H f(0)=0, f(1)=0
RIE:
1 1 1
| rmar<g [
0 8 Jo
= Proof: KA N
1) =0 =0 = [ fas
BEY TNy APs % NS W £
x 2 X X
/ 72
£2(x) = (/0 i) < [Trac [ a
x 1
_ /2 12
—x/o f (x)dxéx/o S (x)dx
@?u 1 1 1 1
3 2 I RN
/0 fZ()c)dngO xdx-/o f (x)dx—gfo S (x)dx
X 1
)= £ = f) == [ F s
) B ] 15
1 ) 1 1 2
| P [ rrwa
5]l ) )
1
[ rwar<g [ rwa
O

—VYV )
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pid

@ Example 6.47: # f :[0,1] = R RiiE:

a2 reae [ p)de
0 4 0 0

1= Proof:(by Pip) H Cauchy—Schwarz A%

/01 (f(x))de'/()l(1+3x4)2dx > (/01(1 +3x4)f(x)dx)

2

Ell
[y 2 ([ reares [xtroa)
TR FI4E
folf(X)der?:/ol)C“f(x)dx 22\/3/01f(x)dx/01x4f(x)dx
S5 B

/0 dx>—ff dx/x4 (x)dx

@ Example6.48: 2 f:[0,1] —> R J&#EL: EMpa%, HiE £(0) = 1, JE:

/lef(x)dx < ;(/Olf(x)dx)2

& Proof:(by Fif§) & F(x) — /0 £(e) de, U F RS b T 7

Fx):x/[)xf(ux+(1—u)-0)du

! X
>x/[; [uf(x)+(1—u)]du: -1-5

Iz/ole(x)dx, Uz/olf(x)dx

V) B R A FE R 202 — 31 > 0, )X

é\

i _/ledF(x) _ F(l)—/olF(x)dx

Lixf(x) x I 1
<U- Nax=v---°
/0( 2 +2) * 2 14

1
E|]31<2U—§,ﬂﬁl

) ) 1 1\?
2U% — 31 >2U? - 2U—5 —2(UuU-=) >0

—VV )=
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©= Proof:(by F1§) 4 F(x) = fox f(e)de, B f(x) B _EPEERRAS

S = f0)  fx) = £(0)
4 X
M
1 1 prx
[OF(x)dx:/()/()f(x)dtdx
1 px x)—1 1
2/0/0 (f())c t—l—l)dtdx:—[o (xf(x) +x)dx
4
1 1
/xf(x)dx—F(l)—/(; F(x)dx
1 1 1
< i f(x)dx—§/0 (xf(x) +x)dx
B 1 92 x 9 1 2
/()Xf(X)dx<§(0 f(x)dx—z)gg( ; f(x)dx)
O
1= Proof:(by P§VH) %
1 1
= | xf(x)dx = x)dx 2_3] >
1_/0 fx)dy, U fof()d s U231 >0
& Pl = [ o b
flax)= flax+(1—a)-0)>af(x)+1—a
*F Ya € (0,1) F4y
1
| fenae = S5 WP 25/ () +x
0
I :/OIxf(x)dx:xF(x))(l)—/OlF(x)dx < F(1)—%/01(xf(x)+x)dx
B ; .
5I§F(1)—Z
WA U =F(1), B
U 3] — 16U2 — 241 . (61 +1)% —241 B (61 —1)2 =0
8 8 8
U

@ Example 6.49: ¥ f(x) ££ [0, 1] E#ELEHEL
1 1
/xf(x)dx:(), fxzf(x)dx:l
0 0

—VYV )
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RAIE:

max |/ (x)] =6+ 32

x€[0,1

Proof: &5 HBXAIN Vo € R,
[lx(x—a)f(x)dx: 1
0

FARGIETS . B Jnax | ()] < 6+3v2 W ERGE [ HESHER, A Va e [0,1] 4

1 1
1= /0 x(x —a)f(x)dx g/o |x(x —a) f(x)|dx

< (6+3\/§)/01x(x—oz)dx

M BRI Va e [0,1],

3 6 0 o
= % + %a?) — %a 2 g(a) (6.5)
BT ¢/(0) = o — -, Bl o = % € 0.1] W gle) 76 [0.1] ERIRMES, B
1 1 V2
(5)-3%
s (6.5) X7)E! . O
Example 6.50: # f(x) 78 R _EAESH— 4, H / (f2(x) + (f"(x))?) dx =1
IEH: Vx e R, F |f(x)] < g
Proof:(by P4V§) H4cknl DAfS-2]
+00 +0o0
fA(x)dx <1, / (f"(x))%dx <1

MANEIX A TE 5 B8, B Cauchy-Schwarz R4, HIE

+00
[ s <

—0o0

EEETE S B RS, E, BATIED]
lim f2(x)= lim f3x)=0

xX—>—+00 X—>—00

A, BBELFWEI. BTROSKE, MMERE ¢ > 0, 78 M > 0,
Bx.y>M, Rk x<y)f

/ LA £ ()l <6

—VV )=
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B, XHER® x,y > M. (x <y), A

y y
120) — £2(y)] =2 / £/ f(0)di| <2 / ) £ (@)ldr < 2
i Canchy WBCRINAL lim_/2(x) = A, FRAREIEHBUPIGL, A A= 0, HIA
A, S =0
BT
im0 =0=_Tm_f2(x)
*f Vx e R
£ = dim (£~ f@) + (£~ f(-a))
= ([T roroa [ rorva)
— [ ro)r Oy + / SOV )y
+OO —00
< /_ £ ) ()ldy
+00
<3| @ mp | =
o 145 .
Fl <Y

Example 6.51: &41 f(x) 78 [0,1] EZFrals, Kik:
[ 1wl <o [1reiars [ 1]
1

Proof: AME&E 0 <& < = Ml 2 <n <1, WEHE L e (&), Hifg

373
f(n) = f(§)

=1

| = 3lF @) +31/ ()l

PHEAAER x € (0,1) AL

X

1
FEI=17 0+ [ rrod <3 @1+ s+ [ 17l
A 0
SPRIR € 72 (0.5) BARE 46 (1) EBUYL RS, 13
3 1 1
gl = [1r@nas s [ g [ ol
1 1 1 ”
< [+ g [

—VV )=
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TR 1 1
If(X)|§9/O If(t)ldt+/0 SOl xe 0.1
% ESUHEAAE [0.1) By, 74

1 1 1
/Olf(X)\dxs9f0 |f<x>|dx+/0 /" ()] dx
Example 0.52: &4 f(x) 72 [0,1] L=l s, R
1 1 1
! dx < A4 d " d
[Olf(X)} ¥ < /Olf(x)l x+/0 £ ()] dx
A B ME
Proof:(by Veer) # xrél[é)nl] L (x)] = |f(a)], B4l s
1
/0 F@)ldx = |£/E)] . e (0.1)

3 1
F1(€) = f'(a) + [ £ dx = 1) <1 f(a)] + /0 £ ()] dx (6.6)

1° BAFAE xo AR S (x0) = 0. W | £ ()] = | £ (x) — f(x0)|
29+ FAHAE x0 464 f (x0) = 0. W £ (x) 4E [0.1] EAZES, B min |f/(0] = |f'(x0)

J ) 2 1f ()l = [f (x0)l = [f (x) = f (x0)]

B
() = £ () = f(xo)l = Lf(Ex)llx — xol = £ (@)]]x — x0
/|f x> |18 |/|x—x0|dx
1
|f<s>|(/0 (O—X)dX+/x(x—x0|)dx)
£ (1 o —xo>)
Sl 2
l—xo(l—xo)>%—(xo+;_xo) :;1
B

[01 | f(x)]dx < 4/01|f(X)|dx+/01 |/ (x)| dx

4 BRUME, RS f(x) = x % i

1 1 1
[ 1relar=4 [irenar+ [ w]as
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|
Example 0.53: 3% x <1 HAE%EE, KiF

1) = [ S—dt e (N

b 1] FRR A
Proof: %t m <x <m+1, A

o= g e [ g [

= x_ + —(x—m)
kX::k m!

><

BRA

2 m—2 m m—1

F(x)=1+x+ 4.t + 4 7
2 (m=2)!" m!  (m-1)!

(x —m)

s

I'(x)—1(x)= -

BRm<x<m+1,81'(x)—1(x)>0, 4

(x —=m)(m+1—x)

WA e B ERATA
G(x)=G(m)+ (x —m)G'(§) > G(m) + x —
R
I(m)=e" ' = G(m)>m-—1
JIr A
G(x)>x—1== I(x)>e"!
HApRATHE T
I(m) > e™ !
FiE B
— m* m—1
P
x=0 "
BRI 1
M= onx o e m I
xZOF (m—l)!/(; e 't dr
AT 5 ZEE B

—VYV )



~250/566— %

B m =k J¥L, FIHABWRSAE

k
1

k*ek +/ e~'t* dr < k! (1 - —)
0 e

HEEE
k+1
/ etk ar < max e itk — ok ik
k k<t<k+1
it A

k7 Exercise 6.37: 4 n A IFEEET, WEHH:

1/§sm@n+nz 2+1Inn
— ——|dt <
T Jo sin ¢ 2
= Proof:
L2011 L (7 |sin(2n + 1
T Jo Sin X X T Jo X
1 2 1 [@rD)7/2 ) gin x|
<. —.|1=-=)+= dx
T 2 b4 T Jo X
El_l—i_l [ﬂ/2|Sinx|dx+2zn/(k+1)n/2|Sinx|dx)
2 o mw\Jo X iy Vkm/2 X
2n
11 9 1 k+Dm)2
< - — 4= £+—Z— | sinx|dx
7 w\2 =w k Jkn/2
k=1
2n
1 1 1 (n 2 1
AT §+;Zz)
k=1
2n k
1 1 1 (nx 2 2 1
<———4—|=4+—-—4+- —d
-2 n+n 2+n+n2/k_1x o
k=2
1 2 2
=1-—+—(1+mn2)+—lnn
T w2 n?

FOEE P A, RG]

2
b4
2—n+21n2+21nn<71nn

Mi3X 2 AR Y

2
2—m+2In2+2Inn <4lnn < %lnn,(nz2)

W 0 =1, fEFE TP A

I<1 1+1 JT+3
— 2 @w mw\2 T

—0V/))——
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3—m
=1+ 5 <1
O
= Proof:
1 (™21 1 1 [7/2|sin(2n + 1
1:—/ ( ——)|sin(2n—|—1)x|dx+—/ [sin@n + Dx 4
7 Jo sin x 7 Jo X
1 = 2 @17 /2 | gin x|
<—-—=|1-= +— dx
T2 b4 T Jo X
S 1_1—’_1 /TE/Q |Si1’lX| dx+Z/(k+1 /2 |Sll’1X| dx)
2 o mw\Jo X km/2 X
on
1 g 2 1 (k+1)m /2
< - —— 4+ —| =4+ — — i d
=3 n+n 5 ”X_:k/knm | sin x| dx
1 1(n 21
=5 7% T;ZE)
k=1
2n k
1 1 1({x 2 2 1
<———4—|=+—+- —d
-2 71+7r 2+n+nk2_£/k_1x x)
1 2 2
WMn>1KE:
1 2 2 2+ 1Inn
1—;+;(1+ln2)+ﬁlnn— B
L (- Y w24 1t
= 5 | nn nd—m
<= [2lhn+2+nd—-n] <0
bis
& 1 2 2 2+1
l-—+ = (1+In2)+ —hn< *n
T o7 b4 2
Yn=1mKEH:
1<1 +1 JT+3 _1+3—n<1
2 7 w\2 =n) 2
g b, S RHIE. , O
@ Example 6.54: pA%L f(x) £E [a,b] ERJFR, ﬁ{%/@/ SPx)dx =0, M = m[a)z}f@),
a X€E|la
SKIIE -
1—4/5 V5—1
M
2 —a/ Slx
155 Proof: BEHiF
1-5 [f ‘< V51
b—a 2
N S \
% g() = 5y x =at (b —a)x, NIA max g(x) =1, DR
x€la,b

1 1
b=al g(x)dx:b_a/0 (b—a)g[a—i—(b—a)t]dz:/o gla+ (b—a)t]ds

—VYV )
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&

B4 G(1) = g[a+ (b— H/G?’ £ dt = 0 T, RS R

1_f V5—1

1 1
% [ 6= [ [60) -G 0] dr, Fik4 G(1) =y € 1.1
0 0

Xa‘%@éw(y)—y—y?’ﬁfl’u1—3y2,AH<y)0=>y—i%§,y\ﬂﬁ
E[—l,l]ﬁ,—%ﬁgy—y3<£ﬂ:75
1— 5< 2f / Z<¥<ﬁ2—1
LNI]
1— 5< 2f / %’ J32—1
IR
1—[ V5—1

gk, FRAERGE.
& Exercise 6.38: JEH]

I(n)= /Omt (Ssi?n'l[t)4dz < nlnz’n > 2.
w5 Proof: n = 1 B EZRIEARZEREAL. n > 2 B, BAeEEB P A%
|sinnt| < nsint,Vt € [0,7/2],
sint > %,Vr e [0,7/2].

BOHER § € (0,7/2),
§ . 4 482
Il(n):/ z(s”f””) dz<n4/ tde =",
0 sin ¢ 0 2

/2 rginne\* (724 7t/ 4
I(n) = t| — dt < — —=—(=-—=).
s sint 16 Js 3 32\82 n?2

Mt nts?  mt[1 4
T 7'[2”2 7'[2
S ERXHNAE § = on Ak 3 35 B /MEL — 3 M
I(n) n2n2—n—2,n22
4 8

—VV )=



6.2 fhARSF AN X ~253 /566

&7 Exercise 6.39: ¥ f(x) #£[0,1] E#EZW T, £(0) =0, 4EH: | f(x)| < \// [f/(x)]Q dx.
0
== Proof: K

)] = s;Aﬂf%mnn

/Oxf’(x)dx

ssﬁlu%xndx==J(Alumxn-hn)2
AT A A

(/01 L (x)] - 1dx)2 < (/01 [f’(x)]de) (/0112dx) - (/01 [f/(x)]de)
If@NSVkﬁlvmﬂﬁlw){ﬁJllUﬁwfdx

.E# Exercise 6.40: % f(x) £ [a,b] EZri&sen] ¥, H

5]

fla)=f(b)=0.f"(a) = 1. f'(b) =0.

SKE:
b g 1
[ 1rerar =

1= Proof:7 % 1 fH Schwarz A2 4

b 2 b b
(/ (6x —2a — 4b)|f”(x)|dx) < / (6x —2a — 4b)2dx/ |7 (x)dx

/b(6x —2a —4b) f"(x)dx = 4(b —a)

b
/ (6x —2a — 4b)*dx = 4(b —a)?

/b(6x “2a—ab) (W)

b
. " 2 _
R -
(6x — 2a — 4b)?dx

a

7k 2 {ERBIXN Y c € [a.b], fi

b b
/(x—c)f”(x)dx:(c—a)—/ f'(x)dx = ¢ —a,

(c—a)?® < /b(x —c)de-/b | £ (x)]?dx

—VV )=
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Bp
b " B(C_a)2
g | £ (x)[Pdx = b=t (c—a)
B 3(c —a)?
(b—a)[(b—c)?=(b—c)(c—a)+(c—a)
3
(b—a)[(f_;;)Q—é’%g—Irl}
e e =
£ () fPdx = o—.

& Exercise6.41: #t f(x) f£ [0,1] E A —MESSH, H
f(0)=f(1) =0,M = max |f'(x)],

x€[0,1]

ﬁw:uﬂﬂnm:s%

1= Proof: ) )
/ dx—/ f(x)d(a+x) x—i—a)f(x)‘o—/o(x—l—a)f/(x)dx
‘/f dx_‘/f a+x
:‘x—ka ’—/ (x+a)f dx)

EM/ |x + a|dx
0

maz—%WﬁﬁﬁK%ﬁo
& Exercise6.42: ¥ f(x) 7E [a,b] [, B f(a) = f(b) =0, W]

b —a)?
[ 1r@iar = C5Ew = sl o)

5 Proof: ,
+

/ablf(x)ldx:/aa2 | £ (x)|dx + /ihlf(x)ldx

2
H Taylor A KR
ath ath

|fquh3/2|fw»+ﬂ@xx—@wx

a a

—VV )=
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<M/ x—aldx—M/ (x —a)dx = M (Y 8b)2 azb)

[ A B J5 SR A0 PR A

(a+b)* ab
5 2

b
[ 17 lax = ¢

2

B AT R

b —a)?
[ e = B o1 = a0

k7 Exercise 6.43: # f :[0,1] —> R BIEZRHEE, & f2 f(x)dx =
0

WKL : /f 2dx>12(/ f(x dx)2

15 Proof: iEi% 1 1
/ =0 [ xr s =5 r)

([ reoar) = [ - s 5G]
://f dtdx+[xf()]

=_/1(1—t)f()dt+f o ]

2

<2[/11(1—t)f/()dt] +2[/ xf'(x)d ]2
/1—t dz/f dt+/ de/f df

= E/o f(x)%dx
%fﬂEﬂﬁr KIEA 2o
IEE 2 BB A EIM— M sie

/ )P 2 12( / () -2 / : f(X)dX)2

FIH Schwarz A~Z3

1

[ urrax [ éx%bcz<[0 éxf’(x)d) =[ / £lx }

[j[f( v = 24( / £ (x)dx)?

—0V/))——
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A Schwarz AN

1 1 1 2
| repar [ - = (—%f(%) +, f(x)dx)

2 2

. /11 f(x)%dx > 24((—%f(%) + /11 f(x)dx)2)

=

— A, R 2(a® + b%) = (a +D)? 17
/f 2dx>24 /f )dx)? () /1f(x)dx)2)

> 12 /0 f(x)dx—Q/O f(x)dx)’

% 1
é./ Fx)dx 0 1, J:zt=12</ £ ()dx)?,
0 0

1 1
/ £/(0)%dx = 12( [ £ (x)dx)?
0 0
]

b
-k~ Exercise 6.44: ¥ f(x) £ [a,b] EVIHY, |/ (x)] < M. ﬂ/ f(x)dx = 0, X

f £ I F () < MO

= ProofﬁE:z*ElﬁﬂF( )| = rg{m}c} [F(x)], W F'(c)= f(c)=0

|—|/f dx|—|/ £))dx]
:|/af )(x —c)dx|

< M/ac(c—x)dx = %(c—a)2

Sl .
o)< m2Y
) |F(X)|<%max{M(c_a)2M(b_c)z}} cpb=a”
2 2 Jf .= 8
ik 2 4

)
W G(t) 18 (a,b) LM, H G(a) =G(x)=G(b) =0
REIZR Rolle &H
3 E=£(x)e(ad) st G'(§)=0
P55

F(x)= f/Q(S)(x —a)(x —>b) x € (a,b)

—0V/))——




6.2 fhARSF AN X ~257/566—

Wi B o
F@I < S -ap-x < O
b O
& Exercise6.45: % f(x) 7E [a,b] AN SHRE, H f(a+ ) =0,
S
/|f |dx<—[ /()P
1= Proof: 4
AW = [ 1700 0 )
P = [, 1 @l (0
a+b a+b a—+b a+b
WA, ) i a0 (0 ) e, (D) = D) <0
H
F() =1 ()l x € fa, “ 5]
R0 = 17 )l e (S50
mim (0 =0
:[; F(0)dt, x € [a, b]
Wi
) = Fio)x e fa, S50
()1 = B, x e (250 1)
3
b atp b
@S @I = [T @l [ 10 0l
ath b
< —/a Fi(x)F{(x)dx +/;+b Fo(x) Fy(x)dx
= SFN@) + 5 F )
1 a+b 2 1 b 2
=3 ( / |f’<x>|dx) +3 ( | If’(X)Idx)
oz a0 b b
< %/a |f/(x)|2dx/c; dx—i——/a;rb If/(x)|2dx[l+ dx
B b
S RIS

—VV )=
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k7 Exercise 6.46: ¥ f(x) FEXJH] [a,b] Li#ESZE 1E (a,b) EZMAl%, f/(
W: & f(x) AREWE, WAEFLEE e (a.b) 17 £ (8)] >

= Proof: ¢

(b —a)?

b 4
= K = Gl ) - S @)
HA—4] x € (a.b) ¥4 f"(x) < K, FIF Lagrange &5,
1) = 1)

X —C

| |=1/")l =K

B A0l < K(x —¢), TR

70 s@i = [ 1w & [(e-xar= YOS

CERPEEE b
e = L= @)
T
FB) = F@| =11 ()= @] +1f () = f@)] < |f () - f (@)
FUF /(x) BOAELRRE, Wbl LsReb RS LA |f(x)] = Klx —cl. BRI /() = 0 7%
F1() = K(x—¢) B f'(x) = K(c —x), ARIHNSAA 1 (0) = (@), B K = 0, 30
£ () FRAHHT . FICASEAE € < (a.b), (7

4

| (&) > m

|f () = f(a)]

& Exercise6.47: f(x) EXAE [0, 1], f(x) HABESEREL /(0) = f(1) =0, #EB:

1
'A 7 (0)ldx > 4max | £(x)]
& Proof: # f(x) = 0, G BAMIL F03x0 € (0.1).54 max |£(x)] = |f (xo)] > 0.

FG0) = 10O0) _ ey L0 = F(x0)

XO—O 1—X()

= f'(&)
T

é%f”uxu

e — Fl(E) = L)l
= /(&) — f(62)l = o1 = x0)

> 4] f (x0)| = 401;1;1?1 |f(x)]

1 &
/‘M%Msz/ () dx =
0 &1

—VV )=
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L Exercise6.48: ¥ £(x) KB, MIRERET 0, B F1) =1, £(0) = ;

2
HEH:

1 +oo 1
—§</; (x—[x]——)f(x)dx<—1—8
1= Proof: .
Vi /k (x — [x] = S)dx = 0
400 o k+1 1 00 1
[ e -rar =30 [ == )y = ~(Y @+ 5 ()
! k=0 "k k=1
sop
k+§ k+1
a= [T == U0 = fe+ [ == e 1) = £ (x))dx <0

55T, R B
L) =20 (k +1) = fk+ )x—k =)+ flk+3)

2
T f(x) e, A L(x) - f(x) = 0.x e (k.k+1), #&

+oo 00 k+1
[ == e = S == e = ) - f (k)

k=1 7k

k=1
1ol 1 2
>625(f(k+§)—f(k+§))
k=1
1.3 1
=5/G)= T
LEAENAR , o , X
<[ W= <~

o Exercise6.49: # f(x) 4E 0.7 BESAS, £(0)=0./(3) = 1. KiE:

/02 |f(x)-sinx + f'(x)|dx = 1

—VV )=
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15° Proof: %
F(x) =e % f(x)
|

F'(x) = e " (f(x)sinx + f'(x)) = F'(x)e®* = f(x)-sinx + f'(x)

= /075 | f(x)-sinx + f(x)|dx :/0

2 |eCOSXF/(X)|dx

e ¥ > 1 x e [0, %]

L

/OQF’(x)dx

k7 Exercise 6.50: % f(x) € C ELAHE, HHL

/Olf(x)dxzfole(x)dx:...:/len_lf(x)dle

Pk )
/2 |ecosxF/(x)|dx >
0

HEBY: )
/0 (f (x))%dx > n®

v Proof: %%, HAMFHELIK P(x)

P(x)=ag+arx +-+ap_1x" !

AW P (x) Wil Lm A, A

1
/ (P(x))zdx =ap+ay+---+ap—1
0

A YR REL a;i BA A A
1
/.%Pumx:l k=0.1,...n—1
0

@n=l _ 1 k=0.1...n-1

a a
e ITet

MU ESRES k+n
" Hix)= 204 Gy 4ol
_x+1 x+2 xX+n
AR A
H(O):H(l):"':H(”_l):O
H(x) MiZH
(x) MiZ Y L Ax-(x—1)-(x—2)---(x—n+1)

WX LR B A=-1, &
noket  (nFK)!
ar = (1) kl(k!)2~(n—k—1)! k=0,1,...n—1

—VV )=
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n—1
FIBCRAAEARHEES] D " ax = n®, Fibh, HLHR P(x) WL LEmkRE, 0l

k=0

1
/ (P(x))%dx =ag+a + -+ ap—y = n*
0

BUs DL B 20 P (x) M Cauchy-Schwarz A28
2
/1 (P(x))2dx[1(f(x))2dx > (/1 P(x)f(x)dx) o
0 0 0

= | (f(x))*dx =n?
0

&7 Exercise 6.51: RATAMESE SHEEL £ [0,1] — (0,00), WL £(1) = ef (0), H.

1 d 1
| ot voras <2
5 Proof: J#7%
0< /1 (f/(x)— ! )de /1(]”()6))2a7x—2/1 fl(x)dx+[1 dx
—Jo f(x) ) o f(x) o (f(x))?
1 1 1
_ /0 (f/(x))de+/0 —(f((i;))2dx)—2/0 (In f(x))'dx

(
Z(/Ol(f’(X))de+/01 d dx)—an&
0

(f (x))? 1(0)

FibA f(x)f/(x) =1= f(x)=~+2x+C, C >0, HF
f()

—L=e=C =

f(0) e2—1

ﬁif(x):,/2x+622_1 O

&7 Exercise 6.52: JL#EZEH, H. f, % By, SKIIE -

FEUEA REL 2 RN,
1= Proof: HYJLLE RAZERA

([ rwar) (3 [ £8a) <2 [ e
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Bp

WA Cauchy-Schwarz 4

(15 ) o) = ([ ) =

! 1 4 1)
Yo f(t

[0, st ), S
o f(t)

FrA
| 1 _A e,
/ x3 o &l(t)

g(r)dr
WA

xf(t)dt x
éx o [ (LSt e = () Sdias) o
/0 4t2f(t) (/t c)“lc)gc)dt
2[01 (1 —t

1

<2 dt
0 (Z

HI—TE: FAA f(1) =1.8(t) =t +e.e >0

X
1/ f(t)de 1 X
/ 0 dx:/ dx =2In(1+2¢) —2In2—2lne
0 / g(t)dt 0 —x2 4 ex
O 2

@) ftdr
/Og—t)dt—/o t+€—ln(1+8)—lns

In(14+2¢) In2 +1
lim2ln(1+28)_2m2_2ln8:2lim Ine Ine —9
e—0 In(14+¢)—Ine £=0 In(1+e¢) +1
Ine

Fit A

® Brample.55 3 £ 0.1 > R REHGEE, # [ f(x)dx = 0, K
0

/01 f(x)%dx > 12 (/01 f(x)dx)2

—VYV )



6.2 fhARSF AN X 263 /566

/Oéf(x)dx:0:>/O%xf/(x)dx:%f(%)

([ rea) = /1(f(X) a4 Ll >T

I o [P eren]
=ﬁa—www+/ww>r
52{4%1—0f%ﬁhT+J[AZxWQMMT
s2[[1a—4fdﬂé3ﬂofdr+ﬁéfwxﬁéf%ﬂ%h}

2

1
35 | rwras

k7 Exercise 6.53: % f(x) 1£ [0, 1] EZEn] R HA M, ¥ ﬁg f(x)dx =

WKIE: 1 1 2
| a2 ( | f(x)dx)

= Proof:

15> Proof: &

1
e |0, -
X X I 3)
1 2
G(x)=4 1-2x, xe|=,=
1373

[ 2
x—1, x¢e€ —,1)

| 3

i Cauchy-Schwarz &K ZHEBH. PLF % ) O
T Brercise6.54 # f(x): [0,1] — R RHESTSHY, H / " f(x)dx =0, WA

/ () = B ( | lf(x)dX)z

= Proof: #£75: %

S }
X x € |0, —
| 2n
1 1
=1 1-(2n—1)x, — -
g(x) (2n—1)x, x¢€ 2 n]
[1
x—1 xe€|—, 1].
| n
R0 R —AE M Cauchy-Schwarz O

—VV )=
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b
T Bxercise 655 % f(x) : [a,b] — R BT SEM, H / Fx)dx = 0, WA

2b—a 2b—a
[ e s (/ f<x>dx)

2

= Proof: i%
X —a, X € [a,b]
glx) =
2b—a—x, xe€lb,2b—al.
e B —FEH Cauchy-Schwarz ]

& Exercise 6.56: 2 f(x):[0,1] > R REZFHE, H /2”+1 f(x)dx =0, WA:

2n+1

[ = 2 ([ san)

2

= Proof: %
[ 1
X, x €10,
| 2n+1
(x) 1-2 € [ ! 2
X)= —2nx, Xx
& [ 2n+1 2n+1
[ 2
x—1 X € L1
[ 2n +1 }
e B —AFEH Cauchy-Schwarz ]

Er Bxercise6.57: ¥t f(x) J&AE [0, 1] A MESEMMEL, H £(0) = 1, il

2/01x2f(x)dx—l—%§ (folf()c)abc)2

15 Proof: % F(x) = /Oxf(t)dt, BT f(x) ZM&EE, A
S =f0) _ fx)=f(0)

=0 T x-—0 t€(0.x)
= £z S(f0)-1)+1
54
I :/le2f(x)dx —/le2dF(x)
1 b
=F(1)—2( x| f(t)dtdx
0 0
1
S F)—1-3
BB 21 < F(1) -, UBEN]
11
F(1) - T F?(1)

—VV )=
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BARIEAL
& Exercise 6.58: #t f(x) A (—oo,+o0) LR EIHIA 1 iR B eh £ 5 2

1

ogf(x)glLﬁfo Fl)de=1. 3B %0<x <13 W, &

N JXTT %
/ nﬂﬂdr+/ f@ﬁh+/‘ f()dr <11
0

0 0

a5 IS W 5% Ak
1= Proof: &M 0< f(x) <1, &

Jx Vx+27 J13—x
/ f(t)dt+/ f(z)dz+/ F)dr < Vx+V/x+27T+ V13 —x
0

0 0

n 2 n n
R B MO P AR 252K, B (Z aib,-) <Y af Y bYW a; K b X PRI O
i=1 i=1 i=1

f

VXN 2T+ V13 —x =1-J/x++/2-
2

<\/1+2+—-\/x+—(x+27)+

3 2 2

HAR S AL I 787 W EAAF 2 -

(13—x), Blx=9

| W

Srron) =2
X = —(\X = -
2 3

P
e Jx Jxior Ji3—x
/ f(t)dt+/ f(z)dt+/ f()dr <11
0 0

0
Fals x =9 if, A

Y3l +2m+ \/g Ja03-x)
i 3

(13—x) =11

Jx Vx+27 V13—x 3 6 2
/0 f(z)dz+/0 f(z)dt+/ f(t)dz:/Of(z)dtJr/O f(z)dz+/0 f(t)de

0

1
FRA P, DA /0 Fla)de =1, 4

3 6 2 1
/0 f(t)dt+f0 f(t)dt+/0 f(t)dt:ll/o f(t)dr =11
Pt ABEE S i 83 i B4R R x = 9

@ Example 6.56: # f(x):]0,1] > R RIEZ SFEE, & /2 f(x)dx =0, KUk
0

/01 (f'(x) =12 (/01 f<x>dx)2

—VV )=
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% Solution HZ&HFATH .
/02xf/(x)dx = %f(%)
H A= 3 JB KA XA Cauchy-Schwarz A%, FATH
(/01 f(x)dx) _ /1 (f(x) - f(%)) dx + %f(%)}
_ _ﬁl/;xf/(t)dtdx+/%xf’(x)dx:|2

— [(1—t)f'(t)dt—|—/0%xf’(x)dx:|2

2

<2 /11(1—t)f’(t)dt:| 12 |:/02xf/(x)dx}

2

2 2

1 1

HiL, A4k
% Example 0.57: WHREL f(x) 42 [a.b] DRAESENIE H [(a) =0, JEH:

b —a)? * 5
[ < ES o) a

% Solution(by [] &)

be(x)dx: ’ xf/(t)dt 2dx< ’ xdt xf/Z(t)dt dx
I [ ([ ) as [F([ o] o)

< [ab ((x _a) /ab £200) dt) dx

= O [ e

@ Example :Ba >0, uEBH:

7 cosx 3 sinx
/ dx >/ dx
0 1+Xa 0 ]."—.Xa

2y Solution

2 COSX —SInx COSX —SInx 2 COSX —SInx
—dx = —dx + — dx
0 ].+xa 0 1+xa % ].‘I‘.xa

—0V/))——

INE

<2 [(1—:)2@[1 (f’(z))thJr/(fodx/j(f’(f))2

dx

|
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T

4
+/
0

sint — cost
T+ (E-0)

dt

T .
t=Z—x /4 COS X — sin x
0 1 + x4

/Z (cos x — sin x) (1 + (£ - x)a) + (sint — cost)(1 + x?)
= dx
0 (14 x9) (1+ (3 - x)")
Z oS (x — %) ((1 — %)a — 1) x4
= [ - dx
o (a9 (14 (2 - %))
> 0
|
&~ Exercise 6.59: JEBH:
1 1 1 1
/ x%dx [ x3 dx / xtdx / xe® dx
0 0 0 0
1 1 1 1
/ x3dx / x*dx / x® dx / x%e* dx )
0 0 0 0 e’ —1
1 1 1 1 210
/ xtdx f x®dx / x0 dx / x3e* dx
0 0 0 0
1 1 1 1
/ xe* dx / x%e* dx / x3e* dx / e** dx
0 0 0 0
% Solution <
& Exercise 6.60: JEBH:
1 1 1
/ x?dx / (x? + 2x?sin x) dx / (x* + 2x*sin? x) dx
-1 -1 -1
1 1 1 32
/_1(x3—2x3 sin x) dx /_1 xtdx /_1(x5+2x5 sin® x)dx | > 2695
1 1 1
/ (x* — 2x*sin® x) dx / (x° — 2x% sin® x) dx / x%dx
-1 -1 -1
2 Solution <
@ Example Prove that
! e
f sin(mx)x*(1—x)" dx = —
0 4!

1= Proof: First, we use z% = exp(z log z) where log z is defined for —7 < argz < .

For (1 —z)'7*

=exp((1 —z)log(1 —z)), we use log(1 — z) defined for 0 < arg(l —z) < 2x.

Then, let f(z) =exp(imz + zlogz + (1 —z)log(1 — z)).

As shown in the Ex VI in the wikipedia link, we can prove that f is continuous on (—o0,0)

and (1, 00), so that the cut of f(z) is [0, 1]. We use the contour: (consisted of upper segment:

slightly above [0, 1], lower segment: slightly below [0, 1], circle of small radius enclosing 0, and

—VV )=
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circle of small radius enclosing 1, that looks like a dumbbell having knobs at 0 and 1, can
someone edit this and include a picture of it please? In fact, this is also the same contour as
in Ex VI, with different endpoints.)

On the upper segment, the function f gives, for 0 <r <1,
exp(imr)r’ (1 —r)"exp((1 —r)2mi).
On the lower segment, the function f gives, for 0 <r <1,
exp(imr)r’(1—r)t",

Since the functions are bounded, the integrals over circles vanishes when the radius tend to
ZEro.
Thus, the integral of f(z) over the contour, is the integral over the upper and lower segments,

which contribute to

1

1
/ exp(izr)r’ (1 — r)l_r dr —/ exp(—imr)r' (1 — r)l_r dr
0 0

which is
1
2i / sin(zr)r’ (1 —r) =" dr.
0
By the Cauchy residue theorem, the integral over the contour is

1 1
—2miRes;—00 f(2) = 2m'ResZ:0—2f(—).
z z

From a long and tedious calculation of residue, it turns out that the value on the right is

e
21 —.
24
Then we have the result:

e

1
/ sin(zr)r" (1 —r)'"dr = =
0 4!

@ Example 6.60:

2 Solution

—VYV )
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6.3 EF AR ITTIEF 5 EFR 5 E

g heorem 6.2
B f(x) 4E [0, 1] 2628,

[fsmx dx—[ f(cosx)d n

(2)/ xf (sinx) / f(sinx) dx
0

Theorem 6.3 EHAM

wf(x) RIS R, FREA T,
a+T T
dx = d
mfa f(x)dx fo S(x)dx o

a+nT T
(2) / f(x)dx:n/ f(x)dx
a 0

sint
sin?t +1

x+2r : 2 .
sin ¢ sin ¢
F(x):/ —5 dt:/ — dr
X sin“t +1 o sin“ft+1

21 :
u—=t—m S u
/ — du =0
_z sin“u+1

xX+2m
@ Example 6.61: & F(x) :/ de, W] F(x)
X

2y Solution

2 Note: f(x) Ak #RAMME S5 AR5 T, 4

/a f(x)dx:/:f(x)dx

Theorem 6.4 [X|g]{X 3k

/f Jdx = [ f(a+b—x)dx
s &)
/a fx )dx—/_b;f<x+b;ra)dx

—0V/))——
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@ Example 6.62: 34
/2 2x — 3
dx
1 A/—x2+3x—2
2. Solution
2 2x — 3 —x—3 % 2 t+ 3) — 3
2x dx ”“_Qf ( 2 2) A
J=x2+3x—2 _1
1 V=30 —2 b+ +3(+2) -2
CRY
—/ dr
-3 /-2 U
=0
<
b
® Example 6.63: - / Jx—a)b—x)ax
a
& Exercise 6.61: B4
d X—7 Jx
inx]l ‘ ‘ + dx
/ (Sm EEE RV ﬁ)
%, Solution <

Theorem 6.5 HEE+/\F

[SIE]

T
/
0

sin” x dx = [ cos™ x dx
0

n—1 n—3 3 1 x T
T D . - o[ = —
B - n_2 4 2 2’ nﬁmﬁﬁ, 0 2
n—1 n-3 4 2 .
e Rt = n KT 1 EAR L =1
n n—2 5 3

mfhwﬁﬁﬁﬁ%ﬁx=r+%mﬁﬁﬁﬁ%ﬁ

z 0 0
2
In:/ sin”xdx:/ cos"tdt:—/ cos”tdt:/ cos™ x dx.
0 _x z 0

VB

M
/]
%

= [~cosxsin" "t x]Z + / cos x d(sin ! x)
0
T

2 2 s n—2
:(n—l)/ cos” x sin” "7 x dx
0

—VV )=
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%
:(n—l)/ (1 —sin® x) sin" 2 x dx
0
3 7
= (n—l)/ sin 2 xdx—(n—l)/ sin” x dx
0 0
=m—=1)I—— (n—1)1I,,
M 4 2y X .
In:n_ In—2
n
10—/251n0xdx:£, 11—/281nxdx—1
0 2 0
4 n AAEE,
n—1 n—1 n—-3
In = In—o = In—y =
n n—2
n—1 n—3 3 1 I ~n—1 n-3 31
oon n—2 4 2 0 n n—2 4 2
MY n HEH,
n—1 n—1 n—3
Iy = Ih—2 = In—4 =
n n—2
_n—l n—3 4 2 7 _n—l n—3 4 2
on n—2 5 3 ! n n—2 5 3
ERRIE. O

Theorem 6.6 Froullani 24323\

B f(x) 22 (0, +00) b3EBia > 0,6 > 0,4

A
3. 2 £(+o0) HHE, EV>0,/O @dxmz, ol

/+°° flax) — f(bx)

0 X

+00 _
145 £(0),f (o) ot [ LS00
+00
2. % 10 434e, 1Y >0. [ I g ete,
= flax) = £ o
0 X a

dx:—f(—l—oo)lné

a

ax = [ (0)~ / (+o0)]In >

@ Note:

1 ! )
——=m | (1-x)"x"""dx
(m—',—n) \/0

m

—0V/))——
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@ Note:

1 1 oo
= / P le™ ¥ dr
(I+x)»  T(y) Jo

@ Example 6.64:

/lx”f(x)dx = ACERIOLAC) +o0 (i) (neoo, feC@(0,1))

n n2 n?

= Proof: /MMM, FAA (0<§ <1, 2B HEEH)

1 1 1 1
/0 x”f(x)dx:%—mfo X" (x) dx

/() 1 1 o n
B (1_n+1)_(n+1)(n+2)/0 f(x) et
PO NACY /') 1 L2 g
T _n(n+1)_(n+1)(n—|—2)+(n+1)(n+2)/0 TS0 dx
ORIt ( ; )+ O

n nn+1) nn+1)\n+2 m+1)(n+2)n+3
SO SO+ 20 ( )

n n(n+1) (n+1)(n+2)

1 + 1)
:f’g)_f()an( ( n+1) (2)
IAORNIOEFEC, (i)

n n? n+1 2

1 1 (1 1
1) f():2f()+0(n_2) s o)

@ Note:

W ) )
/()xf(X)dX—n—H—n—_H/(] X+1f(x)dan+1_(n+1)2

&7 Exercise 6.62: 15

1
1
[
0 Vx(1—x)
2y Solution .
1 1 x—=sin2? 2 28int cost
—dx —dt==nm
0 vx(1—x) o sintcost
™ E 6.65: JIEB —<1——) iyt b
xample 6.65: UEH: / { 2017 ] * 273 2017
15° Proof:
1_/ - 1—(1— al ) dx
0 X 2017
u:ﬁ 1 1— (1 —M)2017 dy — /1 1 _u2017 du
0 u 0 1—u

12016 2016

[Zudu—Z/udu

—VYV )
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™ Example 6.60: BESEREL f(x) WR f(xy) = f(x) + f(y), iRIEH:

(M Sf0+x) o
I=] e &=35/0

8 f(xy) = f(x)+ f(y)
A +x) Hf(ER) LS n
I_fo deJr/O e dx_/o L RO

&7 Exercise 6.63: {1 &4

X

. .
/” X sin 2x sin (5 cost) d
0

2x — 7

% Solution (P4 Pg)

T x sin 2x sin (Z cos ¢
I—/ (2 )dx
0

2x — 1

PP | /‘” (t + ) sint sin (% sin (%))
-

dr
4

Y L ¢ t (7
== 2 sin — cos — sin sm dt
4 )_, 2 2 2
=sin £ 1
A / xsin(£x> dx
-1 2
1
:2/ X sin (zx) dx
0 2
2x P 1 L9 b
[——cos (—x)] + 2 — Cos (—x) dx
b/ 2 0 o T 2
2 s (5) ],
=92 — —X
2 2 0

8
w2

4 t

I
B

—VV )=
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@ Example L ORERRS
g
/\/sinx—sin2xdx
0
% Solution
i sin x| cos x|
/\/sinx—sin2xdx /\/smx 1 —sinx)dx = dx
0 \/smx (1 +sinx)
H sin x cos x T sin x cos x
= dx — dx
0 +/sinx(1+sinx) z /sinx(1+ sinx)
t=sinx ! 0 t
| - [ e
0o t(1+1) 1 Jt(1+1)
oo Y2r+1)-1
:/ —dt:/ @rh-1y,
\/ 1+1 0 (1+t)
1+t /
,/ 1+ / 3
l+ +3
1 1 1
:{2 t(l—l—t)] —[1n(x+—+ t(l—l—t))]
0 2 0
=242 —In(3 + 2+2)
|
& Exercise 6.64: JIEHH:
] sin x
| e
0 14 +/sin2x
% Solution
/721 sin x dc x=Z—x /2 cost dr
0o 14 +/sin2x 0o 1+ +/sin2t
1/72r sin x + cos x
=— ————dx
2Jo 1+ 4/sin2x
1/721 sinx + cos x
== dx
2Jo 1+ /(sinx —cosx)?—1
B 1[75 d (sinx — cos x)
2Jo 1+ /(sinx —cosx)2—1
_1/1 du
2J 014+ Vur-1
x=sint 1/75 cos u dtzz—l
2 J_z 1+ cost 2
<4
T Brercieo s TR [ e
. xercise 6.65: : —dx
7 v ” 0 x2+x+1
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arctan x

%, Solution 7E [ —+dx B B A

® arctan x © arctan+ 1 ®© I _ arctan x
f —dx:/ ﬁ—dx:f Z oty
0 X24+x+1 0 oty t+1x? 0o xZ+x+1
. 1 b4
Ha R T HEZF arctan — + arctan x = 5 B DA
X

® arctan x T [ 1 T [ 1
—  —dx = — — —dx = — ————dx
0 X2—|—x+1 4 0 x2—|—x—i—1 4 0 (X‘i‘%) +%

Tl 2 2(x + 1) > T o[mwo7 7
= — | —= arctan ——= :—[———]Z
113 V3 o], 2v3t2 61 63
<
&7 Exercise 6.66: 4 Z R B R
o1 Y 2nlsinx —nle® 4+ x"
lim — - dx
n—oon! [y e?* +sinx + cosx + Py(x)
%, Solution 4+
Xk
x) =e* 4 sinx + cosx + P,(x) = e** +sinx + cosx + —
/) 2
k=0
hmj
) n—1 xk
/ _ X — _
f'(x) =2e** + cosx smx+kz:k'
%] n
X
f(x)—f’(x):—e2x—|—251nx—l-—|
n!
[
I = lim 1/1 2n!sinx — nle™ + x” dx
n—oo n! J, 82x+81nx+cosx+P
= /f x—hm{/ dx—/ ))%
n-)OO n—>oo f
1
= lim {[x] [ln(f(x))] }
n—o00 0 0
=1—1In(e® +sinl+cosl+e)
<

& Exercise 6.67: W4

/75 /1—cosx —cosx\ dx
1—|—COSX 1—|—COSX sin x

—VV )=
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pid

2. Solution JEZE %

l1—cosx (1—cosx)(l+ cosx)

14 cosx (1 + cosx)?

sin x 1
) = ;
J‘R (1+cosx) 1+ cosx S

I_f /1—cosx 1—cosx\ dx
1+cosx i

1+ cosx/ sinx
T
2

L (_) dx
o 1-+cosx

B sin? x
(1 + cos x)?

1+ cosx

sin X

1 =t !
=ty [ In¢ ds
0

=38

& Exercise 6.68: {14

T
2

a x - In(tan x
f P + cos x - In(tan x) dx
0 14 tanx

2 Solution

7 tanx 7 sinx - In(tan x
it [ 7l
0

o l-+tanx 1+ tanx
Horpr

dx

(Ve

t 2 T 1
/ Lxdx / dx—/
o l+tanx 0

—dx
1+ tanx

e COS X
— —dx
T2 o COSX 4+ sinx

—x T 3 sin t b4
— _/ —dl —
2 o cost+sint 4

/’2’ sin x cos x - In(tan x) dx
0 COS X + sin x

=T —x % costsint - In(tant)
- /0 cost +sint

[V

T
2

sinx - In(t
/ (tan x) dx
0 1+ tanx

a + cos x - In(tan x) am
tan x - dx = —
0 1+ tanx 4

|
&7 Exercise 6.69: {14 / L I

x243x+9

—VV )=
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*° In x
% Soluti —d v =
SOUIOD/—I':E/(; x2+3x+9x¢1ﬁiﬁjﬁx 3u
© | 1 *° 1 1 [ 1
3/ @) g, I3 —du+—/ LI
o u?+9%+9 3 Jo u+u-+1 3Jo u?+u+1
1
S _ - 48
WA / e Rl = B

00 1 00 hll 00 1
/ L du:/ S dt:>/ — % =0
0o ur4+u-+1 o PP4+t+1 0o ur+u-+1

Fit A

o0 Inx In3 1 In3 1
S L R S —du
0 x2+3x+9 3 0 u2+u—|—1 3 0 (u_i_%) _i_%

1 o0
ln3|: 2 2(u+§):| 21n3 ™
= — | —= arctan ——= (— - —)

3 [3 V3 33 6
B 27 In 3
93
D |
&~ Exercise 6.70: j{-5.:
T .9
2
/ SII'l nx A
0 Sin x
N 2 sin®nx
% Solution ig I, = _ i}
0 Sin x
% -2 o 2 _1
L1 1_/‘ sin“nx —sin®(n — 1)x dx
sin x
/727 sinnx — sin(n — 1)x]|[sinnx + sin(n — 1)x] q
— X
0 sin x
) sm— 2sin (2L x) cos X
:/ ) ( 2 ) 2 d.x
sin x
%
/ sin(2n — 1)x dx =
0 2” —1
Sflie
L= sy
" oan—1 3
D |

[SE]

® Brample .05 WHERY [ cof xsinmrds (n R E4H0
0

% Solution
1 n—1 : :
I, = 5 cos" ! x[sin(n — 1)x + sin(n + 1)x] dx
0

—0V/))——
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M

1 _
=11+ 3 cos™ 1 x(smnx COS X + cosnx sin x) dx
0

2
(L1 + 1) 1/g d(cos” ) = —+ =L, (SHIBUD)
= —(I,— - — cosnxd(cos” x) = — + =1I,_
9 n—1 n m 0 m 2 n—1 AP
ARL TR AN TS VO WS NS SRS SRS SN B
T 2\2m—1) " 27") T on T 22n—1)  B(n-2) on—1.9 " gn—17!
! + ! + ! + e+ L + ! 1 /721 inxd L
= — — = cosxsinx dx = =
on ' 2(n—1) 23(n—2) on=l.9 " on \"1T ) 2
<
arcsin
@ Example CHEERS / \/_
—2x —|—2
% Solution ¥4 x € [0,2] {HA 2arcsin \/;—i—arcsin(l—x) :%
N o x n+n in(1— x)
arcsin ./ — = — + — arcsin(1 — x
2 4 2
[EE]
/2 arcsm\/_ _ > & 4 Zarcsin(l — x) L
0 —2x+2 0 (1—.x>2+1
1 =m 1 :
u=x—1 1 1 arcsin u
du — - du
[1u2+1 2[1 u2—|—1
_ A
8
D |
2 Solution
/2 arcsin % q arcsin o/ 3 =t 3 2t sin 2t
— ' 2 dx ——
0 x2—2x +2 x=2sin%t 0 (281H2l—1)2—|—1
T 2rsin2t
:/ (2sin2t
o cos?2t+1
—u 1 (7 usinu 1 (7
Qt—u—/ ﬁdu:——f u d(arctan cosu)
2 )y cos?u+1 2 Jo
1 I Y
= ——y arctancosu +—/ arctan cos u du
2 .2 )
M’T 1 1arctamx
-1 vl—x2
- A
8
<

@ Example C ORER

537w

T 1
/ : dx -
257 <1+2511‘1X)(1+2COSX)

4

—VV )=
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% Solution

2971

A A AR AR AT A

et 2smx
/ dx = [ dx
— (1 + 281n)€)(1 + 2COSX) 0 (1 + 251nx)(1 + 2cosx>

b4 0 .4
[-1+]
- - 0
b/ 2s1nx 1
= , dx + . dx
/(; (1+231nx>(1+2008x) (1+231nx>(1+2008x)
Y4 1 g —t T 2COS)C
:/ —dx—/ ——dx
0 1+2cosx 0 1_|_2c0sx
1 T 1 T 2cosx
=— / —dx—f—[ —_dx
2 0 1+2005x 0 1+200sx
1 b1
= —/ dx = r
2 Jo 2

1 x=21 [T gsinx
, dx - dx
3% (1 + 2s1nx)(1 + 2COSX) x (1 + 251nx)(1 + QCosx)

»‘g‘

3 3 3
4

Tﬂ 4 1 U f 9cos X
—dx —dx
/ [ 1 + 2cosx /7;[ 1 + 2003x

531w
4

I / ! dr=3.-2 472
= - x — « — _ = —
257 (1 +251nx>(1 _|_2005x> 2 4 4

4

& Exercise 6.71: {55

(SIS

X

dx
{2x+ D)V —x+ 1+ 2x - VX2 +x + LVxt+x2+ 1

2 Solution

N[—=

X
{(2x+1)m+(2x—1)\/x2+x+1}«/x4+x2+1dx
x[(2x + DVxZ—x+1—(2x —1)V/x2 +x + 1]
/ [(2x +1)2 xQ—x+1) (2x —1)2(x2+x 4+ 1)]vVx* +x24+1
[(2x + DV/X2—x +1— (2x — 1)v/x2 + x + 1]
/ 6x+/x* +x24+1
L2 (2x+DVx2—x+1—-2x—1)V/x2+x+1
:6/ x4+ x2+1

= m\»—‘

N m\»—‘

dx

l\.’)\»—‘

dx

l\)\»—l

—VV )=
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1/5 (2 + VAT —x 41— (20— DV xt T
6 ~1 VE2—x+1)(x2+x+1)
L2 2+l dx_1 s U
6 P rx 1 6y Valox+1
12dx+x+1) 1 (2dx2—x+1)
6J) Zrx+l 6J) xPox+1
:%[ x2—|—x+1k1—%[\/x2—x+1]il
VT=3
==
<
&7 Exercise 6.72: {14
1 X
/0 {(2x—1)«/x2+x+1+(2x—|—1)\/x2—x+1}«/x4+x2+1dx
2 Solution
1% 3 X+
a(x)=vVx2+x+1= (x—|-§) —I—Z,:>a( )= 20)
X
A = / 9+ 0t Daolama-n
x 1 [t xla'(x) +a’'(—x)] dx
—— dx = —
2/0 ()@ = x)[@(x) —a'(—x)] 2/0 a*(x)a*(—x){[a'(x)]* - [a'(—x)]*}
:1/‘1 xla'(x) +a’'(—x)] dx :gflx[a’(x)+a’(—x)]dx
2Jo (x+P'a(—x) - (x—D'a2(x) 3o 2x
I ) Ca(l)—a(-1) V3-1
— 3 | W e - ST -
<
&7 Exercise 6.73: {14 / mdx
> Solu‘uon?’j‘;/0 %dx HERH x = V2u
5
In «/_u) B V2In2 [*® 1 o0 Inu
f/ w432 2 /o 2u2+3ﬁu+2dx+ﬁ/o w432

HrhjaHER N 0, Bl

In x ﬂln2/w 1
0

o0
—_— x:
/0 x2 +3x 42 1 uz+%§u+1

ﬁan/“ 1
0 ( 3

2
' P 1)

1
8

—VV )=



6.3 EARG I T A0 ARG R —281/566—

2In2 [* 1 21n 2 In?2
:‘[“/ dx = ¥2In (ﬁm):n
82 X0 !

4 1 2
A |
& Exercise 6.74: T 54
1
I—/ In(1+ x)In(1 —x)dx
0
% Solution KA
* H, — Hyp — =
(1 +x)In(l—x) =Y 0 = 30 on
n=1 n
it A
1 00 00
—Hy, 1 1
In(1 In(1 — - = _
/On( +x)In(l = x) 2:: (2n 1 1) 2;n2(2n+1)
Since
1
I:/ In(2 —x)Inxdx
0
1 In(2— ]
:_/‘x[n( x) nx]dx
0 X 2—x
Lxlnx
=1—-2In2+ dx
0 2—x
2 (2x) In(2
:1—21n2+2/2de
0 2—2x
2 x1
:1—3ln2+2ln22+2/ XX ax
0 — X
. r3
:1—31n2+21n22—|—22[ x* 1 In x dx
d In2 1
=1—-3In2+2In*2— d
e ;(k+2)2k+1+(k+2)22k+1
2 7T2 2 . 1
=1-3In2+2In 2—1n2[21n2—1]—g+1n 2+1 ThevalueofL12(§)
2
:2—%—21112—1—11122
and
> 1 w?
Y=t dm2-4
—~n*(2n +1) 6
Fir DA
o0
H, — 2
Z 2n —n——1n2
n(2n+1) 12
n=1
|

—VV )=



D* L Hx* In? x dx = Z

:/Oli(

k=1
_2 2k 1
Z k+1)
_2§: 2k 1 Hi 1 _ 1
(k+1)% (k+1)*
> 1
_ 2k 1
S e
B 7T4 N o
36 45 180
& Exercise 6.76: {1 E 4
| 1
/ In — dx
0 2—X X
% Solution [ BiEE 2
1 1 2
l+—=4+—=+..=—
+ 52 + 22 + 5
LS| 1 1
/ ln—dx:—/ 1Y dx
0 2—X X 0 2—X
2—x=t 1

—0V/))——

]
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& Exercise 6.75: T 54
n?(1 —x)1
/ n“(l—x) nx .
0 X
2, Solution i 1
11 2 1— 1 1
/de:/ In(1 — x) In xdLiy(x)
0 X 0
! In(1 — ! 1
:/ Lig(x)udx—/ Lis(x) 2T dx
0 X 0 1—x
1 U lnx <& x”
= — —Li%(1) — —d
2 i5(1) /0 1—)c;n2 *
1, Sy [ |
:_51‘12(1)—’_2? Z ﬁ
n=1 k=n+1
N ot
T2 T1200 180
Jik 2
"In?(1—x)1 1 bt xIn(1 -
/ =X L2 -y +/ exln{ =) 5,
0 X 2 0 0 1—x
o

1
(—1)2k—1Hk/ x* In? x dx
0
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In2 2In(1-1%
/n_d _/ Mdt
1 t
2 (e8] L 1
2 2) L de
y At
n=1

~m2?+ t’;? -

—(In2 2—|—

—

1

o0 n 2 o0 1 (0,] 1
2 2
~W2? ) | =W’ 5D o
n=1 n=1 n=1
71 1
1 2 —
(In 6 2;%
2 1 2 2
—(m2)?+ 7 _ (2
6 12 2
n?  (In2)?
12 2
. o0 xn o0 1
@ Note: 35 f (x) :Zﬁ’ £xe0,1)ef, F:f(x)+ f(1—x)+InxIn(l—x) = Zﬁ
—1 =1
n n <
&7 Exercise 6.77: I 55
/1 (arcsinx)3
dx
0 X
% Solution X B FZHH—LL V5,
COS X 1
cotx = — , CSCX = —;
sin x sin x
d 5
— cot x = —csc? X,—cscx = —cotxcscx, csc’x = cot’x +1
dx dx

AR x = sinu, 7

1 . 3 Es
arcsin x 2 ,cosu
/ dx = / 3 du = / u? cot uesc?u du
0 X 0 SlH u 0

R AR

-

g¢ﬂm7axg:0ﬁ¢ﬁmu

[NIE|
[NIE]

u® cot ud (cotu) = / (3u? cot u — ucsc®u) cot u du
0

[SIE]
(Ve
[NIE|

u? cot ucsc®u du = 3/

u?cot?u du — / u? cot ucsc®u du
0 0

[SIE]

T
2

3 3
u® cot ucsc*u du = 5/ u’cot’u du = 5/ u?(csc®u — 1) du
0 0

—VV )=
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R%

2N

B )

T big
2

/ u cot u du :/2 ud (In(sinu)) = —/2 In(sin x) dx
0 0 0

M x = o — P de— [ 1 dx b
AR x 5 uﬁ/o n(sin x) dx / n(cosx)dx FfRA

0

T

NI

T

T

1

2 0

z T i T
:>/ ln(sinx)dx:——ln2:>/ ucotudu = —1In2
0 2 0 2

BJE A

1 Zaresinx\° 3 3
dx = —In2— —
0 X 2 16

-k Exercise 6.78: 75/
dx

3 2
uzd(cotu)——/ u2du—3/
2 Jo 0

INIE

z z 19 z
2/2 In(sin x) dx —/2 ln(Sm x)dx—/2 ln(sin2x)dx—£ln2

S T A u
= —f ln(Sln)C)dx—EanZ / ln(smx)dx—EIDQ
0

VX[x2H (1 4+2/2)x + 1)1 —x + x2 + -

% Solution & iHE 4

7 — o0 dx
0 SRl 4ax+13 (—x)f
k=0
/_ /Oo (=1)"x" 1 dx
© VA ax +1] Y (—x)f

k=0

1 [ 1—(—x)""
:—/ (=%) dx
0

2 Vx[x2+ax + 1] kio (—x)k
14 x
Vx[x2+ax + ]

/°° 1+ x?
= ———dx
o x*+ax?+1

* 1 1
- | -
0 (x—2)"+2+a X

—VV )=

+x59]

3
ucotudu — —
16
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Fit A

dx T
/0 VIR + (1422 x + 1[Il —x +x2+ - +x] /2 +a

—+00
/ e % sin” x dx
0

% Solution F|H w4, TAAE

“+00
I, = / e “*sin” x dx
0

&7 Exercise 6.79: I35

n _ax : n e n e s n—1 ax
=——e sin”(x)] +- sin” ™ (x) cos(x) dx
a 0 a Jo
n [t
=1, = —/ e sin" ! (x) cos(x) dx
aJo
nl—1 +oo o0 pmax
= I, = —[—e“’x sin ! (x) cos(x) +[ ((n — 1) sin"?(x) cos®(x) — sin” (x)) dx]
al a 0 0 a
-1 +00 ~+o00
= I, = nn 5 ) / e " sin" ?(x) dx — n_2 e " sin" (x) dx
a 0 asJo
nin—1 n?
= I, = ( 2 >In—2__2[n
a a

it 1, ) : ) : )
n nn—1 nn-—1
I (1+a—2) = =l = L= —— L

a? n?+a
iR, 4 n B4

I _n(n—1) (n—2)(n—3) 2.1 1
T n24a? (n—22+a2 2442 a
——
Iy
ERV R G
I _nn—=1) (n—2)(n—23) 3-2 1
T on24a? (n—22+a> a’+1 a*+1
——
I,
£ ERAA
(2m)! - csch( ) (2m)!
~ B 2m—+1 _ -
/+oo a.l_[(4k2+a2) 2 F(m +1)F(m+ —|—1)
e sin” x dx = k=1 a
0 (2m +1)! 7 - sech (7) (2m +1
n 3 3
. 2, 2y 4 (=L L2 @
H((2k+1) —i—a) (m > +3 m+2+2
k=1

—VV )=
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& Exercise 6.80: jIEBH:

[SE]

(rIn2)> nt

/ xInsinxIncosxdx = -
0 8 192

T

2. Solution B4, HATZE A= /2 x Insin x In cos xdx 1RB4R,

0

T (2
A:Z/ Insin x In cos xdx

0

bk, RFFESR B = /2lnsinxlncosxdx phy e B - 2 A 153

0

o0
X nx
In (2 cos 5) = Z(—l)”_l%, —T<X<m
n=1
M 2x B x, 193]
> cos 2nx b4 /4
In (2 = S [ i —— —
n (2 cosx) Z( ) ma— 5 <X <3
n=1
i % —J5 m
Bl _ L sin 2nx
cos2nx Insin xdx = In sin xd
0 0 2n
1 = 1 [z .sin 2
= —sin2nx - Insinx|; ——/ de
2n 2n J, sin x
1 (% sin(2n + 1)x +sin (2n—1)xd
=—— X
4dn J, sin x
R
 4n
Ft A
* o nsinxdr =3 (L1 — B 1 1n2. [ Insinxd
n2cosx-Insinxdx = 1) —=B-+In2- nsin xdx
/ > /
o EEE

B:£1n22—in3 A:M_ﬁ
2 48 8 192

sinnx

sin x

o 4
2
Feprercisesis W a, = [ TEE) v okl % g, SRR
0 n—
% Solution A
1 1 n 2 n (1)
=— 4+ " 4o
sinx  x*  3x2

/ x(sinnx)4 b — /’5 sin*nx L +§/’5 sin*nx dx +o(1)
0 0 0

sin x x3 u

Fit A

V]

—VV )=
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5]

2 Sln nx

o

Pt A

n—oo n

&7 Exercise 6.82: W7

2y Solution

/ \/ tan 4 In* (sin §) d@
0 2

nm
2

SlIl nx

v
/ dx+n/

—/ smt(/ xe‘”‘dx)dt+o(1)

dx +o(1)

4

sin*x sin“x

dx
x3

12
" /0 (x2 4+ 4)(x2 + 16)
n*In2+o(1)

1
dx = Zlnn +o(1)

/ 1/ tan o In? (sin 0) d6
0 2

[ ()
002\/_ (
1+t2
\/_l:1>/t_ ( l/t)

2
/ dx
_oox2—|—2 x2+2

In? (0052 u) du x = +2tanu

O

ok

O

0
>, cos (2kx)

:8«/5/21n2sinudu:8«/§/2(—1112—2 2
0 0 1

I o0 T
; 1 (51 Ak
— 82 / 1n22du+z—/ LS
0 n=1 k 0 2

= 4271 In? 2 + 227 (2)

2
)du

2
%n?’ +44/21n%2.

—VV )=
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Theorem 6.7

B () RUCHAREL, ./ ESRA, RIE
ol (K 6 [
s 2 () ot = 25 [ aran

Jel LA R A

6.3.1 Euler 243

@ Example - THERR A

[N

/ In sin x dx
0

% Solution(3£ 1)

T

[SE]

2 . x=%-u 0 . (T
J = / In sin x dx / In sin (— - u) (—du) = In cos x dx
0 z 2 0

2

T
2

1 T
J :§<[2 lnsinxdx—i—/ lncosxdx)
0
_1/
=3 i

1
:—zan—}——/ Insin 2x dx
4 2 Jo

o

VE

In (% sin 2x) dx

VB

_ 1 [T
ﬂ—zan—i-—/ In sin u du o
4 4 0 t=u—y
e e

T 3 11"
:——1n2+—/ lnsinudu+—/ Insinu du
4 0 4

4
2

[SE]

1
lnsinudu—i——[ Incost dt
4 Jo

—VV )=
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(¥ 2)

2 _
/ In sin xdx X2 2/ In sin 2¢dt
0 0

INE]

T

= 2/4(1n2+1nsinx+lncosx)dt
0

”12+2[
=—In
2 0

”12+2/
=—1In
2 0
”12+2/
=—1In
2 0

= z1112—1—2/ In sin xdx
2 0

T
4

%
Insinzdr + 2/ In cos tdt
0

INE
NS

Insin ¢tdr + 2/

T
2

In sin (% - u)(—du)

INE]
[ME]

Insin¢tde + 2/ In sin udu

T
4

[ME]

3 x
- / Insin xdx = —§1n2
0

(3% 3) &S0 + Rkl

~50 (5 3) ], = Farre
~ lin Jfr(T > 1) %(TT;)(_% Iﬂ)g = ro
_ gr (%) %(%Z)F—(l‘)ﬁo(l)
:¢%?._§E«_y-_2m2)—(—y)
::%.g(_zmz):—fsz

& Exercise 6.83: HER

2 Solution

[SE]
e

J

X \2 9
(sinx) dx-/0 x*d(—cot x)

z 2
:[—X2C0tx]2+2/ x cot x dx
0 0

[N

—0V/))——
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—0+2/ x d(Insin x)
0
= [2x1nsinx]5 —2/2 In sin x dx
0 0
T
—0-2x (——mz)
2
=mxln2
In(1 b
@ Example 6.72: [12] 8B4 / Lx)dx
1+ x2
% Solution
"In(1 + x? tans [
/ (1 +x7) g aztons / In(1 + tan7) dr
o 1+x? 0
T _ I 1—
e /4ln(1+—tanu)du
0 14 tanu
T 2
-/ n(—) du
0 14+ tanu
T T
——an—/ In(1+ tanu)du
4 0
(1 2 T
ﬁf de:/ ln(l—l—tant)dt:ZInQ
0 1+x2 0 8
|
632 BHEERTHETHNA
o T §in2x
= Exampleb./f): *%*ﬂﬁ /;Oo m X
= Proof: {545 H
400 : —xal +00 i —
/ sin 2x s / sin(2¢ 31) dr
oo X2+ x+1 oo t2+71
T sin 2x T cos 2x
:(3081/ dx—sml/ ——— dx
00 x2+— 00 x2+z
2iz 1
FRWIE, B /() = 5 WEIRLIIMASE, Hob, 2() = 5 WM /() £
4 4
. V3. V3,
AR AR 2 = 01 (2 = =R TR
+00 2iz
/_oo 22e+ 5 dx = 2niRes|:f(z),§i}
ori 1 V3 %= 5 e V3 26_“/§7r
=271 lim |z-——i = 27i =
25 2 )Jz2+3 V3i V3

—0V/))——
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6.4 BUmARSaFEE T R

P SR 1 R A
T cos 2x 2¢e~V37 T gin 2x
/ T dx = , / zdx =0
—oo X2+ 1 V3 —oo X2+ 1
ES)li
/+°° sin 2x e — _26_“/§7r sin 1
oo X2 4 x+1 t T V3
O
6.3.3 ERDELFFEFHINA
= —0.08¢+25(J 70 /t), R A R = 507

&~ Exercise 6.84: ELAN 35 Ml bRz A R (q)
Jo/t), KFEEM 250t BEANR] 300t BB R(g)s B Cg)s FIE L(g) W

MR A (WiH).

2. Solution 3 FRFI{HE
= —0.08¢q + 20,

L'(q) = R'(q)—C'(q)
300(—0.08q +25)dg = 150(FHIE),

R(300) — R(250) = f
o
C (300) — C(250) — /
300
(=0.08¢ + 20)dg = —100(JFIE).

L(300) — L(250) = f
<

5dg = 250(J378),

64 RERTHESGE T R
6.4.1 SRR ERTBFYE (2]

Theorem 6.8 L4 e S5 R I

BO< fx) <glx)(a<x<oo)
+o00
0

+o0
(1)/ g(x) dx s = S (x) dx s

+00 +o0
f(x)dx kit = / g(x)dx &

(2)
al=r
+o0 | p > 1
/ — dx = p—1 (a >0)
a +oo p<l1

—0V/))——
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Theorem 6.9 LEEESIE 1— 5 p— FH#HITELE (AFAEN)
BB f (x) FEXH [a, +00) (a > 0) Li#LE H f(x) >0
M =
(1 3IM >0,p>1, s.tf(x)éx—p=> ] Sf(x) dx e o
N s
(2) AN >0, s.tf(x)> - = f(x)dx KHL;
Theorem 6.10 #PREFEE 1 *
400 & 1
lim x? f(x) =1#0= S (x)dx ek p = Q
X—>400 m a ﬁﬁ& p < 1

&~ Exercise 6.85: fiE I & 4 B 43

+00 :
sin x
—————dx
1 XP +sinx
1

S p < D WREL S < p < RS p > 1 AP

1= Proof: % p > 0, X4 x — +oo BHA

sin x - sin x - sinx sin?x 1
XP 4+sinx  xP (1+ S;pr)  xP x2p x2p
B 1 sinx  cos2x 1
T ox2p xP * 2x2p \x2r )
S +00 +00
sin x dx 1
/ — W = / B p>-
1 XxXP +sinx 2
#p >0, Y x - foo B
sin x |sinx| |sinx|sinx 1
- g —_ +0 -
xP +sinx xP x2p x2p
2 |sinx| —2/m |sinx|sinx 1
= + — +o|l—=).
axP xP x2p x2p
i . .
sin x 2dx
/ —,dxtlﬁzfﬁc@/ —Llﬂlf»ﬂ<:>p>1
1 x? 4 sinx
B

400 : d
/ T
1

xP 4+ sin x

—VYV )
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Theorem 6.11 £ FR 5 8Y Abel ¥ F13%

+00 +00

A f(x) dx WG g (x) £E [a. +-00) FEHAH, W f(x)g(x) dx Wesk

Theorem 6.12 F£35F2 4384 Dirichlet #1513

+00

la, +oo) EAS, W f(x)g(x) dx sk

# 6(0) 4 [0, 00) ERBAR, B Jim ¢() = 0, F) = [ f(x)de e

& Exercise 6.86:

= Proof:

6.42 LARBHRERITHFEYCE [2]

1
1 — 0O0<g<l1 b 1 —— 0O<g<1
[ —dx=31-4¢ :>/ dx = 1—g¢q
o x4 a

+oo g =1

Theorem 6.13 tEEBREUE 2— 5 p— MOFEITHLR (FFRER)

WAL f(x) FEIX TR (a.b] B3ESE H. f(x) >0, x = a R
M b .
(1) HM>0,6]<]., Stf(X)gm:}/a f(X)dXLI&L'&,

N

2 AN >0, s.t f(x)>
X —d

b
— [ £(x) dx %

—VYV )
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Theorem 6.14 R PR B A 2

BERRE S (x) FEX T (a,b] E3ZE H f(x) >0, x = a AWA.

x—a+t

b
(1) 0<g<1, st lim(x—a)f(x)=1 :>/ f(x) dx Y o

b
(2) lim (x—a)f(x):d>0(d=—|—oo):>/ f(x)dx Kl

x—at

Example 6.74: #Jﬂsﬁ}i""'%ﬂﬁ*/ l—dx s
Proof: Xl x = 1 ZHA e BB, HIis 53K 00 40

lim (x —1)— = lim T_1>0
x—1+ nx x—1t X
AR PR AT 85002 2, FPR SR R R4 R O

1Y 1In"(1 —
Example 6.75: J| Wt SCH AR 43 f DTX)dx PSSk, Hor m, n gt IEREHL
Proof:(by #ifaf) iXH x =0, x = 1 EHH AL, SR

/1 m\/ln (1—x) dx—/é "/In?(1 - x) /1 m\/ln (1—x)
0 Vx b

3 YIn?(1 — x) .
X:I:‘F‘/O TdX7 (35,%'\§U

ii-x)  ww
ST W ah
BT 0 > 1:>1e(o1]ﬁﬁ3>o@m——3<1app<1

%Eﬂnf m“n S
T / 1 m—“nnj{xdx, %

1m ln2(1—x) el 2 M oo Mm[12,—t
/—de”:e/ iy / Ve,
% w —00 In2

dx +

, x—>0

V1 —et V1—et
HEEF
'V_e_t 2
1 ~tme , X > +00
—e”

1ml 1_
i tdzll&{’g’z:>/ Vn xdxllﬁcf’ét

In2

. 1 In%(1 — x) Wb -
2 15 / ——— dx &
0 Vx

—VYV )
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+00 X
® Example 6.76: & I :/ : _dx, Hoh p NERIEH
0 COS“ X 4+ xP sin” x
\ e x
MR [ A RIS
0 Ccos* X + xPsin” x
et nm
% Solution ¥+ al > 0, RE\EEZERILTRE Z al dx
cos? x + xP sin? x w1 J (1)@ cos? x + xP sin® x
PSSRk, 2 (n — 1) < x < nm B,
(n—1)m X nmw
. 2 ~X . 2 < . 2
cos?x + (nm)Psin®x ~ cos?x + xPsin®x  cos?x + (nw — ;)P sin” x

nmw 1 nmw -1
[ novr
(n—1)x COS% X + (nm)P sin” x -1z 1+ [(nm)? — 1] sin® x
b1
—1
= / (n = 1)z dx
o 1+[(nm)? —1]sin’x
2 -1
:2[2 (n =Dz ——dx
o 1+[(nm)? —1]sin’x
2(n— 1) tan x 7
= ——————arctan
(nm)?P —1 (nm)? —1lo
(n—1)n?
(nm)P —1
[=]
/nn ni q I’l]T2
X =
(n-1)x €082 x + ((n — 1) )? sin” x V(ln=1)m)?r —1
(n—1)m? . /"” X dr < nm?
I X X X
(nm)? —1 (n—1)x COS?X + XxP sin? x \/((n —1)m)p -1
M n — +oo,
n—1)72 w2 % nm?
(n—1)
(nm)yp =1  nt  J(n—1)m)P -1
Fit A
+00 X ]-[2_§
/ ) dx ~ p_
o  cos?x -+ xPsin® x na2—1
UL LR B p <4 RBUYREG % D -1 > 1EE B p > 4 SRR

—VV )=

<
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Theorem 6.15 BRI HI A—D 7%

A f(x)1E [a.b] ERA—AFRD

b
. (Abel HI513) 3 / £ (x) dx KB g(x) 7€ [a. b) FHIEAR,

rnJ/ F(x)g(x) dx Wik 0

2. (Dirichlet ABRE) # g (x) £€ [a.b) LRIFHF, B lim g(x) =0;
b—n

b
Fy= [  fe)dxfe[0.b—a) EAR M / £ (x)g(x) dx Hek

a

sin x

&7 Exercise 6.87: yIEBH f dx ZAEUE

T gin x Lsin x T gin x
dx = dx + dx
o X 1 X

sin x O<x< - o
L i g = T8 21 i () 4 0.1] B
1 ,x=0

Bk g(x) 7€ [0,1] BRI, H

2 Solution

- 1
/ Y x :/ g(x)dx
o X 0

in oo
w [0 et psE dx Wk
0
f(x)—smxf [1, +oo) #ELE, HX} Vxe [1,+00), H

sin x

u
F(u) :[ sinx dx = cos 1 —cosu
1

|F(u)| =|cosl—cosu| <2

i 7 [1,+oo) FUEMIFEIAT 0. Bl Dirichlot A% / T ax gy
FEIET TR / B
EAl Vx e [1,400), H |Slnx| > sin® x, MM

sin x sin® x B 1 —cos2x B 1 CcoS 2x

X -~ x 2x 5_ 2x

400
RIS W1 T 5 R / O e s, / - dx Rl
400

T / (——Cojf") Qv BB, d AT / LY R
5 LRk, TSR / T Fef <

—0V/))——
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, . T sinx
™ Example 6.77: 3R JHEFR: ;. 1dx
0 e’ —
2. Solution X}F x > 0 R,
1 e ™ >
i =e " (l4te e ) =) e

TRA
+oo o0 +o00
X
/ S dx = Z/ e ™ sinx dx
0 erX —1 =y 0

SR i _ e (nsinx + cosx) e S 1
— n?+1 0 — n?+1
n=1 n=1

a1
BT _(]T

coth(r) — 1) &~ 1.0766774....
14.5.3 2

6.5 [ R

Definition 6.3 Bohr-Mollerup #pg2

de R R LA (0, 400) LA HE [ HRAT A5
(1) f(x)>0, B f(1)=1,
(2) fx+1)=xf(x), @)
(3) In f(x) & (0,+00) P& T w155

n f(x) =T(x), x € (0, 4+00)

Definition 6.4 T" R

[ ey e LA .
[(z) = / t*“te'dt (Rez > 0) a
0

Properties: ' BREHI S5

+00
I'(z)= / t*le'Intdt (Rez > 0)
0
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Fepleg, I'(1) =y

+00
I(z) = f t*te ' In’tdt (Rez > 0)
0

2

BeRlEg, T7(1) = y2+ =

6
Theorem 6.16 Euler-Gauss 2T\ \
Vz>0,8
I'(z) = lim mem! (Rez > 0)
 m—too z2(z+1)---(z +m)

Properties:
(1) #HEAR D(x +1) = xD(x). (x > 0)

(2) T(1—=x)=—xI'(—x)

Theorem 6.18 Legendre IS AR,

V7l (2s) = 2%7'T(s)T (s + %) ,5 >0
Hod ' & Gamma %L,

1z Proof: ig )
I(s) = / _
0 (l—i—xS)Qs

—VYV )
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1
A x =tan® ¢, I dx = 2stan® !t sec? tdr = sin® 71 cosTF T ede, (14 x5)F = sec® 1,

M

1 d T
I(s) = / —xl =25 / ’ (sint cost)Qs_ldt
0 (14 x5)2 0

T

2 1
= s21_2s/ sin® " udu = 2_2ss3(5,s)
0

—2s F(I)P( ) —2s ( )
=2 F(1+s)_2 Vs I(3+s)

oo 1<s>—/1d_x_/+°° dx
B 0 (1—|—x%) N 1 (1+x%)2s’
NI]
_ 1 e dx _ 7 o511, _ SB(s,s) _ sT2(s)
I(S)—§/O m—sfo (sint cost)*  dt = > T @)
5]
2—2s\/_ ( ) _ SFQ(S)
T(l+s)  20(2s)
NI]
VT (2s) = 25710 (s)T (s + %) 5> 0.
O
Properties:

(1) —feit, N TAEATIEEE n A [(n + 1) =n!
@1 (5)-va- (=)
)70

o

rfreg)-

o 1(2) sszmme
or(rs

o

) T

[1(4i —3)
) I =1

FG) _ 1.5.9.13;1.”...(4n—3)r(}1) (h=1.2.3.)

[1(3i —2)
) T =1

):

) I ) ~ 2.6789385347 - -

1
3

—VV )=
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N Hei-y
r - == (= =1,2,3,--
®) (n—|— 2) . (2) (n )
n .
5 .]_[1(31 -1) 5
9) T S )== (= =1,2,3,---
O r(n+3)=S5—r(3) © )
2
(10) T (g) ~ 1.3541179304 - - -
[](4i —1)
3\ b 3\ 3-7-11-15-----(4n—1)_ (3
Pn+2)=2—r(2) = () =123
(11) (n—|— 4) y (4) - 2) )
3
(12) T (Z) ~ 1.2254167024 - - -
Theorem 6.19 Ef45#K (stirling) A3\ .
[(x) = V2rx""2e™ 5 (0<6 <1,x > 0)
o0
1 _1)n—132nx1—2n
D(x) = v2mx*"2e™ (
(x) X 2e expnz_; 2n(on — 1) n
1 1 139 o971
—_ 2 x—1i —x 1 . _ —4
Vemx e ( T Tox T 288x? ~ 51840y 248832088 | O >)

Theorem 6.20 Ef#F#A (stirling) A3

n
1. n! ~ an(
e

n
) , n — +00

o 0

nd

)

\.

n\”" on
2. nl = 2nn(—) ez, HF 0 <0, <1

e
3l 5 n(n)” i 1 n 1 139 571 +0(
A= JT = C —

e 12n  288n2 51840m3  2488320n4
4. Inn! =nl —|—11(2 )+1 1+ L L
= R T S T Ton T 360m% | 1260m°  1680n7

1

i

Ly’

1

el™

n
™ Example 6.78: & nli)n;o \/ﬁl_[ i
i=1 1+

—VV )=
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v Proof: FIFI#Hk (Stiring) A3

Y1 ERAR AL ) Ul Uk £ Sk )
S nl_[ 1\ noo 2)(3)2(4)\3 n+1\"
i=1 (1 + z) (T)(ﬁ) (5) ' (T
L mlenln— (1}t )]
n—00 (n+1)
Stiring T \/2nne1%nn lim — V27 e%
H 00 1\ 14511tk oo 1\ 14545+ —Inn
(14 3) et 3eiss (I 1) e de s

= 2ge—(1+Y)

by SAWCHLH % O

Definition 6.5 Beta K %§

B &4 (Beta function) #95€ X A
1
B(x,y) = f t* 11 —¢)"'dt (Rex >0, Rey > 0)
0

L X FEAMHA F—XEKIE (Euler) 25

HeHA ©)
T
2

B(x,y) = / sin®* 10 cos® 1 0df (Rex >0, Rey > 0)
0

B(x,y):/o Wdt (Rex>0, Rey>0)

& Exercise 6.88: f o1 + g+ -+ 0y = pP1+ P2+ -+ + By then

I(z) = : (6.8)

n n m?i m)
L(B)----T(Bn) _ I L)) _  EALEREE D
..... . Yim!
F(al) F(O{n) j=1 F(aj) m_>o°j:1 aj(ajj_nl).j.fl(aj_;,_m)

—V/ )~
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Jj=1 k=0
m n
o; +k
=1 J
mgnool_[)Jl_[lﬂ]—|—k

&7 Exercise 6.89: {14

/0°° ( e (1 —e %) e

x(1 +e—2x +e—4x +e—6x +e—8x)

2, Solution

/-oo e—x(l _e—6x) dx

0 X(1+4e 2% e 4% 4 76x 4 o—8x)
fOO —X(1 — e—Gx)(l _ e—2x)
0 1— e—le)
-[

! * dx
Z —10kx | ,— _ €_6x)(1 _ e—2x) dx

e
1
X

dx

/ e—(10k+1) _ o~ (10k+3)x _ ,—(10k+T)x | ,—(10k+9)x
0

X

O oo p—(10k+1)x _ ,—(10k+3)x  _ pe” (OKHIX—(10k+7)x
= E / + dx
0 X X

k=0
R (10k + 3) —(10k+7)T\ & 10k +3 10k +7
,;(f(o) [ (10k+1)]+f(0)1n[—(10k+9)]);(ln(10k+1)+ln(10k+9))
<=, (10k +3)(10k +7)
_kzzol (10k + 1)(10k + 9)
oy W0k +3)(10k +7) oy (k) (ko

1n]££ (10k + 1)(10k +9) ﬂ) (k+ &) (k +2)

19~ 0.962424

0
%)F(l) sin {5

INESINES ., sin 3
(

—0V/))——
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Theorem 6.21 Froullani 24323
W f(x)4£ (0, +o0) Ei%ESa > 0,0 >0,
— f(bx)

X

1. % £(0), /(+00) F#HE, mu/om flax) dx = [ (0)= f (+00)]In

+00
2 # £(0) T 2E, AV > 0,/ %dxmz,

+o flax)— f(bx) .. b 0
BIIJ/O . dx:f(O)an;

A
3. % f(too) BAE, ELV > o,[o T o g1,

i /0+oo f(ax);f(bx) i = — Fltes) lnf_l;

|
& Exercise 6.90: 71
+oo |3
/ dx
0 erX —1
2 Solution
too 43 +o00 e
/ — dx = / x3 Ze "1 dx
0 et —1 0 n=1
o0 +00
= Z/ x3e ™" dx
n=1 0
o0 1 +00
:2—4/ et dt, t =nx
n=1 n 0
o0 o0
1 1
= ZEF(AL) = 162:%
n=1 n=1
TR —
=16X —=—
0 15
D |
&7 Exercise 6.91: {515
1
1
/ dx
o V1+x*

2. Solution HATH

teo i 1 e =i 1 11 1°(Hrdy 2@l
J:/ d_/ L gl L TG )
o 1+x* 4Jo  (1+1)2 4 "4 4

—VV )=
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b [ - ﬁdx WO 4 0=
oo
i 30

dr =21

1 —+00 1
:/ —dx+/ ;dx:Q/ !
0o V1+x? 1 V14 x? 0 /1414
it A

1
I = - dx=—=
/0 V14 x? 2 8Jrm

+o00 x2€x
/ _X g
oo (¥4 1)2
2 Solution

+o0o 2,x +00 2,x +o00 1
/ de:gf de:zf x%d
oo (eX+1)2 o (ex+1)2 0 e* + 1

k7 Exercise 6.92: T+ E )

o2x2 |t too y
= — dx
ex =+ 1 0 0 e* + 1
+00 —x +00 o0
:4/ e dx =4 Z 1)"e™™ dx
o l+e™™ 0 p—
iy [T e g S U [
=4 (—1)”/ xe "T¥dx =4 / te”" dt
nX:(:) 0 ; (n+1)2 Jo
o
—1)* 2
Y o
—(n+1) 3
& Exercise 6.93: {14
lim +/n!
n—0

2 Solution

n In(n!
lim v/n! = lim exp{ n(n )}
n—0 n—0 n

_exp{hm M}

{ Inl'(x + 1)%
=exp] lim
x—07F
x—>0Jr F
_ v —

—VV )=



o
ot

| CR -305/566—

<

&7 Exercise 6.94: {1 E 4

/01 InI'(x)dx

xe(01) —AEAR

% Solution 7% 75 F 21 B 24 X

T(x)[(1 —x) =

sin wx

1 0 1
:/ InT(x) dx === —[ lnF(l—t)dt:[ InT(1—1¢)dt
01 1 0
:/ InI'(1 —x)dx
0

21zfollnF(x)dx+/011nI‘(1—x)dx
:/OI(IHF(x)—l—lnF(l—x))dx:/Olln

dx

sin wx

1 1 1
:/ lnndx—[ lnsinnxdx:lnfr—/ Insin wx dx
0 0 0

— 1 [™
= Inm— —/ Insinz dr
T Jo

1 (2 1 [~
=Inm —— lnsintdt——/ Insin ¢ dt
b4

T Jx
R — 2
—

Z—%IHQ u=m—t

1 1[0
=lnm+-1In2+ — In sin u du
2 T %

1 1 (%
:lnn+—ln2——/ Insinu du
2 T 0

= In(2mx)

:>1_/ InT(x )dx——ln(Qn) <

&7 Exercise 6.95: {514
1 2 1
x J—
———dx
o (x24+1)Inx
% Solution

1 _1 1 1 t+1 t
/ X [ Xt / ’dtdxzf [ XX xdr
0 (x2+1 lnx 0 X2+1 o Jo x%2+1
/1 1 1 1 1
o \x+1 x+2 x+3 x+4
2 4 5
(ln1+1n )—(lng%—lnz)%-

—VV )=
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3 bt 7 9 11
zlni—ln§+lng—ln—+ln——~~

9
(3 3 7 7 11 )
ln ------------
1 55 9 9
2 (g) 2 (4n+3)
= lim 1 4 4
330% > (3) 1 (mm) (4 )

B Ja T Gautschi’s inequality.
&7 Exercise 6.96: {515

X

/1 5x4(1 +x10075)
0

(1 + x5)2017
% Solution A

Beta(x,y) = —— dr (R >0, R >0
ctafr.y) = [ e (Rex>0.Rey >0

/1 5x4(1 +x10075)d 5t /1 1 +l2015 U
x —_— —
0 (1 +X5)2017 0 (]_ —|—l>2017

/1 xl—l + t2016_1
= ————dt
0 (1 + l)2017

= B(1,2016)
o001l 1
©2016! 2016
@ Note: 1 3] 892 3, (T
I'x)'(y
B(x, x>0,y>0
(x,¥) T 1) ( y >0)
&~ Exercise 6.97: {155
/ sin2x dx
0
% Solution KA
%

Beta(x, y) = 2/ sin®* ' 0 cos™® 1 0df (Re x >0,Re y > 0)
0

Fit A

Ve

. 5
/ sin2x dx =
0

~ »JkI\I
o H

l\'.)l»—k [\3|,_.
DO | —
N)I»—Av

— m\l/\\

—VV )=
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= m ~ 0.718884
5" (1)
S Note: B ##9% %
I'(x)I'
Beta(x,y) = % (x >0,y >0) (6.9)
T (4i —3)
F(n~|—1):i:1 F(1):1.5.9.13 ..... (4n—3)r(1) (n=1.2.3.)
4 4n 4 4n 4
(6.10)
[T - 1)
3\ i 3 3-7-11-15--(dn—1) (3
(6.11)
I
1 1
r(3)=va-(-3) (6.12)
1
r (Z) ~ 3.6256099082 - - - (6.13)
r G) ~ 1.2254167024 - -- (6.14)
|

&7 Exercise 6.98: KA FR:

x—>1"

+oo
lim vl—x/ xUde
0

% Solution HHF

u=t y/In(L) 1 oo 2
/ e " du
ln(%) 0
B 1 T
~ 2\ In(d)
1 T
2V1—x
[4
oo 2 1 T
lim «/l—x/ x"dt = lim (vl—xx—,/ )
x—>1= 0 x—>1- 2V1—x
_ VT
2

—VV )=
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&7 Exercise 6.99: &4
0

2 Solution

+o0
I = / e (ax*+bx)
0

_a[(x2+2x+(%>2)_(%)2}dx

I
o

k7 Exercise 6.100: 44

/01 de

1 x2:t ]_ 1 1 3
/ \/(1—x2)3dx——/ 2 (1—1)2de
0 2 Jo
1 (1
—_B 0
27 \2'2

_TRrG)

2 2

20 (3)

2 Solution

3
= — =~ 0.58905
16

& Exercise 6.101: RERS>

/ e~ cos (Bx)dx
2 Solution

+o0 e 2+Bi
/ e cos(Bx) dx = Re/ ePx dx = Re/ e P dx
; 0

/. 2By (B0)7)—(£0) ] dx

R a2

—0V/))——
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o 2/a
2 1 1 82 1 b4
— e da . _F l — pda - —_
v G B Tem E
1\/? 82
= — —e da
2V«
<
&7 Exercise 6.102: {H 4}
1
/ sin(mrx) log I'(x)dx
0
% Solution .
. 1 T
/0 sin(mrx) logl'(x) dx = - (1 + log (§)>
! t=1—x 0
I:/ sin(mx) log'(x) dx = —/ sin(¢m)logI'(1 —¢) de
0 1
1
:/ sin(tm) log'(1 —¢) dt
10 1 1
I = 5 ([ sin(nx)logf(x)dx+/ sin(x7) logI'(1 —x)dx)
0 0
1 1
_ 5/ sin(rrx) log (T(x) + T(1 — x)) dx
0
1 [t b4
= 5/0 sin(mx) log <sin71x)dx
1 b4
<

&7 Exercise 6.103: %
o0
/ sin (x") dx
0

2 Solution

n

1 o g

=—=n-0 =D /o (/0 u ne " du) sin(x) dx
1 o 1 o0

= n]_—’(l—_l)/(; u n (/(; €_xu Sin()C) d.X) du

= ! /-00 v du
_nF(l—%) o 1+u?

1 R
= m/(; tan n (9)d9 (M = tan 9)

*° 1 [ .
[ sin (x") dx = / xn tsin(x) dx  (x" > x)
0 0

—VV )=
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B 1 B(l—n 1—|—n)
Conl(1-1) 2 7 2

B 1 F(n—1)r(n+1)
Sl (1) \ 2 2n

& Exercise 6.104: 714

/ Inln (tan x) dx
%

1
% Solution 4 ¢ = In (tanx) N: dr = (
tan x

+ tan x) Jdx = (e7" +€) dx JERY

IT

2 S Int 00 —tl ¢ 00 00
/ Inln (tanx) dx = / - dr = / e—ndt — / o Int E :(_1)ke—2ktdt
z o e +et o l+e 0 —

4

PiAA
[ Inln (tan x)dx = Z (—1)k [00 e~k rdr
Fid k 0

&\ (=1)* /°° » & kln(2k +1) /°° »
= Inzdt — -1y — dr
;2k+1 , o 2. (=1 %k+1 ), ©

INE

0 k=0
(o) 4 (3
T ka1 ln(2k + 1) Vs T r T3
- DL el Gl N ALV (VIR
4y+;< T RO i
AR
3 1
r{-)r(-)1=+2
(4) (4) van
4
z V2rl (3
/2 Inln (tanx)dx = —In [n—lm}
z ()
<
&7 Exercise 6.105:
“ Solution <

—0V/))——



6.5 T B —-311/566—

6.5.1 Euler-Poisson 24

& Exercise 6.106: HHE

% Solution . .
- 1 1
/ e_x2 dx % —/ l‘_%e_t dr = —F(%) — ﬁ
0 dx:fi/; a 2 J 2 2
<
% Solution An alternative derivation is to show that
o0 2,2
[ xe ¥ dy =1,
0
where [ is your integral:
o0
1 ::/ e dx,
0
and then evaluate I? by reversing the order of integration. Ifx > 0, then
f xe ¥V dy = x/ e ()’ dy = x/ e = :/ e du=1I.
0 0 0 X 0
Thus
o0 5 o0 9 o0 o0 9
12:/ e_xdx/ xexydy:/ dy xe ¥ e Y dx
0 0 0 0
*° o 2 2 *° ]. 2 2
:/ dy/ xe X (%) gy :/ dy [ e X <l+y )]
0 0 0 2(1+y?) x=0
*© 1 1 0 11
/0 s b = glany]? =
So
1= YT
2
<

% Solution Another proof, from G.M. Fichtengoltz, Calculus Course, page 612.
*° 2
K = / e ™ dx
0
It easy to see (and prove) that, max{(1 +¢)e™*} = 1 at ¢t = 0, hence for all 7 € R:
(1+1)e" <1
Substitution of t = +x2, leads us to:
(1—x%e* <1 and (1+x%)e™ <1

—VV )=
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So,
1

1+ x2

x2

l1—x2<e™ <

(x > 0)

Now, at the left inequality we restrict our x to be in (0,1) (so that, 1 —x* > 0), and in
the right inequality let x > 0. Raising all the inequalities with natural number n, we
get,
(1—x" <e™ and ™ < _
x€(0,1) (1 + x2)

x>0

Integrating the first inequality from 0 to 1, and the second inequality from 0 to +o0

1 1 ) 00 ) o0 dx
/ (1—x*)"dx <[ e M dx </ e " dx </ —
0 0 0 o (L4+x2)"

o0

1

[ e dx = —K (substitutionu = /nx),
0 N

we'll get:

But,

! 2 (2n)!!
fo (1—x?)"dx = /0 sin? ™ (v) dv = @l (substitution x = cos(v))
and, finally,
*® q g 2n — 3)!!
/ ﬁ = / sin® 2 (v) dv = H% (substitution x = ctg(v))
0 X 0 n—=zZ):..

Hence, our unknown, K is bound:

(2n)!! (2n =3
Vi on <K< Vg s
’ " ((2n)11)2 . on (2n—3)N2@2n—1) x

i@t D K “mo1 (@moonr 2

Now, the final step - Wallis Formula :
((2n)M)? g

A =22 1) 2

Then, when n tends to oo in our last inequality, we get:

2 _ T
4
and,
T
K:T as K > 0

—VV )=
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1
Solution We perform a change of variables u = /% and du = 51_1/ 2dt. The integral

o0 o0 2
/ 727t dr :/ 2¢ " du.
0 0

Now let us consider the well-known integral:

b4 e |
—:f dx
2 0 1+X2

We can expand the right hand side into a double integral:

o0 1 o0 o0 5 o0 o0 5
/ 2dx:/ / eV Fx )dydx:/ / e 7 dy dx
o l+x o Jo o Jo

Reversing the order of integration:

o0 o0 9 o0 o0 9
/ [ e VX dydx:/ / e 777 dxdy
o Jo o Jo
2

Now, we can perform a change of variables x* = a and 2x dx = it duordx = y™2du
y y

o0 o0 5 o0 o0 5 o0 [e.¢] 2
/ / e Y dxdy :/ / y 2 qudy :/ y 127y dy/ e ™ du
0 0 0 0 0 0

Because of what was established earlier:

o0 o0 5
/ y_1/2e_y dy :/ 2¢ " du
0 0

then becomes:

Thus,

[+O° e dx = v
0 2

Solution This is similar to user17762’s answer, but uses Plancherel’s Theorem instead

<

of Poisson summation. Define the Fourier transform by

FIAD) = £(0) = %Q_ﬂ / T e dx

Now,
2

%) -1 S
]:[e_%xz] = L / e2¥ e (x = e/;y / s gy
—0c0 T J—o0

—VV )=
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Now, consider the contour integral of ¢~2%° over the rectangular contour with corners
at £R and =R +iy. This integral must be 0, since e~ 7% is analytic. Taking the limits

as R — +o00, the contributions from the vertical edges go to 0, so we find that

Thus,
1,2
1.2 e 2Y o0 2
Fle 2* = / e 2¥ dx
[ 1(») Toe )

By Plancherel’s Theorem,

& 2 & 2 1 & 1,2 2
/ e™ dx :/ eV — (/ ez dx) dy
—00 —00 2n —00
1 © s e
= — (/ e 2% dx) / e dy
2 —00 —00
o0

dividing through by / e dx, we find

—00

S0,

o0 1.2
N2m = [ e 2% dx
—00

o0 1 o0
Changing variables and observing that / e dx = 5 / e dx, we find that
O -

o0

6.5.2 FFIRERH

Definition 6.6 digamma B& %

Y R EAS R At T AT, B y(x) = j—xlnFm =

™ Example 6.79: R FR

.1 1

lim — (F(X) - —+ V)
X

x—0 X

—VV )=
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%, Solution
1 1 r 1)—-1
lim—(F(X)——-l—)/):lim (x +1) +yx
x—>0 X X x—0 x2
lim Fx+Dy(x+1)+y
x—0 2x
y x4+ Dy2(x+1) + ¢/ (x + )I(x + 1)
o xl—>0 2
1/, =
=307+ %)
|
@ Example 6.80: &
lim (I'(x) —2I'(2x) =y
2 Solution
P(x + L
lim (O(x) —2T'(2x) = lim T’ (1 - ( 2))
x—0 x—0 ﬁ
1 4XT i
i L (1 _ M)
x—>0 x ﬁ
T e e e — y
D |
Definition 6.7 ~N5e2 I’ ERE
AT HEa 2 LA
[ e 't*tdt (Re a >0)
0

AR T HBROARTZE y BEE XA

+00
[ 11414 (Re a > 0)

Definition 6.8 B ER#

2 X

—V/ )~
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Definition 6.9 2 E X ¥R

Properties:

1
iLln (X) = ;Lin—l (X)

Definition 6.10 —E X ¥R %

Theorem 6.22

JUA R T Z BN B R F 45K
(1) Lig(x) + Liy(—x) = %Lig(x2)
(2) Lig(1 —x) + Lig(1—x7") = —%(lnx)Z

(3) Lig(x) + Lis(1 —x) = énz —(Inx)In(1—x)

(4) Lig(—x) + Lig(1 —x) + %L12(1 —x%) = —%nz — (Inx)In(x + 1)

& Exercise 6.107: PB4

X

"In®(1—x)1
/‘n( x)nxd
0

X

—V/ )~
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% Solution

U n%(1 — x)1 '
/de:/ In(1 - x) In xdLip(x)
0 X 0

! In(1— ! 1
:/ LiQ(x)udx— Lig(x)lnx dx
0

72 7120 180

&7 Exercise 6.108: {4y
T Xxcosx
I = / _XCOSY
0

1+ sin’®x

% Solution(tian 275461)

[NIE

1 :/ xd arctan (sinx) = —/ arctan (sin x)dx = —2/ arctan (sin x)dx
0 0 0

HEEEF
sin x sin x T sinx
arctan | —— | — arctan = — —_Qdy
+oo 1 1 yr+sin“x
W

VB

+o0
o f sin x _SmY dy
0

1 y2 + sin? x
sin x

+
dxd
/ /0 2+s1n)cxy

+00
2/ [ dtdy (t = cosx)
1 0 ¥

/+°° Vyi+1+1 J
1 1 Vy2+1-1 Y

[ME]

[\')

oo h 1
In (&2 £ (y =sinhz)
arcsmhl COShZ —1
1—e¢ %
= 2 In ¢ )
arcsmhl 1 +e?
V2l (1—1) —1In(1 +1
_ / n ( tn(+)dt (t = )

= 2Lis(1 — v/2) — 2Liy(v/2 — 1)

—VV )=



@ Example CHER
1 1 1 2
/ —n( X )dx
0

14+ x
%, Solution 4

(M In(1 +1x?)
f<f>—/0 Tiax

X2

1
"(t :/ dx
FO= ) oo
1 /1 x—1 1 /1 dx
= dx +
t+1Jy 1+4+1x2 t+1Jy x+1

—VV )=

~318/566- %6 F 2By
EHZ BRI PERT (6.15)(6.16)(6.17)
. , 1 1,
Lig(1—x)+Lig|1——) =—=In"x (6.15)
X 2
. : 1,
Lig(x) + Lip(1 — x) = P Inx-In(1—x) (6.16)
. : 1. 2 L,
Lig(—x) — Lig(1 — x) + §L12(1—x )= 1357 —Inx-In(x+1) (6.17)
m kg 2
I:/ %dx:ln%ﬁ—l—l)——
o 1-+sin“x
|
&~ Exercise 6.109: 3K
T x2
f —de
o l4sin“x
2. Solution 4t = x —g , ®AA
x 2 T (1 4+ z)?
J:/ —x_2 dx:[ 3
o 14sin“x —x 1+ cos?t
3 2 r3 1
2 f e Rt
0 1+0082 2 Jo 14 cos?t
z 2 r3 1
:2[ +”—f — dt
0 1—|—cos2t 2 Jo sin“t + 2cos?t
3 2 % 1
—9 +”—/ ~d (tant)
0 1+(3082t 2 Jo tan®fr +2
N2 5 V2 V2,
24 —|— —7'[L12 (3 2\/5) -+ ?JT
2 2
=2 (3-2v8) + L
2 6
<4



6.5 T HE -319/566—

1

1 1 1
= [5 In(1 + tx?) — i arctan(~/1x) + In(x + 1):|O
! 11(1+z) L arctan /7 + In2
=——|—In — — arctan n
t+1 2t ﬁaca

= f(t) = % |:— Lig(—t) — %1H2(Z + 1)] —arctan’® V1 +In2In(t + 1)

Pt A

"n(l4x2)
/0 H—xdx = f(1)

—VV )=
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1
1
/n—xdx
0 x2—x-—1

% Solution HIFE x* —x —1 =0 WHAE, A THEBEERL, ®RE

k7 Exercise 6.110: 735

1+4/5 1-+/5
rlz(p: ’r2: ::[—(p7
2 2
2 ¢—1 1
Hr—r= \/5<P=§0+1,—=—2')1'J7ﬁ
@ 2
' Inx 1 ! 1 1
I = ——dx = In x — dx
o ¥2—x-—1 ri—raJo —(1—-9)

1 /‘11 ( 1 @ ) /‘1 In x ¢ (' Iny d
= — nx —_ —_
f x—¢ @x+1 NV B eyt
/wln(pu . 1 ‘plng du
1
@ ¢ 1 f‘p 1 1 /‘“’ Inu /‘w Inu
= — du + du | — — du + du
ﬁ(/o u—1 o utl Vi\Jo 1+u o l—u
1 21 1 1 s 1
s AT A / o du+/ L du
NG @ Vi\Jo 1+u o l—u

_ b /“p Inu du~|—/é Inu du _ b /H“’ln(u—l)du_i_/é Inu du
5 0 1+u 0 ].—u \/5 1 u 0 1—1/{
2 1

0
2 (w1 1 In(1—
:__/w nu du ¢ In ( u)du
5 Jo 1—u \/3 0 1—u
2 /w Inu 2 2 ('In(l—u) )
= du — —1In¢p = —— du — —1In
o T-u™ B Bl N

2 2L' (1) 2 In?
= — —L1 — — — N

35 V5 \¢? V5 v
2 2 2 2 2
id ——(%—IDQ(p)——ango: 7

“35 VB J5 55
wJa—F T dilogarithm pg &R, 4R DL 2 WL http: / /mathworld. wolfram.com /
Dilogarithm.html <

—VV )=
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Definition 6.11 %22 (Riemann) ¢ Rk

(_1>k+122kB2k -

Euler X ¢(2k) = By = 20 (k € N,)
_ 2n 1|B |7
Properties: %4 n 2BEH (n > 2), {(n) = ——— B, HIASFI%L
@ Note:
2 i He _ =m¢(m+1 '"2:2§ +1)
i e 1) past
& Exercise 6.111: 3RAK B liI(I]1+ Z(s)
% Solution

£(0) = lim ¢(s)

s—0t

= lim 2°7°'sin %sf(l —s5)¢(1—5)

s—>0+

+
e (10 5 (7 (st [ 55 )
(2 (s [ 558 w)) (i s ()

(o (oo 5 ) (55 (7))
= (%.1.F(1)-(—1+0—0)) (1+§:0)

_ 1
2
- <
A& Exercise 6.112: #t (T a > 0 I H s > 1) {(s,a) = g (@ in)s
Rk ,
i [sor- 5] - -Fio

—VYV )
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% Solution {EE 3|

At

R, M a=1 B

&~ Exercise 6.113: >R} R

% Solution For s > 1, write

1 (1 nHdx
- =Y [T

Assuming this, we have

- ) B ([)

The sum of the first N terms of the above is

N+1 dx N

Z%_/l —:Z%—log(NJrl).

X
n=1

& Exercise 6.114: 3R FR

Ly (§<x)_xx1—1)

% Solution Built around x = 1, we have
1
f(x)zmﬂLV—Vl(x—l)‘FO((x—lf)
where appears the Stieltjes constant. On the other hand, starting from

X

S (=) (1 (1) 4 0 (- 1))

—0V/))——
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1 B 1 1—|—x_
x*—1 x-—1 2

! + 0 ((x—1)%
So,
¢(x)

xx_l:(1+y)—(y1+%)(x—1)+0((x—1)2)

and then the result.
Edit

Making the problem more general, it is quite simple to show that

1 n?
()= g =0 = () =+ 0 (- 1)
<
&30 ABTUAT A2
d’y dy
a9 iR g AR TUAT oy 2%
oo n x
F(a,b;c;x) :Z o, al (|x| < Le#0,-1,-2,--+)

©

oFi(a,b;c;x) = F(a,b;c;x)

E:

~
ARARX

F(a,b;c;x) = F(b,a;c;x) o

L(c)l'(¢c —a—b)

F(a,b;c;1) = T(c —a)T(c - b)

(c—a—b>0)

—VV )=
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pid

Definition 6.13 |~ X #8JL{A] K 3

2 L

n

n(@2)n - (ap)n
(c2)

o (a1)
1
qu(a]_,aQy”' ,ap;01,02,-.- ,CQ?x) — Z (Cl) n..-(cq)n

n=0

XY pAeg HREEH ME cplk=1,2,---,9) ™A 0 & 0 EHK

Definition 6.14 DTIZE/REF %

1 T
I, (z) = —[ e?°*% cos (nf) do
T Jo
&7 Exercise 6.115: {514
1 e—x2
[ B
0 v1—x2
% Solution KN
1 T
I,(z) = —/ e?<% cos (n@) df
T Jo

1 —x2 0
/ U do 2=t / e~ ¢
0 V1—x2 d

T T
2 2

. —cos 2U 1
e_smz"du:/ P du:—/
0 Ve Jo
Ho=2u 1 /” e%cosGdQ
0

& Exercise 6.116: JIEBH:
2w ) 2 )
[ e sinx dx = / e ¥ cos? x dx = 21 (1)
0 0

2 Solution

27 2w
/ M sinx dx = / esmx d( — cos x)
0 0

. 27 e
= [ — 5% cog x] + f e cos? x dx
0 0



6.5 [ HEK 7325/5667
2w )
:O—i-/ S cos? x dx
0
21 )
:f e*"* cos? x dx
0
X% .
I,(z) = —/ e?<% cos (n@) d
T Jo

2w

2w
f e sinx dx = / e ¥ sin x dx + [ e * sinx dx + / e ¥ sin x dx
0 0 z

3

U==5+x U T
2 t=x—1% t=x—1%
3T
2

T 4
= —/ e ¥ cosu du + / e cost dt + / et cost dt
3 0 id

v=t—m

[SE]

b4 4
=— e ! cost dt +/ e cost dt — / e Y cos v dv
0 0

T
2
T T
= [ e cost dt —/ e S cost dt
0 0
xX=m—t
T 0
= el cost dt — / e°* cos x dx
0 T
4
= 2/ e cost dt
0

— 271, (1) ~ 3.551

& Exercise 6.117: JIEBH:
2
/ e®*cosxdx >0
0

2 Solution t=27—x

21 1 2
[ e“* cosx dx = / e cos x dx + e cos x dx
0 0 4

4 0

= e“* cos x dx — et cost dt

T

/1 T
= 2/ e  cosx dx = 2[ e d(sin x)
0 0

T

=]

= 2sin xe®"*

T
—1—2/ ¥ sin x dx
0 0

>0

K o
I, (z) = —/ e?°% cos (nf) db
0

T

—VV )=
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1=2m—x

2
COsS X

21
/ e * cosx dx = e“* cos x dx + e cos x dx
0

0

Ccos X ecost cost dt

e cosxdx —
4

ST

T
/
T
/
2/ e“** cos x dx
0

=2n1(1) ~ 3.551

@ Example C PHERR A

INE

/ In sin x dx
0

% Solution ATHE RFFZHEH G H P EXL

I T I
G :/ In cotx dx :/ lncosxdx—/ Insinxdx (a)
0 0 0

T

. x=2t B .
A Insinx dx 2 Insint dt
0 0

-
o

[SE]

INE]
INE]

In cos x dx +/

Insin x dx + z1r12]
0 4

INE
1R

In cos x dx +/ Insin x dx) + %ln? = —gan

0

INE]

Insin x dx= — %11’12 (b)

J

1
/ Incosxdx = = <_£ In 2+G)
0 2

INE]

Insinx dx = —% (% In 2+G)

&~

2

1
@ Example : H‘%ﬁ%}{é}:/ In(1 —x)InxIn(l+ x)dx
0
% Solution

1
In(1 —x)InxIn(l+ x)dx

~
I

1
In(l —x)In(l +x)d(xInx —x+1)

1 _
n(l+x) In(l—x) dx
1—x 1+x

1

Il
o— 5 5—

(xlnx—x+1)|:

—VV )=
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:2/1 (xlnx—x—i—l) |:§:(H2n+1—[-[) 2n+1i| dx (H(]:O)

n=0

© 1
:22 (H2n+1 - Hn)/ (x Inx — x + 1)x2n+1 dx
0

. Z H2n+l - H _9 i H2n+l - Hn
(2n+3)(2n +2) ~ 4= (20 +3)°

2 2 o0
T ) 7¢(3) s H,
= —ln2—2+21n2—2|:—+2—1 2——8 —Z—

16 — (2n +1)°
52 21¢(3) #%In2
=~ —In’2—-6+4In?2 —
2 Famet g >
|
Example C REMRS
11 2 1 2
/_gLizlm
0 1 4+ x
Solution(by Renascence_5)
11 2 1 2
/ de
0 1 + X

L1p2(1 — y2 % In?(1 i26
:/_gLfljmy_/ (1 +e™) 1
o 1+iy 0 1+ eif

T
2

1 1 2 1— 2 1 3 1
:/0 %y?)})d)}—'—éfo tan(%)lrﬁ@cos@)d@—l—/o an(Qcose)d9—§[0 92tan(g)d9

I, Iy I3 1y

T
2

Evaluation of I;:

112 1 1 1 1 1
/ nxdx—i—an/ -l dx—l——ln22/ dx
0 1+X 0 1+x 2 0 1+X
oo 1 oo 1 1
Z(—l)"/ x"1n2xdx+ln22(—1)”/ X" Inxdx + = In®2
0 n=0 0 2

—VV )=
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n=1 n 0
lem 1 1 (=1)!
=il il
n=1 n=1
7
=——(3
L)

Evaluation of 1,:

0\12 0
1, = |:92 In (cos —)] — 2/ 0 In (cos —) dé
2/ 1, 0 2

2

T 2 — (=)t E
:—§1n2—|—21n2/ QdG—QZ / 6 cos(nf) do
0 0

n
n=1
n? > (=1t 2\ (1) tsin(nm /2) 2\ (=1)"tcos(nm /2)
=" In2+2 — —2
8 et Z; n3 ﬂ; n? ; n?

21 T
= —¢3)—7G+—1In2
16@‘() b1 +8n

Result:

L 1n2(1 4 x2 7 3 7 921 2 2 2 1 1
/—n( +x)dx:(—+———+ )é(B)—nG+(—”——”—+n—)ln2+(6+§)ln32
0

1+ x 8 4 16 ' 16 12 12 '8
2

5 T 2
= (3)—7G—=—=In2+ -In*2
56(B) =G = o In2 4 oln

—0V/))——
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7.0 FHEEFAERE

7.1.1 ERMrRAER

Theorem 7.1

# D ={(x.)le1(x) <y < @a(x).a < x < b} i (x), 2(x) S W D BHEAN

b
sD:/'wxw—wxmhn

Theorem 7.2

#D ={(x,y)[¥1(y) < x <Ya(y),c <y <dy,vi(y) Vo) FEEE W D HTEFR
H
d
Sp :/ [Wa(y) — ¥ (y)] dy

Mk [ Z8E % ax + by + ¢ = O Jred i 3 By e et ity v v £R g

S 2w
Va1 b2

flax+by+c|ds
L

1 4
™ Example 7.1: fhgk L, :y = §x3 +2x(0<x <) HL Ly y = gx TEsE Pt A2 3% 1 e

L TR TR A
% Solution ek L FHUS P(x,y), ZaBleit L, FIHEA
d = %(x?’ + 2x)
X G

ds = /14 [y (x)]2dx = /1 + (x2+2)2dx
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¥
\]
e

Jo %t it Th Y T AR A
dA =2nd ds = gn,/l + (x2 4 2)2(x® 4 2x) dx
ot ity e ) v ARA
1 2 1 ; 5
A:/O dA:gn/O V1 (22 +2)2(x® + 2x) dx

3
2
PVB(R2V2-1)
E—— A

T 3
= —(1+1%):

9 3

@ Example 7.2: BT x? 4+ (y — \3/;)2 =1 B Ay AR
% Solution 4 y — Vx2 =sint, 4 x = cost, B y =sint + (cost)
W A [T 5 | ERERU B R

(NI

51:/ ydx:/2(sint+(cosz‘)g)dcost:z
D, - 2

Ve

P A EE R B 7o

7.1.2 tRAAFRIEHY

Theorem 7.4

B
S [ HAORT

PP BB B o = p(0) M2 0 = o, 6 = B P SRIEER S .

7.2 K2

Theorem 7.5 Y15 3%

T ABOL A € B T U SRR B A (), TSEAR AR

b b
VQ:/ dVQ:/ A(x)dx

WAL QTP x =a 5 x =b 2, Vx € (a,b), 15 x 5 x HiEE K -F

—VV )=
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Theorem 7.6 &£

Fer x f B x = a,x = b (a < b), RiEBMZ y = [(x) (f(x) = 0) PrHla%
WIHIAARIESE v filTiet — 8 B 20 i e i 140 g AR

vy :Zn/bxf(x)dx

% Example 7.3: 3K y = sinx 5 x FhiFrEISA B2 BISE x BhA y fhrA s AR A
M

2y Solution ,

T
b4
Vx:n[ sin? xdx = —
0 2
4
Vy:2n/ x sin x dx = 27?2
0

1
Vy = n/ ((w — arcsin y)* — arcsin® y) dy = 27*
0

Theorem 7.7 [

BB f(x) 18 [a. 0] ERESSHEGEEL ] y =kx +b,(k # 0) ek Pk
I SEAR AR R R

T

vV —
T+ k2)3

b
/ [f(x) —kx—b]2}1+kf'(x)}dx

v Proof: JEMi% f(x) LRI (x. f(x)) A P, BEIAEL y =kx+b LMFERHR PO =h,Q €,

U
x4+ b— f(x)]

V1i+k?
BEAh, L P AL /ANBIA A ds, FARIHIAE y = kx +b ER O AbIEA dE, Ox B B
(x.0) Ab /MBI iE R dx. G815 Ox BilRAA o, 511 P AEIZ f(x) WPI%YS Ox
Ly |

h

dé =ds-cos(B—a) =cosf-cosa(l+ tana - tan B) ds
B 14 tanw - tan B ds
V1 +tan? B+/1 + tan? o dx

= 1+kf/(x) / 2 —
BV = enyres A A

1+ kf'(x)

dx
V14 k?

—VV )=
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MIEATA (1.6 RANT Ox 8k a.b By 1 _ERNLE)

&2 b
b= [, e = o ) kb o

O
™ Example 7.4: R C - y = x* HHL L y = x FiBREBLSES L ek i
SRR ARTR.
% Solution FERHZ LEUAL P(x,y), BRI E A d = 5
MR E TR MBI RN 7d?, WA G — AR A, Al AE x B b
HBEEA dx, ] dI = V2 dx, TRABMTH

V2 (x? —x)?
2

|x* — x|

dV = 7d?dl = dx

T

V—/ldv—/lﬁ”(’CQ—x)de— il
0 0 2 30«/5

<
™ Example 7.5: R y = 2x 5 y = 4x —x* FREIXIBSE v = 2x WER: A iest R iR,
“ Solution % FHLMZE MAITA A(2,4), Mk EAE— R P (x. 4x —x7) F[HL y = 2x
4 BEL 25 R )
= —|x?—=2 y
p= et —2x "
WLy =2x A%k u (i), W
dV = zp*du  du = V/5dx
=7 - é(x2 —2x)?. /5dx
RN BN Y]

21 16
V= JT/ ~(x%—2x)%V/5dx = —+/b7
o 5 75

<
™ Example 7.6: WL y = ax® + bx +2Inc A, B 0<x <1 B, y>0, XB
MzIEs x Mk EZ x = 1 FrEEEAEBA % WHE a, b c fEILEITESE x
e — R T B TS AR AR AR VR,
“ Solution HHI&L A, W c =1 HBXA

1
/ (ax?® + bx)dx =
0

! 1 1 1
V= n/ (ax? +bx)*dx =7 [—aQ + —ab + —b2]
0 5) 2 3

—VV )=
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é,\

dVv 2 1 2 8
a:n[—aJr———a——(l—a): ]

5 3
fra=—7 RN WFBEAR b= 5. Hithy >0

X
d?v 22 81_4
@a:—g_n[5_§+2_7]_ﬁﬂ>

&i%%m,%az—%b:;c=lﬁ,Wﬂ%$ <

Z Exercise 7.1: JEE R <° + 2 = 4 FR, HIEES x 4005 A R0 E 57 ISk

HEBH ()

% Solution(3% 1) x > 0 B, XFAE— x BIBUH
2
Ttk = 2v/1— 7, IR = (2V1 - +2)
FrsRAR AR ) 2 )
V:2/0 (2¢4—x2) dx =423

(¥ 2) FrRARH )
V= 2/0 (2\/4—7)&)2 dx = 42§

|
> /
7.3 FmEBZRYIHC
™ Example 7.7: RIBLAG—HE
x =a(t —sint)
y =a(l—cost)
(0 <t <2n) kK, Hra > 0.
5" Proof: 1 1
& a(l—cost), & asint,
dr dr
[d
ds = \/az(l —cost)? +a?sin?tdt = ay/2(1 — cost)dt
= 2a,/sin2 £dt = 2a sin£ dr,
2 2
T
2 ¢ ¢ 2
= Qa/ sin —dt = 4a |:— cos —] = 8a.
O

—VV )=
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2
@ Example 7.8: JR#uk y = % JNTF0< x <1 —BeyiiK.

= Proof:

d 2
ds = 1+ (—y) dx = v/1 + x2dx,

dx

1
s:/ v 1+ x2dx
0

X 1
— [5 1—i—x2—|—§ln(x—|— 1—|—x2)i|

=g+%ln(1+«/§).

1

0

™ Example 7.9:
% Solution

—VYV )
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82 AN BEENMTHIE
& Exercise 8.1: #t f(x) #£ (—o0, +o00) EE RN, XL x,y fHA
Jx+y)=fx)+ f(y)+2xy

X f(x) £ x =0 4bnr, H f/(0) =1,k f(x) BzRiEK

% Solution HHEHEZER
fx+y)=f(x)+ f(y)+2xy

4 x—y =088 £(0)=0.
SHEE ) x ARALRE y # 0 34

Sx+y)=f(x)  f(y)

= + 2x
y y
B
fx+y)—flx) _ f(y)— /(0 Lo
y y—0
Ay =0, f f0)=1EF f(x)=2x+ 1 XM TFFIEZES £/0) =1
BA f(x) =x"+x h

&7 Exercise 8.2: fERLMIENFEMA, HTAMAMREIERS HAESE 1000 4. fERZ] r WAL y
S ¢ BERE y = y(1), HAERSEE y f 1000 -y BSFBURIER . At
R R FEAA 100 45, 3 MH RIIER A f 250 4%, Kt AIGmyERAas v() AR,
] 6 AN H it A fa %07

%, Solution: HEH

(ji_Jt} = Ay(1 000 —y)
y(0) = 100
y(3) = 250
o ARG dy
= Adt,
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[EpuE AT
/ 1000 y) _A/dt’
1%
y — Ce! OOOM
1000 — y
# y(0) =100, y(3) =250 fRNFF
100
1000 —100
250 — (o3 0004 ’
1 000 — 250
W C = 5, h= o B ARSI RN
y Ll s
1000—y 9 3%,
B
1000 x 35
9435
WGE 6 MH G, fAyEhalER
1 000 x 32
= Torg W)
0
i . Lt =2 ; af i
& Exercise 8.3: R THEREL f(x,y) @ Pl —flx,y), f (0’ 5) =1, H
. f(o’y_'_%) n_ coty
" ( foyy ) ¢
M fo(x,y)=
% Solution 1] i 5 xE L
Oy F(0,y+ 1 =10\
] EA N ARLINTPAY R | 1+
ngrolo( J(0.y) oo J(0.y)
A y+2)—f(0.y)
_ T %f(o’ y) = ef}fy((ta({’yy))
Bt XA A £09)
f;_;(o,y) y
705) = etV B — cot
‘ ! £(0,y) o
Xty R
In f(0,y)=Insiny +InC, B f(0,y)=Csiny
0
B = (),
f(x,y) =9 e (p(y) AfFE L)
i £(0.5) =1 8 o(y) = siny, B f(x.p) = ¢ siny .

—VV )=
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8.3 TR FIE

8.4 —Mr&kMMNFIE

Definition 8.1 1A% F (Bernoulli) 5%

16% 4] (Bernoulli) 742

dy

I TPEy=00)y" (n#0.1)

RIARRA Y, 4 2=y %

j_i +(1=n)P(x)z = (1-n)O(x)

. d \
™ Example 8.1: R 72 é + % =a(lnx)y* WEMH

%, Solution F¥RFEIERYL y2, 15

d 1
y‘2—y + -y l=alnx
dx x
B do-l) 1
_do )—l——y_l:alnx
dx X
Az =yt W ERGRRAN
dz 1
— ——Zz=—alnx
dx x

MW BOE B IL TR
z=x [C — %(lnx)Q] .

Py~ ARz, A3 BTR T R A AR

yXx [C - %(lnx)Q] =1

C2x+1
o 2xy

d
™ Example 8.2: R84 T5 & é
% Solution % 1 P[5 2xy 13

20002) _ Y am
cos”(xy?) o )38 i
2

2xyy’ = (2x + 1) cos®*(xy?) — y

2xyy’ + y? = (2x + 1) cos?(xy?)

—V/ )~
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W
(xy%) = 2xyy’ + y*
[
(xy%) sec?(xy?) = 2x + 1
Al
[tan(xzy)]/ =2x+1
ERPIR x AR
tan(x’y) = x*+x +C
d d <
Solution ¥ 24> xy? = u, M| 2xy—y+y2 el <
dx dx
Note:
1 fr — 7
THLE =
2 s — K
. N d .
Example 8.3: K480 52 xé + x + tan(x + y) = 0 By I# R
Solution
- g
X =u - =—
¥ dx dx
RN T2
(3-)
x|——-1)+x+tanu=0
dx
o3 B
du 1
= ——dx
tanu X
WAL [ B AR 4
/ du / 1
=— | —dx
tanu X
o w15
Insinu = —lnx +C = xsinu =C
¥ x +y =u RANREITTTEMN
. . C
xsin(x +y) = C < y = arcsin — — x
X
<

Example 8.4: R4 52 (x — ey)y/ =1 WyH A7

Solution
1 dx dx

:>—:x—ey

— e ,:1:> _ =
(r=e)y x—er’dy dy

—VV )=
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4

x:efdy[—/ey-e_fdydy—l—C]:ey(c—J’)

<
Example 8.5: 3RA§45 75 F2 1038 ff
y?(x —=3y)dx + (1 —=3xy*)dy =0
Solution Hy¥i 515
Y*By —x)+ (Bxy*=1)y' =0
WL BRDA y° /
3y—x—|—3xy’—y—2:0
y
B /
3(xy +y) :x+%
L IR B AR 43 . .
3xy +C = —x? — —
2 y
<4
Example 8.6: R4 5 2
d
xlnxsiny—y +cosy(l—xcosy)=0
dx
Solution(by P4 )
dy
xInxtany— =xcosy —1
dx
&l
dy
xIlnxtany-secx—— = x —secy
dx
B
d
xInx (secy) +secy =x
wosecy =u, B4
du u 1
dx xInx Inx
RNARS
x+C
U =secy =
Inx
<
Example 8.7: SRA§43 75 PR R 2 0
1

/

y

T 1— i 2xy? —x%y

—VV )=
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% Solution H4EH

d 1
1 oty =y (x—y) 1L
dy 'y
Az (y)=x(y)—y, iR
dx _dz gy, oy
AT d 1 1
—j——ydy:>_—:——y2+C=>_—:——y2+C,
z — 2
By
X =y -+ 2
Y y2—-2C
By = x il REE. |

8.5 REHRESRAEA

8.5.1 1AL HIE

Definition 8.2 18X 5%2
BIX M(x,y),N(x,y) £ELEHAL x,y 6955 HH, LALA &G —N kT
¥, A

M(x,y)dx + N(x,y)dy =0 (8.1)
da RIAZ (8.1) 89 LA aptedF RN =L BHH u(x, y) 69285, o

ou d
M(x,y)dx + N(x,y)dy = du(x, y)——dx—l——udy

ax dy e

A (8.1) AL AL
B HEAE (8.1) 6@ fER

(x,y)
u(x,y):/( M(x,y)dx + N(x,y)dy =C

X0,Y0)

XEC AEEFHR

Theorem 8.1
38_1‘y4 _ %_Z J (8.1) AHA i R 04 06 B4 A

—VV )=



ATHE o(v), ¥ (8.4) XF y R HEBHL (8.5.1), B

0 d
2 6x?y + dely) 6x7y + 4y°
dy dy
+i2 do(y)
o(y
oy W
y
Mo Janl 1%
o(y) ="

o(y) 1R\ (8.4) 153
u(x,y) = x4 3x%y* + y*
PRI, T 2 1 A
B iyi=c

—VV )=

85 WL FTARGMH, AT —341/566—
S Note: —% % = 7y #t9 4, 4o
ydx +xdy =d(xy)
dx —xd
ydr-xdy (f)
y y
—ydx+xdy _/y
x2 N (x)
ydx —xdy ( X )
= In|—
Xy y
ydx —xdy X
= arctan —
X2+ y? y
ydx —xdy ld | xX—y
x2—y2 2 xX+y
& Exercise 8.4: SRS HFE: (3x% + 6xy?) dx + (6x%y +4y*)dy = 0 @R
%, Solution iXH M (x,y) = 3x% + 6xy%, N(x,y) = 6x%y + 4y°, X}
oM 19 oN 19
— = 12xy, — = 12x
dy Y 0x Y
PRk 5 R R 2 T R
BUESR u(x, y) (B R W2 a0 A 12
u 2 2
— = 3x" + 6xy (8.2)
ax
u
— =6x%y +4y° 8.3
TR (8.3)
W (8.2) X x By, 53]
u=x"+3x%y* + o(y) (8.4)
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XH C AEENE <
% Solution2 iXHL P(x,y) = 3x* + 6xy?, Q(x,y) = 6x%y + 4y* Xt
oM 19 oN 19
— = 12xy, — =12x
dy 4 0x Y
DLt O AR 1 2 O 7R
H g
3x%dx + 4y*dy + 6xy?dx + 6x%ydy =0
&l
dx® 4+ dy* + 3y%dx? + 3x%2dy?2 =0
o 5
d(x® + y* +3x%y?) =0
T, TR EA
P43ty 4 yt=C
XH C MEREREL <
% Solution3 X ¥ M (x,y) = 3x? + 6xy? N(x,y) = 6xy +4y>, iXh}
P
— = 12xy, — = 12xy
dy
PRIk 5 R A 43 O R
HKXOZO’_))O:O’ ﬁ
(x.)
u(x,y) = / (3x% 4+ 6xy?) dx + (6x%y + 4y*)dy
(0,0)
x y
:/ (3x2)dx+f (6x%y +4y*)dy
0 0
(030)_)()650) (x,O)—>(x,y)
— x% 4 3x2y? 4yt
T, TR RN
B 4+3x2y24yl=C
<4

(x+y—z)(dx+dy)+(x+y+2z)dz

@ Exampl % du =
xampre i X2+ y2+ 224 2xy

% Solution[14]

(x+y—z)dx+dy)+ (x+y+2z)dz

du =
X2+ y2 4224 2xy

(x+y)dx+y)+zdz—zdx +y)+ (x+y)dz

, R u(x,y,z2)

(x +y)?+2?

—VV )=
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_ sd((x+y)*+2%)  (x+y)dz—zd(x+y)

2 2 2
(x+y)dz Zd(x+y)
x+y)
:d( 2+22) 4oy x+y
x+y)

z
:d(l (x + y)? + z2 4 arctan )
X+y

Fit A

1
u(x,y,z) = 3 In ((x + )% + 2%) + arctan Ty

8.52 MTETFIA
&~ Exercise 8.5: KW HE: »' + P(x)y = Q(x) MMM
% Solution Wi [A] 3 u(x), JE TR K
u(x)y' +u(x)P(x)y = u(x)Q(x)
43
u(x)y] = u(x)y" +u'(x)y = u(x)y +u(x)P(x)y
Fi

u'(x) = u(x)P(x) = u(x) = e/ Pdx

TR, AR BT
R Y + P(x)y = O(x) FATELBUS T u(x) = of P00 13

efP(x)dxy/+P(x)y€fP(x)dx _ Q(x)efP(x)dx

— (yefP(x)dx), _ Q(x)efP(x)dx

b i ) A4 P A

yefP(x)dx:/Q(x)efP(x)dxdx+C

y = e—[P(x)dx (/ Q(x)e/P(x)dx dx + C)

—VV )=
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AR ST 12

ST g

Theorem 8.2 XI|Z4E/RAR,

Aoy (x) BRI Y + p(x)y" +q(x)y = 0 B—A#, WZTiFES yi(x)
LMETC R 57— A 0

yal) =) [ =

_e—/p(x)dx b
i (x)

. 1 \
Example 8.9: JRFFE v + %y/ — my =x — 1 WEfR.

% Solution KA

(o

X 1

1+ —0

l1—x 1—x

X SFIRFTFE—HE R =™, HXI4ERAR
Vo = ex[%e_flfxdxdx =X
e

XN SFIR HFEREMER Y = Cix + Coe™ <
Example 8.10: B4 x>y +xy' —y = 0 B— RN » = x, TR RHEFA
Solution 4& 1 AJ 15

" 1 / ]'
y+-y-—=y=0
X X

HIXIERAK, 75—
1

) = 3n(0) [ =

1 1 1
:x/—e [34% d4x = ——
x2 2x

—/p(x)dxd

e X

1 1
y:C1x+ C2<—a) :C1X+C2;

~—————
Cox (=) UM EL

™ Examples. 11: FFE (22 —2x)y" — (x* = 2)y" + (2x — 2)y = 0 WITERA
. Solution SRt — KRR 11 (x) = . TR

x2—2 'y 2x — 2
Y x2—2x

"

=0

x2 —2x

—VV )=
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X 4ER AT, T — i
1
—[p(x)dx
Yo (x) =Yy (x)/ e /7 dx
=0 [ e
=< / %e_ XQZ_—X;X Py = x2
e X
TSR A
y = Cre* + Cox?
<

& Exercise 8.6: % f & T IRAITHPAEL, XFARATSEEL x, y #0372
f2x) = f2y)=fx+y) f(x—y)

R f ARER

%, Solution B 5EAEZ,
f2x) = f2y) = fx+y) f(x—y)

& x=y=0f% f(0)=0.
SOFRTAT x, v S RFUh S50

2f(x)f'(x)=flx+y)fx=y)+ fx+y)f(x—=y)

0=f"(x+y)fx=y)=flx+y)f"(x-y)
BRI x +y =u, x —y = v WXSFARATEEEL u, v #BA

[ ) f(v) = fu)f"(v)
WA f(v) =0, WiZEBOTRAN f(x)=0.

B (0 0. A5E A o A S () 20, W04 ¢ = 200
RIETIRALE £(0) = 0 BIFRAHY
Asinh /cx, c>0
£ = { au, ¢ = 0. el ARAEROH

Asin/—cx,c <0

& Exercise 8.7: R HFE: v/ — (V) +y' =0 Wy R
% Solution 215

y' =) )’

y? y?

—VV )=

Y=+ =0

, B4R 7 () = cf (u)
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% ERAUHE: -

— y— =—+C

y y

PG

— y’ — Cly =1
EA T e

: : e—Clxy/ _ Cle_C1xy — e—Clx
POl sbaw AP SR
e—Clxy — _ie—Clx + C2
C,

fFEN:

&7 Exercise 8.8: 3R 5 F&:

% Solution FBWifts

X EXF 15

Fit A

Xt BB

1
y = Cye© — C

Y' =14y AR

4

Y

1+y/2:1

arctan y’ = x + ¢;

y' = tan(x 4+ ¢;)

y =—In|cos(x + ¢1)| + ¢2

8.8 BARBGTREMMPHIE

@ Example

R y©)

— vy =0 WE.

2. Solution FHEHFE: A° — A% = 0. HHEAR:

J 5 R A

@ Example

y = C; 4 Cox + C3x? + Cyx® + Cse”™

SRR YW 42y +y =0 HHEMR

—0V/))——
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% Solution 4fF 5 FE: A* +242 +1=0. B A*+1)2 =0
FRAEAR:
ALQ - :l:l . 13’4 — :l:l

J5 5 R fif:
y = (Cy 4+ C3x) cosx + (Cy + Cyx)sinx

™ Example 8. 14: RFFR y@ —2y” +5y" = 0 AR
2. Solution 4F4E 5 #2:
At =223 + 512 = 0.

FFATAR:
/’\1’2:0, A3,4:1:|:21

JR T i A
y = C1 + Cox + €*(C3 cos 2x + Cy sin 2x)

8.9 BARAMAESTRAELMMAHIE

8.9.1 IEFFREM M7 HIEMMRHE I RIE

Definition 8.3 fREVENRIE

B oyr Aoyl S ALRAEFR KT AE
YW +ai(x)y" T 4+t a,(x)y = fi(x) (8.5)

Fo
YO 4@ ()Y 4t an(x)y = flx) 56 @)

BOAEAE, M y? 4 o R Rk B A
y(n) + al(x)y(n—l) dbooo b an(x)y = fl(x> —+ fg(X) (87)

a9 45 it

—VV )=
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Definition 8.4 E#ARHIENRIE

R &M T AE

YW +a(x)y" Y 4 da,(x)y = f(x) +iglx) (8.8)

(HEF ai(x) (i =1,2,3,---,n), f(x) F2 g(x) HAF I ) FAKE y =
u* +iv* ) MR FE IR u* Fe 3R 0" 5 AR KM AR

Y™ +ai(x)y® ™V + ot an(x)y = f(x) (8.9)

Fa
y(n) +a1(x)y(”_1)_|_+an(x>y :g(x) (810)

a9 fig

™ Example8.15: Bl y1 = xe* + e, yo = xe* +e™¥, y3 = xe* +e*—e—x RIEZMNH
BB MEARST A DT RE B =AM, R A T AR
“» Solution MR K Atk AEFF IR0 T AR A ST SR AR, FBEBE AT A -
e 5 o™ RMPLIFTIRTT WA LRMETC R MR, H xe™ RAEFRI— e
PRI AT AT 3 P i
Wk—: HOLJTRR ) ) =2 = () M v = xe” RAER, 8
f(x)=(xe)" = (xe*) —2xe* = 2¢* 4 xe* —e* — xe* — 2xe*

=e* — 2xe*

AR RER v —y' — 2y = e* —2xe™* .
FRRT: My = xe* +cre®™ +coe™™ , RFCRIRIEM, B

Yy =e* + xe* —2ci1e** —cye™”

y" = 2e* + xe® + 4cie* + coe™ ’
W2 1, o BIRRAREN y' —y —2y =¥ —2xe™ . <
89.2 f(x)=e™P,(x)&
V' 4+ py +qy = M Pu(x) IR R

0 Y A RSB
Y =xF0m(x)e? k=11 42 AR
2 M) RSETEAR

—VYV )
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8.9.3 f(x)=e™ [P)(x)coswx + P,(x)sinwx] &

y'+py +qy = e [P1(x) coswx + Py(x)sinwx| Frffngixid:

W m=max{l,n}

0 X A+ i REFHEMR

y* = x*e** [Qn(x) cos wx + Ry (x) sin wx] k =
L 44+ wi BFAEM

Example COREMRE V' +y = xcos2x
Solution 4H#4iF 5 #2
rP+1=0
FRIEAR
r=4i

X 5 5 e 3

Y = Cicosx + Cysinx
Il =1,n=0m=max{l,0} =1,A =0,0 =2,A + wi =2i
A+ wi =20 ARFFEM, BORFHER

y* = (ax +b)cos2x + (cx + d)sin2x

KGR
y* = acos2x — 2(ax + b) sin 2x + ¢ sin 2x + 2(cx + d) cos 2x
= (a +2cx + 2d) cos 2x + (¢ — 2ax — 2b) sin 2x
FHORS

y*" = 2¢ cos 2x — 2(a + 2cx + 2d) sin 2x — 2a sin 2x + 2(c — 2ax — 2b) cos 2x
=4(c —ax —b)cos2x —4(a + cx + d) sin 2x

AR, 19
(—3ax — 3b + 4c) cos 2x — (3cx + 3d + 4a) sin 2x = x cos 2x

bR cos2x , sin2x BIREL, F
—3ax —3b+4c =x,—(3cx +3d +4a) =0

—3a=1,-3b+4c=0,c=0,3d +4a =0

1 4
a=—b=c=0,d =-
3 9

—VV )=
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\

v

\!

N)

W77 AL

KN
y* = (ax + b)cos2x + (cx+)sin 2x
= —gx cos 2x + 9 sin 2x

GRS )

1 4
y =Cicosx + Cysinx — 5x0052x+ §sin2x

k7 Exercise 8.9: 3Rj@f# y" + 2y + 5y = sin2x

% Solution 4H4F J5 2

r2+2r+5=0

FFAEAR
ro=—1—2iry=—1+2i

KoF IS5 UK 5 7 B A
Y = e (Cy cos 2x + Cysin 2x)

[ =0,n=0,m=max{0,0} = 0,1 =0, = 2, A + wi = 2i

A+ wi =20 FRFFEAR, BBFHEA

y* = acos2x + bsin2x

RKFH:

y*' = —2asin 2x + 2b cos 2x
BIORS

y*" = —4a cos 2x — 4b sin 2x

WNE R, 15
(—4a + 4b + ba) cos 2x + (—4b — 4a + 5b) sin 2x = sin 2x
PLER cos2x , sin2x HIREL, 17

a+4b=0,b—4a =1

—VV )=
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KA

y* = acos2x + bsin2x

1
= —1—7 COs 2x + 1—7$in2x

BMOTRIE A

4 1
y =e *(Cycos2x + Cysin2x) — 7 cos 2x + 7 sin 2x

k7 Exercise 8.10: K@M y" + 2y’ + 10y = xe ™ cos 3x

% Solution
[=1,n=0m=max{1,0} =1,A=—-1,0w =3, A+ wi =—-14+3i
At wi = -1+ 3i BEHEMR, BOXFHRAN

y* =xe *((ax + b)cos3x + (¢x + d)sin 3x)

KFH:
! :e—x(((_a +3¢)x? + (3d +2a — b)x + b) cos 3x
+ (= (3a+¢)x* + (2¢ — 3 — d)x + d) sin3x
IR S

y*” :e_x(((—Sa —6¢)x* + (—4a — 8b + 12¢ — 6d)x + (2a — 2b + 6d)) cos 3x
+ ((6a — 8¢)x* + (—12a + 6b — 4c — 8d )x + (—6b + 2¢ — 2d)) sin 3x)
WNE T, 2
(12cx + (2a 4 6d)) cos 3x + (— 6b + 2¢) sin 3x = x cos 3x

PL#& cos3x , sin3x HIREL, H

12¢ = 1 a=-3d
48 b_l
—6h+2c =0 o L
12

KA

y* =xe *((ax 4+ b)cos3x + (cx + d)sin 3x)

—VV )=
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_ 1 1 .
=xe *| —cos3x + —xsin3x

36 12
WO SRIE R
y =e " (Cicos3x + Cysindx) + xe™™ (% cos 3x + %x sin 3x)
<
2. Solution2 HIE 52
r’+2r+10=0
FHIEAR
ra = —1—3i,r2 = —1+3l
KoF IS5 UK 5 78 P
Y = e *(Cy cos 3x + Cysin 3x)
<
8.9.4 BAHTE Wronskian 1753 [3]
WA TR Y+ py' +qy = f(x), BY = CiA(x) + C:B(x),
B2 %8 T 05 R B AN BROLAF: A(x), B(x)
Wronskian W (x) = | A BO _ 4By — 4'(x)B )
A'(x) B'(x
* S (x)B(x) S (x)A(x)
x)B(x x)A(x
Ul(X):—/WdX UQ(X):/WC],X o
Ji PR B R 4
¥ =v14(x) + v2B(x)
Ji FRRYE N
y=Y +y*=CA(x) + CaB(x) + v1A(x) + v B(x)
@ Example COREfRE V' +y =secx

—VV )=
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Solution $HEHFE r’ +1 =0, S4FAR r = £i
KoF IS5 UK 5 T B A
Y =Cicosx +Cysinx
B REA T
Wi(x)= oS sy =cos’x +sin’x =1
(cosx)" (sinx)
) l:l:l .
v1(x) = —/ de = In| cos x|
va(x) = _/ secxlcosx A — x
WMURE R
* = cos x In(cos x) + x sin x
A2 R A A
y = Cicosx + Cysinx + cos x In(cos x) + x sin x
<

ex

1+e*
Solution BHEHFE r* +r—2=0, F M r= 28 r =1
X R 5F 1R T R 4 3

Example COKEAR Y 4y -2y =

Y = C1€_2x —+ Cgex

R SRR W)
—2x X
W(x)= ¢ €= 3e2ex
(e—2x)/ (ex)/
/\l:l:l
S()Bx) 1in x
/ W(x) N /3e‘2xex
:—ée —2)—=In(e*+1)+C
f(x) I e
/‘ W (x '_/‘;r%exdx
=3 1 (e +1)+C
HURER A

y* =v1A(x) + vaB(x)

—VV )=
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X - 1 1 1
— x; + % — ge_Qx In(e* +1) — ge" In(e* +1) — A
T2 B K8 A
y(x)=Y +y*
x -x 1 1 1
= C1€_2x + Cgex + xg + % - 56_2)6 hl(ex + ].) — g@x hl(ex + 1) — 6
>
8.10 BXhi %z
Definition 8.5 BRHI5TE
F5 d
X"y 4 pix" Ty o g ixy 4 pay = f(x) (8.11)@
BTAE (L F pr,po--pn AFHR ), HHRETA

A x = Bt =Inx , BETE x ol ¢, RINA

1 dt 1 d
lent=>dt:—dx<i>—:—,—x:x
X dx x dt

dy dy dr 1dy

dx  dr dx xdt

d?y d (dy) dldy\dr ﬁ—fdy+1d2y 1 1 (d%y dy
dx?  dx \dx /)  dr \xdr ) dx x2dr xde2 ) x o x2\de2 At
d3y 1 (ddy _d%*y dy
— - =L 3L 492
dx3  x3 (dt3 dr? N dt)
— N — N— d Y ) >,
KHILS D £akt t KRFHEHE L R4 bk vt H45 1] L5
xy' = Dy
d?y dy [(d®> d
W=—c -~ |—=—-—)y=(D*-D)y=D(D -1
ey == (G )y == Dy = D> 1)y

d
x3y :——3—+2—t:(D3—3D2+2D)y:D(D—l)(D—Z)y

xky® = DD —1)---(D—k+1)y

Ke W NBRRTRE (8.11) SEfREI—AVDh 1 9 AR MH BB TR, FEK X
ARG, T8 ¢ o Inx , BIAR R R AR

—VYV )
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9.1 ENFIEMIE

Definition 9.1

ROEZTr REMGEHRHME 1 =0,1,2,---, @ y £ 1 89K, A y, = (1)
YaTshe T8 r+1 80, MR RENKTEARNHHK y@) £ 1 65—
W £%, LA
Ayr =yt +1)—y(7)
Ayr = Y41 — Yt
R y(r) £t W= £ 59T A

AQyt = A(Ay:) = Yer2 — 2Ye41 + ¥

B y(r) £t Rdn T E5TA

Ay, = A(An_lyt) = Z C,l; (_1>th+n—i

@ Example9.1: 3R y, = C WEMZED
“ Solution: Ay, = y; 41—y =0, HHZHZELSEHR O
Properties: X4 a,b,C AW, u, Ml v, At BREN, HULTFE58 800

(2) A(Cyr) = CAyy;
(3) A(aut + bvt> = aAut + bAU;;

(4) A(urvr) = us Avegr + Vg1 Auys

(5) A(&) _ v Aup —u Avg

b
Uy Ut V41
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Definition 9.2 =958

— M3, BRI H RO Fe Kl B E 0 AR A 25 T AR
Zp AR — M XA

F(t, v, Ye+1,-+* » Yt4n) =0 g
R

G(t7yt’Ayt"”’Anyt>:O
Ho¥ F, G h2ZEX, t £a%E

ZE43 T R A AR B B R 2 S TR R B

T 2 22 73 0 R 8 R IR Sl 22 00 D R i

— e, AEEEREEAFR TR, n MESTTRNEAE n ML e
RN B RRR 2243 05 R A B AR

Definition 9.3

n WA TR & £ 5 T AR R A

ao(t)Yeen +a1(t)yegn— +---+an(t)y: = f(2)

HAFEmA f (1) Fo&REE ag(t),ar(t),--- ,a,(t) ALFIHE, A8 E69 5K &
M ESTAEA
ao(t)Vesn +a1(t)yion—1+---+an(t)y: =0

TR M AE TR EH £ 9 T AR

Yerz +a(t)yer1 +b(t)y: = f (t) (9.1)
AR R TR B E DTN (O
Yev2 +a(t)yer1 +b(t)y: =0 (9.2)

A EE D) A0

—VV )=
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Theorem 9.1

% Ay IR 02) MR, WRHERHHC1, G, Cyf + Gy ik
Ji 2 (9.2) Wit

Theorem 9.2

2y Fn P B (0.2) BGRMETE S AR, WIXHERZ BB C1, Coy Ciy + Coy?
SR

Theorem 9.3

2y Ay B RRR 0.1) B, W)y — y® BT (9.2) BT

Theorem 9.4

£ 0O RIFUOTRL 02) WM, 5 RAFUIEE 0.1 45, Wy =y + 5 R
R TR (9.1) HOSAR

—o— ‘o’ o o

9.2 —MERHEMEENHIE
9.2.1 IERE
— M REEESTIR & E 40 5 RN — e A
YVig1 —pye = f (t) (9-3)

HbHHRAB p #0, RHMBAEOR yi My A—IRW, AW f (1) HEH A
A BB SF IR T A
Vi1 — pye =0 (9.4)

FrRES TR (94) MIEMEA
ye=Cp',t =012, (9.5)

—VV )=
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Y f () =0 AWE, FRESTRE (9.3) HEMHH

9.2.2 FERKE
L BRIk ZES TR (9.3) WAMA f (1) = Pu(t)
(1) %p = 18, BHH

Ve =1 (b() + byt + b2[2 R bnrn,)

(2) SHp # 10, BHRN

y; = b + bit + bot®> + -+ + b,t"

2. BAEFIRESTTFE (9.3) ByAMR £ (1) = A" P(1)
He: A ACHER, P.() AM n RETIK
WRTREERA
yi = t* X (bo + bit + bot® + -+ + byt")

Hobilip — ARHE — 1, %p # AR = 0

7
@ Example9.2: 3K y,41 — by, = 3 WE MR v o3 YA i

“ Solution: ZZ4HfEh p =5, b =3, WX (9.6) B2 FEEMH

3 3
=C-5'+—=C-5 -~
Y t15 1

WA LRBE C = i’—; R A RN

[SSRREN|

# yo =

37 43

yt:ﬁ 1

@ Example 9.3: 3K y;p1 — v = 3+ 2t BYE R

“ Solution: HxX (9.5) MBS RAEMA y: = C

3 3
=C.5'+——=C-5'-Z
YVt 5+1_5 ) 4

—0V/))——

(9.6)
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P p =1 BEBRITRRMRHEAN 5 = t(bo + bit)

RN T 215
(t +1)(bo+ bi(t +1)) —1(bo + brt) =3+ 21
A
2b1 =2 b1=1
—
bo+b1 =3 byg =2
WORT R A7 A
yr =C + 2t + 12
O
@ Example 9.4: 3R y;q — 3y, = 72" W R
% Solution: M= (9.5) BEIF K FEMBEMA y: =C -3", C HHEH
. S .3
yi=C-5 +1_5—C 5! .
BN 3=p#1=2 YRR RMEER v =02
RN T 215
bh-21tt—3p.2f =7.2t
s
b=-T
WO R T AR A
)71 — —7 . 2t
AFEA
yr=C-3 —-7.2
O
9.3 ZMERBEMHENHIE
TR REAEST IR 4 T R — R TE A
Vig2 + PYis1 +qy: = f (1) (9.7)

o pg AR (¢ #0), RAABOR yeiz,yerr M ye A—KKY, AT [ (1)
ACH A 5HEA RS ROT R

Yeyo + PYey1 +qy:e =0 (9.8)

—VV )=
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¥y = A" RN (9.8) 1331

M +pr+qg=0 (9.9)
BGHUEW yo = A" A (9.8) WM, ZHEAY A K (9.9) MR, BILRR Z RARBOT 2
(9.9) 2 (9.7) A (9.8) BIFFAETT TR, HAFHER . FHAERAHA

1
11,225(—Pivp2—4Q)

1. Y p*>dq B, BEARE—XNERLIR
1 1
A= 5(_P+ VP2—4Q),)&2 = 5(—P— P2_4Q)
(9.8) MFEHR Y, = CiA] + CoA,, H CL,Co AERFEH

2. W p? =g B, HEBHEEETR A, = Ay = —g,

t
(9.8) SBIRA Y, = (Cr+ Cor) (= 5), ol €, o WAEREMH

3. 8 p® <dq B, HUEFBEBEHEER Lo =a+ip

FHEARL I o = 2,

KHERIIER = /g — 77

r= a2+ 2 Hrf cosh = g,sin@ =
r
(9.8) JEfREN v; = r’(Cl cos(0t) + Cysin

|

o[-%x
22 e o
61)), 3 €1, Co HERIH

—~

9.3.1 KRZMERHAETIRE M E 7 H IEHV4FHR
L& f(t) = Pu(t), BD (9.7) BEA—ANEBME n REMK
Ye2 + PYesr + gy = P(t)
TR s R
A%ye+(p+2) Ay + (1+ p+q)ye = Pult)

(a) X 1+ p+q#0H,
e
yi = b + byt + bot® + -+ + byt"

(b) B 1+p+qg=0p+2%#0H,
w
ye = t(bo + bit + bot® + -+ + byt")

—VV )=
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() B1+p+qg=0,p+2=0H,
B
ye = 13(bo + bt + bot® + -+ + byt")

2. & f(t) =A'P,(2), WIHA
Vivo + PYes1 +qye = A Pu(t)
w(9.7) B
ye = M tE(bo + bt + bt + -+ + byt")

Horp ke ST AMNERSFIEAR) AEEL

@ Example 9.5: 3R yro +5y,01 + 4y, = 0 WyE R

. Solution: HA4HAET 2K A2 451 4+4=0

FFEMR A = -1, 12 = —4
JioR i fif A
yi = Ci(=1)" + Co(—4)'
Hrr €1, Co MEERH O
= Example 9.6: 3R yri2 — 6y1 + 9y = 0 BIEAF

& Solution: HARMEHFEN

A2—614+9=0
HRHEAR
A=A =3
B oK fif A

v = (C1 +1Cy)3"

Hep €1, Co AEEEH O
& Example 9.7t 3K yryo + 4y, = 0 BB

2 Solution: HAFEHFFE A2 +4 =0, HFH A = £2i

B
a:—§:0
JE ¥ .
p-LVig=pi—2

r:\/a2+ﬂ2:2,sinﬂ:§:1

—VV )=
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WO RIE A

T T
y, =2 (C1 sin §t + Cq sin Et)

Hrr 1, Co AMEEWH
™ Example.8: (18 % 3) Z243 TiFE A%y, — yo = 5 WML _C2¥ =5
% Solution FE#E —_ [ 2=/ M€ L v 15

A2J’x = Ayyr1 —Ayx = (J’x+2 - J’x+1> - (J’x+1 — yx)
= Vx+42 — 2yx+1 + Yx

H AQJ’x_yx =515
Yxr2 —2Vx41 =5

S RFFRTTFEMTB AR, SE 2R A% — 20 = 0, IR G FRmfih ¥ = C2*.
HF 1+ p+q=1+(-2)+0#0, BEFEZEHS T ENFEHER y* =a,
B NS IR T 2

a—2a=5=—a=-5
T2 5 7 R R AR A

Y=Y +y*=C2"-5

@ Example 9.9: 3R yri0 — 3y,1 + 2ys = 4 HYER
% Solution: $HEFFER A2 —34+2=0, $HEM A1 =1, 1, =2
X I B 55 1R R A 3 i
yi = C1 + G2
F1l+ptqg=1-3+2=0p+2=-3+2=-14#0
WO AEST IR T R R R R ve = bt
K HARNZE S A
b(t+2)—3b(t+1)+2bt =4
fiffe b = —4, FrKEFN
Y = Cl + C22t — 4t

Hep €, Co AEEEH
L, Example . j){ yt+2 + Yt+1 — 2y4 = 12t E{]ﬁﬁg

% Solution: HAFEFHFEH
AM+A—2=0

FAAEAR
A=1,4p =2

—0V/))——
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X I R 51 T R I 3
yr = C1 + Co(=2)*

KA
l4+p+g=14+1-2=0,p+2=142=3#0

WOARST IR TR B — e A
Vr = l(b() +b1[)

BHRNZES TG
(t+2)(bo+ b1(t +2)) + (t + 1)(bo + b1(t + 1)) —2t(bg + b1t) = 12¢

PG
6b1t + 3bg + 5b1 = 12x

6b1 = 12,
3bg + 5b1 = 0,

WAL, #

f#ts bo = —13—0,b1 =2
WO SR iR

10
Yt = C1 + CQ(-Q)I — gl‘ =+ 2)(2

Hdr C, Co MEERH O
[ Example 3R Yipo — 6y + 9y, = 3" BYEMF

%, Solution: 44 5 FEN

A2—61+9=0
HEHEA
M =Xy =3
f(t)=3"Py(t), Bl A=3R_EM, SRIMN y = bt?3
KHRNZE S TS

b(t +2)%3"2 —6b(t +1)23" T + 9b23" = 3
1 1 e
fi#15 b = ITL FEfRA v = Eﬂ?’t JT SR fF A

1
yi = (C1 + Cat)3" + 1—8t23‘

@ Example DR Yo — 4y + 4y, =5 BYER

—VV )=
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& Solution: ¥HE 5 & A

A2 —4r+4=0
HEHAEMR
A=Ay =2
f@)=5"Py(t), Bl A =05 FREEHMEM, HbfiN v = b3
B HRNES A
b3 2 — 4p3! L 4 4p3" = 5t
1 s _ 1
fi#fF b = 9’ EF IR TR EER v = §5t
v oK E fif A )
ve=(Cr+ Cat)2" + 55

Hdr C, Co MEEFH O

L Example . jl{ Yt+2 — 3yt+1 + 2)’1‘ = 2t Egﬁﬁ@

%, Solution: 44 J5FEH

AR

A2-31+2=0

AM=1A=2

ft)=2"Py(t), H A =2 RBUSBAEM, BOREHEN v = br2

HEIRANZ 4 T RS
b(t +2)2'% —3(r + 1)b3" ! + 213" = 2

W b= o, TSRS = o =o'

EST o

yi=C+ (Gt %)2’

Hd C, Co MEEFH O

& Exercise9.1:
% Solution

9.4 ENTTEN 2S5

@ Example

DT ARG ST RAERIR N 3.25% . BUEEEK 50 T8, SESAEERA 20 4E.

RAFBARRHIT X, BHEREHREEL DT
. Solution BEHHK x A JE JKRBUE yx T8, HIEKB R m T8, AFZEN r.

JIES)
Yxr1 = Vx(L+r)—m, yo= 50000
B IR i
_ Yo 0om
Yx = (I+r)* r

—0V/))——
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M BT DAARE
Cr[yo( 4 )T =y
(A4 —1
Wox =240 B, y. =0, RABEH m = 2835.97. <

[ Example 0.15: (BB EFLRWHEMY) ERERLRGA N THRPEN L REHFEN
BAT, FATFERFLMEE. IRl 20 4257846 A BEgE - 4 A 2 E 1000 78, H
2 10 FJ5F L RFRI A G2 % a. BRI E R, SHENIYTENS
PR 20 AENBE LR ET (BIEBERA FIZEA 0.5%)

% Solution &5 n MHEFEM P FaeHR S, o6, BAHENEERN a T TR,
20 4B RTF Sy MIZE5 TTFERLAL R

Syir1 = 1.005S, — 1000 (9.10)
FH S120=0, So = x, I (9.10) , HEHEMAN
1000
S, = 1.005"C — = 1.005"C + 200000
1—1.005
1794
S120 = 1.0052°C + 200000 = 0
Sy = C + 200000 = x
Wi 4 200000
x = 200000 — = 90073.45
1.005120
MBAER] 20 N, S, HEWMZES TN
Sui1 = 1.005S, +a (9.11)
H Sy =0, Soso = 90073.45. fF5FE (9.11) , BIEEMEH
S, = 1.005"C + = 1.005"C — 200a
1—1.005
VL%
Sos0 = 1.005%4°C — 200a = 90073.45, S, = C —200a = 0
NITEE]
a = 194.95
BPESA B EEE B bR, 20 AN EEHNE 4 90073.45 78, PG H BENGT 194.95 IC.
<

L Example : ﬁﬁu F17F29"' ,Fn,"‘ ﬁn%?ﬁﬂ%ﬁ:
Fi=F,=1; F,=F+ Fup (NN IEEEn > 3)

YUK L B A 2P ARBL (Fibonacei) $(Al.

2 Solution

—VV )=
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101 EEXEEKMEEE

&7 Exercise 10.1: #ta =(3,4,5), b=(1,-2,3), K a-b,a f£ b LME, a xb.
a-b 10
2 Solution a-b=3—-8+15=10 (a)p = — = —
@ =" = Vi

i j k
axb=|3 4 5|=(22,—4,-10).
1 -2 3

10.2 HEREEFVEEST
iﬁ a = (ax,ay, aZ)ab = (b)h by, bZ)ac = (Cxa Cy, Cz)

i j ok

a a a a a a
axb:ax ay, a|= y Zi— X zj X yk
by bz bx bz bx by
bx by bz
X5 [abe]=—([bac] ax ay da;

lach] = [bca] = [abc]| = (a xb)-¢c = |b, b, b,
bk Cx Cy C;

Theorem 10.1 PUME{AHY{ARFR

1l ———

ARSET N5 A. B.C. D FHRIME KR EBY: V = <|[ABACAD]

103 TEEHEHFGE
™ Example 10.1: >R A(1,2,-1), B(2,3,0),C(3,3,2) M=/ AABC WmEARFIE]
T & 1 ~F- 1 7 2.
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Solution M AB = (1,1,1), AC = (2,1,3),
['¢

= AABC HIERH

— — 1
Saagc == | AB x AC |= =+/6.

2

N | —

PR FEB RN 20 —2)—(y—=3)—z=0,2x—y—2z—-1=0 <
2
Example C phim z = %—l—yQ—Z SEATFEE 2x+2y —z = 0 WY FE R

Solution P T 2x + 2y —z = 0 M ER (2,2,—-1) , mihH z = %2 +y* -2 18
(X0, yo) AL BT & A

(zx(x0, o) 2y (X0 o), —1)

m (Zx(XOa yo)»Zy(XO» y())’_l) 5 (2a 2’_]—) EIZ'??,
Iﬁlﬂ:: EHZ)C:-xa Zy:2yy 95”

2 = zx(X0, ¥0) = X0, 2 = zy(X0, Y0) = 20

El] X0 = 27 Yo = 1’ 1 Z(XO»)’O) = Z<2’1) = 17
TR 2x +2y —z =0 7E (x0, Yo, 2(x0, yo)) A BGY)F 1 5 FE 2

2x—=2)+2(y—-1)—(z—=1)=0
2
Bl 2 = % + 2 — 2 TR )T T AR

2x +2y—z—-5=0

SEH o Ax + By +Cz+ D =0 58551 z = 0 I RAREZN

C| (&)
A? + B? 4+ C?

cos B =

—VV )=
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Theorem 10.3 FFHE B

[l,: Aix+Biy+Ciz+ Dy =0, ny ={A1,B;,Cy}

[I,: Aex + Boy + Coz + Dy =0, ny = {As, By, Co} u
ni-ny| |A142 + By By + C1 Gy
Inil|na| /A2 + B + C2\/A%2+ B + C7

cos b =

104 TEEZLEAGIE

10.4.1 ZFEEZLNATE

L Aid—& R Mo(xo, yo,20) HE5M& s = {m,n, p} ‘AT HEZL
X =Xg+1tm
LWSHTIR: {y=yo+1in (0o <t < +00)
z=2ZzZy+1p
—Xo _Y—JYo Z—Z2o

L%N%ﬁﬁ@sﬂn R
LA 7R (7 A P AR AT AR R — 4 B

{A1,¥+Bly+C12+D1 =0
A2X+Bgy+CQZ+DQ =0

L iR 205 2

X—% _ VY=Y _ Z7%
B, ¢ G, A A By
By, C, C, A, Ay By

Definition 10.1 SR FIE

J‘iﬁ‘ﬁ,‘:‘é\ M1<X1,y1,21), MQ()CQ,yQ,ZQ) é@ﬁ?ﬁﬁﬁi

X=Xy Y=V  ZI—Z1 @

Xo — X1 Yo—nN Z9g —1Z1

—VV )=
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1042 BEZKZEIXR
1043 BEZ&S5TECENXR

X =—t+2,
@ Example 10.3: (1990 #22 1) b M(1,2,—-1) HE5H%Z% {y =3r—4, THKFR T
z=t1t-—1

s
% Solution V- Bk A R HLE B M T MR, K

W ={-1,31}
P A T R

—1x-1)+3(y—-2)+1(z—=(-1)=0=x—-3y—z+4=0

<
@ Example 10.4: (1991 % 1) AP E LW TR
x—1 y—2 z-3 x+2 y—-1 =z
Ll . = = , 2 1 == - -,
1 0 —1 2 1 1
Hid Ly BAPATT Lo WP 5 F
% Solution EH £ & (1.2,3), HEME {1,0,—1} f1 {2,1,1} #FEH.
LI
7 =1{1,0,-1}x{2,1,1}
:{0 -1 =) 0} PPN
1 1 1 2] 121
P RE R R
I(x—1)=3(y—2)+1(z=3)=0=x—-3y+z+2=0
A |

105 HEXRE ST

2 2
@ Example 10.5: 33 B X XZ + y? —2z2 =1 58kW x>+ y*+ 22 =4 RLHE
=0
RN FEMFEIRN
3y +z=0

—0V/))——
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2z =1
2 Solution 7£ { 4 2 hiE 2, 15

x2 y2
.Z+u5—2@—x2—y%:1, Bl 9x® +10y* = 36
x=0 R .
H% g —ANJ7 16] [] &
3y+z=0

§ =iy x iy = {1,0,0} x {0,3.1} = {0, —1,3}

I H PR RS BRI, SR P 5 R — &% &R
i = {0,—1,3}
% L — 5K (2,0,0), FULRTR-ER G ER

-y +3z=0

10.5.1 HESLHh@E
1. ek C f(y.z) =0 %% - st — RS hestihm f(£v/x2+»%,2) =0
2. Bk C f(y.z) =0 %% y Hiess—BAAEsEME f (0, £vVx2+22)=0
10.5.2 t¥@E

10.5.3 — XBhm@E

10.6 ZE[EHZEEAFTE

Definition 10.2 xoy HE_ERII S/ BIZ

F(x,y,2)=0
. ‘ i F(x,y,z=0 T
ﬁﬁm@&%f&fﬁ:{(xyz ) (==
G(x,y,z)=0 M= Gy, =0
HEZZE z R H(x,y)=0 ‘ .
H(x,y) = 08 W& X T xoy W W4 @ //// i -
e  (H(x,y)=0 H(x,)=0
7AW B xoy @ _LA9HEY A { (x.7) / o
Z :O {H(xay):()
Btk 0
7=

—V/ )~



10.6 = 18] o &% A H A2 ~371/566-

@ Example 10.6:

= Proof:
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1.1 IR ERES
™ Example 11.1: 3Rk
1
lim(x? 4 y?)sin ——— =0
§:8< Iy
15 Proof: Ve > 0, Zffif5
2, 2y
(x“+y )smm—()' <e
B
1
(x2+y2)sinx2+y2—0': x2+y2-sinx2+y2— ‘<x2+y2<e

R X2+ 37 < Vo, B8 = Ve, W% 0 < \J(x —0)2+ (v —0)2 = Va2 )2 <8 B, A

(x? + y?)sin x2+y?<e

VA

——— 0
X2 y? ‘

R RAL

@ Example 11.2: SRARFR
1 —cos(x? + y?)

lim
X—+400 2 2 2y?
i (P yP)er
% Solution
2., ,21\2
1—COSX2+ 2 2sin e A 1 X2+ 2
0< lim 5 (2 x2y2>:1im 5 (22x2)2<—lim fo
i (P4 yR)edyt amhe (x4 y)eXT 2 aziee eXy
1 xz 1 2
< - lim — 4+ = lim y—2
2 x—>+o0 ¥ 2 y—>+oo e¥
S hik 0

&~ Exercise 11.1: ¥%3E%L x, y, z 2
¥ oY fef =24 XV

KA R

. (1 1 1 x+4+y+ z)
lim —_t -
(x,9,2)=>(0,00\Xx y Z 12

%, Solution {2
1 1 1

+ + =—1
ex—1 e¥—1 e?#-—-1
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H 2 ) 0i5 1A 55 el B

Horpr By FoR% k MASFIEL. BIA
1 1 1 1 1 x 1 1 vy 1 1 z

+ + = + + =+
ex—1 e’—-1 e*-1 x 2 12 y 2 12 z 2 12

Hl
) 1 1 1 x+4+y+z 1
lim - 4+ - ==
(x,.2)—>(0,00\ X y Z 12 2
1 1 1 <
X z
% Solution F 4R lim xrytz_ 0, M=K lim 44z
(x,9,2)—(0,0,0) 12 (*,5,2)=>(0,000\ X 'y Z
H e +e’ +ef =2+ 15
=1+ (e —1)+(eF=1) =" -1 (11.1)
HIA r=e"—1,s=e’—1,t=¢"—1, 1|
(x,y,z) = (0,0,0) <= (r,s,t) = (0,0,0) (11.2)
Hp (11.1) R
1 1 1
r+s+t=01+r1+s)(1+1)—-1= ?+E+?:_1
TR
1 1
lim (_+_+__M)
(x,,2)>(0,00\ X y Z 12
5 1 N 1 N 1
= im
(rs.)—>(0,00 \In(1+7r)  In(l+s) In(l+7)
I 1 N 1 N 1
= im
(rs)=>000) \r =2 +0(r2)  s—% +o(s2) t—L +o(r?)
1 r 1 s 1 t
= li -11+= -1+ = -1+ - t
(M5 200) 5 000) 2+ )
1 1 1 3 o o(s o(t
. (_ 1,13 o) ols) <>)
(rs)—>(000\r s t 2 r s t
1 y
=5 (FA(12)R)
!
PR b DA PR A 5 <

-E# Exercise 11.2: A% R
. sin(x%y + y?)
lim ———————=
20 x2 4 y?

y—0

—VV )=
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% Solution A |sinx| < |x|, HWA

_|sin(x?y + | _ | xty + 5
- x2 +y2 x2+y2
X
x2y +y4 2 y2
2 2 - 2 2 X |y| + 2 2 y2
xX“+y xX“+y X“+y
<|yl+y* =0
S v U S TE AR B A 0 <

&~ Exercise 11.3: 3R} FR
i sin(x3 + y3)

0 2 2
Xy

% Solution HHF

|sin(x® + y*)| < |x%] + |y?|
< (Ix|+ |y (x*+ y?)

M .
sin(x” +
lim % < lim (|x] +[y]) = 0
23| Pty =
FH R 3E ¥ U] 0
sin(x® 4+ y%)
=
|
i ) , . X4y o 1o
&7 Exercise 11.4: 3R lim ———— —16 HRMREES
Je XE—xy +y*
% Solution T
1,1 1,1
. xX+Yy . < ‘y x < y x ‘l l
X< —=xy+ X
yry 142 TH-1 1Y
. 1 1
lim |—+ - =0
ey X
HC E 3 v ) 2R
. X4y
lim 5 5 =
e XT Xy Yy
|
%, Solution HHF
X+y E2|x+y|§2|x|+|y|§2(i+i)
x2—xy 4y T xt4y? x? 4 y? x| Iyl

—0V/))——
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, 1 1
lim 2 —+—]=0
= x|yl
W ER S v ) S
: X+y
lim 5 3
IR X=Xy +Yy
|
%, Solution JEE %
x? 4+ y% —xy = 2xy —xy = xy
HF
Xty | X+Y'S(L L)
x2 —xy + y2 Xy Iyl Ix]
o (574 )
lim | —+— ) =
e Uyl Ix]
A E 38 v U) S0
) xX+y
xlggo T2 w2
TR xE—xy+y
D |
-&# Exercise 11.5: KA FR
. x?4y?
lim 1 1
e XY
% Solution HHF
x?+ y? x* 1 y! 1
- X [ —_—
xt4 oyt x4yt x2 xt4ptt y2
1 1
=2 F
. 11
lim | —+— ] =0
e Uyl x|
A E & 38 v D) S
) X+y
lim o 5
TR xt—xy+y
|
&7 Exercise 11.6: KA} FR
lim (x? + y?)e” )
b
2 Solution
EE:F‘ 0 (x2+y2) B x2 y2
< =
ex+y ex+y ex+y
2 2
<X Y
—e* ey

—0V/))——
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iy X7 ik 2X ik 2
lim 2 B, 2 lim — =0
x—>+o0 X x—>+o00 eX x—>+o00 X
P ommis . 2) wak 2
lim — lim — lim — =0
y—>+o0 e¥ y—>+o0 eV y—>+o0 e¥
S
ﬂllﬂﬂ;@l@ ﬁ)]%ﬂ hIP (X2 + y2>e—(x+y) =0
y—>400

&~ Exercise 11.7: 3R} FR

2

. Xy
lim -
i\

% Solution Y H s(x?+ y?
olution J£Z 0 < Y <2(x +y):1
_x2+y2_ x2+y2 2
Fit A 2 2
o< () (L
- x2_|_y2 - 2
BT >
1 X
lim (—) =0
x—+oco \ 2
y—>+4o00
NI]

p
. Xy o
xEIE,O (x2+y2) =0

y—>400

&7 Exercise 11.8: KA} R

lim x2 4+ y) In(x? + y?
(x,y)—>(0,0)< »7) )

% Solution 4 x* + y? =1t il t — 0% FFRAA

lim  (x? + y*) In(x* + y?) = lim tIn¢

(x,5)—>(0,0) 107
X
_ . Int _ 1/t
lim tInt = lim — = lim =
t—0t+ t—0+ 1/l t—0+ —1/t2
Fir A

lim X2+ 9y In(x2+y3) =0
(x,Y)—>(0,0)< Y ) ( Y )

&7 Exercise 11.9: KA FR

lim  x?In(x? + y?)

(x,y)—(0,0)
% Solution A
2
lim x%ln(x®>+4y?) = lim 24 v In(x? 4 v
(x:3)=>(0.0) ( r) (x,)=>(0,0) x2+y2( y7)n{ )

—0V/))——
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BHERMNA x°+y* =1 Wt — 07 HB4

lim  (x? + y*) In(x* + y?) = lim tIn¢

(xay)_)(o’o) t—0t
* 1 1
t t
lim tIn¢t = lim 2l lim L:O
t—>0+ t—>0t 1/2‘ t—0t —1/2‘2
it DA
lim  x%Zln(x>+y%) =0
(x,)—>(0,0) ( )
<
&~ Exercise 11.10: KA FR
lim  xln(x?+ y?
(x,¥)—>(0,0) ( y )
% Solution FH
X
lim x In(x? + y?) = 2 lim ————1/x2 + y2In /x2 + »?2
s VR
BERNS Vx2+y2=t 1t — 0" B4
li 2 2] 2 2= lim tInt
(x,y)l—n>q(0,0) \/x Yy n\/x Yy t—l>r(§l+ t
Int 1/t
t—»0+ 1/t 10+ —1/t?
Fi DA
lim  xIn(x?2+y?) =0
(x,y)—>(0,0) ( 4 )
&7 Exercise 11.11: >RA%FR
. X—=Yy
lim
(x,)=>(0,00 X + y
% Solution ¥ (x,y) HHy = kx#aT (0,0) S, A
X —Yy X —=Yy o x—kx 1-—k
lim = lim = lim =
x>0 X 4y x>0 x +y x=>0x+kx 1+k
y—0 y=kx
WANCWMEREE & T, SARRAGETE (AT AR BR i — k) <

& Exercise 11.12: RAK R
x2y?
lim
(x.3)=>(0,0) X2y2 4 (x — y)?
% Solution X (x,y) {FEY = xEAF (0,0) K, H

24,2 2,,2
lim 22xy zzhszxy 2
(x,7)=(0,0) X2y% + (x — y) *=0 x2y? 4 (x — y)

—0V/))——
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x2x?
— — 1
x—0 x2x2 + (x — x)?
N (x,y) Wy = 0#EmTF (0,0) KB, A
2.2 2.2
lim ) = lim x)
(x)=>0,0) X2p% + (x — y)? 320 x2y2 4 (x — y)?
x20?
= ey r—op "
PR AR R AS £ AE <
&~ Exercise 11.13: >R} FR
N
im
(x.9)—(0,0) X2+ y
% Solution ¥ (x,y) IFEy = kx* — x*@EHT (0,0) MK, A
x4yt xS
lim = lim
(x2)=(00) XZ+y 30 o xZ4y
o X (kx® — x2)
= lim
x>0 x2+ kx3 — x2
B 1
k
BARBENE L ERBTBL, SRR FTE <
& Exercise 11.14: RA%FR
In(1+ xy)
im x——=
(x,y)—(0,0) X+Yy
% Solution X4 (x,y) FHy = x* — xE&RT (0,0) I A
, In(1+ xy) , x2y
lim x——= = lim
(x,¥)—>(0,0) xX+y (x,9)—>(0,00 X +y
. x2y ' xoe+2 _ x3
= 112% = lim "
y:)cxm_)C X+Yy x—0 X
-1, o=
=lm(x*—x"*) =30, a<3
x—0
0, o >3
HR FRA 7R
&7 Exercise 11.15: >R} FR
Xy

lim
(x,)=>(0,00 X + y

%, Solution X4 (x,y) IHY = x* — x#@HT (0,0) KK, A

) Xy . Xy
lim = lim
(xy)=>(00) X +y  x30 X+

—0V/))——
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. x(x? —x)
x>0 x + x2—x
= lim(x—1)=-1
x—0
Y (x,y) &Y = x@RTF (0,0) mbF, A
2
lim = lim = lim Sl =0
@)=>00)x +y 0 x+y x02x
R FRAS T AE <
& Exercise 11.16: RA%FR
. x%y
lim
(x,)—(0,0) X + y
% Solution X4 (x,y) By = x° — x#HT (0,0) HKF, A
. x%y X%y
lim = lim
xy)=>00) X +y 30 XAty
o x3(x?—x)
= lim ——~
x—>0x + x3 —x
= lim(x*—1) = -1
x—0
Y (x,y) WY = x@RF (0,0) KB, A
2 2 3
lim zlimxy :limx—:()
(x.y)=>00) X +y  Z0x+y x=02x
WA BRAS 7 AE <

11.2 RS

0%u
dxdy

X

@ Example i u=e"

sin f, il
y
%, Solution B Euler A3, FTATH

_ X e iX CxiX
u=e “sin— =Ree Ye'y = Ree ™y = Rev

y

o e (1)
0x y

2 _. . _.
9"u —e iy (L ) ey T
dxdy y? y y?

o —i i —ix
e ()3
y? y »?

—0V/))——
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HHER
0%u (27 +1)
axady ) B e?
G R , ,
0°u 2r+i) n 9 9
- R 2 1=
0xdy ) ¢ e? e? e

z=f(x,y)

X = Xp

£, yo) RFHRC, {
&P R T, 3 x e9RHE

fi(x0, y0) = tana

9
T

x = (LO’ fx/(XOa yO))
R4 fy/(xo,J’o) = tan 3, Ty) = (O’ L, fy/(xo,J’o))

W =ToxTy=(—fl,—f1)

x? -I-y
™ Example 11.4: ik § 4  FERL (2,4,5) AEMIPIEX T x Bhad M % 7
y =4
% Solution BEAER (2,4,5) ALMIPILXN T x dpgWi AL o, WA
tana:a—z = —= —l=—a=_
dx (2,4,5) 2 (2,4,5) 4

11.3 £/

&~ Exercise 11.17: yEHH: pA%L f(x,y) = vx2y 7£ (0,0) SAmSEFAEHAE (0,0) 4
Al
“ Solution BARA f(x,0) =0, £(0,y) =0, HfSHHE LHE

£10.0) = tim &0 =00 _, V@‘O

x—0 X x—>0

=0
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293 |
— 3 20
£,(0.0) = lim f(0.9) = £(0,0) . ~x*0-0

y—0 y y—0 y

B f (x. y) 72 (0.0) A SHts e+ .

/:(0,0) = f;(0,0) =0
XA f(x,y) 42 (0,0) By E
Af(x.y) = f(Ax,Ay) = £(0,0) = y/(Ax)*Ay

i
Af(x,y)= f{(0,00Ax + f;(0,0)Ay + v =

o = y/(Ax)2Ay

A S SCRT IS, QIR 7 (v, )20, O) AT, TR 26 8AAT o & \/(Ax)2 + (Ap)? 1y

M TS N

SAX)ZA
TSR lim (Bx)Ay
220/ (Ax)2 + (Ay)?

g Ay =kAx N

k)

AR, X — G R f (x, y)AE(0, 0) AR fg

lim VAxPAy vk
i JAx) 4 (ayp VIHE
DMBAEIRME k TS, SRR AL, B £ (v, y) 4E (0,0) 77T

(11.3)

it <
& Exercise 11.18: JEBH: PAEL f(x,y) = x2)2;y2 1£ (0,0) KW SFEAELEBAE (0,0) &
ZNGIE
% Solution BARA f(Ax,0) =0, £(0,Ay) =0, FRSEME L4058
L 0+ AX0) = £(0,0) | a0
£:0.0) = Jim, ; - Tan
V93

ERSE £ (x.y) 16 (0.0) AR SEAE IR
£2(0.0) = £7(0.0) =0
S f(x.y) 48 (0.0) B2 E

AxA
Afry) = (080 = 0.0 = 3571

—VV )=
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it
Af(x,y) = f{0,00Ax + f7(0,0)Ay + v =
A
AxAy
Ax? + Ay?
AxA
HIAMA 0 52 SURT 158, SR f (v, y)7E(0, 0) AT, T84 BIRA o #ﬁy? IS

Togi /N
AxAy

RSB Jim — = R, S5 HAUBH f (x, )220, 0) R A
20 (Ax) + (A

g Ay =kAx N

lim VI(AX)'Ay = vk
i Jax) 4 (ayp VIHE
B AERFEE & ERUCR TS, S ESRRAEFLE, B f (x, y) £ (0,0) AbAA)
(o =
&7 Exercise 11.19: 3% f(x,y) A%, H f(x,2x) = x, f{(x,2x) = x*, K f)(x,2x)

(11.4)

%, Solution X} f(x,2x) = x BX} x KRG
Sl (x,2x) +2f)(x,2x) =1

£ 20) = < WA
file20) = 5= )

|
2 2
&7 Exercise 11.20: 3% u(x, y) BIFTA M imSEERELE, 3 H. % - % = 0.
B0 u(x,2x) = x, ux(x,2x) = x% JRK: wx(x, 2), ury (X, 2x), 1y (x, 2)
% Solution X u(x,2x) = x WX x K
ul (x, 2x) 4 2u' (x,2x) = 1
H ux(x, 2x) = x? A 45
', (x,2x) = %(1 —x?%)
EXPLX x KF
Uy, (x,2x) 4+ 2ul (x,2x) = —x (11.5)
X ul(x,2x) = x* BHA x RS
Uy, (x,2x) + 2ul, (x, 2x) = 2x (11.6)

—VV )=



0%z 0%z
— = —— B (11.8) H (11. 5
B o5 5,2 BROL (11.8) & (11.9) it
0%z 0%z
- _ 2 " 2 —
dx2  0y? S0, 22) =0
[54
0%z z 2
a_y2:2:> 5:2y+h(x):> f(x,y)=y"+h(x)y+g(x)

—0V/))——

11.3 A #%p —383/566
jFIJFH Uxx = Uyy, Uxy = Uyx, H’%jﬁ (11~5) *ﬂ (116) zkﬁ@ﬂ"f%"
Usx (X,2X) = uyy(x,2x) = —éx Uy (x,2x) = §x
3 3
<
&~ Exercise 11.21: #% a,b # 0, f B _MESImSE, H
a’ fox +b% fyy =0 f(ax,bx) =ax frlax,bx) = bx?
KoK fix(ax,bx), fyy(ax,bx), fyy(ax,bx)
% Solution <
&7 Exercise 11.22: # f(x,y) ff R FEAZESRSE, H f(x,x*) =1
L # feln) = x, ok Sy ?)
2. # f(x,y) = x4+ 2y, K f(x,y)
% Solution <
& Exercise 11.23: % z = f(x,y) AEZ_MWSE, H
7’z 0’z g , B
a2 Sf(x,2x) = bx Sfo(x,2x) =2x
RfRQ=__
%, Solution X} f(x,2x) = 5x* WX x KF
Sro(x,2x) +2f)(x,2x) = 10x
H fl(x,2x) = 2x 0Jf%
fy(x,2x) = 4x (11.7)
BRI x KT
Sy (x,2x) +2f) (x,2x) = 4 (11.8)
X fi(x,2x) = 2x BRI x RS
S (2,2x) +2 £ (x,2x) = 2 (11.9)
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BEAKM S (x.2x) = 5x* YR (11.7) Wi

B f(x.y) =x*+y% 8 f(2.1) =5

&~ Exercise 11.24: KA R

2 Solution

11.4 FREREAIKE A

Definition 11.2 FRERMFEEIE 2 [

BB HK F(x,y,z) £ & P(xo,yo.z0) 9k —MB ALK &S FH B
F(x0,y0.20) = 0, Fz(xo,Y0.20) # O, 0| 77 A% F(x,y,z) =0 A (X0, Y0, Z0)
E—HBURAERE AT N ELELAAESERFHOR[K 2 = f(x,y), €

HRFA 2o = f(x0.)0), A

0z /9 0z 12

ax F, 93y F,

115 SR A FILAINA

@ Example 11.5: HHEMEZ%: x =acost,y =asint,z =bt, t = %
*ﬁg%ﬁﬁw%ﬁﬂi??-
% Solution ]y : (O,a, ?n)

x'(t) = (acost) = —asint = —a
y'(t) = (asint) =acost =0
Z'(t) = (bt) =b

y—a _ 7%

0 b

PIFR: T ={—a,0,b}. ¥]%: _ia:
B

b b?
—a-(x—O)—i—O-(y—a)—irb-(z—?n):O:>ax—bz—|—7n:0

™ Example 11.6: RIRME x? + y? + 22 = 14 765 (1,2, 3) Zbmy ) Fm k% 5 2.

—VV )=
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%, Solution F(x,y,z) =x?+ y? + 2> — 14
n=(F F,, F;)=(2x,2y,2z) = n o) (2,4,6)
FrAE R (1,2, 3) Ak BLERTH P11 J5 72
2 —1)+4(y—2)+6(z=3)=0=x+2y+3z—-14=0
L& ITER
x—l_y—2_z—3:£_z_£
1 2 3 1 2 3
<

11.6 FESHSHE

Definition 11.3 #£E

RE=AHE u =u(x,y,z) &5 Po(xo, yo,z0) £=FH — k-2, N X

grad u b {u;(PO)’u,y<PO)’u/Z(PO)}

AL u=u(x,y, z) E5 Py REGHE.

11.7 ZRERERE KA

11.7.1 ZHRHMRERERESR/IME

Definition 11.4 — TR AIRIE

Kbz = f(x,

FEHRTFX f(x,y)> f(x0,y0) , MAHRZHEKA (x0,y0) A HAME;

y) & & (X0, yo) BIEARAH 2L, M FiZABAFTF (X0, v0)
B (x,y): BHERFR f(x,y) < f(x0.y0), WARBHE (x0,y0) HHKAL: ()

Theorem 11.1 WEZH

2R P B R F

fx(x0,30) =0 fy(x0,¥0) =0

Bz = f(x,y) TER (x0. yo) BBAMWSGE, HAER (x0, y0) MBWAE, NI'ELE

—V/ )~
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Theorem 11.2 £ &4

BBz = f(x,p) TER (x0. yo) BIFEARINES:, AW &k _MiESmWSE
X fx(x0,y0) =0, fy(x0,y0) =0, &

Jex (X0, y0) = A, fry(x0,y0) = B, fyy(x0,y0) = C
W f (x, y) FERL (X0, yo) AL RS HRATARAE W S0 F - (]
(1) AC — B* > O N HAMAE, 24 A < 0 BARKIE, 24 A > 0 BARIME;
(2) AC — B? < 0 B AL ;
(3) AC — B® = 0 BRI REAARAE, th T BRI A ARAE, 75 B 1EITS.

@ Example S f(xLy) AR D x4+ y? <1 EEHA—WESIRSE, B
(e p)| < 1EE: AEBALRIN A — & (X0, yo) ifF

(%(xo, J’O))Z + (%(XOJ’O))2 < 16

w Proof: # g(x,y) = f(x,y) +2(x* + »?). WAEMAFE x* + y* =1 EBRA g(x.y) > L.
M g(0,0) < 1. FiAB#H ¢ 7£ D EIEST 1, SE R R NAAE— R (X0, yo), ff g TEER
WEIRAME. BZ, BAEBALR N EFE— K (X0, yo) 15

g g
_— = — = 0
dx (x0,¥0) dy (x0,¥0)
H oty 15 af af
- — 4 e — 4
o (x0, Yo) X0, 3y (x0, ¥0) Y0
% of > (of ?
(E(XO,yo)) + (@(XO»J’O)) =16(xj + y5) < 16

]
0 0
= Example 118 BAERHL D« x| + [y <1 |, @8 f(x.y) 45, a—f; % e1E, B
()| < L. GEWE: FERCHE D PAREE— AT (xo, yo) MR

(%(Xo,yo))z + (%(xo’yo)r <8

ww Proof: # g(x,y) = f(x.»)+ (Ix| + [y])*. WFERIE D : |x| +|y| <1 EBRA g(x,y) > 1.
M g(0.0) > 1. frPAsE ¢ £ D FESET 1, RELEX D WEE— R (xo0.)0), 1 ¢ %
RGN AME. B2, BIEXIE D WAALE— K (X0, yo) MHfF

g
0x

_ g

=35 -0

(x05¥0)

(x0,¥0)

—VV )=
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=0 AR af af
g(xod’o) = @(XO,J’O) = =2(|x[ + |y])

4

(%(XO,J’O))Q + (%(XO,YO))Q = 2(—2(lx| +Iy)* <8

AR B ERI FE 5 514

Theorem 11.3 AJ {5 BUR BRI 7T 53 =14

Ben B f(x) fER xo AL BA B iE S FE BV f(x) = 0,72 H(xo) K
S (x) FERL xo AL WY PR ZEHE %

1. W5 H(xo) 1E5E, W xo A f (x) BIAR/IME R
2. W H(xo) 73, M xo A f(x) WIARRAE KR
3. 4R H(xo) A, W xo A f(x) WA

4. WERHUHESITHE

BN

Definition 11.5 56

_ . . 02
Eon TR f(x) BE xog RATAZTENE SO M FH xfa(;)(i,j =
Y
1,2,---,n) 4, WARLES
[ 0 f 9 f ?f ]
dx? 0x10x5 0x10x,
9’ f 9’ f 9’ f
H(x) = | 0x20x; 0x3 0x50x, e
9°f > f 9°f
| 0x,0x1  0x,0X ox2 |
A f(x) EE xg REG I FHREELEMS (Hessian Matrix), 7T 324E V2 f(x).
5 k4B 1% H(x) B3 A4 5

—VYV )
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SEXTFRFERE Y IE E MM X E X B FIE
L SJEXRRHERE A = (i) )nxn EEMIFREEMZEHIH EFREKRT 0. B

ay; o dyr

dry -+ dApr

2. LRIFRARE A = (aij)nxn AEMFRBELKMRBHERN 2T RE/NT 0, BEE
FXKkF 0. B

ap o dir
(=D)7| - i[>0, (r=1,2,---,n).
ar1 -+ dApp
3. JTNFRHRE A = (aij)nxn IETE: FIHFHERKT 0.
4. FNFRAERE A RFEEEFENTELFMREMIEEFRBRTET 0

5. JRFREERE A = (aij)nxn ¥ FAREFEFEM FLE 52T I A 2800 £ 1 U8
NPT 0, R BRI PrA BRI £ 7R T45T 0.

6. ASRSERIFRAERE A BEA R IEE W, AR5 E W, MR A HAREER

@ Example C(BIURARBCRTISE) oL f(x,y) 7P _EAESN B
ISAEEMAE o, EX—TCHE
gq(t) = f(tcosa,tsina).

d2ga (O)
dr?

% Solution 5%k 1 HF ——— dga( ) (fx fy)(oo (

dga( )

AT o #AH ——— =0 H

> 0. JEBH: £(0,0) & f(x,y) Bt/ IME

CcCos @

sina

) =0 Xj‘_‘{gj (04 }ﬁ_“_[n

B (feo £) oy = (0.0), B9 (0,0) & f(x.y) WBER. JE Hy = (x.y) = (

il

fx fxy)
fox fov)

] L S e e

Sino S o

EARHEATELALIE B (cos o, sina) JHOL,
W Hyp(0,0) R—AMIEEM, M f(0,0) & f(x,y) HME.

—VV )=
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T2 315 g“t( ) = fycosa+ fysina, & x =tcosa,y =tsina, HEH dggt(O) =0,
o
dga(0) = fx(0,0)cosa + £,,(0,0)sina =0
o ot 0 (0.0 & () s
1(0,0) =
d’gy d .
iﬂ(t) = E(fx cosa + fysina)
= (fxx cosa + fry Sina) cosa + (fyx cosa + fyy sina) sin &
= fexCOS’ @ + 2 fyy sinacosa + fyy sin’a
= sino cosa[ fxx cot’a + 2 fyy + fyy tan® ]
H A
in‘;(O) = %sin 20 f1x(0,0) cot® a + 2 £, (0,0) + fy,(0,0) tan® ] > 0
o= 14
Sxy(0,0) > _%[fxxm’o) + fyy(()’O)]
M ,
[fxy(o’o)] — fxx(0,0) fy5(0,0)
1 2 1 1 2
>Z[fxy(0v0>] + Efxx(ovo)fyy(ov 0) + Z[fyy(o’ 0)]" = fx(0,0) £y, (0,0)
1 2 2
:Z {[ny(O’ 0)] —2/2x(0,0) f5y(0,0) + [fyy(o’ O)] }
:i[fxx(o,()) — £ (0.0)]* = 0
XERBEH B — AC > 0, £(0,0) AARAE. FHEHE f(0,0) At/AME,
Pe0) gl -0 gl
dz? 10 t =0 ¢
HMORPERL ¢ > 0 I, go (1) > 0= ga(t) 15 t <O M, go(1) <0= g, (1) |
FitPA £(0,0) J& f(x,y) th/AME. <

11.7.2 F£HRE HAEEHFRECE

x2 + y2 +z2=1

7x® +14y% +212° =6 i

%, Solution £ f(x) = 7x> + 14y® +212° £y x> + y2 + 22 = 1 FHIHE
MaxE ks B H e %L

L(x,y,z) = Tx*+ 14y® 4 2123 4 A(x> 4y 4 22— 1)

@ Example C B x,y,z e RY SRTAR4L

—0V/))——



2 2 2

=0=3xyz+20 =04 xyz = ——

X y z
3xyz +2A ( 72 + ﬁ)

2Ax?

XLy =xyz + =0
21 y?

yLy =xyz + 52 =0
2222

zL; =xyz + 52 =0

~390/566— 11 F 2L ERALL A
HH
Ly, =21x*+2Ax =0 xf_%f%(_l)
21 21
Ly, =42y + 21y =0 _ 2 21( 1)
y—__—_ —_—
_ a2 _ 42 21\ 2
L, =63z"4+21z=0 2 .
X +yP 422 =1 T 63 21\ 3
+y% + 1 = 22 1+1+1 == 1=-9
X Z = — — | = —
Y’ 21 19
6 3 2
:}x—— y:— Z:—
7
+y*+z2=1
B fun = 1o(6 428 3% 27) =6 wmmeﬁ{ v ey
7x% 4+ 14y3 +212° = 6
6 2
X ==, - _’ zZ ==
70777 7
|
x2 y2
—+==1 ) , ,
® Example 1111 FEM% L:{a® | b2, 45 x HERFEME S, K S 1
x=0
BRI AR TR I RARTR
w5 Proof: KIjHAK 2x, %8 2y, & 2z, #hig S R
x2 y2 22
a_2+ﬁ+b_2:1
KT ARE TR R
V =2x:2y -2z =8xyz
YERiIAE BA H %L
X2 y2 22
L(x,y,z):xyz—i-)t(;—l-b—Q—i-b—?—l)
Ly=yz+ 2)L_x =0 (11.10)
)ty
Ly =xz+—- = =0 (11.11)
2Az
L, =xy+ — b2 =0 (11.12)
y2 22
(11.10) - x + (11.11) - y + (11.12) - 2, FEHIZIHAAF a—2 + =118

21
3

=

—VV )=
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a b b

TIE, RAVEE T AR R M ( ) S B e B e, %

; \ V3 V3 V3

a , .

Y= BV IS I, WK TR B R, B RARBUA
V =8xyz = ?)Li/gab2

11.8 ZtRHRIRF AN

&7 Exercise 11.25: % f(x,y) fE x2+y? < 1 EHESEH _HIRSE, 242 nyjL y2y <M.
# f(0,0) =0, £2(0,0) = £,(0,0) = 0, HEW]

N 02 02 02
ot 6 € (0,1), 38 (w, v, w) = (@ b et W) £(0x.0y), 1l

flx,y) = (ux2 + 2uxy + wzy)

BAIKM f2+202 + [3 <M =+ 22 + v’ <M

£ () = St VB w) 62 V%)

HF
‘{u, ﬁv,w}‘ = Vu2+ 202+ w2 < VM
L%
‘{x2, «/ﬁxy,yQ}‘ = Vxd 4+ 2x2y2 4+ yd = x2 42
BATH
‘{u, V2v, wh - {x%, V2xy, yQ}‘ < VM (x? +y?)
2l

el < gVMG2 4 5?)

—VV )=
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M R, AT

/ ) dxdy| <

I 1remlava

x2+y2<1 x2+y2<1
< @ | e*ertavay - @
x2+y2<1
O
™ Example (18 e R#¥y) ¥ f 7E (0,0) FEARIMA R Leml i, SRARFR
ngrolJr ﬁ // ,0)) dx dy.
x24+y2<R2
% Solution(by Hansschwarzkopf) M8,
1 J iR 2 2\ (1.2 2
f(x,y) :f(0,0)+Zi—'(x$+y@) £(0,0) + o0 (x*+y?) (x> + y* = 0).
i=1
// £(0,0))dxdy = % [ (frx(0,0)x% + £,,(0,0)y?)dx dy + o(R*)
X24+y2<R2? xX24y2<R?
4 4
_ ﬂfxx(o 0) + ”g £10(0,0) + o(RY)(R = 0%).
ESfi:
Jim o [ )= FO0)drdy = 0.0+ 215,000
x24y2<R2

Wik FAMR feC’ ol feC? RE. <
& Exercise 11.26:
2 Solution |

—VV )=
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121 ZERSHIHSSMER

Theorem 12.1 ZEFR oW EEIE

BRREL f (x, y) A XTH D E#SE o & D WM, WAE D EEVFFE— K (€, 1)

AT
[/f %, v)do = £ (£ )0

& Exercise 12.1: RARIR

1 2 n—1
1 7 " =
I = lim — / e"2dx+/ exzdx—l—-'-+/ e dx
% Solution
1 n ﬁ 1 y ) 1 1 )
:—Z/ exdx:/dy/ e dx:—/ dy/ e’ dx
ni:l 1 0 1 0 y
1 ) X
:—/ e~ dx/ dy
0 0
1 ) 1
:—/ xe* dx =—-(1—e)
0 2

& Exercise 12.2: R FR

n

lim » " ! + ! +oee !
im e —
n—oo bl \ (n41i +1)*  (n+i+2)? (n+i+i)?

2 Solution

n

lim )" ! + ! +o !
‘m e ——
nsoo =\ (n+i+1)*  (n+i+2) (n+1i+41)>

1
—,}LH;OZZ PR JLH;OZZ—Q-

== 1++)




~394/566- %12 % ERp

1 prx 1 1 1 y=x 1 1 1
:/ / —dydx:/ |:——:| dx:/ ( — )dx
o Jo I+x+y)? 0 IL+x+y],-0 o \x+1 2x+1

In 2 113 1(2)
=n2—-In3=In{—
2 V3

& Exercise 12.3: KRR

I+ J
,}Lngo;ZZ,zﬂ

i=1j=1
2 Solution
i+ ol gt
lim lim — = — — "
n—00 n—00 1] ZXI:JZIZQ-}-J n_monzz;(l_f‘i‘(ﬁf

dxd
//x2+y Y

1

1

:_/ (1n(1+y)—21ny) dy+f arctan — dy
2 0 0 Yy

1 1 y2 1 T 1
=Z1ln2— d —|—f d —|———/ arctan yd
2 /[; 14 y2 Y 0 Y 2 0 ey

&7 Exercise 12.4: RAFBR

2y Solutionl

noJj
lim Jgugll — lim (i 1+2+...+ 1+2—|—---+n)
n—o00 ns n—oo \ n3 n3 n3
— lim Ix24+2x3+---+nn+1)
n—o00 2n3
oy PED A2 44 (0 4 )
n—o00 21’13
. (1+2+-+n)+(12+22+---+n?)
n—>o00 2n3
. %n(n—l—l)+%n(n+1)(2n+1)
n—o0o 2n3
1
"6

—0V/))——
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% Solution2

L
z I 1i [ !
/== — —_ —_ —_ = — 2 —
nlgrolo n _nlingonzlnlzln /(; dyo x dx /(;ydy
|
2y Solution3
Sy
i
T L N, I+ (1+2)+--+ (1 +2+---+n)
n—oo n  nooo n3
Stolz . 1+2+"'+I’l
— lim
n—oo p3 —(n—1)3
‘ %n(n+1)
= lim &=——— "
n—oo 3n2—3n 4+ 1
1
6
|

@ Example 12.1: -5 /f |x 4+ y]dxdy, Hi D =10,2] x [0, 2].
D
% Solution F5E¥ X, D 08 4 AN, D - k—1<x+y <k, k=1,23,4, T&

A
1 1 1
SD1:§-1-1:§:> Lx—i—dexdszDl:§x0:0
D,
1 1 3 3 3
Sp,=-:2:2—=.1.1=2>= dxdy=Vp, = x1=2°
1 1 3 3
Sp,==--22—--1-1=-= dxdy =Vp,==-x2=3
b=y 22y ti=g= | eryanay = =5
1 1 1 3
SD:—-1-1:—:>/ |x +y]dxdy =Vp, ==-x3==
tT 2 2 D tT 2 2
[

3 3
[/ [x+y]dxdy=04+-+3+-=6
b 2 2

|
™ Example 12.2: & // |x? + y?| dx dy, Ht D = {(x,y)|x*+y* <n,x >0,y > 0}.
D
% Solution[15] ¥4XI D : x >0, y > 0, x> + y> < n 4K n A/NXKI,

Dk:k—1<x2—|—y2<k,x>0,y>0,k:1,2,---,n
ﬁn&&Bﬁmﬁﬁﬂw%,auﬂwﬂﬁﬁ%zﬁmmﬁ%ame—l,
FR&NH

/f |x2 +y?|dxdy = Z/ |x? + y?| dx dy
D k=1"Y Dk

—VV )=
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=>» (k-1 dxdy = (k—1)
o ff, =iy
:%n(n—l)

7 Exercise 12.5: # X D:x* + y? <r? kK hm—[/ = cos (x + y) dx dy

r—0 nrQ

2 Solution

_ —y?
}1_1)1}) — // cos (x +y)dxdy

1
= lim —265 " cos (E+n)-7r?

= lim e cos(E+1) =1
(&1 —(0.0)

2 Note: L% f(x.y) ANEW D bk th o A D &#, A D LE VA A— &
(&, n), 124%
|[ £ydo = riemo

<
& Exercise 12.6: JEBI A3
SURTY e —
V16 +sin’x +sin?y ~ 4
2+y2<1
% Solution IR :
// dxdy < // dxdy
V16 + sin?x + sin’y g V16 + x2 + y?
x24+y2<1 x24y2<1
= 27(16 + r2)V/? —zn(J ‘Q
HUAENR: ed
[ — -
V16 + sin® x +sin? y 4
x24y2<1 x24y2<1
<

122 —EfRIEZE

@ Example 3 // sgn(xy — 1)dxdy, Ht D ={(x, )0 <x <2,0< y <2}
D
% Solution

—0V/))——
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y
1
1&D1—{(x,y)’0<x<5,0<y<2} 2 :_A
1 1
Dy=J(x,y)|z <x<2,0<y <= o,
2 X L
1 1 D, §
Dy=](x,y)5s<x<2,-<y<2 g
2 X :
1 21 o,
// ddy:2><—+/ —dx=1+2In2 :
D,UD; 2 5 X : N

1 0 L 2
// ddy=(2——)><2—// ddy =3—-2In2
D3 2 D2
/f sgn(xy—l)dxdy:// ddy—// ddy =2—41In2 <
D D D,UD,

&7 Exercise 12.7: 5By '
92 4
// (6—x—y)dxdy
0 Jo

2 pd
// (6—x—y)dxdy
0Jo
2 4

L,

:f |:6x——x —xy] dy

0 2 0

=[02<16—4y>dy

=[16y —2)*]; = 24

2y Solution

&7 Exercise 12.8: JEBH

/ / o) dy = / py =3 U7
0 0 0 n"

n=1

“ Solution 4 xy =1 , WATAH (QEE xy =0 WEHE xy™ = 1)

I—/ dy[ xXy) xydx-/ldTy/Ol(xy)"yd(xy)
/ /tdt /(/Oyt’dt)dlny

1
zlny-/ thde /yylnydy:—f yYInydy
0 0o Jo 0
HERE

1 1 1
[ yy(1+1ny)dy:/ d(yy):[yy] = lim y"— lim > =1-1=0
0 0

0 x—>1- x—07t

1 1 1 1 1
:/ dxf (xy)xydy:f yy(1+lny)dy—/ y'Inydy :/ y”dy
0 0 0 0 0

—VV )=

4
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it—p
1 1 1 00 n
n ylny) (ylny
/yydy—/eylydx /Z( ' d—Z/ ')d
0 0 0 n 0 n
n=0 n=0
iSs)
1 llnny
1 d — d n+1
/O(yny) y /0 1
n+1 1 1
:|:y 1n”y:| —/ ! Yy 'n" 1ty dy
n+1 0 0 n+1
n ! 1 1
:_(n+1)2fln yay'
0
L [n-)
I n n+ly..n—1 nn-— n
[ ( +1)2y yLJr/O 1 )len ydy
_ (—1)"n!
- _(n+1)n+1
Fir A

/Olyydy—zfolwdy Sy U VT rssaso.

n

1 1 1 © (—1)*
I = dxf (xy)*d :/ Ydy =
/0 /O(y) y=| ydy >

n=1
|

e Exercise 12.9: PR //(x +y)dxdy Foip D R 2492 <2 R 2492 > 2 i

LA X 33
2 Solution
// x + y)dxdy —//xdxdy+//ydxdy —2//xdxdy+0
D D D,
:Q/fxdxdy+2//xdxdy
D11 Do

Vo—x2
—2/ dQ/ pcos@dp+2/ dx/
2x— x2

f
1
:2/ [3p cosei| d0+2/ xv2—xdx—2/ xv2x — x2dx
z 0

0

42 (™ 2 !
:T\/_/ cos@d9—|—|:—§ (2—x2)3:|

0

—VV )=
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/(2 2x)v/2x — x2dx — 2 /,/1—x—12dx

4 2 4 2
\/_[sm 9j| -+ — f [— (2x — x2)3 —2 x X
3 . 3 3 |3 A

T

2
<

& Exercise 12.10: &4y //(x +y)do Hrgt D By =x?, y=4x2, y =1 FrEK

D
% Solution X1 D {0 y 2
— y=x
//(x—l-y)dG://xda—i—f/yda y=4)1€2
D D D L
1 vy
=0+2 dy/ ydx
0 2 X
T 15
0 I

2y Solution

& Exercise 12.11: HER

2 Solution

1 1 px 1 v
:/ dy| —dx / dy/ e’ dx
0 y X y

—0V/))——



~400/566— %12 F E485

1 xex2 1 1 )
:/ dx —dy—/ dy/ e” dx
0 o X 0 y
1 2 ! 2
:fex dx—/(l—y)ey dy
0 0
1 2
z'/‘)wy dy
0
_ [leyz]l _e- 1
2 0 2

260nm

<

tsint
® Example 12.4: 38 lim S g e D x? - 260x + v? < n® — 260n

e Jo //Dxdxdy

260nm

1= Proof:(by W %)

260nm | |d
. t|sint|dt
r|sint /
lim | | dt = lim £

n=oeJo f/Dxdxdy nee //xdxdy

(260n)27
= 11m
n—o0 1307 (n — 130)2

=520

O
&7 Exercise 12.12: PBFE X D = {(x, )1 < x* +y*<4,x >0,y >0}, & f(x,y) A
D LHyiEsihE, BHA

f(x,y) = sin(my/x2 + y?) f/xfxy

K f(x,y)

% Solution H

f(x,y) =sin(my/x2 + y?) //Xfxy

3

xf(x,y) xsm(n VX2 4 y?) /‘/xfx V)
xX+y xX+y 7rx+y X+y

YRR [f D) qedy mARE, S C = // e dxdy

i
NETE
C = // x/(x.y) dxdy://xsm(n ¥+ V%) dxdy——// dxdy
X+y X+y xX+y

D

Sy

/‘/‘xsin(nm) dxdy M[f ysin(my/x% + y?) dxdy

X+y X+Yy
D D

—TVV )=
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1
=3 // sin(m/x2 + y?) dxdy
D
1 [ 2 3
— 5/02 d9/1 psin(mp)dp = -1

// al dxdy PP // dxdy
X+y X+y

D D
1 157
— | dxay = 2%
2// =g
D

I C =~

f(x,y)= Sin(nm) + §

6
1 1 <
@ Example W u(x)eCl0,1] Hu(x)= 1—|—k/ u(y)u(y —x)dy. wiE: A < 5
“ Solution AN x M O F] 1 By, 7
1 1 1 1
[u(x)dx:/ 1dx+)t/ dx/ u(y)u(y —x)dy
0 0
—1—1—)&/ dx/ y—x)dy
y
B 1+/\f (y)dyf u(y —x)dx
1+A/ / u(t)de
SRR 1+)&/ )dt/ u(y)dy
L 0 L
:1—|——/ u(y)dy/ u(t)de
2 Jo 0
1
iﬁ/ u(x)dx = a, ¥
0
2 A 1
a=1+—-a :>A—1—4-§>0:>/\<§
|

X
-E# Exercise 12.13: & ¢(x) = / e dt JEBH:
0

I = /O+oo [g —(p(t)] dt



~402/566- %12 % ERp

% Solution

u=t

+00 ) t
= lim e’ dt/ du
X—>+00 0 0
1
; t=5
|
& Exercise 12.14: RA%FR
y X
lim (ﬁy_/ dx e du)
y—=>+00 0 0
2y Solution:
y X
lim (ﬁy_/ dx/ e—u2 du)
y—+00 2 0 0
L VT g
—;H;(ify‘ﬁ ‘ @‘““m)
y y
o (s [ e [ e
y—>+oo \ 2 0 0
. % Y —u? 1_e_y2
—#E@G(TT_A‘? ) )
y — eV’
= lim (—n—feudu)+ lim ¢
y—>+00 2 0 y—=>+oo
o0+ 1-0 _ 1
o 2 2
O
X
@ Example P ER 2< 55— <4 52< 2y 5 < 4 ey XK EEE A Q.
x2+y XT+y
RR
1
/ —dxdy = In?2
p Y

“> Solution o KIGHRT y = x XK, BAELAMRT y = x XK.
HOE M x iﬁh%] y=x ﬁﬁ%lﬁ’] fiipng

Higk x? +y? = x4 y? yx%uﬁzﬁmm%ﬁﬁﬁﬁ%%

x+y— 5

2’ 4’

r=—-cosf, r=-cosf, r=—-sinf, r=-sinb
2 4 2 4

—VV )=
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ﬁﬁr-icos@ 5 r-%sm@ (R d=w] <2f,arctan ) B DA

T Lsing d
// — dxdy = 2/ a6 <
arctan Leosg T cOsOsinf

IT

4 1 5 sin 6
2 ——In § de
arctan § COS 6 sin @ ; cos 2

T In(2tan
= 2/4 Mse@@d@
arctan% tan@

T

1
=2 5 In*(2tan @)

arctan%
= In*2
<
. X =1—sint
% Example 12.7: P X D diZk X t <t <2m) 5 x EE,
y =1—cos
Wb [ (cs2v)axdy
D
2 Solution 4 XIS EFIH 7 B p372 I
2
// X +2y) dxdy—/ dx/ X+ 2y) dy—/ (x +y)ydx
0
:/ (t—smt+1—cost>(1—cosl)2dt
e (T
— n/ (u—i—n—i—sinu+1+cosu)(1+cosu)2du
ﬁ%2f (n+1—|—cosu)(1+cosu)2du
0
g—u_T 3
S 2/ (n+1—sin9)(1—sin6)2d9
-3
:27r/2(1—sin9)2d9+2/2(l—sin9)3d0
-3 -3
%4n/2(1+sin29)d9+4/2(1—|—38m29)d9
0 0
Wallis T 1 =« 1 =
471(54—5 2>+4(2 +3x§x§) = (3w +5)
<

12.2.1 I IRF
& Exercise 12.15:  Ae# ZEHBUFBIFR4H KT

/_j dy /zl_y f(x,y)dx

—VV )=
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2 Solution

/_1dy/ fx.y)d /_1dy/ f(x,y)dx

=—[ f(x.y) dvdy
e
D
\ 2 0
e L L
0 1 2 1 1—x
2 1—x
-1 [ [ sy
1 0
S Note: TEFA L TRAF
A |
&7 Exercise 12.16: A2 —HF BRIk 7
2w sin x
| ax [ sy
0 0
% Solution
sin x m—arcsin y 0 2w +arcsin y
/ dx/ fxydy—/dy/ xy)dx—[ dy/ f(x,y)dx
arcsin y -1 m—arcsin y
|

& Exercise 12.17:  FEARALAR T A3 1R)F

2cos 6
/ dr/ rf(rcos6,rsinf)do
= Jo

2 Solution

T
2

2cosXx
1 =/ dr/ rf(rcos6,rsinf)do
_% 0

—VV )=
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// f(rcosB,rsinf)drdf + // f(rcosf,rsinf)drdo

AL 1 IX B

f dr/ : f(rcos@,rsinf) d0+[ dr/ : f(rcos@,rsinf)do

arccos 5 2

MN

&7 Exercise 12.18: A5 B IR IR)F

I:/Oldeolf(x,y)dy

csc O

z sec 6
1 _/4 f(pcos@, psinf ,od,o—i—/ dé f(pcos@, psinB)pdp

2 Solution

f ,od,o/ f(pcosB, psinf) d9—|—f ,od,o/ f(pcosB, psinf)de

I‘CCOS =

|
& Exercise 12.19: AR [/ £ y) dedy fERRARRRAS S, 32608 R 0T B R
ﬁu/\qu_{(xy)|O<]—0 x+y 1}
2 Solution

(a) (b)
LMK S, D IR A 0 BIX

Gi=1(r0)-2 <0<0,0<r <secx
1

1
GQ:{(r,e)‘ogegg,ogrg—}

sin 6 + cos 6
Xf s A r X8 (WE (b)):
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2
D, (r,@)igrgl,—zgégz—arccos—
2 1 1 Jar
2 1
Dg = { (r, 9)‘£ r<l1,-— T —|—arccos— 0 < Z
2 Vor
b4 1
D, = {(r,Q)’l <r< «/_—Z <0< —arccos—}
r
TR
I=5L+1L=Ji+Jy+J3+ J4
Horp
0 sec O
11:/ dQ/ f(rcosf,rsinf)dr
z  Jo
% sine+cose
I, = d@/ rf(rcos@,rsinf)dr
0 0
2 .4
2 2
J1:/ dr[ rf(rcos,rsinf)do
0 _ T
1 Eiarccos}
4 2r
J2:/ dr/ rf(rcos6,rsinf)do
Y
1 3
J3:/ dr/ rf(rcos,rsinf)do
N2 T | arccos —=
2 4 ﬁr
V2 —arccosf
—/ dr/ f(rcosf,rsinf)do
%
|
@ Example D f(x,y) ZEXH D = {(x,»)0 < x < 1,0 <y <1} kAt H

J(0.0) =0, KRARFR
o AL ()

x—0+t 1 —e>*

“ Solution K73 AZHAR M KT, WA

/dt[ Ftu)d /du/ Ftu)d

HHRFEMITIA e — 1~ x(x — 0) FRLIEIEN, WA

2 Nt
lim fox dtfx St u)du _fo d”fo
x—>0+ 1—ex* x—>0+ x4
2
L2TI —Jo f(t.x)dt
== lim
x—>07t 4x3

—VV )=
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oy 1 x2S (§ x)dr
4 x—0+ x3
1 :
_ L fEX)

4 x—o0+ X

1 £(0,0) + f(0,0)€ + f5(0,0)x + o(/§2 + x?)

= —— lim
4 x—o0+ X

Sorb 0 < £ <2 BB lim > =0, X £(0.0) =0, Wi

x2 Jt
. Jo de [ f(t,u)du

x>0+ 1 — e

1 ’
= _ny(o’ 0)

—VV )=
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1222 —ERSRITE

Theorem 12.2 Z—EfFR ST

W f(x,y) £ xOy “Fili LRI D EESE FAR
T: x=x(uuv),y=yuu)
¥ uOv P BRI IX I D' 84 xOy ~Fii £/ D, Hil 2
(1) x(u,v), y(u,v) & D' L HA %S0 S5
(2) 7 D" ] bk

dx 0x

_0(x,y)  |u v
J(u,v)—aw’v)— dy # 0

ou Jv

) T : D' = DR—X—H

i
[ e vyaxay = [[ st v i o

P
& Exercise 12.20: 5 F1H X3 D = {(X,y)‘xz +32<1L,x >0,y > 0},
i [ 1x-yldo
D
2. Solution {EfLHt

x =2pcosf 3(x, y)

e J(p.0) = _ 2cosf —2psin6

y = psind sinf  pcos@

x =y = 6 = arctan 2

//D |x—y|d0—//Ijl(x—y)da+//])2(y_x)dg

arctan 2 1
:/ d@/ 2p(2pcosB — psin @) dp
0 0
%

1
+/ dG/ 2p(psinf —2pcosB)dp
arctan 2 0

arctan 2 2 % 2
— / §(2cosc9—sin9)d9+/ —(sin @ — 2 cos 0)d6
0 a

rctan 2

—0V/))——
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T

2 arctan 2 2 . 5
—(251n9+cos@) + —(—cosf —2sinH)
3 3 arctan 2
2
=3 (4sinarctan 2 4 2 cos arctan 2 — 3)
4
= g«/5—2
/\I:I:l
tanx = u = x = arctanu
\;’Xx sinx = sinarctanu !
inx = sinarctanu =
u Vutl
1
cosx = cosarctanu =
X . Vutl
(1+2) )
(x+y)In(1+
&7 Exercise 12.21: & dedy Her X D BRHEZL x+y =1
z W M\/f S dedy JOIRHL D R X+

S%éléﬁﬁﬂlﬁﬁlﬂﬁiﬁﬁzﬁﬂ/l:ﬁ
% Solution & u=x+y,v= —, HAET b7 4 A

1 u
_0xy) |1+ v (14w u
0 = ) T U | 1ty

I+v (1+wv)?

X3 D K D', B

x=0—= =0=—=u=
+v
uv
y=0—= =0=uv=0
1+v
fy=—1— + 2 i eu=1
X — = u —=
Y 1+v 140
X D 5Xi D' mE prs
\y —aty=1 ° —u=1
1 1
D/
D
X u
0] i\ o ][

—0V/))——



~410/566- %12 % ERp

i\ E]
//( x+y)n(1+2) //ulnl—l—v |u
dudv
JI—=x—y Vi—u (1+0v)?
D
+oo 2In(1 +
/ dv/ u” In( du
1—|—v2«/1—u
_/+°°ln1—i—v)d booy?
o (1+v)? 1—u
Horpr
+C>Ol 1 1 2
J:/ —n(+v)dv K = ~du
0 (1+v)? 0o V1—u
In(1 oo g 1
:[_M_W] N / v ~B(3.3)
14+v 0 0 <1+U) 2
N R F(3)F(%) o0y 16
=0=19 =1 B T BJr 15
TV o F(%) 8

+y)n(1+2 16 16
//(X y>n( x)dxdy: R
J1I=x=y 15 15

&~ Exercise 12.22: 5

// VX + Jydxdy

NEEVAAS!
% Solution /E25#

4 4
X =p-cos 0

P — J = 16p" cos® O sin® 0
y = p'sin* 0

TEBC BT, I D = {(x. )|V + v/ < 1} SRIKHL D = {(p.6)[0 <0 < .0 < p < 1|

H A
B Loy 2
// VX + ydxdy = 16/ cos®  sin® 9d9/ p3dp = 3
0 0

Vax+/y<1

<
@ Example : //ydxdy, ,\qu;EHﬂxiﬂiyiﬂi'ﬁfﬂi%[ \/7—1.@?1
a>0,b>0 P

% Solution /EA5

=ar*cos* 6 0
{x ar’ Ty = bryy) _ 16abr” cos® 0 sin® 6
y = brtsin @ a(r, 0)

—0V/))——
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JRIXH D A D', D' ={(p.0)[0 <0 < 5.0 <r <1[}. HIAH

z 1
// ydxdy = /2 d@/ br*sin* 0 - 16abr” cos® 0 sin® 6 dr
D 0 0

b.d 1
= 16ab? / ’ cos® O sin” @ d@[ ritdr
0 0

T

4 3
= gab2 / cos B(1 —sin? @) sin” 6 d
0

T

4 1 1 2 2
= —ab®| =sin®f — —sin'’4 :ﬂ
377 |8 10 . 30
<
& Exercise 12.23: jEB]
1
//f(ax+by+c)dxdy:2/ V1 —u2f(uvy/a? + b2+ c)du
- -1
Hrp S x?2+y2<1,a2+b%#0
2. Solution F 1E A2 75 i
—(ax.by) —(ay.b)
u=——>@ax,by),v = ——=(ay, bx
Jaip U T Jaa e
W X% 4% = u® o2 Bl 4 < LR ol <1 A
dx,y) 1 ja =D _,
du,v)  a:+b%p a|
Fit A
/[f(ax—irby—l—c)dxdy: // f(vVa?+ b2u + ¢)dxdv
S u24+v2<1
i
{u2+v2<0}:{(u,v)|—1<u<1,—v1—u2<v<vl—u2}
Flr A
1 V1-u?
//f(ax+by+c)dxdy:/ du/ S (u a2—|—b2—|—c)dv
-1 —1-u?
S
1 1—u?
:/ f(u a2—|—b2—|—c)du/ dv
-1 —/1-u?
1
:2[ V1—u?f(uva®+b%+c)du
-1
<

—VV )=



&7 Exercise 12.26: {}H— A _HF 4

// dx dy
p xy(In*x +1n’y)’

Ht Dl x®+y? =181 x +y =1 FFE B S — 5 IR A1 X35
@ Solution fEAEHe x = e %y =500

rcos 6

rcos 6

cos Oe —rsinfe

_ rersmeercose.

rsin 6 rsin 6

rcosfe

I:// drdQ.
AT

sin Oe

XEE A RBWPLFIRRS X R v +y = 1R X%+ =1 558N

% ercos@ +ersin9 _ 1,

lecos@ +62r51n9 - 1.

—VV )=

~412/566- 12 F ERy
& Exercise 12.24: JEB
1
I = f flax + by +cz)dsdy = Zn/ f(‘/a2 + b2+ c2u)du
& ~1
Horp, X ONBRE AL X° + Y2+ 27 =1
% Solution <
&7 Exercise 12.25: JEBH
2 T
/ dX/ Sinyesiny(cosx—sinx) dy _ \/5(6\/5 N €_ﬁ)ﬂ'
0 0
% Solution
2w . .
— / d.X/ Sjnyesmy(cosx—smx) dy
/ dX/ smye 251nycosx dy
515 eV ds dS——dxdy
Ir|=1 V1—x%2—y2
1 1—x2 1
= 2/ eV / ——dy | dx
-1 —V1=x2 /1 — x2 — y?
1 y 1—x2
= 2/ eV arctan(—) dx
B V=2 =3 e
1
=2 €ﬂx(7[) dx
-1
D |



12.2 —EAntitH ik

413 /566

BLAE A3 7 3 7 6 W PR ARG (1. 0) P BB BB AF A TEAR. S — 4%
%muﬁm9m&wﬁaﬁﬁﬁmwﬁmmemmﬁﬁiaeﬁﬁﬁ[m;ﬂ¢
WU, B AR TTE MBI r — r(0), W 15 AR T 0 B B

r= 5r(6). Ak

%n r(0)
1:// drde:/ d6 ar _Tye
A r P r(9) r 2

1
2

&7 Exercise 12.27: P44~ H RS

// e’ cos ydxdy.

x24y2<R?2

% Solution 4+

2w
f(r)= f " cos? cos(rsinf)d6,0 <r < R,
0

VIR A TR A A 8 4 s 15 5

// e*cosydxdy = /Oer(r)a’r.

x24+y2<R2
Sk
£(r) = £(0) = 2x.
F L,

2w
f'(r) :[ "% [cos @ cos(r sin ) — sin @ sin(r sin 6)]d 6
0

2w

1
= 0.

=— (e’ cos8 gin(r sin 9))

r

0

W f(r) = f(0) =27 Wik

R R
// e*cosydxdy = / rf(r)dr = / 2nrdr = R
0 0

x2+y2<R2

% Solution HHF

R v R%2—x?
// exsinydxdy—/ exdx/ sinydy =0,
R —J/R2—x2

X2+ y2<R2

—VV )=
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[
// e*cosydxdy = /f e*(cosy +isiny)dxdy
x24y2<R2 x2+4y2<R2
= // Xt dx dy
x24+y2<R2
21
=Y o [ eiracay
n!
n=0 x24y2<R2
00 1 R 2r )
:Z—/ r"“dr/ e'"d6
n' 0 0
n=0
R
:/ 2rrdr
0
= 7R?,
Forp IR AR AR S e, o B 8 — BOWC SO T P DA S AR 43 F0 T 252
o . 27 2w, n =0,
/ e'""do :/ (cosnf +isinnb)dd =
0 0 0, n>l.
D |

& Exercise 12.28: JIEBH:

e [ [ Sy ) =
—_p)
//e ¢ dxdy,

% Solution(3£ 1) 4

I
t X X _ L,y
t):2/ dx/ %
0 o X—)
M4k L Hopital %]
F(t t ,t _ ,x
lim e "F(t) = lim ():2 lim e_’/ ¢ 7% dx
t—>+00 t—+o0 el t—>+00 0 r—Xx
1— x—t
=2 lim ¢ dx
t—>+o0 Jg tr—Xx
t1_ —u
=2 lim ¢ du
t—>+400 0 u
+001 —u
= / ¢ du
0 u
:+oo

—VV )=
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(¥ 2) R
X X __ p)
:2/ dx/ i dy
0 0 -y
1—er™*
:2/ e dx/ ¢ —dy
0 o X—)
X 1 —u
:2/ e’ dx/ ¢ du
0 0 u
2/ e’ dx/
0 o 1+u
Le*dx
=2 ex1n1+x dx =2¢"In(1 +1¢) —2
0 o 1+x
> 2e' In(1+1) —Q/edx
=2¢' In(1+1)—2(e" —1),Vt > 0.
1
e 'F(t) > 2In(1+1t)—2(1—e™") - +oo(t — +00).
N(]
) TeX —e¥ _
lim e~ dxdy— lim e F(t) = +oo.
<

&7 Exercise 12.29: 4 #HH4

// |x? + y* — 1| dx dy.

[0,1][0.1]

% Solution (3% 1) 4

D =1[0,1]x[0,1],D; =D N{(x,y) : x> +y* <1}, Dy = D N{(x,y): x>+ y? > 1},

// |x%+y —1|dxdy—// |x%+y —1|dxdy+f |x? 4+ y% — 1|dxdy,

i

[0,1]x[0.1]

/ |x? 4+ y% — 1|dxdy = /[(1 —x% — y?)dxdy
D1 Dl

1—x2—y? 1
://dxdy/ dZ:/ dz /f dxdy
0 0
D,

x24+y2<1—z
x,y20

1
22/ (1—2)dz=z,
4 J, 8

—VV )=
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// |x% 4+ y? — 1|dxdy = //(x2 + y% —1)dxdy
D2 D2
= //(x2 +y? —1)dxdy — /f(x2 +y? — 1)dxdy

D D,

= //(x2 +y2 —1)dxdy + //(1 —x? — yHdxdy
D D,

B 1 n b

38

B a193)
/f |x2 + y2 —1]dxdy = // |x? + y? — 1]|dxdy +[ |x? + y? — 1]|dxdy
[0,1]x[0.1] D, Ds

U 1
403

(3% 2) FIARARARE S, 1E T T X 30 1

Q:0<r <min{secH,csch},0< O < g

[SIE]

min{sec 8,csc 6}
d@/ rir? —1|dr
0

// |x% 4+ y? — 1|dxdy =

%

[0,1]x[0.1]
z min{sec 8,csc 0}
:/ d@/ (1—7r%) dr+/ d@/ r(r?* —1)dr
0 0
Z sec O
8
7r % sec40 sec 1
= — - 1df
: / ( u)
B n tan@ N 9 T
—3 7 4] lo
U 1
43
(V% 3 fF 5 eh%D)
// |x? +y —1|dxdy—/dx/ |x* + y* —1|dy
[0,1]x[0.1]

= / dx/ (x? + y? — D)sgn(x* + y* — 1)dy
0 0
1

1 y3 2 9
:/ X2y 4+ — —y+ =(1—x%3 | sgn(x? + y? —1)| dx
0 3 3 0

—VV )=
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(3% 4) FIARAARIFARYE X FR P, 52

z min{sec 0,csc 6}
// |x? +y —1|dxdy—/ d@/ rir? —1|dr
0

[0,1]x[0,1]
sec 6
—2/ dQ/ rir? —1|dr
sec 6
f d@/ P2 = 1d(r? = 1)

sec 6

2 =102 - 1)

T
4

INE]

do

ISE

(tan* 6 + 1)d6

INE]

(sec” O tan? O — sec? 0 + 2)d6

o\o\o\

tan> 6

3

T
4

A

—tan 6 + 29)

0

»-lkltl NI~ N~ NI~ N

Wl =

& Exercise 12.30: 3K

/ / smxsmysm( y)d d
xdy
+)

!
/ / Slnxsmysm (x +y)dxdy, 0<1<1

2. Solution # B H M4

+)
i
00 OO i : ¢
:/ / sin x sin y cos <x+y)dxdy
o Jo XY
_ /oo /°° sin x sin y [cos (tx) cos (ty) — sin (¢x) sin (ty)]dxdy
0 XY
Hrp
/‘°° /O" sin x sin y cos (£x) cos (ty)dxdy _ /°° sin x cos (tx)dx /°° sin y cos (ty)dx
o Jo Xy 0 X 0 y

—0V/))——
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°° sin x cos (tx 2
/ )dx
0

°° (141)x +sin(1—1¢ ?
sin ( ) X + sin ( ) x dx)
X

) - % (Dirichlet Integral)

/°°/' sin x sin y sin (¢x) sin (¢y) dxdy = ®° gin x sin (7x) dx[oo sinysin(ly)dy
o Jo 0 0

Xy y
0 2
_ (/ sin x sin (tx)dx)
0 X
1 [ —1)x — ’
:(_/‘ cos(1—1t)x cos(l—i—t)xdx)
2 Jo X
1 1—t¢
= —1In? (—) (Frullani Integral)
4 141
T
! 2 1! 1—t
I=1(0 I'(t)ydt =——= | In*|—)dt
(H/O ®) 1 40n(1+t)
7T2 1 1 2 2
- T3 [*(1—t)+In*(1+7)—2In(1—7)In(141)]dr ),
0
Horp

1 1 1
/ 1n2(1—t)dl:/ ln2tdt:tln2t|(1)—/ 2Intdt = 2.
0 0 0

! Y2tIn (1 +1¢
/1n2(1+t)dt:tln2(1+t) |3—/ Aln{1+1)
0 0 1+1¢

! "In(1+¢
:1n22—2[ 1n(1—|—t)dt+2/ n<—+)dt
0 0 1+¢

dr

=2In°2—4In2+2

/11n(1—t)1n(1+t)dt:/1ln(1—|—t)d[(t—1)1n(1—t)—t]

=[(t=1In(1—7)—r]In(l+7) |(1>_/01 (t_l)li(ft_w_tdt

1 1 Mn(1—1¢ 1
:—ln2+/ 1—— dz+2/ Mdt—/ In(1—1¢)de
0 1+¢ 0 1+¢ 0

"n(1—1¢ Ulnt
:2—21n2+2[ Mt:2—21n2+2/ P

o 1+1 . 2—1

2 1n (2 3]
:2—21n2+2/ n(u)du:2—21n2+21n22+2/ Ly

0 1—u 0 — U

—VV )=
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21n(1— L
_2—21n2+2/ Mdu—2—2ln2+2/ Sy

0 u %1—14
1 1 7]
—2_9In2+ - 2ln22+2/ nu du+2/ DY
2 %1—1/{ 0 1—M
Unu

1 00
:2—21n2+1n22+/ du:2—21n2+1n22+/ Zu”lnudu
0

0 —Uu

1 2
:2—21n2+ln22—%.

o0
=2—-2In2+1n%?2—
Z(n+1)2

B LSRN ER T4

/ /‘ smxsmysm( +y)dxdy—n2

+) 6
D |
X2y
&7 Exercise 12.31: & // |xy|dxdy, D= {(x,y) =t < 1}.
D
%, Solution /R
x =apcost s J(p.6) = a(x,y) _ agos@ —apsin 0 _ abp
y = bpsin d(p,0) bsinf  bpcos6
pA) X2 y2 /
AT KD = | (5,0)| 55+ 55 < 1] MBI D' = D = {(p0)]p < 10 <6 <
H A
2r 1
/f |xy|dxdy :/ dG/ labp® sin @ cos 0| - |abp| dp
s 0 0
2 1 1
= (ab)? / —s1n29‘d9/ p>dp
0
1 EE 7 27
= g / / sin 20 d6 — / +/ sin 260 d6
1
= §(Clb)2
<
& Exercise 12.32:
% Solution <

—VV )=
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AR

v

o/

3

123 ==y

12.3.1 FIFERAMGRAITE=ERn

Theorem 12.3 L R="kF %

e ZHR =R

b ya(x) z2(x,y)
f// et o2l =/ dx/ dy/ et 2z
o a }’1(x) Zl(xay)

Example 12.10: HHE =84 //[ xdxdydz,
Horpr O = AMRRT BT x 2y + 2 — 1 FiR.

Solution

1—x—2y 1 1(1—x) 1—x—2y 1
[//xdxdydz:/f dxdyf de:f dx/ dyf xdz = —
Q D 0 0 0 0 48

Theorem 12.4 #5825k (e—

WOQRXY BIXH: Q= {(x,y,z)‘(x,y) € D, zi(x,y) <z < z3(x, y)}

//[fxyzdv—//dxdy/ £ y,2)d

Example 12.11: &= 1 273 ,
ample 12.11: #5& Ef?ﬁg\///gxyz dxdydz
Hfr Qi z=xy,y =x,x=1,z =0 FrH)k.
Solution Q f£ xOy W _EAYEE XA = /A X
T RhE: z =0, FRME: z =xy

xy
f// xy223dxdde:// dxdy/ xy223dz—/ dx/ dy/ xy?z3dz = —
Q D 0 364

Example 12.12: & f(x) FEMXTH] [0, 1] _E4E, HEW:
1 3
///f dxdydz—g[/f dx:|

—VV )=

<
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% Solution[14] #t F(x / f()de, W] F(0)=0. F&

[ [ [ rormreaa= [ row [ rma [ o

= [F(l)%FZ(z) — %F3(z)];
:é[olfuyur

Theorem 12.5 8% (=fF—)

B Q= {(x.y.2)c <z<d. (x.y) € D;}

///f(x,y,z)dvzfcd dz//f(x,y,z)dxdy n
Q D

St E—A"E=mRy ERB) FHE—AERD

22

2
o Bxample 12,15 HE=EAS [// 2 dedy dz, ot BRI 2+ 5 = 1
] R 14 2 i) A X 3o
2 Solution
—c<z<c¢
Q: x2 y2 2
DZ . —2 + ﬁ NS 1 — —2
X
/// Zdedydz:/ ZQdZ// dx dy
Q —cC D
¢ 4
:/ wab 1—Z— z2dz = —mabc?
—c c? 15
3?2
@Note ﬁlﬁ]—vLﬁ—l%@ﬁ“ = mab
|
@ Example 12.14:
2 Solution
D |

—VYV )
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12.3.2 FIEHEESFFRITE=EFH

4
FE AT = M A+ A N
X = pcost 0<p<+o0 ~ :Itlz
y = psinf 0<0<2n 0 ;i;;
= —00 <z < 400 Jbi J Y

//f X, ¥,z dv—/ f(pcosb, psm@ Z)pdpd@dz

@ Example CHE =R, /// (x?2+y2)dV, Q: V/x24+y2 <2 <2
Q

% Solution
///(x2+y2)dV://pQ-,od,ondz
“ Q
2m 2 2 16
—/ d@/ d,of pddz = —n
0 0 o 5
=0

@ Example © (1991 % 1) ﬁ‘z////g(x%y%z)dv, Hep Q B )yc s

2 =9z
z Bt — R B dh T T 2 = 4 B SR
%, Solution G HFE: x% + y? = 2z, Q 7EAbkR BB X x2 + 12 <8

[[ffo st o= oo [ [ s o = B

<

<
@ Example LR /// Vx2+4+ y2dxdydz
Q
Horp Q 2l z = V2 +y? 5z =1 B S X
% Solution
1
[// \/x2+y2dxdydz:f dz// VxZ+y2dxdy
Q 0 x24y2<z?
1 z T
:/ dz/ r-2mrdr = —
0 0 6
<

12.3.3 FIFABkEALFRHE=EF S | o
LU PN 0
ino AT

X = rsing cos 6 0<r<+o00 ST e
rt
I//VI
. . ¢'/I 1
y =rsingsinf 0<p<m ZZ”’.' rAp
O
Z =7rcosq 0<6 <2 ORNEN y
Ad/\

—<ﬁﬁfaj>x
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/]]f(x,y,z)dv://]f(rsingocos@,rsingosin@,rcos<p)rQSingodrd<pd9
) Q

Theorem 12.6 TkE 2 HR FRYAFRITE:

dV = p*sing dpde df

Theorem 12.7 & B BYEKHE AL AR T 12 \
A AR R R AL AR 7 R
R x4+ y?+22=R? r=R
BRI x?+y*+z2=2az r=2acosg n
ERHE 2= /2t =z

4
Bl  z=cosfyvxi+y?  @=§

@ Example 12.18: {4 =H4 //[ (x?+y2 4z dx dy dz, H Q RFHEHE z = /x2 + y2
53k x? 4+ y> +z2 = R? ﬁﬁlfl_\%}lli-
% Solution FEEREALFRER T

~

e
o o o
NN N
SRS
NN N
S R

5]

2w z R 1
///(x2+y2+22)dxdyd2:/ d0/4singodgo/ r4dr:5R5(2—\/§)
Q 0 0 0

<
3
™ Example 12.19: & /// e qxdydz, QX242+ 22 < 1
Q
% Solution 2:0< 0 <27, 0<p<r,0<p<1
2 v2s, 28 2w /4 1 4
/// XY Az dxdydz:/ d9[ d(p/ e ,o ’sinpdp = —m(e —1)
Q 0 0 0 3
|

@ Example 12.20: XEEL f(u) BAESSE H £(0) =0, f/(0) = 2, KAKFR

— VX2t 222
tl_r)r(l)nt4///f VX2 + y2 + 22)dx dy dz,

—VYV )
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Hb QR x?+y? +22<
% Solution 7EERAAAR R, TR ﬁl:ﬁTl/J\FFJT SHid LR Hid s -

N

D={0,0,r)0<0<2r,0<p<7,0<r <t}

FiA=E A

JI[ v masava: = [0 [snods [

:4n/tr2f(r)dr
0

HT f(u) BAESIH, &
hm—///f VX2 y2 422 —|—Z)dxdydz_4th_r)1(1)#

T t2f(t t
wo SO f0)

t—0 4¢3 50 t

= lim £/(1) =

@ Example
2, Solution

124 n EFH

® Example 12.02: % f:[0,1] — R 3¢, K
i [ /

% Solution f#iE 1. ¥ | f| HHKAAN M. ST e > 0, F74E 5 > 0, HifFY [x —1/2) < §
i, A

dx1 d)CQ d

- £ )

dX1 dX2 o dx,,

(x1+x2: +Xn)_f<%)
(x1+x2+'~+Xn)_f(%)

[1+xz+ +Xn 1|>5 f n

f(xl—i—xQ—l—---—l—x,,)_f(%)

n

dxydxy---dx,

dxq dxg---dx,

X1+x2+ +Xn 1|<5

—VV )=
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<2M dx;dxy---dx, + ¢

| x1+X2’;L~~+Xn —%|28

2M
- 82 |Kitxgbeton 1o

2M X1+ xo4+--+x, 1
8 [0,1]"
B M
 6ns2?

Xitxateta 1
n

dx;dxy---dx, + ¢

2
dx;dxg---dx, + ¢

n

+ &.

lim dx;dxy---dx, <s.

A e — 0 Bn].

% 2 RHREA B Ko R Boe B
Xit+ Xot ot Xy as

n

f(X1+X2+"'+Xn)_f(%)

" E(X,-):%(n—>+oo).
XA f(x) BEAR, hEmesce #mT A

X X et X, X X e+ X,
hmE(f(1+ 9 et )):E(Mnf(l+ SRR ))
n—o00 n n—oo n

oo ) )

<
@ Example - P lim / / Mo+t dx; dxg---dx,
n—o00 X1+ - —|—xn
[0,1)7
T2
% Solution 4 [0,1]" =V,. HF lim 2 = =2
y—>3x 3 3
x—>? 8
2
X Ve > 0. 1748 6§ ffifg Vx,y: ‘x——‘<8‘y——‘<8 ﬁ‘——— 5
Xy 4+ x 1 244 x2
é’\An:§<xla""xn) 4——‘25},&,:{(%---,%) T T e
n 2 n
W
1\ 2
//(u__) dxldXQ...dxn
n 2
[0,1]"

[\]

1\?2
2//(u__) dxldx2...dxn
n
An

> /.../52 dxy dxy - -dx, = 8*m(A,) (m(A4,) R A, HEFR)

et x,  1)?
[/(u__) dxy dxs - - - dx,,
n 2

—0V/))——
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. X, 1
/ /(x1+ +X)dx1 dx, / /udxl...dmz
n

[0,1]" [0,1]"
1 N 11 1
S Yok B V=l
n2(3+ "X4) 271 1
An<—?
Hem(dn) < 553

[ ] (B —é) i+ dxy > 8m(By) (m(Ba)H By 65

[F) B

[0,1]7
1 1 2 1
i _ 2C2 _ _ _252 Bn
n2(5+ "Xg) g T 5= miBa)
4
— > 8°m(B
B (B) < ——, WA
m(B, ,
45n62
2
oo 2
/---/—x1+ X dx;dxg---dx, — =
X1+ Xp 3
(0,17
2 DY 2
g// MY, 2 dxy dxg -« - dxy,
Xy 4o+ Xp
[0,1]7
X2t x2
F(x)=tre—3
X 14+ 3 [/ |F(x)|dx1dxn+/f|F(x)|dx1dxn
[0,1]"|(AnUBn) A,UB,

2 2
<%—i—/---[(1+§)dx1dx2---dxn+/---/(1+§)dx1dx2---dx,,
By

n

(m(An) + B(Bn))

1 N 4 _£+5 1 N 4 \1
12n82  45n82) 2 3\1282 4582 ) n

" limg( L )%:0. HtE N eN*. S VneN* Hon>N 4

£ 5( 1 N 4 \1 -
—t =+t —=])-<c¢
2 3\128%2 4582 ) n

W ot w| ot

M
2
lim / / xl et Xn dx;dxg---dx, = =
n—o00 X1+ 4 xy 3
[0,1]"
@ Example
2 Solution

—VV )=
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12.5 EFRSTHINFE

12.5.1 HHE/EFH

# e T FERARK F(x,y.2) =0, H F; # 0,0

0z F, 0z /Ty

~ — T 5 = T = ) € D
ox F, ox F, (x.) e

S i o ey AR

¢@+@+@
= // dxdy
Dyy

| £z |

@ Example CRBEME 2 = /x2 + y2 R X+ y? < x WIR—E4 T AR
% Solution AR 2R z = /x2 + y2

az X az y

h s b
= Vx2+ y2 £ xOy FHMBSE X Dy 0 x? + y? < x, FibA

2
:// ‘/1+Z;C2+Z;,2dxdy:/ \/§dxdy:§n
Dyy

14z2+22 =42

Dy
) |
® Example ﬁﬁ%ﬁx+y—M-dz@Afﬁﬁ—wﬁézub<wwm%
A3 BT
& Solution
X2yt l=a?=z=4/a2—x2—y?
x2 y2

z #£ xOy FH HGE X Dy, -+t <1
a b

52217 dSz?[y J1+z2 4+ z2dxdy
Dyy Dxy

dxdy

a
=,
Dyy 2_x2_y2

g 2—x? a
AR / dx / dy

Q
a

2—x2
y
= 8a arcsin —— dx
0 a? —x2%]

—0V/))——
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= 8a? arcsin —
a

12.5.2 SK{KFR

™ Example 12.27: FEHBABEAEE x° + y* =d® 5 x* +2° = o® FrEM SRR
BV
% Solution HIXTFRMEASS

V=28 / va?—x2dxdy

x2+y2<a?
x20,y20

a va?2—x2
JE— ! 8/ dx va?—x2dy
---- f 0 0

:8/ (a* — x?)dx
0
“ 16,

12.5.3 JRib

Theorem 12.9 i3

i (X,Y) //;xdazf//‘Ddo //Dde:?//Ddo

@ Example 12.28: % //(x +y)dxdy, it D x? +y? <x+y+1
D

}

% Solution X3 D

)2

DN [
N
[\ VY]

D= {{x,y}‘(x—%)2+(y—

)
I
|
)

—
_—
~<
(o
Q
Il
< I
—
_—
(o}
=
(o}
<
Il
N = N
X
N W N w
S|
Il
= w
S|

DAt
3

3 3
dd —_ — —_ _ —
//l)(x+y)xy 4n+4n 57

—VV )=
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<

Theorem 12.10 &>

TP, W p(x, y) EE, D R R PTG RF i X,
WL X, Y AN

ASEIN ETEE
e " fren

400 00 x2n—1 o x2n
™ Example 12.29: Vrﬁi%‘/o (;(—1)”‘1m) (Z ((2’1)”)2) dx

1= Proof: . =
i( 1)n_1 S :xi(—%)”_l :xe_%
— (2n —2)!! —~ (n—1)!
B +oo [ X el x2n—1 o x2n
' ‘/0 (Z( ) <2n—2>”) (Z (<2n>")2)dx
_ +Ooxe—% S Y = - 1 e P e
_/o (2:(:) (<2n>!!)2)d _,12::')((%)!!)2/0 ’
=5 5 L o T ot -
,;)((Zn)!!)Q 2 /0 t"e —};)((2’1)”)2 (n+1)
. o (3)"
=2 G~ 2y Y
O
&7 Exercise 12.33: i E 4y
[ snttonen
o R e (x)

2 Solution ¥IE4 x =€’ M|: dx = ' dr IR4

xb —x@

I —/0 sin(log(x)) oa(x)

0 bt at 0 bx ax
e’ —e e’ —e
= —/ sin(t)e’ dr = —/ sin(x)e* dx

o t oo x

—VV )=
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XA

Fit A

b

1 xb — xa 0 b
I = / sin(log(x)) dx = —/ / sin(x)e*e™ dr dx
0 10g<x) —oo Ja

b 0
= —/ dt/ sin(x)e " Vx dx
a —00
b

1 0

_ (t+1)x .

= — — ¢ t+1)sinx —cosx dr
/a {t2+2t+2 ( )sin )]—w

b 1
:/ L
o 124242

b 1 b 1
:/ —dt:/ ———d(t+1)
o (t+1)241 « t+1)24+1

= |arctan(t + 1)]2 = arctan(b + 1) — arctan(a + 1)

<
% Solution LA x =€’ M|: dx = e’ dr B4
1 b _ ,a 0 bt _ ,at 0 bx _ ,ax
I :/ sin(log(x))x Y dx = —/ sin(t)e’u dr = —/ sin(x)exi dx
i L
1 1
— ; (b+1)t 34 —
g t dt = ——
ob /_oo sinf)e b2 +2b+2
Fit A
I(a,b)=1(0,b)—1(0,a) = arctan(b + 1) —arctan(a + 1)
<

&7 Exercise 12.34: &4

% Solution

xeax
I<O):/+°° sinoxdx_/+°° sinx 7
0 xedr 0 X 2
. 0 5in x asinx +cosx |7 1
N (02 + 1)e** o +1
! /e
I(l)—I(O):—/ da = —arctanl = ——
0 (X2+1 4
0 sin x /e T mwm w
dx=I11)=—1——+4+10)=——+ —=—
/0 vor XA == H IO ==+ 5 =7

—VV )=
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<
%, Solution & %]
o o
(_1>n 2n+1 (_1)n 2n+1
SIHXIZ(2n+1) , arctanx:ZQn+1x
n=0 n=0
['¢
I = /+oo SIX G i (=1)" /+oox2”e *dx
0 xex* s (271 + ].)' 0
o o0
DI LERSIE >
n=0 ) —2n+1
b1
=arctanl = —
4
|
@ Example C RE 4
/1 sinIn x
x —
0 lnx
%, Solution
/1 sinIn x In x——t /+°° smte_t I
0 ].I].x 0 t
—/ sintdt/ e dy —/ sin x dx/ e ™ dy
0 1 0 1
—+00 —+00
:/ dy/ e Y sinx dx
1 0
/m d A
= = arctan = —
Y+l Y g 1 4
<
arctan x
@ Example : jﬁ%ﬂm\é}/
. ’ ) x+/1— x2
arctan ax
% Solution 4 F(a) = | ———=dx, W F(0) =0
AR v 0
1 1 X dx
= 52 dx — dx
0 x+/1—x2\1+ox 0 v1—x2(1+ a2x?)
X=sin 0 /721 dé . [75 do
o l+a2sin®?8  Jy (1+0a2)sin?6 + cos?f
B /’2’ d(tan 6) B v/
Jo (T+ae)tan?0+1 21 ta?
T
1 1 5
F1:F1—FO:fF/ada:[ 1+
W=FO)-FO)= [ Fleyda= [ T —da=Tm1+v2

—VV )=
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st 1
arctan x
—————dx=F(1 In(1+ /2
o (1) ( )
@ Example L REFRS
2
/ % cos(sin 0) dd
0

% Solution # JEIRFI AT e = cosh +isin6, ¥

2 2 .
/ e cos(sin6) df = Re (/ e’ d@)
0 0

2 .
4 F)= [ a0
0

0 1 i027
i Ae Ae —
—d zk[ ile 7 [e ]0 0

F(A)—F(0) = /0 d};/(&) dA=0= /% 58 cos(sinf) df = F(1) = 27

@ Example C OREM S
/ e cos(sin6) df = 7
0

% Solution & JBIRFI AT e = cosh +isinb, #

0 k6 00 oo .
it e cos(kf) < sin(k0)
=) Tl Tl T
k=0 k=0 k=0
[
/ e“? cos(sin ) d = Re (/ d@) / Z cos(k
0 (R—
(kO)
- / do + / ZCOS ) a
O k=1
= i L1l —sm(k@) " [
- 2.7 =
@ Example : IREM

dx

/727 arctan(2 tan x)
0

tan x

—VV )=
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% arctan (o tan x)

% Solution 4 F (o) = dx, a >0, i

S~

tan x

/ 1 +0o 1
(@) A 1+ a2tan’x A (14 12)(1 4 o?t?)

052 +00 1 1 +00 1
dr — —dt
a?—1J, 1+ a?t? a?—1J, 1+ 12

o2 1 t 17 1 +o0 T
= — arctan — — [ arctan t} = —
1|« o, a?—1 0 20+ 1)

[V

ES]:A

[75 arctan(2 tan x) T
0 tan x 2

k7 Exercise 12.35: &4
too /xInx

2dx
0 14+x

% Solution (P4 1) {FEE 2|

—+00 x—(l
/ dx =B(l —a,a) = 7 csc(am)
0 14+x

RPN a SRS

—+00 —al X
f Y qx = 2 csc(am) cot(am)
0 14+x

é.\a:i. e x — x? (IF

oo /xInx V2n?

0 1—|—x2 2

@ Example : SREM ﬁ‘/ In( 1+x

% Solution(by 4-HRF)/NE )
1 2 1
,:/ de:/ In(1 + x%) dIn(1 + x)
0 0

1+ x
1
In(1
:ln22—2/ XIn(l+x) 29 o
o 1+x2

—0V/))——
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UxIn(l+ ax
/%'\J(Of):/o #d% nj

, ! x? aolnd—n In(l+a) oln(l+a)
J' (o) = X = + —
o (14 ax)(1+ x?) 41+ «?) o 1+ a?

X J(0) =0, TR
J=J(1)—J(0) = fl J'(@) dot

/1 olnd—n In(l+a) oln(l+ea)
= + — do
o \4(1+a?) o 1+ a2

1 (*falnd—7 In(l+a) 1
== d 121n%2
2/0 (4(1+a2)+ o ) @ = gglr +12In72)

i 2
1 3

[=?2— —(x? +121n%2) = 2?2 -

18 1 18

-k Exercise 12.36: &5
4
/ In(2 + cosx)dx
0

% Solution 4 I («) = f In( + cosx)dx,a > 1, G341 I (o, x) A[F
0

I/(oe) :/0 o +cosx /(;

a+cosx /0 o —sinx

[SIE]

T dx
oz+cosx z o+ cos x

W[y
SIE]

+

B ] B / Qad(cotx)
B 0(2—sm2x —Jo (acotx)?+a2—1
2 . acotx |%
= ——— arctan ——
Va?—1 Va2 —110
v/
Va2 o1
Pt A
I(a)=mln(a+~ve?—-1)+C=I(1)=aln(l+0)+C =C
K ]
- z
1(1):/ ln(1+cosx)dx:nln2+4/2lncostdt:—nln2
0 0
Fit A
o+ ~va?—1
I(a):nln#

—0V/))——
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4o =2, W
™ 342
/ In(2 + cosx)dx = 7 In V3 +
0 2
<
& Exercise 12.37: HE 4y
! 1—x 2 92 23
1 = <x+x +x° +x —I—---)dx
o Inx
% Solution F J&& S8 a MBS TR E I B 2L
1 x4 —1
I(a) = d
(a) /0 In x *
513 1(0) =0 Lk
1
Al (a) :/ 4y — 1 (12.1)
0

1—x ok 2k +1 1 2k 11
dx =1 “|ls——|=-In3
=[Gl (n) :

, +oo —cosbh
&7 Exercise 12.38: T8R4y [ cosax — o8 xdx, Hdra,b>0
0 X
2, Solution J5¥E 1:

dx = lim dx
X e—>0t  Jg X

/*Oo cosax — cos bx ) § cosax — cosbx
0 §——+o0

§ §
) cosax cosbx
= lim / dx — / d
e—>0t p X e X

§—>+00

43 BIEAS B ax = u, bx = u, 43

ad bs be bs
_ COs X cOs X . COs X
= lim / dx — / dx [ = lim / dx — /
e—0t ae X be X e—0t ae X as
§—>+o0

§—+o00
. be cosx ) b8 cos x
= lim dx — lim dx
e—>0t J,e X 8—0% Jaus X

—VV )=

COS X
dx
X
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T cos x

dx ek (v H Dirichlet F)5175453])

bs bs ad
) COS X ) COS X CcOS X
lim dx = lim dx — dx| =0
§—0+ ad X §—0+ 1 X 1 X

X i AR AR R

be be be be
—1 1 b —1
im [ Y4y = lim [/ %dwr/ —dx:| —ln24lim [ T T4
a a

m%[
Bl

e—=>0F J4e X e—>0+ e X e X a -0t J,e X

HH:P/COS)C dx Wedk, FIBEA hm bgcosy;—ldx:()
A N -

/0 cosax;cosbx dx zlnf—l
M AL I —BE s [ L) O g g ot B,
Sob f () MEWRES A “
Solution F7 % 2 38 F(r) = / e x<cosai —ooshY) (o s i F(x) 1 [0, +00]
sk '
1]

! t
b2 412 a4 12

/ - oo —tx _
F'(t) =— e " (cosax — coshx)dx =
0

1 b? + 12
F(t)=-1
= F() 2n(a2+t2
BER F(+00)=0

) 1O, 3 C B

DA b
1 t
0=—- lim ln(%)—i-c = C=0
t——+00 a2+ t2
PR 1 b? + 2
F(t>:§ln Cl2+t2
+00
O = <
& Exercise 12.39: }‘f‘%ﬂﬁj\
/1 arctan /2 + x2 q
X
0 (14 x2)4/2+ x2

2 Solution

[/ dxdy
o Jo (14 x2)( +)’)

1
+ dxd
[:L (1+ﬂ )2+ 2+ y?) (1+WX2+ﬂ+y%) Y

—VV )=
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1 pl
1
dydx
/0 [0 A+ +x2 40
1
/ ! fan ———d
arctan ———dx

0o (14 x2)v/2+ x? V2 + x?

/1 T arctan /2 + x2 d
X

0

2

21+ x2)v/2+ 22 (L +x2)v/2 1 x2

b1 I arctan /2 + x2
:F_Z dx

0o (14 x2)v/2+ x?

/1 arctan /2 + x?2 5
= d
0

X =—7
(14 x2)/2 + x2 96
. |
™ Example 12.36: RAR%FR
i [ PRALLIEPS il B
i - \
n—00 0o 1—1¢2
1 xn
%, Solution g I (n) = / dx,
(n) i
nt1
I(n)—ﬁr( 2 ) \/En_%
2T (5 +1) 2
At A
L x"Inx 1 [m _s
]/n :/ dx ~——,/—n"2
( ) 0 /1_x2 2 2
5lie
' 3/1 t"Int 1\/?
lim n?2 Y
n—o0 0 1_1‘2 2
|

\\

SELET XRATH—HU 6]

Definition 12.1 F£35FR 43 B —EU 8K

+00

fx,y)dx| <e

A

+00
ﬁlllﬁ/z\é‘g;%ééi%‘“ﬁ%y\/ Fry)dx £F y & [e.d] £—Holdk,
A

R Ve>0, &3I4 =A)e)(REe A%k, mExel AX!)>a, 3 A> Ay H,

—VV )=
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Definition 12.2 IR 43 BY—BUSEYL

b
R a A& Vy € I, / f(x,y)dx dcsk. K Ve > 0, 35 =

S\ B ek %, mExel BA)>0, % 8e(0,8) &

$ b b
£x.y)dx| = f<x,y>dx—[ Fxy)dx
+§ a

<e, Vy€la,p]

b
HARG / Flx,y)dx £F y £ [0, f] L—Holcsk.

Theorem 12.11 BT E X B Cauchy UWTSSE N

+00

%%,\6}[ Fx)dr 78 [0, 8] | — B Wl 8 « Ve > 0,34, =
Aole) (X5 e A3, T x € o, B) TER!) > @, 2 A', A" > Ao W, A1

w
= V f(x,y)dx
A/

<é&

7 A
£ y)de — / £ y) dx

Theorem 12.12 ST & 35T 478 Weierstrass F| Bl 5%

B/ (r0) 2 ¥ 8 [0, Foo) LS MURAFAE [a. +o0) LRESEY F, ol
/ F(x) dx e, T ELRE—B1760 KB x T [0, B) L) v, 2565

|f(x, y)I < Fx),

TR 5B [ x) dx 7 [o, ] _E—HksL.

—VYV )
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Theorem 12.13 2T =35 5789 Dirichlet 1| 715%

WEREE S (x,y), g(x, ) R

1. g(x,y) R x WKL, HY x > oo I RF u € [, ] —FHET 0, B
Ve > 0,340 = Ao(e) > a, Y x > Ao i, |g(x, y)| < &

A
) VASa, / £, y) do 3 u € o, f] —SCH T B IM > 0(M K%, fifs

(x,y)dx| <M, Vy €| p],

+00

| fx.y)g(x.y)dx #£ y € o, B] E—Fesh.

a

Theorem 12.14 ST 2 35T 7 H Abel FI 3%
IR R S (x, ), g(x, ) WHrE:
1og(x,y) X x B, HXTF y € [, B] —BHA B VM > 05, 15

lg(x, )< M, (x,y)€la,+o0) x [a, B];

+00

2. TR f(x.y)dx XF y € [, B] —ZHE

+00

| fx.y)glx,y)dx fE y € [a, B] E—Flksh

a

12.6.1 I F) 52 & (Dirichlet) $1 4>

& Exercise 12.40: Evaluate
/ oo smx
0

“+00
/ smx / sin x (/ "ydy) dx
0
= / ([ e s1nxdx) dy
0 0
/+°° [ ysinx + COSX]+OO
0 e (y2+1) g

—VV )=

2 Solution
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+00 1
—d
/0 y2+1 Y

+00 T
= [arctan x] = —
0 2

@ Note:

1 1 +oo
— = —/ P e dr (x > 0)
x? D(p) Jo

% Solution Here’s another way of finishing off Derek’s argument. He proves

/”/2 sin(2n + 1)x d T
———dx = —.
0 sin x 2
e /2 sin(2n + 1)x @n+D)7/2 gin x
I, = / ——dx = / dx.
0 X 0 X
Let i
b
D, = g — I, = / f(x)sin(2n + 1)x dx
0
where ) )
f(x) = sinx  x

We need the fact that if we define f(0) = 0 then f has a continuous derivative on the
interval [0, 7 /2]. Integration by parts yields

/2
1+1 /(; Sf'(x)cos(2n +1)x dx = O(1/n).

n

2n

Hence I, — 7 /2 and we conclude that

o
/ Y = lim 1, = =
; 2

X n—00

% Solution

Theorem 12.15 Riemann \

If £(x)is Riemann integrable in the interval a < x < b, then:

b
lim / f(x)sinkx dx =0.

k—+4o00

Next, notice that:

T sin (n + 1) x b4
/ (_—f)dx:—,nzo,m,... (12.2)
0 2sin 5 2

—VV )=
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and let:
0 , x=0
d(x) =141 1 QSin%—x
B — = - ,0<x=m.
X 281n’2—‘ 2xsm§

Then ¢(x) is continuous and satisfies Riemann theorem, so choosing k = n + 5 we

) 1 1 _ 1
lim ———— |sin{n+-)x dx=0.
n—>+oo Jo \X = 2sing 2

write:

But taking (12.2) into account we have:

Tsin(n + 1) x T
n—>+oo [o X 2
. o 1 . 2 sin x
Using substitutionu = | n + 2 x and knowing that dx converges we finally
0 X
have: (ns1)
0 sin x "T2)7 sinu b
[ dx = lim ==
0 X n—+oo [y u 2

<

v
% Solution We can decompose interval [0, +00) into intervals of length 7 Then we’ll

+00 gin x +00  L(n+l)m/2 sin x
1 :/ ! dx = Z/ ! dx
0 X nmw/2 X

have:

n=0

Now consider the case when n is even i.e. n = 2k and substitute x = kx +¢:

(2k+1)7/2 i) /2 g
/ 2Ty = (—1)"/ Lo
2k /2 X 0 km +t

and for odd n we have n = 2k — 1 and we use substitution x = kmx — ¢:

k . .
/-2 T/2 ginx A — (_1)k—1 /n/2 sin t dr
( 0

%k-1)m/2 X km—t

Hence we obtain:
z 1 X 1 1
[ = intg-[—+ Y (=1) + de
/0 S |:l ;( ) (t+kn t—kn):|

into partial fractions, hence the result

But in square bracket we have expansion of

sin x
follows:

T

1:/ ==
; 2

00 gind x
3 dx
oo X

—VV )=

-k Exercise 12.41: 745
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% Solution {EE 3|

3 1
sin® x = —sinx — — sin 3x
4 4
Fir A
T ¢ind x +oo 3¢ x — Lsin 3x
/ 1n3 dx:[ 4 34 dx
:§/+°°sinxdx_1/'+°°sin3xdx
4 ) o x3 4 ) o x3

3 [T -1 1 [T —1
= —/ sinxd | — | — —/ sin3xd | —
i) . ox2) 4 ) 2x2

—3sinx]™ 3 [T*® cosx sin3x7"° 3 [T cos3x
= += dx + —= dx
8x?2 | o 8Jo X? 8x? | o 8Joe X2
3 [T —1 3 [T —1
= —/ cosxd | — | — —/ cos3xd | —
8 J o X 8 J oo X
_ —3cosx +°°_§ /+°° sin x dx 4 —3cos 3x +°°+9/+°° sin3xd(3x)
8x2 8 Jooo X 8x2 8 Jooo 3x
37 9w 3

8+8_4

—00 —00

&7 Exercise 12.42: {1543

/+°° (sinx)n dx
0 X
% Solution F|HA ML, TATH

+00 inx n +00 i1 X 1 +00 1
/ = dx = / Y g =— / sin” xd ( )
0 X 0 X" n—11J, xn=t

sin" x |71 oo
— —|  + / —d (sin" x)
(n—1x"1], n—-1Jy x

1 —+00 N / 1 —+00 1
=— / i) oL / (sin” x)'d (
0 n—2)J

n—1 xn—1 (n _ 1)( T
(sin” x)’ oo 1 o1 Cn v
(n—1)(n —2)x"2|, +m/0 Fd(sm X)

-~ 1 +00 (Sinn x)u
- (n=1)(n—-2) /(; X2 dx

1 e son o\ 1
SR T A

(sin” x)”
(n—1)(n —2)(n —3)x"3|,

B 1 + (sin” x)"” .
‘(n—l)(n—Q)(n—S)fo d

—0V/))——
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(n—1 X

Sp)

<_1)% & k ~k m - N ¥

TZ(—U Ck(2k —n)"sin(2k —n)x  m + n KA

(sin” x)™ = o 0
—1)5"
( ;n Z(—l)kC,f@k —n)"cos(2k —n)x  m+n B
k=0
Ym=n—1Wm+n=mn-1)+n=2n—-1 /%% A
son n—1 (_1)” S kok n—1 _:
(sin” x)"D = > Y (—DFCr(2k —n)" " sin(2k — n)x
k=0
XHWHRA
O sin(2k —n)x . [T sin(2k —n)x B T

Fit A

/-i-oo sin x \” e 1 /+oo (Sinn x)(n—l) &
0 X (n — ].)' 0 X

IRV +oo _
1 |Z(—1)kC,f(2k—n)"_1/ sin(2k —n)x &

(
2"(1’1—1).k:0 0 X
(-1)" < k - T
= — —1D*C*(2k —n)" 2k —n)—
i 17 2o Gk =) g2k =)
)
== ( 1)"C,f(n—2k)”_1
2"(n —1)! P
|
12.6.2 FE;RE (Fresnel) 14
& Exercise 12.43: Evaluate
+00
/ cos x2 dx
0

2y Solution

oo ) u=x2 T cosu
COS X dx _ du
0 dx:%u_%du 0 2ﬁ

= /0+°° 2xl/ﬁd(s.inu)

—VV )=
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_ sinu ~ sinu 1 [T sinu
= lim — lim + - u

u—too 2./u  u—0+2/u  4Jy  us

1 [t/ 2 +“{¢_
= - — ve *’dv | sin udu
(= )

1 —+o0 f —+00
= —— v e “sinudu | dv
e
1 Foo cosu + vsinu ]
[ — - d
vl “@[ ),

+o0
dv
fo 1+v2

S
4VF'/’ 1+4

1 /31 1 F(%)F(i)
N ( ) 47 F(%
ARAR 1w _
4w sinZ 4

@ Note: Equation

Beta function

+00 tx—l
B(x,y) = —dr (Rex >0,Rey >0
e = [ et (Rex>0Rey >0

Relationship between gamma function and beta function

Lx)I(y)

R YrE)

(Rex > 0,Rey > 0)

Euler’s reflection formula

()(l—z)=—— (0<z<1)

Smmmz

12.6.3 R EHRHT (Laplace) FR 49>
T coshx
/0 a? + x2 dx

oo bx oo oo 2., .2
/ %dx = / cos bx ([ e~ Fa%)y dy) dx
0 X< +a 0 0

—VV )=

@ Example A

% Solution
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+00 ) +0o0 )
:/ e ydy/ e 7 cosbx dx
0 0

too +00 ,
= Re/ e ¢ ydy/ e~ (YX7=ibx) gy
0 0

a
_ _e—ab
2
|
@ Note: oo
/ —(ax*+bx) dx = 1\/?622
0 2V a
@ Example L RS
/*"O COS X
—  dx
o (1+x2)?
% Solution F) FBKHiARAE
400 —+00 ix
/ coSs X dx — Re / e
o (1+x2)2 o (14 x2)2
eiz
ér\ f(Z) = m, X'T:Jﬁfilzﬁlj\], i jb 2 m&ﬁa
N L 11 - el? ’_1. iz /
eslf (2).1] = ST (2= (1+2z2)2) pa (z+1)?
ie(z+3i) i
=llm-——- 7= —
z—>i (Z —+ 1)3 2e
m —+00 eix T
/O mdx:in-Res[f(z),l]:;
FRERS R,
/ COSX;de:ReU ‘ 22@1x]—z
0 (1+x2) 0 (1+x?) ¢
|

—VV )=
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13.1 XK RYERZAR 77

Definition 13.1

Jeias = tm 3 s @m) s

b [ (x,y) I ERARG R, [ o AR IR, ds o] BB (O
&ﬁf@y)ﬁmﬁﬁLiﬁm%%E&ﬁ%ﬁ%%f@yﬂs
L

Definition 13.2

B f(x,y.z) EEAEEIR D EMIRK G ZARDH

fo s = 7 62

Theorem 13.1 JL{AJENX

= 4% o Ty xOy SF T Y M L B F AT T 2 R T,
[ ooy ds ARBE EDA L KR £ (v, ) 305 4 L 5, €
%82 £ (x, v) > 0 BIATBUAE, RERL £(x. v) < 0 HHEA TR 5.

Properties: / ds =s =L i K.
L
Properties: éf(x,y) ds FonB s L Efia
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1311 ST HORIA AR S BOH B
W £ (v, ) RIS L AT SLELIESE, [ 2507 R {’“ AL P

y=v(),

B) 3ttt p(2), y = (1) 1 [0, B)_EEA—BIESESH H 0™ (1) + w(r) £ 0, Wil
WBUMEE B
B
[ renas= [ e vnlero v a @<p)

Corollary 13.1

LHSYOIRAN: L. x=xt),y=y(1), a<t<b.N|

[fxym—[f y(0)] 1 (0)]

)2 de

Corollary 13.2

LEBRES: Lix=x,y=y(x), a<x<b.

b
Lf(X, J’)ds :[ f[x,y(x)] 1+ [y/(x)]g ks

Corollary 13.3

LBEEA: L:ox=x(y),y=y, c<y<d.N

frione [ s

' (y )de

—VV )=
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Corollary 13.4

L i Asbigithi: Lor=r(0), a <0 <B. M

B
/Lf(x, y)ds = / flr(0)cos,r(0)sin 0]\/[1’(9)]2 + [r'(0)]>d6

Corollary 13.5

g L 2RO RSN : Lox=x(t), y=y(), z=2(), a <O <B. N

B
/L £ (e y.2)ds = / £,y (1) 20 () + [/ (O + /()] ds

@ Example :ﬁ*%ﬁfxyzds, L:x*+y°=1,x>0,y>0
L

% Solution(Fy% 1) L BB HFE: x =cosf, y =sinh, 0< 0 < g N5

ds = \/[(cos 0)]% + [(sin0)']>2d0 = db

m T
3 1
/xyst:/ cosf - (sin@)?df = =
L 0 3

(7% 2) L AR Lir=1,0<6 < 2 9L
ds = /12 4+ [(1)]2d6 = d6

4

[SE]

1

/xy2ds:f cosf - (sin0)*df = ~
L 0 3

(5% 3) L WEMAARIR: Ly =v1-x% 0<x <1l

2

ds:mdx:\/l—l—[(l—\/%)/] dx:ﬁdx

! 2 1 1
X 2ds:/ x(vV1—x2) - dx ==
/L Y 0 ( ) V11— x2 3

(5% 4) L MEABARTRE: L:x=y1-y%0<y <1350

ds = /14 [x'(y)]2dy = \/1+[(1—J1y_7)/i|2dy: ! dy

1— y?

4

—VV )=
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4

! 1 1
nyzds:/ \/1—y2y2-—2dy:—
0 —

v1i—y 3
| - i e o £ af(X) B
® Example 13.2: B L : x| = 1|yl = 1, f(x) }EAEEEL, zzgﬁL e

2 Solution FAF X T v = x XHR, #

af(x)+bf(y) af(y)+bf(x)

I = ds = d
ANIE IO AT I I
[
o1 :9§(a+b)ds:8(a+b)
L
Kt
af(x)+bf(y)
ANO NI R
<
‘ X4y’ 422 = R?
@ Example R ¢X2 ds, Hrpr I 2 {
r X+y+z=0
% Solution gk ' ¥4 R HyREE, HTFRRTER x, y, x HARBXSFREE
2 1 2 10 _ 2., L 2, 2 2
9§x ds-ﬁy ds-?éz ds 39§<x +y +z%)ds
2 2
:égngds:R? ds:R?-ZnRzgnR3
T T
<
™ Example 13.4: RHERLREAE x2 + y2 = R?, x* + 22 = R? P AR i R
. Solution HR x* + y* = R® FEs—EMRAG IR, FEIDA 16, AL T 7 4%
V4
L:r=R (ogegg)
M BT 2 = f(x.y) = VR2 = X2, M4 ds = Rd6
z=f(x,y) =vVR?>—x2= \/R2 —(Rcosf)? = Rsinf
_ _ LA , _ 1ap?
A—16/Lf(x,y)dS—16/0 Rsinf-Rd6 = 16R
<
@ Example
% Solution
<

—0V/))——
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13.2 XTARFRRYBRZRFA 5

Definition 13.3 £k »

R P(x,y) BA LN L TR x 698 K AR5
[ Pexyyar= fim 3 P& )
FE Q(x,y) BAGEIKN L T84T y 69 H KRS
[ 0ty = 1m Y- (6 m)an
i=1

it
/LP(x,y)der/LQ(x,y)dyZ/LP(x,y)derQ(x,y)dy

13.2.1 XAFRAIHZIR T RIITT R

W P(x,y), O(x,y) FEMMEIN L EA & X Hi%ES L S BITBRAN {)yc i Z((tf))’

LW M o A8 BN, A M (x,y) L BB S AT LIiBEHFI4 S B, o(t),
v (t) 2EVA « & B Fosi s vl X ) b HAA —BESE S8, H o () +v2(t) # 0, muo
R [L P(x,y)dx + Q(x, y) dy %7, B

B
[L P(x,y)dx + Q(x,y)dy = / (Plp(1). ¥ (0))' (1) + Ol (). ¥ (O)]y' (1)} e

Example 13.6: & / —ydx + xdy

Hep L 2#Z y = v2x —x2, AR A(2,0) Bl 0(0,0) A TIIE:
Solution( 5% 1) L WIS E I #E: L:x =1+cost,y =sint (t:0— m)

/—ydx—i—xdy:/ ((—sint) - (1 +cost) + (1 +cost) - (sint))dr =7
L 0

—VYV )
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Corollary 13.6

L:y=y(x), x@&rRa &xhb. N

b
AP@JMU+Q@JNy=[{Phdﬁﬂ+mkﬂﬂhﬁﬂm

@ Example 13.7: ﬁ‘%:/ —ydx +xdy
Her L 2tk y = v2x — x2, A A(2,0) B 0(0,0) WA IIEE
% Solution( 3% 2) L MEALMARE: L:y=+v2x—x2> (x:2—0)

0 1—x
—ydx +xd —/ (—v2x—x2+x- )dx—n
/L Y Y 2 V2x — x2

Corollary 13.7

L:x=x(y), y#EAc, &Rd. N

d
AP@JMM+Q@JNy=/{wadhbﬁ+ﬁﬂwdhw

Theorem 13.4 XTFRM4
0, , :
,y)dy =
/LQ(X y)dy {Q[LQ(x,y)dy, O(x,y)=—-0(—x,y) g

™ Example 13.8:

2 Solution

—0V/))——
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133 BMAXKENA

Theorem 13.5 1ZHAAR

B X380 D B2 BOGH B L B, R P (x,y) & O(x.y) £ D ERA—
B Setm 2, WA

/ (XY)dx-l-Qxde’—// (a——y) dy n

oot L& D WUE T (iR ) Bl 5t 2

@ Example DA / x?ydx + y*dy

L% = %y = x A < B L E ] 2k
. Solution(}# 1) L=L ULy, L1 :y=x(x:0—>1), Lo:y=x5 (x:1—0)

/xzydx—l—y?’dy—/ x2ydx—|—y3dy+/ x?ydx + y*dy
L L,

L,

! 0
:/0 ("2 4x%-1) dX+/1 [x2'x% + (xg)g'(é)C‘%)]dx

(7% 2) Argtha

/Lx2de+y3dy=ff (%(y?’)—%(fy)) dx dy
// dxdy—/ dx/ B

44
<
@ Example DA / (xy +e*)dx + [x* —In(1 + y)] dy
L

% Solution(fiNit1y%)

Q0 9P 0 d

= —1In(1 - ) =

By ax )l =

W—4i: L':y=0,(x:0— ), HEHRAR
55 (xy+ex)dx+[x2—ln(1+y)]dy://xdxdy:n
L+L’ D

—VV )=
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Fit A

[(xy+ex)dx+[x2—1n(1+y)]dy:ﬂ—/ (xy +e")dx + [x* —In(1+ y)]dy
L 1%

/1
—n—/ e*dx (. y=0,dy=0)
0

=r+1-—¢€"
d d <
# Bxample 1511: HUARYY ¢ 22
o L 2P (L,0) Ay, R(R>1) RR2mBIR, BOHEKETH -
% Solution({Z{i%) £& L FrEMXIMNAR &: (0, 0), fE—AHEEI (£ 1) -
Ly :4x® +y* = &%, ¢ BB/, MBS TEN. L BBMXEA Do
00 o _ b x Y [ -y \_,
dx dy ox (4x2—|—y2)  dy (4x2—|—y2) B
1E D LIRS A XA
e G5 -
éuLl 4x2+y x  dy dxdy = D()dxdy—O
[
%xdy—ydx_% xdy—ydx_gg xdy —ydx
7 4x2+y?  Jrop, 4x24y? L, 4x?+4y?
¢ xdy —ydx 95 xdy —ydx
- 2Ly 2R
L, 4x2—|—y2 Ly &
:i xdy ydx
AR // (__ ))d dy
// 2dxdy——// dxdy
D, D,
€
_32 (o 2’ &) =
<

[ Example : BEREL S (x) FEH X D - Xy <1 EAZHESRSE B

PIf L PS  we
0x2  0dy?

—— af af
HEBH: //D (x$+y5)dxdy

%, Solution FEARALAR A

21 1
(o [ e
0 0

—0V/))——
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- ) 1 21
ZBOOME [ ar [ (rcostf; + rsin6f;) ds
0 0

FHEER: AR x=rcosl,y =rsin®, MXFNA dx = —rsinf db,dy = rcos6do, ¥ |k
KRB B I L, o x2+y? — 2 3Gy 10 0 A / —fldxt f1dy

r

, 4 sk A 3K, 13

~faxs fay = | (Fit fiydo = [[ eeag
L, Dp: x24y2<r? D,

2 r
:f d<p/ e_p2pdp:7r(1—e_’2).
0 0

af af ! 2 T
5 Ty Vaxrdy = l—e " )rdr = —
F&, //D (xax—l—yay) xdy /On( e " rdr »

Theorem 13.6 EFAR,

L 6] B A T R .
Aziéxdy—ydx

@ Example 13.13: 2@HPFEXE D = {(x,y)0< x <n,0< y <7}, LA D WIENH

ﬁ’ ﬁtﬁE

(1) ¢ xesiny dy _ ye—siny dx = ¢ xe—siny dy _yesinx dx
L L

. , 5
(2) ¢ xe®Ydy — ye SV dx > 5712
L

w5 Proof: MEiA—: WMT X D H—IEJ5TE, WIDAECHE AT A ksl Ze AR o i+ S 41

(1)

T 0 /4
Em — / 7_[esmy dy _/ Tre—smx dx = 7'[/ (esmx + e—smx) dx ,
0 0

T

T 0 kg
Hﬁ — / ne—smy dy _/ ﬂesmx dx — 7[/ (esmx + e—smx) dx ,
0 0

T

Jir A
¢ xesiny dy _ ye—siny dx = ¢ xe—siny dy _ yesinx dx
L L
. . 5— 2
(2) EE;J; esmx + e—smx 2 ) +sin2x _ %
. . T . . 5
¢ xeSiny dy o ye—smy dx = 7_[/ (esmx +e—smx) dx > 57_[2
L 0

MEEZ (1) M4 Green 230, WM& X D LI " ER 45
siny _ —sinx _ siny —sinx
¢Lxe dy — ye dx //D (e +e ) dé

—VV )=
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¢ xe—siny dy _yesinx dx = // (e—siny +esinx) ds
L D
HART vy =x W, FA

455 /566

// (esiny+e—sinx)d8:// (e—siny+esinx)d8’
D D

¢ xesiny dy _ye—siny dx = ¢ xe—siny dy _yesinx dx
L L

2n

,>2+t2
n)!

@) e +e =23 (t
n=0

¢X€Slnydy ye smydx_// 31ny+e—smx d8—// sin x

—sinx d8 > §7'[2
~ 2

Theorem 13.7 1 &K E- AR

Bﬁugx yoz)ov(x, . z) REPIAE SCIE A X 38 Q b B HrdE Sl S 200 i 4
u ov

3 o RRFTR u(x, ., 2), v(x. ., 2) T X SNRLTT 1R 75 1S40 WED]

[[f sv—vaw eay e = ff (22 - 2) as 0

on on

o 35 R 1 A DX 35 €2 A A o

1= Proof: HR$HREE—/2 A

///UAdedydzz#u_dS ///(au v Bu av Jdu v
Q

dxdx ayoy oz 82) dxdydz
T AR O 1 v R, 9
///UAdedydz:#v_dS /// (au dv Buav Ju dv
Q

oxax ayay oz 82) dxdydz
b A A RBP4

/// (uAv —vAu) dxdydz-#(ua—v— 8—u)dS.

—VV )=
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133.1 FHEH EHZR SBELXIFHE

Theorem 13.8

WX D B— AN HEE, EE P(x,y), Q(x,y) f£ D WEA—MESRFE,
] oy 2% B 43
[LP(x,y)dx +Q(x,y)dy

76 D N5HARTER (RH D WAEEM &R ABANE) wRsbEsker )

=
Y

@ o 0x
1t D WABJHAL

@ Example c ([lBF 7 F P214) KRAFE R
(5x* + 3xy? — y*)dx + (3x%y — 3xy? + y?)dy =0

% Solution # P(x,y) = 5x* +3xy* -y, O(x.y) = 3x%y — 3xy? + y2 N

P , 00
5_6)@}_3)} e

Ik, préa it s Jife.
HXXO:O’yOZOa ﬁ

(x,¥)
u(x,y) = / (5x* 4 3xy? — y*) dx + (3x%y — 3xy* + y?) dy
(0,0)

y x
:/ (y2)dy+/ (5x* 4 3xy? — y?) dx
0 0

(0,0)_)(0,)’) (an)ﬁ(xay)

3 1

5 2.,2 3 3
=x"+=x"y*—x -
+ 5 y yo+ 3y

T, RN

3 1
x5 4 §x2y2 —xyd 4 §y3 —C

—VV )=
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13.4 X ALERAVERE R 47

Definition 13.4 £ Z5phEFR 9
// R(x,y,z)dxdy = }E}Zf(&,ﬂi,fi)(ﬁsz‘)xy
b2 i=1

HF R(x,y,z) M B#ARKE, S BB HH.
& Rx,y,z) £EAmME & Y L3 24 x,y 69 @ ARH5TH

[/ (x,y,z)dxdy

£ L
| P2z = im 37 7 m 6 @50, ©
| oty 2z = 1w 3 £ (65w 8BS
= i=1
1T

//EP(x,y,z)dydz+/f2R(x,y,z)dxdy+/EQ(x,y,z)dzdx

= /] P(x,y,z)dydz + R(x,y,z)dxdy + Q(x,y,z)dzdx
5

Theorem 13.9 FAZEHEFR 9 < [BIRYEX R

// (Pcosa+ QcosB + Rcosy)dS

b

:f/ P(x,y,z)dydz + Q(x,y,z)dzdx + R(x,y,z)dx dy
2

LA 0

dydz = cosadS
dzdx = cosBdS
dxdy =cosydS

—VV )=
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13.4.1 SHAEFRRYEIEIR D EIE

Corollary 13.8

MR Tz =z(x,y) G, WA

//E R(x,y,z)dxdy = ﬂ://Dx R(x,y,z(x,y))dxdy u

2 m_tm“ﬁ “+” —F{m“ﬁ “_”O

™ Example 13.15: 82 // xyzdxdy
5
Hrp S RERE X7+ y7 + 22 = 1AMIFE x >0, y > 0 B4
% Solution # ¥ 43 p% X1 fil Yo WERA

TS z=—y/T-x2—)2 EfiiS:z=1-x2—)?

// xyzdxdy:// xyzdxdy+/ xyzdxdy
b PN P

:/f xy\/l—xQ—dexdy—/[ Xy (—\/1—x2—y2)dxdy
Dy Dy
:2// xyy/1—x2—y2dxdy
Day
2
:2f/ pcos@,osin@«l—,02,0d,od9:1—5
D

Xy

Corollary 13.9

WAR T Hx =x(y,z) i, WA

//ZP(x,y,z)dydz:i//D P(x(y.z),y.z)dydz a

yz

SHHEIMCE 7 R =7

—VV )=
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Corollary 13.10

MR LWy = y(z,x) i, WA

,V,z)dzdx = £ , ,x),z)dzd
ffEQ(x y.2)dz dx /DZXQ(x y(z.x).z) dz dx 0
thfmﬂﬁ “+” Emﬂﬁ “_”o

@ Example 13.16:

2 Solution

13.5 XEFRAIERE IR 7

Definition 13.5 S£—3phEFN 9

[/ (e )il = }E{]Zf(éi,ﬂi,@i)ASi

EF f(x,y2) ARG, O R B &, S R E AR O
R f(x,y,z) RS EE Y Lt @ARe &R ITAh /[ f(x,y,2z)dS
=

13.5.1 M EAHER ST EE

Theorem 13.10 JLAI =X

A X RT xO0y i (z = 0) XK, W

0 f(x,y.2) R FzRETHRE u
//Zf (ey.2)dS =1, / Fy.2)dS  f(x.y.2) %TFoHBER
31

—V/ )~
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Theorem 13.11

WA Yz =z(x,y)
X4,

[ rsmis = [f szt W(

(x.y) € D, AHAXI D WAL xOy i _LABGE

0z
0x

0z

) *‘(ay)2dXdy

0z

0x

o (5) <

9z\?

)dﬂwﬁﬁﬂﬁ%

Theorem 13.12

BeAE Xy = y(x,z)
B X, il

//fxyzdS

(Z» x) € Dy ,ﬁﬁl}ﬂlzi’ji ny %Hﬂﬁﬁ zOx T _E#Y

e (2 () o

dy

a0z

dy
0x

o1 (2) 4 (2 ace e
X 0z
Example A # xyzdS,

'1321596+y+2_1'3

ZAAR A T P LA 1O i A 3 Al

Solution X =31 + 3+ X34+ 34, 31 :x=0,22:y=0,33:2=0,2:z=1—x—y

El:XZO
Zgly:()
23 z=0

Yyiz=1—x—y

#nyzds // xy-(L—x—y)y/1+ (-1
_f/ dx/

# xyzdS =0
b

1

# xyzdS =0
b

2

# xyzdS =0
b

3

1)2dx dy
(I1—x—y)dy

—VV )=
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V3
120
Fit A
3
# xyzdS = —
- 120
<4
@ Example 13.18:
% Solution
<4

13.6 SETAT

Theorem 13.13 SEIAT, AT

B2 ) P X382k gy B 06 W R P b T S L, R P (x,y.2), Q(x . 2),
R(x,y,z) £ Q LEA—MESMIE WAAK

Pdydz+ Rdxdy + Qdzdx = oF | Q av (&
Il G+ 5 +=)

Horr s BAM

@ Example 13.19: ﬁ‘ﬁ# (x —y)dxdy
H U RREAEE X+ <1.0<z2<3 ﬂ@ﬁ/‘i’%ﬁﬁﬁﬁl‘m

P 00
% Solution P =0, Q_OR—x+y:>——|——+ =0
dx  dy 82
H R 3
#(x—y)dxdy:[//Odeo
2 Q
<
™ Example 13.20 }fﬁ[{ﬁ]ﬁ%}{ﬁ#x dydz + y*dzdx + z?dx dy
Sl S K 1K Q R AETITIM, © = {(r.7.2)0 <x <a.0<y <b0<z<c)
P 00 OR
%, Solution P = x*, Q = y?, R = z° :>—+—+—:2(x+y+z)
dx dy 0z

HR A K

#XQdydz+y2dzdx+22dxdy://[ 20x +y+z)dV
>
/ dx/ dy/ x+y+z)d

=abcla+b+c

—VV )=
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@ Example :H‘%Eﬁ}ﬁ%}{ég\#ydydz—I—xdzdx—I—zdxdy
)
Hp Y:z=1-x*-»>(0<z<1) M
P 0
% Solution P =y, Q—xR—Z=>—+—Q+ =1
dx dy 0z

WN—E#&: ¥ :z=0(D:x>+y?> < 1) T
fiE > 5 Y FEXE Q:0<z<1-x*—y%x?+)? <
EEI_JH;?/\I_&:’

# ydydz+xdzdx+zdxdy—///1dV // (1—x2—y? dxdy—
o4y

5 HIE

# ydydz+xdzdx +zdxdy =0
Z/

4

#ydde—i—xdzdx—i—zdxdy:Z_o:z
by 2 2

xdydz+ ydzdx +zdxdy
x2—|—y2+z )2

@ Example : (2009 #24 1) HEdnE R #

Hort 3 JRMERTE 237 + 2% + 2% = 4 MAMIl

% Solution Z15 ] ]
P 00

op 99 | Ok
dx  dy 82

VE— LA TEMEERE I ROBRIE : X0 0 x® + % + 2% = 1 (B )

A= A 3.

dyd dzd dxd
# xyz+yzx+§xy:///0dvzo
SIS (x? +y2+2%)2 0

# xdydz+ ydzdx +zdxdy
bR (X2+y2+22>%

Y
|

:# xdydz +ydzdx +zdxdy
31

=— xdydz+ ydzdx +zdxdy
-3
5h

ARE

'3

:DJ

# xdydz +ydzdx +zdxdy 0 (—dr) = 4
2

(2 + %+ 22)2

—VV )=
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<
™ Example CBERRE S (L y.z) FERIE Q= {(x.y.2) X + ¥  + 2 <1} RHAES:
M mS5, Bike

9> 9> 0?
f+af f = Vx4 y2 422

0x2

I—///( Bf al+zg—f)dxdydz

“ Solution JEERT ¥ : x° +y°+ 2% = 1 SMUIBALIL I R 7 = (cosa, cos B, cos y), U]

o

0 0 d 0
8];_8]; a—l—%cosﬂ%—a—fcosy

% g AR 43 4K ; ;
#%ds—#(ﬂntyhrf)%ds (13.1)
2 )

XA EA R AR, 4

0 0 0 i)
#—de—# —fcosa+—fcosﬁ+—fcosy ds
on ax dy az
> > (13.2)

2f 9% f S
_#(8x2 i dy? i 822) dv

0
#(XQ—I—)/Q-FZQ)%dS :#(x2+y2+22) (% cosa + %Cosﬂ+g—£cosy) dS
s
()
//f e (G e ) o

(13.3)
¥ (13.2)s (13.3) fRN (13.1) FHHPf5
-2 /// (1= (2492 +2%) V2 17+ 2y
Q
_1 2m T . 1 o
—2/0 dG/O smg0d<p/0(1 p)p°dp
T
"6
<

—0V/))——
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s /v2  p2 L2\ "3
Example (13 R KH D) K1 = // (x2+y2+22)_2(;c—4+y—+i—4 ds,
5

Hor X AR :

X2 2 22

Solution(by FE¥HF/N5)

A x=asingpcosf,y =bsingsinf,z =ccosp, Hf 0<0 <27,0<¢ <m,
2y R

d(y.2) iy d(z,x) Lo 0(x,y) :
= besin“g cos 0, = acsin“psin 0, =absing cos @,
d (¢, 0) Y d (¢, 0) Y d (¢, 0) peee
Ft A
b —p = (LY (2’ ()Y
d (g, 0) d(p,0) d(p,0)
2 . o (sin’pcos’d  sin’gsin®0  cos’p
= (abc) sin“gp 2 2 =)
T3 B B AR e AL Ay

(SIS

3 x2 2 22 -
(x* 4+ y*+27%) 2 (; v+l —) = (a”sin®pcos®0 + b*sin*psin®0 + c*cos’p)

bt 4

_3
2

(SIS

a? b? c?

.9 2 S, 2 0\~
sin“pcos”f  sin“psin“f  cos
( ' ¢ ‘P) .

At

o

I = abc // (a®sin®pcos®d + b’sin’psin®6 + c*cos’e)
[0,7]x[0,27]
HREIIX AL, Y M+ Nx?> AR 0 H M #0 B, &ATA
- 1 X
M + Nx?* 3/2dx:—-—+C.
/ ( ) M /M + Nx2
[¢

2m T 3
I =abc / do / (azsin2g000529 + b*sin*psin® + c2cos2g0) >singpde
0 0
2w b4 3
= —abc/ d@/ (a”sin®pcos®d + b’sin’@sin®0 + c*cos®p) *d (cos @)
0 0
2 T _
= —abc/ d@/ [(a200826 + b231n29) + (6‘2 —a*cos’h — b2sin20) COSQ(ﬂ]
0 0

2 1
= abe / df | [(a’cos’d + b?sin’0) + (c* — a’cos®0 — b?sin’0) XQ]_%dx
0

-1

2 2 T 1
=ab do = 4ab do
ane /0 (a2(30829 + b2sin®0) ¢ “ /0 a2cos? + b2sin’0

—VV )=

sin pdpdf

3

2d (cos @)
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0]

B

T 1 1 T 1
do = do +/ do
/0 a2cos?6 + b2sin’6 /0 a2cos? + b2sin’6 z a’*cos?0 + b2sin’0
3 B 1
= do do
/0 a2cos?0 + b2sin?6 + /(; a2sin?0 + b2cos26

—+00 1 —+00 1
= —d ——dx
/[; a? + b2x?2 + /0 a2x? + b2

1 ; bx +oo+ 1 ; (ax)‘+oo
=— arctan [ — — arctan ( —
ab a /| ab b /1o
U
~ab’
IIECE
T 1
I =4ab db = 4.
4 ,/0 a2cos2 + b2sin’0 &
<
% Solution(by Hansschwarzkopf) JERE R X fE4L (x, y, z) ARG EANLAME ] 2
X Yy z
n = (a2’b2’2c2) ,
S pen
X z
Hol= x-Sy o5z S TR 5 5 — A )
// xdydz + ydzdx + zdxdy
V(x2 4 y2 4 22)3 '
b
VE/NERTE S - x2 + y2 + 22 = &% iz ] Gauss 2ARAJ4H]
y
// xdydz + ydzdx + zdxdy // xdydz + ydzdx + zdxdy 4
= = 4.
V(X2 + y? +22)3 V(X2 + y2+22)3
b Se
B
/f dsS
=A4m.
N N R
<
@ Example
% Solution
<

—VV )=
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13.7 Bt = Hi AR

Theorem 13.14 ER3EmERr AR

¥ I 43 BOG T B9 25 WA 1) A £, X DA T A3 SR 4 e 69 i A 10 ath i, T
HIIEI 5 5 BT &4 F A, BB P (x. y.2), OQ(x.y.2), R(x. y. z) fEA05 il i
X FEN B — A2 ] XS BT — i St 5 2 WA A 3K

oR 0 dP OR 0 JP
/de+Qdy+Rdz:// (———Q)dydz+(———)dzdx+(—Q——)dxdy
L s \dy 0z dz  0x ax  Jy

L i I Ay I iy 57t 2

S Note: LW F &5 L)L 1k n ot 340
LAwaY o &ib Fow ok

Theorem 13.15 Stokes A TCHYSC &R

"BFIE T A [k v L e gt v AR -5 0 A th e B i 2R 20 Z TSR R

;

Theorem 13.16 HiEmHEIARXBIITIIRER

dydz dzdx dxdy

0 i i
Pd d Rdz = — — —
/L Y QdytRdz //; ax ady dz

P 0 R

Theorem 13.17 HiEmHI ARXBIITHIR R

cosa cosfl cosy

0 0 0
Pd d Rdz = — — —
/L EERO e z //; 0x dy 0z

P O R
Hrpn = {cosa,cos B,cosy} N X Wy BRI R &

™ Example 13.26: P& / —y?dx + xdy + z%dz
L
Hp LR X +y* =1 y+z=2 Mz HIERNEIZERE 0.

—VV )=
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“ Solution %Uﬁﬂﬁﬁ%ﬁﬁﬁ/éiﬁﬁl L il eg-rmch X (Ef) X:y+2=2,
R EMPNEE: n=—{0,11}

V2
0 1/f 1/4/2
a d
/—y2dx—|—xdy—|—22dz—/ — — |dS
L s« | Ox y 0z
_y? 2

z

L

«/_// 1+2y)d
f// 1+ 2y) \/1+02 1)2dx dy
://l)(1+2y)dxdy://l)dxdy:n

@ Example
2 Solution

—VV )=
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14.1 EEINBREAIELZF

g4

o0
@ Example 14.1: 358 arctan ———
> Ay a - b
2. Solution X H FEH| /A arctana — arctan b = arctan T ab
a

e 1 ad n+1l—n
ZarctanQ— = Zarctan—
— n?+n+1 1+ (n+1)n

n=1

M

(arctan(n 4+ 1) — arctann)

3
Il
—

= arctan(n + 1) —arctanl (n — 00)

e
4
> 1
@ Example 14.2: & arctan —
p 14 Z o
2 Solution
00 1 o0 P 1 ) 00 n__n-l
1 1 n
Z arctan — = Z arctan — nt = Z arctan 2L "
2 n—1 n n—1
n=1 2n n=1 l+:= O L+oq3
o0
n—1
Z arctan — arctan )
n
) n T
= lim arctan = —
n—00 n -+ 4

(2n+1)—(2n—1)
Zarctan Z arctan I (2n n 1)(2n — 1)

o0
= Z (arctan(2n + 1) — arctan(2n — 1))
n=1

= lim arctan(2n + 1) —arctan1 =
n—oo

o] S

JT_JT
4 4

@ Note:

1
arctan —— = arctan(n + 1) — arctan(n
S (1 -+ 1) — arctan(n)
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1
arctan — = arctan — arctan
2n? 2n —1 2n +1
1
arctan — = arctan — arctan
n2 n—1 n-+1
t on tan(n® +n + 1) tan(n® —n + 1)
arctan ————— = arctan(n n —arctan(n® —n
nt*+n242
™ E le 14.3 Z L
xample
- yn(n+1)(/n+ n+ )
15 Proof: {73
1 n+l-yn 1 1
Jin+ ) (Ja+n+1)  Jan+1) n Jn+l
[4
i 1 _i(l 1 )
o+ )(n+ v+l =\Vn Yn+1
11 11 1 L
1 ﬁ V2 f «/ﬁ Vn+1 ;
O
2)1
@ Example 14.4: % 0 < x < 1, ;kéﬂiﬁlz T B4 A1 eR 2
% Solution HHF
x4+ n-1 1 1
L—x2 g (x2")2 (1 =x?)(14x2") 1—x2 1—x2
4 (F)
N on N
X 1 1 1 1
Sw :Zl—)c2"+1 :Z(l—x?’ a 1—x2"“) Tl-x 1-x2"7
n=0 n=0
1
A N — oo, 1533 R REFIA 1—x <
@ Example 14.5: 3R Zln (1——2) FA A
n=2 n
15° Proof:
> 1 > n—1 n—+1
Zln(l—n—Q)—Z(ln " +1n p, )
n=2 n=2
3 2 -1 n—+1
= i (g rmg) s (Eemg)voos (0t vt )
1
= lim (ln—+lnn+ =—In2
n—>o00 n
O

1 1 1 1 1
@ Example 14.6: 4EBH: 1+ ——- —+ —=+ —=——+
’ VRN RV, SN

—VV )=

- KT +oo
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15 Proof: #%%

Z(Mk 3 \/4k1—1 le_k)
2 (=) 2 ()
g (e

WBAR S3p — +oo (n — +00). X Vme Nt IneN, fifEm=3n+i(i=0,1,2,---). IR
MBI T 0, MY m, &Y KB, A

M Sy — +oo (m — 00) O
1 1 > an
@ E lel4.7: #a,=1+—-+- + =1,2,---, 3K — HAN.
%, Solution
TS SEESHE
—nn+1) nn+1)
i<1+§+ +1 1+§+--+,%+1)+i 1
= 2
n=1 " n+1 o (n+1)
1 1
:1—1im1+§+ RS n_2_1 —H—2—lirnnTr2
n—-00 n+1 6 n—oo |
6

= Example 11.8: RYGFBORST KB & SO T 51 BB S5t ik

LT . 2m . onm
smg—l—sm——i—---—l—sm?_F...

6
5 Proof: HF
2sin & sin 2% 2n—1 2n4l o
o T S 12 12
tn = ST = Ty - 2
Sln 12 Sln 12
M

1 T 3 3 5%,4
Sy = COS — — C0S — | + | cOS — — cos —
2sin & 12 12 12 12

12
- 2n—1 2n +1
cos 2 T — Cos B b4

1 T 2n +1
= —— | cos— —cos T
© 2sin & 15 12 12

—0V/))——
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A > oo I, cos L OBBURAEEE, DL S BOBBURIFEE, BIBEMOR O
= Example 11.0: (JLECH 1992 48 859600) B/ (x) — ﬁ 4 — % F0(0),
SRIE: 080 ) - Wk, HRIEA
n=p n¥n+2

1= Proof: 4 F(x) = (1—x—x?)f(x), W] F(x)=1.
WA Bk A, N LMK (n +2) Bref, A
FU(x) = £ ()1 —x = %) 4+ Clin S (0) (-1 = 20) + Gl f ™ () (-2)
=0
A x=04%#
(n +2)lani2 + Cpoani1(n + 1)I(=1) + CZ oann!(=2) = 0
(n+2)lapsa — (n+2)laps1 — (n+2)0lap =0
TR anie = any1 +an, H

1 1 —(—1—2x)
R - e e W S
o O!fo)(0> Lo l!f() (1—-x-x2)2|,_, !
HECARNE S n — oo BT an — oo. JREEWIFR - F1
N g N dggo—ar e (] 1 )
S, = T = B . 2, - _
,;)akak+2 ,;) ardg2 ,;)(ak Ak 42
(- a) Ga) o) Gaan) (G -an)
=l——=)+(=—-—=)+——= )+ + — +(—-
apg daz ay as as ag ap—1 dp+1 dan an+2
1 1 1 1
= — _— - — 2 (l’l—)OO)
ap ai  d4pt+1 dp42
%%zmzaag—“z Wk, A 2 0
n:o””Jr
™ Example 11.10: JEB: SHEATEHARE p, B
3 ! —1(1+ + e+ )
~nn+p) p 2
2 Solution
" 1 I (1 1
s E )
k:lk(k+p) p = k k+p
1 — 1 1 1 1 1 1
= — _—— —|— _ - +.. —
pkl[(k k+1 (k+1 k+2) (k+p+1 k+p)]
1 1 1 1 1 1
=1 +-+-+---—-—-——+-- =
p( 2 p n+1 n+2 n+p)
[8

—0V/))——
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oL Pn—2
@ Example % Py = . o) e — —1 X lim P,
| n—00
% Solution(by o] &) § ,uﬁj
— nooxn_oo Py Py Py\ ,
>SS (P e B e )
n=0 n= n=0
o0
1
S
1—x

TRA

5]

14.1.1 FFEE
@ Note:

11
R

2 3

@ Example
n—-+400

%, Solution {FE %

% lim (H,

n k
-1
P, = <k') —e !
k=0 '
1 & Bx
zlnn—i—y%—%—ZQk 2k+R(n p)
Inn) =y, B L 1( L
—Inn) =1y, > e
n>teon \g+ 3+

n 1 2 n
_+_ L
2 13 1
) :—lnn—nln nt
o g
n_Zi-i-l Zz+1
i=1 1:1
=—Inn—nln
n
n 1 n 1 n
»ho(d) ((2&)
i=1 _ =1 —0 i=1
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n 1 2 n 1 2
o (EA) ((B)
=—Inn+ + — +o —
H ;i—kl 2n 2n
n 1 2 n 1 2
: (A ()
=Y -—Inn—1+ + = +o| —=
i n+1 2n 2n
Fit A
. 1 n "
lim In-— T -
notee M\ T3
( n 1 2 n 1 2
"1 1 (Z‘;?) (;?>
= i ——Ilnn—-1 — —
nrtoo Zi T R P 2

= lim E ——1Inn
n—>400 1

Pt )
. 1 n -1
lim — | +— - =ev
<
. 1 1 Lo ps
Example :1§'L'Hn:1+§+§+"'+;,?5€ﬂ]§ﬂlﬁ
lim (H, —lnn) =1y
n—0o0

Hory BRI HIERANAIE
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Box=0,f f(0)=0, BE f(x) & x =0 B—FKr ZwIsthnsh

=+ o+ 000 SO g ),
Sx=21
1 1], (0] 1
7)1zl Gl

0
T () 46 =0 3% B0 i 1 (%) = £10) =2
FRVe>0, AL e=1,dAN €N, 41 > N i,

f/,(g)—2‘<8=1:> f”(g)'<3
@)=l Gl <
|

< )
n?  2n?
Mg S — Wkt sobberermeg S |7 (2) - 1] dxraes
n:ln n=N-+1 n

i 1

7 Y[ 1 (1) -] rwnrnes «

n

Theorem 14.4 Riemann ZR#EHE

FH Y 0, PP B S TP T SRS R0 gy
B S, LTI S ] o0 5 —oo

A-D ¥ 5l)3%

Theorem 14.5 Dirichlet || Bl|5%
w

1. {b,} BT 0

2' Sk :a1+a2+“‘+ak,|Sk| < M’k: 1925”'IEI]Zan Hgggﬁﬂﬁﬁ o
n=1

n=1

—0V/))——
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cosn

S

n

o0
Example 14.35: J W 2k %L Z
n=1

Proof: P {1} J&SiACScT O HoBHI, T HL Y cosn REHBARIA .

n=1

e O

cosn

n

4% Dirichlet $IBI%LATA1, % Y
n=1

oo . .9
Example 14.36: J| Z SIS BRSSO
n
n=1

Proof: AH
Z sinn sinn? = %[cos(k(k —1)) —cos(k(k +1))] = %[1 —cos(n(n+1))]
k=1 k=1
B | D sinnsinn®| <2, H (3} RAEKST 0 %51
k=1
Ul Divichlet AR 208 Y S g =
n=1
Theorem 14.6 Abel ¥I|51/3%
w

1. {bn} BPTHR

o0
2. an Weh &)
n=1

WD anby Webk
n=1

+o0 +o0

Example 14.37: IR 2% %L Zan e, SKAE: Z(an)% ek
n=1 n=1

Proof: & X

I={n: (an)% <eanl;, J={n: (an)% > ean}
#Hneld, WE
(an)™" > (en)*(an)'™" = a, < (en)?
it A
+0o o —+o00 +00
Z(an)”'“” < Z e2a, + Z(en)_2 <e? Zan +e? Z”_Q < 400
n=1 nelx neJ n=1 n=1
1 400 +00
@ Note: — .49, i a, > 0, ¢(n) >0, ¢(n) =0 (l_) 2 Za" Wbk, R Z(an)l—w(n) A W
nn
n=1 n=1
S 49,

—0V/))——
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g

Theorem 14.7 FIETHAR, *

wm < n.

: O

> (Ak — Ak—1)bk = Anby — Amibm + ) Ar(bx — biy1)

k=m k=m

= Proof: BE3ZHFEIA .

n

n n
D (A —Ag—)bi = ) Axbe— Y Ar—abi

k=m k=m k=m
n n—1

= > Axbg— Y Apbiq
k=m m—1

n—1

= (Anbn — Am—1bm) + Z Ak (b — bic41)
k=m
O
Theorem 14.8 4 ERRFNsE )

Wsg=ar+ay+-+ar, (k=12 ,n). 0

n n—1
Zakbk =S$,b, + Zsk (bk — bk+1) o

k=1 k=1

15 Proof: ¥hFExE X so = 0, I FHE A LEE IR o A Ay A sE — B4
AWk m < n, HBH

n n—1
> akbi = snbp + ) si(bx — bis1)
k=1 k=1
m—1 m—2
Z arby = Sm—1bm—1 + Z Sk(bk — bk+1)
k=1 k=1
PR A AT
n n—1
Z akbk = Subp — Sm—1bm—1 + Z Sk(bk - bk+1)
k=m k=m—1

@ Example 11.38: # s, =a1 +as+ -+ a, — s(n — o0), N

n n—1
Zakbk =sby + (Sn — S)bn - Z<Sk — S)(bk_H — bk)
k=1 k=1

—VYV )
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15 Proof: Hi4Af RFNA]

n n—1
> agbk = snbn — Y s(bry1 — be)
k=1 k=1

1 -1
S(bn —b1) =5 (bes1 —bk)
k=1
A A R B 45 14 O

Theorem 14.9 FA I E 5|IE )

AR —PIn =1,23,- MF b1 =2by = 2by Z20m=ai+as+-+a, =M

WA 0

bym > a1by + asbs + -+ + apb, < b1M

5= Proof: i,’%sk:a1+a2+~-o+ak,(k:1,2,--~ ,}’l). HF by zO,bk—bk+1 >0 m

n n—1 n—1
Y akbk = subn + ) si(bg —biy1) <baM + M Y (b —bpyr) = 1M
k=1 k=1 k=1
20 AN 2 I 2540
n n—1 n—1
> akbk = subn + Y si(bk = bry1) = bam +m Y (b — bgy) = bym
k=1 k=1 k=1
O
@ Example 14.39:
1 Proof:
O
143 BRHW
1 s
@ Example 14.40: ¥ f(x) = m JRIFH x W%
= Proof: .
1 / o0 o0 , oo B
f(x)= (1 —x) = (Zx”) =Y (") =) "ax""", xe(-1.1)
n=0 n=0 n=0
O

o0
@ Example 14.41: 3 an" [T oK 5L
n=1

1= Proof:
o0 o0 o0
an" =X an”_l =X Z(x”)/
n=1 n=1 n=1

—VYV )
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:x(;x”) :x(lix —1)/
— x_
BN
N d
@ Example 14.42: 3 Zn2x” F4 70 K £
1= Proof:(Jik 1) "~
Zan” =X Zn(x")'
n=1 n=1
=X (Z nx”) =X (x Z(x”)')
n=1 n=1
1 N\
=x|x —1
(=)
1—x)%+2x(1 -
() e
O
1= Proof:(Ji% 2)
Zn2x” = Z [n(n —-1)+ n]x" = Zn(n —1)x" + an"
n=1 n=1 n=1 n=1
D MUY 310
n=1 n=1
= x2 (an) —+ X (ZX”)
n=1 n=1
1 /! /
:xQ(l_x —1) +X(T_1)
O

x" A ek £

o0
™ Example 14.43: 3K Z
—n—1

= Proof: 515

n:ln_%
00 x [ X 3
S(X):Z/ tn—zd[:/ (Ztn—2) d[
n=1"0 0 n=1
x
—/ 2 dr = LTVE
0 1—x 1—\/;
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ES )iz
SR B RRVE SN A
Z X'=""In———=, xe€[-1,1)
Zaon—1 > 1%
In(1 In(1 -
Example 14.44: K Xt n( —x) al n( —x) B e 2L
Proof:
ad x" X a1 xntl
l;n n+1 :;7_;;n+1
x (2 n / 1 * (& yntl !
0 n=1 0 n=1
—/x ix"_l dx—l/x ix” dx
0 n=1 X Jo n=1
* o1 1 r* 1
0 1—x xJo \1—x
~ x+In(l-x)—xIn(l-x) X <1
= " X
O
Example 14.45: RBEL ZW (Ix| < 1) WyFneR %L
n=1
Solution £
2 X r1-1 1 1
X2 1 (=D 1) X -1 x4 1
PR L 2R S0 350 43 0 R 2 Ry
n 2k n
X 1 1 1 1
Sn<X>=Zm:Z(xzk_1 _x2k+1) Tl P
k=1 k=1
T x| < L BipA dim x7T =0, R
' _ 1 1 1 x?
nll)rilooSn(x):nll)Ifoo(XQ_l _x2n+1_1) = 21 +1= x2—1
NIl]
o0 on 2
X
Zx2n+1_ x2_1’|x|<1
n=1
|
Example 14.46: & Z e WO B
Solution %Egi[ib{ﬁfﬁ@uﬁ
(x —2)nH!
.| (n+2)3n+! | (x=2)(n+1) x—2
lim [————| = lim =
n—0 (x —2)" n—0 3(n+2) 3
(n+1)3"

—0V/))——
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— 2 LW, B o1 <x <5 B, SRMOREL

xX—2

S 1R, B -1 > x 8 x <5 B, SECREG KRR R =3

S S ST

ﬂ:_/I

R = 1, SEOR Y
b, SO Y. SENG PRI 1) <

)
@ Example C 3R Z

2. Solution # g Hﬁﬁﬁ’ﬁlﬁi

A SR S SO

(X _ 3)n+1
(n+1)2+1
n—0 (X _ 3)n

n?2+1

WY x—3| <1 W, BI2<x <4, B
éw—&>1ﬁ,W2>XiX<4ﬁ,ﬁﬁﬁﬁ;Wﬁ¥&R:1

élxz2 HT& ’é&ﬁlﬁiﬁ Z 2+1; q&—ﬁ,
éx:4ﬁ,ﬁﬁﬁﬁ§:2+1’Wﬁ;®%ﬁﬁﬁ%%ﬁﬁﬁpﬁ] <
@ Example DR SRR S WO
% Solution HA )
1
p = lim " = lim (nt1)+1 =1
n—>0| d, n—0 1
n?+1
FRDAS P2 R = — =
ﬂ%x:—lw,ﬁﬁmﬁEZSf",wﬁ;
n=0
Hox =10, ZBEH Z s WS PR BB S 1, 1] <

@ Example R —X2n+1 PR WA S35 35 e K
,; 2n + 1 ”

—0V/))——
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% Solution SSRGS, % 18 HUAE H 85i%

1 K 2n+1)+1
. [2m+1)+1 2n+1 , 2
lim = lim x°| = |x|
n—0 1 n—0|2n + 3
x2n+1
2n +1

WY |x® < 1 HF, B -1 <x <10, 28080

YoxP > 1R, Bl —1>x 83k x <1 B, ZBEE; WECEE R=1

B = LR, SR Y L s
n=0

1
% ox =10, BEEH
;Qn—kl

FORAAEL, WMERECR s(x), B

y WAL PR sy (—1.1)

s(x) = i ! o xel-1,1)

—X
p— 2n +1
n
> 1
_ 2n __
s’(x)—Zx" T Y€ [—1,1)
n=0
B0 &) x B4
* 1 1 1+x
= — s(0) = "(x)dx = dx = =1 , el|—1,1
s(x)=s(x)— s5(0) [0 s'(x)dx /o —a =gl x €] )
5(0)=0
- |
lJ’l
™ E | 3R lim (1 —¢
xample SRAR B t_lgl_( ); 11
% Solution
: e NN o knk
lim (1 z)Zth = lim (1 0Ny Y (=14
n=1 n=1 k=0
o0
. (_1)ktk+1(1 _ t)
:tl—lgl—kz 1 — tk+1
o (_1)klk+1

til?—;1+t+z2+m+tk
. o (_1)ktk+1
= hm —_—
t—>1—k 1+k

= tlir{l_ In(l+1¢)=1In2

—0V/))——
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<
@ Example LB f(x) £ [0, +o00) LIF{ERIEN/V, H xli)riloof(x) =0,
+00 o0
oSG de SHER Tim go f(nh) FEHESE H
+00 . o0
0 (x)dx = hli)r{)1+hnzzof(nh).
% Solution B f(x) £ [0, +00) EIFE IV, A
~+00 S (n+1)h o0
f(x)dx:Z/ fx)dx <hY " f(nh)
0 n=0 /nh n=0
Al
+o00 o (n+1)h 0
[ rwa=3 [ rmar = n Y s+ i)
—=h)_ fnh)=hY)_ f(nh)=hf(0)
T,
00 +oo 00
WY ) =hfO) < [ fde<h Y f(nh)
n=0 n=0
+00 a
B [ S d HHR lim k ;f(nh) I, A
+00 i
(x)dx —h Y f(nh)| < hf(0)
0 n=0
B, & h— 07 th?%‘fﬂﬁﬁ%iﬁ%ﬁ@%iﬁ <
@ Example T (Zx”) X EECH )
2. Solution F4E "~
o0 . o0 ) B 1 B X
;x :nZ;x —-1= 1—x_1 T+
[ o .
(Zx”) = (1 ix)g = x*(1—x)"°
FA53E
(1+x) = 1+Za(a_ 1)""1'(“_” D ye(-11)

—0V/))——
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B (1—x)7 T M RECh
17 (=3)(=3—=1)---(=3—-17+1)

(=1) T — 171
RN (Zx") X fEHH 171 «
n=1
& Exercise 14.5: KRB Z — 3" SR SR 5 (x).
n=1
% Solution 4t = x — 1, FRBEA N Z TR HHR p= li)n;o aZj = %,

Pk, WsEE R=3 WPQEIEU 7] <3 B —2<x <4
W x =4 i, FHER Z IXPHRHL

ey L RO, RIS (2. 1),
B0 =3 U
Ry NS
S()C) ;( n-3n )_; 3n _1_3XT_1—4—)C
(1) = 0,

s(x):s(l)—l—/lxs'(t)dt:()%—[lxidl =—In(4—1) i

=In3—In(4—x),-2<x <4.
k7 Exercise 14.6: Bl ar=3,a:=5 Y¥n>3Wa, =an_2+ an_1.
KRB Zanx AR S5 A 5 A e

% Solution g S (x Zan , ) lim Zai = lim S(1), G TS
i=1

xn+1

lim |27+ — lim x| <1
n—>oo apXx" n—>oo (@,
8 vE£ Y dn+1
(W 1 KBHEN]) & by, = P |
bn:1+b & b,b,_1 =b,_1 +1
n—1
Bt (b} BBAFAEII Tim by = A, W
1 5+1 1—4/5
A=lt = A= \/_ A= 2\/_(%%)

—VV )=
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1
BLEW lim b, = ﬁ;
NGRS 1 VJ5+1
0<lbn= 5 —| =1+ — =" 2b et — f‘
‘an 1~ \/_‘ n—2 — ‘/_’
1
<...<%‘2b1—«/5’—>0 (n — 00)
s . V5+1 , ) V51
XERIERE T lim b, = — FRA1E S(x) BMIRESCEREHA R = 5

(: 2 FEAWAREHT) & b, = ";“, il

n

b, =1+ <<~ b,b,_1 =b,_1+1
bn—l

B 1 1 B |bp — by—1]
|bpy1 — bl = ‘(1 + E) - (1 + bn—1> = b

o |bn - bn—ll - .

- bn—l + 1 < 2|bn bn—1|

PRk, AR JFHEA {by ) RFFAEIFIC lim b, = A, U]
A:1+%:>A ‘/_;1 o A= Lo \/—(%5'5)
V5—1

FRAR S (x) MECEEN R =
(G 3 SRS B A AE) IS {

“"}wfe 4

an+1

ar21+1 — (any1 +an)ay

Ap+1  An | _ Ay — Ant2dn _
An+2 An+1 B Ap+1n+42 B An+1dp+2
a,% - an+1(an+1 - an) aZ —dp1dn—1
B Ap+1Qn42 B Ap4+1Q0p42
a3 —asa|
N B Ant1dp42 B
HBCIIE SR, % n > 1, @ > n = 1, ﬁﬁuzmz e Ay
=1

INE DY (“"“ ) SRTCBL, TG 2 AT n SRR

ap42 ap41 An+1

n=1
WO gyttt o |- st bR R
4t

ljl\uq%%/%ﬁ ap = ap— +ap— ijlﬂl}/%u an 'T%"
apn—2 ap—1 _ ap—20dp—1 + ap—1

1= +
an an ap—1 Ap apn

—VV )=
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J5—1
2

P BARR (n — 00), H 1= R*+ R. f#ILTTFE R =

TR S(r) HsCERY R = YO
(Y 4 $MEAR) an = an—s + an—1 FFEFTFEA

(FMRE ).

AM2—A—-1=0
A 2 = Y0 5, - ”2*/5
RN

a,,:cl(l_‘/g)nJch(H‘/g)n
9 2

Her G, C MERTEE hef a1 =3,a0 =517
5-2v5 (1—%)"+ 5+ 245 (1+J5)n

fn 5 2 5 2

#
. ap V5—1
lim =
n—>00 Ay 1 2
FRAA S(x) BRBCERN R - ﬁ; !

(e,] (o,] o0
Ap = Ap—g + ap—1 = E apx" = E Ap—oX" + E ap—1 X"
n=3 n=3 n=3

N(]
(S(x) —a1x —asxx?) = (x*S(x)) + (x(S(x) — a1x))
= (1—x —x3)S(x) = a1x + (ay — a;)x?
A o5 K
s _aix + (ay —a)x*  3x +2x7 | |<«/5—1
*) = T—x—x?  1—x—xz' 2

A |
Example CBA u, R UL (X) = up(x) + X"l (n HIEEE), H ou,(1) = S,

RIS () 2 A

Solution JEfft— i R TR, Kiti un(x) HAFGER, BRRTER Y ua(x) WAL

ST u),(x) = ua(x) + X" re™ BRT ua(x) B—A—MH gﬁfl%%ﬁih\ﬁ
&, BELEmA

un(x) = e/ & (/ x"leFe ¥ dy 4 C) = e* (x— + C)
n

—VV )=
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HI% 1 un(n:g,?%c:o,mun(x): N
Zun(x) = Z et _ e* Zﬁ
n=1 n=1 n n=1 n

s(x)zz);—n, HsSon -1.1), Y xe(—1,1) W, A

X X 1
s(x):/O s/(x)dx:/o 1_xdx:—hn(l—x)
x =—1 B}, Zun(x):—e_lan
Tk, 21 < T A D () = et —x) .

@ Example DR Zanx sk A 1, H hm Zanx =

;zn%an—o( ) 4 Zan—A

= Proof: H{Bi% hm na, = 0 /\ 8y, = sup{|kay|}, W] hm Sn = 0.

k>n
+00
S(x) = Zanx" (0<x<1)
n=0
N N
Zan—A:Zan—S(x)—i-S(x)—A
n=0 n=0
N 400
:Zan(l—x”)— Z anx" + S(x) —
n=0 n=N+1

= 11 (x) + I2(x) + I3(x)

B xe[0,1),
+o0
L) < (1=x) ) lan|(1+x 4+ x"71)
n=0
+o0
Ir(x) < |nan| x" < XU S
i nZN:—i—l n nXN:—&—l 1_x)
5
a(3)] = S(3) = Al ¥ > 0. {6t N Wl oy < o Mo = 1o

Li(xn) < (1—xn)N8 =818y <

—VV )=
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™

SN

Iy 1—xy)N = —D <=
(w) SA=xwN& = T 5 <3
lim xy = lim (1——”8N) -1

N—o0 N—o0 N

MIAEAE No, B N > No, [I3(xn)| =[S (xn) — A| <

Wl ™

= |L(x) + I(x) + Is(x)| < ¢

N
Zan —A
n=0

+00
B Zan:A O

n=0
@ Example 14.55: jﬁl—i—Z )) X" BN R L

w Proof: Jf| Wallis /\—tﬁ%m%u&ﬁ(ﬁﬁ [~1.1).
WA S(x) o I (-1, 1) HiAHZR IR, 52

Bk S (x) 48 (—1.1) Hif 2 ke
(1=x)S"(x) = 5S(x)
XA AR IAEIX TR (—1,1) Eor A

[V1I-xS(x)] = !

V1—x
Ht v1—xS(x) £E (=1.1) EREEEE, BAA SO) =1, HE3

[(1 _x)S'(x) - %S(x)] —0

S(x) = , —l<x<l1 (14.2)

1—x
M Abel S8 " EPEAIE S(x) T [-1,1) Ei#EZE, W ERABMRRRWRmE, Kt (14.2)
X x = —1 oL O

& Exercise 14.7: yIEBH

= (n—1)! w1
;n +1)(x +2)-- (+n)7z(x+k)2

1= Proof: FA[1HIE Gamma KA
I'(x+1) =xI'(x)

= T(x+n+1)=(x+n)(x+n—-1)---(x+1I'(x +1)

—VV )=
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X
(n—1)! _ Px+1)l(n)  B(x+1,n)
n(x+1)(x+2)--(x+n) nl(x+n+1) n
T
B tln) AL . 1(°° z"—l) .
_— = — (1—t)*dt = (1—1)*dt
a 1 _ln(l—t) X z=1—t ! _an Xz
o el CRUE e B e
= /1 sz+k YInzdz = i(—l)/12x+k_1lnzdz
0 — 0
e Z / ) g
y=u(x+k) _ - > 1
];/0 (x+k)2y€ ydy_lg()ﬁ—k)?
) O
&7 Exercise 14.8: 3R Z ] 2x)”" HFT R EL.
% Solution f£ |x| < 'i ( )Liﬁzk'é’f
Qi[ 2 2n 1 H S//( )_ 4§: [(l’l — 1)!]2(2)6)2”_2
—~ (2n — = (2n-2) '
H ]
(1—x3)8"(x)—xS'(x) =4
TEFTRLL (1—x%) ", Felity
/ ! 4
(VI35 () = —
" 4 i 1
arcsin x
S(x)= N + Nk x| < 1.
|
xn+1
k7 Exercise 14.9: ?kz =) i ek 2K
%, Solution JEE 2|
. 1\ — X"t
( _;)n < (1—x") (1 —x"*1)
0 n+1 it n

X
Z (1—x") 1_xn+1)_;(1_xn)(1_xn+1)

n=1

> X > 1 1
Y i = (e )
n:l n=1

—VV )=
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. 1 1 o |x[>1
= lim P =145 .
n—oo ] —x 1—x x._jl, |x|<:1
S):A
X
00 (ol o1 X[ >1
= 2 .
_ _ 1 X
i (=) (L= S xl <1
(x—1)

<

. oo 1 . it aijds---dy
',,5 . . - N, é S A
& Exercise 14.10: 3 ,,Ezl a R IERE, x > 0, K ; (@2 + %) (@ns1 +x) i

% Solution B4,

_ a n li ayaz---dy . apas---dpqq
a+x  x“~|(ax+x)---(an+x) (az+x)- (A1 +X)
n=2

a 1 |: a ds . aids---dpy ]
= + — — lim
as+x x|lay+x nooo(ay+x)---(apy1 +x)
SR YN
1+ ~ e¥/an+1,
an+1
o0
X x 1 _ ” .
3 (1 n —) (1 ¥ ) 5 exp e S U BRI s, $ %, %
as dn+1 w1 4n
hm ( _:11?2 - éan-i—l + ) = hm s = O
n—>oo (d X)) (A X n—o0 X X
2 n+1 (1_|_E)...(1_|_an+l)
NIl]
= aas -y a a1as a
Z pr— + pr— —_.
—(az+x)(any1+x) as+x  x(az+x) x

<

o0
;( ExerCiSC 1411 i’& eex = Zanxn7 m%%ﬁ dp, d1, A2 *ﬂ as, #_EEHBH:!' n 2 2 HT‘I‘7 ﬁ‘
n=0

(S

n = (ylnn)®’

Hrepy BRF e B—AME%L
% Solution i TE P94 R EHI i & R Z B

D
a, —=e,do —e,das — 68

—VV )=
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N2 A T EUER, R R R EUR TS

)

IXPERFERE—A k = 0 BOL. PAURI K AEFF A A A 5 LRI AT. ARG y wrRA
JBOR, PH R A S B T8 SO L BT %Hﬂ‘iﬂ%#%l‘;’l‘i@fﬁﬁ@ﬂ I BR% I &
FARRBARNREATUAR. DUTUER], Bk = = RABZAT DR R A AFR. X
I A

n \” n \”"
k* (m) (m) B (elnn)lfvlnn
nlkl (" )| n\" T, n o\ an(lnn)®
n! Inn
() )
(1nn nn(e) Inn (elnn
i an
TR = ol
FIIATE y > e, T#4E N, #1534 n > N BEOL a, > (ylnn)"' %Fﬁfﬁlﬂ( y A
aERAF—4) n > 2 B EI . <
k7 Exercise 14.12: 3R
1 2 gt 12
+a+ y-i- 1—3‘+
1 x*t #n% g2
T TR TR T
%, Solution # g sin x MR EEHF
B 1 L s 1 on—1
Slnx X—gx +5 ——f—mx +
ic
R 1
14+ — 4 — 4 ...
R TIRTTI
1 7* 78 g2
T I TTAS TR
iy
1 i 1 5 . 1 2n 1_,_ 0
b1 g =m— -+ —7°—. T =ginm =
P 31" 75l 2n— 1)
it A
P
q
D |

—VV )=
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& Exercise 14.13:
% Solution <

Theorem 14.10 \

B anx", Y bux" WRSCEREN R, Ry WA |x| < R = min{Ry, Ry} H
n=0 n=0

(2 a"xn) | (i ”nx") = i(kg akb,,_k)xn &

n=0 n=0

@ Example 14.56: 3K In*(1 4 x) ££ x = 0 AR FHRFFR
1= Proof: In(1+ x) = Z(—l)m L (Ix| < 1) XTSI HEL.

ot n+1"
TP AR ST AR, T an = L A
o0 2 o0
In?(1 4 x) = x? (Z anx”) = x? Z Cpx"
n=0 n=0
/\l:':l
Cn:iakan—k:(_l)n S ka1 1—k—i—1
k=0 parg ) )
(= an(k+1)+ n—k+1)
B n+2 & (k+1)n—k+1)
G 1 1
Con+2 kg%;k+1+n—k+1}
(-1t 1
 on+2 I;)k+l
TR
2 2 - 2(_1);1 ‘ 1 n
In“(14+x)=x ,,2:: — k:0k+1

0
o0 —
(=1)nt 1 1
=2 1 - - n—&-l’ 6_1’1
2ottt ey

@ Example 14.57: &

o0
2 1 1
—1)" ! I+ -+ +—)=In"2
Z( ) n~|—1(+2 +n) "

—0V/))——
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1
% Solution {¥Z2%| H, = H,1 — ]

o0 o0 [e.e]
1 2(—1)" 2(—1)n1
Hyp1 — —— 2 HL -y
2:: n+1( e +1) 2 n+1 ;(n+1)2

n=1

_ xn-i—l

1 1
1
H,,H:/ (1+x+---+x”)dx:/ ——dx
0 0

— X
fel—x /1 1— (1 _ t)l’l+1 dt
0 4

1

=[1—(1—2)""Int —/1(n+1)(1—t)” Intdt

0

=—(n+1) /01(1 —t)"Intdt

in 1= iQ/l(t —1)"Intdt
il =
I’l—l—l el 0

n=1
ll_l 1 1 1
:2/ Intdt :—2/ lntdl+2/ —— Intdt

x:_l—t2+2/1111<1—x)
0

=15 tl 2
&2”/ .m( ul )dz
o 14z 1+z

Z
1)k
=24+ n*2+2) ~—
T .
— (-1) — (-1t
I =2+1n"2+2 ( -2 =1n*2
+ n" 2+ kZ; 2 ;(n—i—l)Q n
|
@ Example  HERY
+oo [ x2n—1 o0 x2n
1t d
J (Z( ) <2n>u) (Z <<2n>”>2) '

% Solution KA

i n 1xQn—l b — 1
vt 2

Pt AR 73
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&7 Exercise 14.14: 3RAEBR (74

P 2017 SEHrAEHLAR)

+o00 k
X
li -
(Jimxe (,; k!d%)
% Solution(P§ 1Y) =
—k
NN
f+f
A
x +oo k I R
e X 1 _x — 1 )C
- _ < — 4+ — e
Jx ;M Jx ,;k! Vix | T VR Zlk
A PG AN 455X
+°°xk|x—k|<(+°°xk1)2<§xk( k)2)2
S —(x —
k=1 K Vi k=1 ki k k=1 k!
H
+00 )Ck 1 +00 xk 1 9 +00 xk+1 2
Ty =2 _—:_Z =3¢
k:lk!k k:1k!k+1 xkzl(k+1). X
H
+oo k +00 k
Z 2 < Z r (x — = xe*
k=0
Fit A
et IR xk - 1 n ﬁex
VX = RWE| T VX x
FIt A
e (32
lim +/xe™ =
x—>-+00 kg;k!\/?

+00
= Solution(FBHUER) BIHL: % > e(k

) ALY (k)

k=1

—0V/))——

e, B lim
k—+

o(k)

(k)

X

=10
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3] 1
. I’l'ﬁ Stiring . \/ﬁn’”?e_”
lim o ——— lim T - =1
n=oo I (n + 3) =00 (4 )" ey
Fir A
: —x - xk : —x
xllf—ir-loo «/;8 (; kl\/E) - xllg-&r-looe f(X)
Horpr N )
— Z; -
f(x) Wi e
ro=r0+ 22 (7o =0
fitt 2 1% .
f(x)= %e"/o Vxe ™ dx
N]

+oo k +o00
X
lim +/xe™ E = / dx =1
x—>+oo\/_ ( kl[) f

Solution £ 3

1 2 f°° ke
_— = e dg,
Jk vz o 1
A

. xk 2fe o—ka
Ve Zk'f Zk'/ “dg

= 2\/\;; [000 (exefq - 1) dq.

DRI b i SRR BR S A1 T

lim 2V / ” (W“‘Q . 1) dg =1.
0

X—>00 ﬁ
THEIEHRR. B EhGr>x> 00, xe” <xe™ <1:0<y<1H,
e’ —1<(e—1)y <2y.
(1) Pk

o 2
ﬁ (exet dt<—/ oxe " dt = xf dt—)O, X — 00

X
e X

(2) AER e > 0, BATH

X
ﬁ (e’“”_t2 — 1) dt < —-x- e”“z_g2 = x3/2/ex(1_e_82) -0, x—> o0

e* J. ex

P

—VV )=
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—1—e", t=4-In(1—y), dr= : :
g =) 2y/—In(1—y) 1—y

\/}/8 exe_tz U — ﬁ 1—e—¢” ex(l—y)
0 e* Jo 2/=In(1—y)(1—y)

e

8(e)
- H —1_e ¢
«/76/0 5 —1n(1—y)(1—y)dy’ Hrps(e) =1—e

dy

X Vo >0, BUe B/, B0 <y <8(e) B, BATE —(1+a)y <In(l—y) <—y. T2

Jx /8(8) XY ay < ﬁ 8ex€_t2 U < Jx /8(3) XYy a
Ji+ta o 2y 7 T eF ) T 1-6(e)Jo 2y
1]
§(¢) ey /8(¢e) )
lim +/x dy = lim /x e dy
X—00 0 Qﬁ X—>00 0
/8(e)x 0
= lim e_dey:/ e_dey:ﬁ.
x—>00 [ 0 2
ES[lin
—X o0
! < lim 2+/xe (exe ¢ 1)dq
1+O( X—00 ﬁ 0
< lim 2yxe [ (exe ¢ 1)d o et
= q =
X—>00 ﬁ 0 1-46 (8)
WK% e — 0, a — 0 EATFFH] 58, <

@ Example C ENEOEEH w =
%, Solution FHL |,

o0 1 o0 o0 _1}1—1 o0 _1 o0 1
Y1) =N T =X S

]3¢
S
'S
=
=
=
B
12
/N
=
+
2|
N—

k=1 n=1 n=1 k=1
RN - )
_Z n 1 L_Zn(Qn_l)__w’
n=1 n n=1

5]

—0V/))——
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B T A BIR Y. T

m (_1 n—1 B m B 1 21” B )
kX:; n2kn _Zn2kn__2(2n) l’ll— _l’l(2n—1),
oy - (in_ 3 WSk B Fubini 5 BR80T 605 <

14.3.1 RXHI (Euler) A

Theorem 14.11 BX# (Euler) 25 \
exi +e—xi
. COSX = —————
e’ =cosx +isinx < i _Qe_xi u
sinx = -
21

™ Example 14.60: Rl FIBRPLA KGR e cos x BIFHE x HIRHEL
% Solution HRKHIAT, e™ = cosx +isinx Hl: cosx = Re(e™)

[8
e* cosx = e* -Re(e™) = Re(e* - e™) = Re [e(l—i-i)x]
ESys]
(1+i) — 1 = TN\ x"
P+ —(1+1i) [ ( s )] x"
Z Py i)" Z cos — +isin 1 —
n=0 n=0
o0
nmw .. hmw a X"
- Z(COS_+151H—)22 +—, X € (—00,+00)
4 4 n!
n=0
Fir A
e*cosx = Re [e(1+i)x]
nm n x"
_ cos — - 22 —, XE( OO,+OO)
4 n!
n=0
|
™ Example 14.61: yEBY
o0
cos 2nx
—Insinx =In2 +
>
n=1
1= Proof:

oo
e21nx_|_e —2inx

WK
§

n=1

3
Il
—

—VV )=
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1| (821x)n o0 (e—le)n
SRS
n=1 n=1
1 .
25[—111(1 e?™) —In(l—e 21x)]
1 .
— _5 In [(1 e21x)(1 21x>]
1 1
=3 In(2 — 2 cos 2x) = -3 In(2 —2(1 — 2sin? x))
1
=3 In(4 sin® x)

=—In2—Insinx

@ Note:

o0
cos(2kx)
In(sinx) = —n2 =y LY
n(sin x) n Z .
k=1
> cosnx
n(2cos 3 Z Pl—=, —m<x<m

& Exercise 14.15: {5

/ x Insin x dx
0

% Solution
E . E 2. cos2nx
xInsinxdx = — X ln2+Z dx
0 0 n
1 n
:——(— In2 — Z xcosandx
_m2n 1 Cir-y
8 ~n 4n?
m2 , 1" 11
R D D D D
n=1 n=1
n2 , 1 3 1
=—ga°———-C(3 -C(3
- 1)+ e
In2 , 7
= —— 3
g7 16Z( )
¥ Example
% Solution

—VV )=
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14.4 BRI 2R B 1Y — BTN, — B SR B A 14 o

14.4.1 BR¥I# E,

Example 14.63: 5 sec x B Maclaurin JEJF3
Solution H1F sec x ZEEEL, AIMEER

secx = co + Cox? + ceux oo copx® +o(x¥ ) (x = 0)
WAES -
Copn = (—1 ”i, neN,,
n = (=1) (2n)! *
il
_ Ey 2 E, 4 n Eop on 2n+1
secx = Ey — DT AR (—1) (2n)!x +o(x) (x = 0) (14.3)

IR A3 (14.3) fil cosx B Maclaurin @ JF 3 —& RN HZEF, cosxsecx = 1 1, Ff
AR B E B {2} W HEA X

4!
Eo=1, Es+Ey=1, E4+ﬁE2+EOIO,

2n 2n
Eon + 5 Eon—s + 4 Eop—s+--+ Ey=0

E2:_1, E4:5, E6:—61, E8:1385, E10:—50521,

MTITA] DAFR

Bl , XAERIAT LS EEIET 6 R H AR
5 4 O g 277 o 50521

secx =1+ 1962 +—x* 4+ —=x —x®+ +o(x')
2 24 720 8064 362880

B8 Eon A4 Euler $o 24 n R@EIE, En AIEAL, HER Eo Sb, HAAEFHE;
SOARLI, n AL, HAMEER L <

Definition 14.1 BXhi# E,

. 2’ . :
R M s = Y E,— PR F K E, A KA, B Euler &
e +1 n! @

2 Euler Numbers

n>0

—VYV )
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Theorem 14.12 BXHI# E,

126 4k
n
Y (DFCHE., k=0
k=0
om !22n+2 +00 -1 k
En = ( 7-32n+1 (Zk(—l- 1))2n+1 o
k=0
2n 2 k X
o —1~2k—1
B, = (2 — 1) PR EEE S
k=0
& 14.1: ¥ HEJLARRBEEL
n 0 1 2 4 6 8 10
E, 1 0 —1 5 —61 1385 —50521

14.4.2 1BEF# B,

Definition 14.2 {H¥ % B,

+00 n
1
— _)5[*"'\/‘2‘5 m T o~ X[;}E’E _7;
ol _ 1 ;Bnn! T 2 69 & & B, AR A A% FIE, BP Bernoulli ie

2 Bernoulli Numbers

&30 W R AL

—VV )=
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Theorem 14.13 1HZFI% B,

WHER: By =Y CXBi (n > 2)
k=0

2. MR
n J
(1) B, =) (-1)/CLH — ) (-1)/
; n+ ) §
k k
(2 n Z k jC]

k+1 =

3) ¥k>1H05 Bos1 =0

—k le;kn+J

2 14.2: W HRJLAMESE %

n 0 1 2 4 6 8 10 12 14
2 ) 1 1 1 1 1 5 691 7
" 2 6 30 42 30 66 2730 6

™ Example : W x cot x ) Maclaurin BFF3. £E x = 0 MR BUERN TR R 1

%, Solution # & Euler A3 e = cosx + i sinx

cosx . eX4eTix 2 x
xXcotx = x - — =X —— =1X + —
sin x eix — eTix e2ix — 1]
B, B, B
=ix+ By + 1—2lx + a(?lx) +--- (2—2”)!(21')6)2" + o(x*")
B, B, B
= Re{ix + By + T “Loix + §(2lx) (22';! (2ix)*" + o(x*")
B_l22 2 B224 4 Bn22n 2n 2n+1
= 1— o1 — a0 X +“‘—WX —|—0<X )(x—>0)
A 5 WAL, WA
1 1 2 1
zeotx =1—=x?— —x*— —x5 — ——x% 4 0(x?) (x = 0)
3 45 945 4725

. PFE tan x B Maclaurin @ 3

@ Example

<

2 Solution FJFHZES, tanx = cotx —2cot2x , 4 x — 0 B A B BEEARRR 0. IXFER

X cot x — 2x cot 2x

tanx =
X
B(22 —1)22
1 )2
21

By(2* —1)2
4]

x5+

—0V/))——
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AT 5 WAL, WA

t + L + 2 + 17 T+ 62 +o(x") ( 0)
nx —Xx x —X _— —x o(X X —
& 3¥ TN T35 T 2835

Corollary 14.1
. | Bk |
1 ——=1
e (26)] 0
22k_17T2k
Corollary 14.2
+00 o6k
Z L — ( )k+1 (27[) BQk (k 1) u
= 2(2k)! -

Theorem 14.14 Euler-maclaurin 3KF12 3

b—a

WS f € CP")a,b],h = xp=a+ihi=01--nM

Bom
+ 2m+2 h2m+2f 2m+2)(;§)(b . a)

b_aZ;[f(XI 1)+ f(xi)] / f(x dx_z(l;/i]; 12k [f(Qk 1)( )—f@k_l)(a)]

(2m +2)!
Hrp & ela,b], Bk =1,2,--- ,m+ 1) J& Bernoulli 3{ H. B, = é,B4 = —3—10,
™ Example 11.66: 3EB:
1 "\ Bo _ _
[ w370+ r) - > (/W= 1 0)

1
= Proof: JER4): /0 F(x) dx, B4 EBUNE

1 1 1
/0 f(x)dx:/O f(x)Bg(x)dx:/O f(x)%Bl(x)dx

—VV )=
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x=1 1
= f(x)Bi(x)| = [ f'(x)Bi(x)dx
x=0 0
1
=50+ ) = [ 0B s

ARSI UL 3%, FEREE n > 1 FEAR &:

Bn(l) = Bn<0) = By U\& BQn+1 =0

i, 15
! ~ 1 - Bk (2k—1) (2k—1)
| rear~ 57+ ) -3 it =)
O
@ Example 14.67: Define
— n + n _|_ e + L
TUn2412 0 p2422 n? + n?
Find .
. T
-]
Proposed by Yong-xi Wang, China
w5 Proof: 25 BEKHL A& itk 5k
& b 1 - Bo 2k—1 2k—1
s~ [ @ S r@ 6+ Y G ) - )
n=a 4 k=1 ’
1 L | n
é‘f(x):m,mﬂfo 1+x2dX=Z
Len kY 1 ¢ 1 oo
D DNA( I PRSI
n— (n) n—=1l+ (k/n)? = n? + k?
1
f(l)—f(O):§—1:—§
/ / L1
PO = f1(0) =5 0=
l{-ﬁl 1 1
T
Tt g e o)
ES )i . )
) 11
Jn (7= a) 7] =
O
1 .3 — n n “ee n S
& Exercise 14.16: % A, = 21 + FORS 44 2 a2 RAR B

1 T 1
. 4 - - _ -
L (24 " (”(4 A") 4))

—0V/))——
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% Solution X BEHE—A— MW 5 1%

b —
EEHH f e COmI[q,b]h = —

Definition 14.3 Euler-maclaurin 3k 023,

xi=a-+ih,i=0,1,---,n, N

b— 1 b
T gl ) + )= [ s
. B _ _ Bom - o
:;(2;’;']’!2’{ [f(?k 1)(b)—f(2k 1)(a):|+ﬁh2 +2f(2 +2)(S)(b—a) g
HH & e [a,b],Bxk = 1,2,---,m + 1) & Bernoulli ¥ L B, = é,B4 =
1 1
BERT
Wa=0b=1f()=—— Wh=—=" A== fx), W
n n n i
1 T 1 1 1 b4
An 5‘225[(“‘"‘5 ;)“"]‘z
By, 1 ’ ’ B, 1 " "
=5 ﬁ[f(l)—f(O)]+Z-—4[f (1) = f7(0)]
B Bs 1
N IAIORY IO PRV
Hrr, £ €[0,1] tBp
1 oy oL B 1
”4(24 ”("(4 A”) 4)) R AN

VEREE £ (6) AR B 1 — +oo BHFTRAEES ——

2

2
n
n=1

@ Example 14.68: Proof

+00

2016

1

n2

n=1

1= Proof: We can use the function f(x) = x? with —7 < x < & and find its expansion into a

trigonometric Fourier series

do
2

n=1

o0
+ Z(an cosnx + by sin x),

—V/ )~



14.4 o B REA) — B A — BOK SR K 89 R ~519/566-

which is periodic and converges to f(x) in [—7m, ].

Observing that f(x) is even, it is enough to determine the coefficients
1 T

a, = —/ f(x)cosnx dx n=20,1,223,..,
T J—n

because
1 4
bn——/ f(x)sinnx dx =0 n=12,3,...
T J—x

1 [" 2 (7 272
aoz—/ x2dx:—/ x2dx:i.
T J) 5 T Jo 3

And forn =1,2,3,... we get

1 1
2
ap = — x“cosnx dx

For n = 0 we have

T J—x
A 2 2m 4
= / x?cosnx dx = = x —(=D)"=(-1)"—
0 T n n
because
9 2x x2 2 .
x“cosnx dx:—200snx+ — — — | sinnx.
n n o n
Thus

f(x)= %2 + 3 ((—1)”% cosnx) .

n=1

Since f () = 72, we obtain

n=1
2 o
9 T 1
T —-T;'+‘425325
n=1
Therefore
i 1 _7r2 72 B 72
n2 4 12 6
n=1

1= Proof: Second method (available on-line a few years ago) by Eric Rowland. From

oo l‘n
logl—t)=-=) —
n=1 n

and making the substitution 1 = ¢'* one gets the series expansion

o0 inx [e.°] 1 [e.e] 1
ix e . .
w =log(l—e*)=— E =— E —cosnx —1i E —sinnx,
n n n
n=1 n=1 n=1

—VYV )
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whose radius of convergence is 1. Now if we take the imaginary part of both sides, the RHS

becomes
1
Imw = - —si
> s
n=1
and the LHS
L —sin x
Imw = arg (1 —cosx —i sinx) = arctan ———.
1 —cosx
Since
X X
_sin x 2sm—-cos§
arctan ——— = —arctan =
1—cosx 2 ¢in2 3
X TX X 7
= —arctan cot — = — arctan tan (— — —) == — —,
2 2 2 2 2
the following expansion holds
[e.¢]
T X 1
n=1
Integrating the identity (14.4), we obtain
2 o0
b4 X 1
EX—Z+C :—Zﬁcosnx. (14.5)
n=1
Setting x = 0, we get the relation between C and ¢(2)
= 1
c=-3 L=t
n=1
And for x = 7, since
= (<)
£(2)=2) —5—,
n
n=1
we deduvuce
2 o o n—1
b/ 1 (-1)
Z—FC:—Zﬁcosnn:Z 2 =-{(2)=—-=C
n=1 n=1
Solving for C
2
c=-=
6
we thus prove
72
2) = —.
()=

Note: this 2nd method can generate all the zeta values {(2n) by integrating repeatedly (#x
). This is the reason why I appreciate it. Unfortunately it does not work for ¢(2n + 1). Note

also the

2

c=-—
6

can be obtained by integrating (14.4) and substitute

x=0,x=m

—VYV )
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respectively. O
1= Proof: The function sin x where x € R is zero exactly at x = nm for each integer n. If we

factorized it as an infinite product we get
/ (1+ ) (150 (0 2) = (1=2) (=5 (1= 50)-
sinx = - — — —)x(l1—— - — -
o 3 2 b4 b4 2 37
x? x? x?
) U ) U )

. We can also represent sin x as a Taylor series at x = 0:

B x3xb X7
sinx = x—g—i-y—?-i-

Multiplying the product and identifying the coefficient of x* we see that

3 2 2 2
x® (X7 X X . 3
g_x(n2+22ﬂ2+32ﬂ2 )—x Zan

or
26
—_n 6
O
1 Proof: Define the following series for x > 0
sinx x? N x* xS N
X 31 57!

Now substitute x = ,/y to arrive at
sinyvy oy yr )
VAl 31 507
sin ./y
vy

if we find the roots of

= 0 we find that y = n?z? for n # 0 and n in the integers

With all of this in mind, recall that for a polynomial P (x) = apx" +ay—1x" ' 44 a1x +ao

with roots ri,r9, -+ , 1y

sin
Treating the above series for

as polynomial we see that

1 1 1 —3
1272 T 9272 + 3272

then multiplying both sides by 72 gives the desired series.

1 1. 1. n?
1222 32 6
O
1= Proof: Note that
2 o
sin? 7z —~ (z—n)?
n=—o0

—VYV )
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from complex analysis and that both sides are analytic everywhere except n = 0,£1, £2,---.

Then one can obtain

7T2

sin? 7z

1
_2_222

o0

1

n=1

(z—n)?

Now the right hand side is analytic at z = 0 and hence

o0

2
T 1 1
lim —— ] =2 —
z—0 (sin2 Tz 22) nX_; n?
Note
. 72 1 72
lim s — 5=
z—>0\sin“mz z 3
Thus

O
1= Proof: Let X; and X5 be independent, identically distributed standard half-Cauchy random
2
variables. Thus their common pdf is p(x) = m for x > 0. Let Y = X1/X5. Then the
g X
pdf of Y is, for y > 0,
o0
py(y) :fo xpx, (xy)px,(x)dx
4 /°° X
= — dx
2 Jo  (14x2y?)(1+x?)
2 | 14 x2y2\1% 2 log(y?)
= O _— e ——
72(y2—1) & 1+ x2 v—o T2y?2-—-1
_ 4 log(y)
72y -1

Since X7 and X3 are equally likely to be the larger of the two, we have P(Y < 1) = 1/2. Thus

1 (" 4 log(y)

2 o m2y2—1
This is equivalent to
w2 1 —log(y) ! > 1
T 28y — [ tog) A2yt )y =5
g /0 b /0 g +y*+y )dy k;(%ﬂ)?
which, as others have pointed out, implies ¢(2) = 72 /6. O
1= Proof:
+
34~ (2n+1)2 0 y2—1
n= O
2/1 1+x2y2
3Jo y?— 1+x? )iz
4 1 400
= - dx d
3/0 o (1+x2) 1+x2y2> t

—VYV )
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dxdz B

1= Proof: In Complex analysis, we learn that sin(wz) = 7z l_[ (
n=1

+o00
// (1+x2)(142z2) 3 4 2 '
0

72
1— 2

2) which is an entire func-
n

tion with simple zerOs at the integers. We can differentiate term wise by uniform convergence

So by logarithmic differentiation we obtain a series for m cot(wz)

1 <1
— In(sin(mwz)) = wcot(mwz) = — — 2z —_
g otz = meon(ra) = £ -2 30 T
Therefore,
Z 1 mceot(rz) —
n2—z2 2z
n=1
We can expand 7 cot(nz) as
1 72 7t
meot(mz) = - — —z— —z% —
z 3 45
Thus,
mcot(wz) — 1 —”322 Z—;z?’ -
2z N 2z
n2—z2 6 90
n=1
o0
1 2 4
— lim —lim(—n——n—zz— )
z—0 n2—z2 z—0 6 90
n=1
_ — =
—n 6
2T e
—n 6
15° Proof:
7% 4 (arcsin1)?
6 3 2
4 (! arcsinx
_4 / AXCINY
3Jo V1—x2

(2n—1)!1 x21+1
Lx + 302 eI TESY
dx

4/

3 Jo v1—x2
4 1

== dx+
3[ V11—

4 4 (2n—-1)!
. [
3 4= (2n)11(2n + 1) |(

3
—0//))——

a dx

= (2n—1) gt
N el e
(2n)N(2n + 1) J1 = x2

(2n)N
2n + 1)!!:|
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_4i 1

22 Ton 12

3~ (2n+1)

4 (&1 1 &1

:g(zﬁ‘zzn—z)
n=1 n=1

1
WK
xwl —_

3
Il
—

w5 Proof:(by BR$i) B4 N AEE

(/2 2km
n __ _n — _ 1 2 _ 2 - 2
" —a (z—1) kl_l1 (z az cos — +a”)

A z=1+x/N,a=1-x/N, Hn=N,

(N—-1)/2 2 2
x\N x\N  2x 2x X 2k
(try) -(+5) =% k” (“W‘Z(l‘ﬁ)‘m?)
2x (N—1)/2 2k x2 2k
=N kl_l1 l—cosT +m 1+COS—N

(N-1)/2

x2 1+ cos(2kn/N)
=C 1+ —
Nx ]}_[1 ( +N21—cos(2kJT/N))

KT RABALE Cy = 2 BOL, TAE N — oo B, ZELRE e¥ — e, A5@ i cosy
1—y2/2, WALME 1+ x2/(k2n2) MR, ki

x 2

e —e_x_ o X
— —xl_[ 1+k2n2
k=1

A =R R BT B R
1= Proof:(—AMHI 4 HIEH )

Lemma 14.1

é’\wm:

m(2m — 1)

cot® wm + cot? (2w + ++ - cot® (Mmwy) = 3

CiEN

sinnf = (’;) sin 6 cos" 1 9 — (g) sin®@cos” 30 + .- +sin” 0

= sin”" 6 ((’;) cot" "t g — (g) cot"™ 30 4 ... £ 1)

—VYV )
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R, & n=2m+ 1, WHRAA cot” wm, cot? (20m) -+~ cot? (mawm) FZIR

(’;)xm _ (3) B

AR o AT F 35358 e BRI AT AR 56 o 1 5 [ SR B o .
HTF =A% sinx < x <tanx £ x € (0,7/2) Bor, FATHE T’cot2x<—<1+cot2
NF om. 20m -+ HNGEF]

m m

1 m
Z cot? (kwm) < Z T <M + Z cot? (kwpm)

k=1 k=1 m k=1

FRARE ] B GIEE, AT A3

m@2m—1)n2 1 m(2m—1)n> mm?
32m+ 12 2.5~ 3em+ 172 | @mrly?
A mBTEFK, GRERRELT . O

Proof: (¥4 Mk W) 2 1E 5550

1,1
= / / x" Ly Lldxdy
o Jo

A BRB S e BE (Monotone Convergence Theorem), 37.EJ£3%)

ZnQ //( xy” 1)dxdy—// _xydxdy
BTG (uv) = ((x +y)/2.(y —x)/2), WHR (x.y) = (w —v,u+v) &
1 1
rgﬁ:2//5—l—u2+v2dudv

S e (0,0),(1/2,-1/2).(1,0). (1/2.1/2) MREIETTTE, FIRIETT B M FRE, B4

1 1/2 u 1 1 1—u 1
sl—us+v 0 o L—u+v 172 Jo 1—us+v

/1/2 1 ( u )d
=4 arctan u
0 1—u? V1 —u?

1

1 1—u
+4 —arctan( )du
1/2 V1 —u? V1 —u?

A R EEZER arctan (u/v1 —u?) = arcsinu, arctan (1 —u)/vV1—u?) = — — %arcsmu FLAE
pigeE

> 1 12 aresinu 1 1 T arcsinu
>t du+ 4 T du
—_ V1—u? 12 /1 —u2 \ 4 2

2}1

211/2
] 1/2

= [2arcsinu”],’~ + [m arcsinu — arcsinu

BT "1 %6 T3

—VYV )
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i
6
U
Proof: ($ 2/ A BE ) 55 -
> Lorl dxdy
;2114-1 /(;/0 1—x2y2
f s
arctan x ,arctan x
WIS (x. ) = (202’; L) st g
d(x,y) | cosu/cosv sinu sin v/ cos v*
d(u,v)  |sinusin v/ cos u” cosv/ cosu
=1- M =1-x?y’
cos? u cos? v
NI]
3 o0
6@ = ;) o / dudv
I,H;EPA—{(uv)|u>0v>0u+v<—} }J\ﬁﬁf():%bjzi O
Proof:(E £/ B e ) ASUERH B Denms C.Russell 45 -

/2
I = [ In(2 cos x)dx
0

RAFIF cos BIMRPIAT 2cosx = €™ + e = e (1 + e72*) )T In(2cosx) = In(e’™) +
In(1+e %) = ix + In(1 + ) FEBUF ARG

/2 )
I = / ix 4+ 1In(1+ e 2%)dx
0

7.[2

/2 .
:i—+/ In(1+e %*)dx
8 0

TR In (1 + x) BZERIT, Wt

In(l+x)=x—x%/2+x3/3 x4+

RNAA
ln(l + e—2ix) _ e?ix . e—4ix/2 + e—6ix/3 I
MRS BAT
/2 . 1 . e—2in_1 e—3in_1 e—4i7r_1
—92 - _
/0 In(l+e ’x)dX——Q—i(e —1-— 2t T g +--0)

—VV )=
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HRMT e = -1, FHAEN

/2 , 1 & 1 —3i
In(1+e #*)dx = - 2
[ e = 23 )

k=1

oG A
I =i (”—2 + _—36(2>)
A
2
T2l RS, AR E, Wi RaEmia#s o, B ¢(2) = %, XIS T AT H
P, B
/2 T
/ In(cosx)dx = ——1In2
O 2
Il
Proof:(&#/A3IEH) (Boo Rim Choe £ 1987 American Mathematical Monthly % %)
R R =M % arcsinx B2 EfETT

o0
' 1-3---(2n—1) x2nHl
arcsmx—r;) 2-4---(2n) 2n+1

XF x| <1 oL, M4 x =sint,

i 1-3---(2n —1) sin?*+1¢
2-4---(2n) 2 +1

[ =
n=0

W ] < g W, AR p TR

2.4 (2n)
3-5---(2n+1)

/2
/ sin? ! xdx =
0

HMOMXT A 0 2] 7 /2 BrA

o0

j'[2 /2 1
— = tdt = —_—
8 /0 Z (2n +1)2

n=0
ke 0
Proof:(£ 43 #riEB) (T. Marshall £ American Math Monthly,2010)
T zeD=C\{0,1}, & .
R pr—
@ Z log? z

XAFRXS T4 log B3 SOMER. £E D WA RASUUE log(z) M5 2. HITX
MREAE 2 = 1 ZHb =B, R(z) 7& D L. XBAILA Claim: (1) 24z — 0 B, %
B —IGET 0. T —BOKRSERAIAE z = 0 BT X& R, HATAT4 R(0) = 0.

(2) R HyMe—F 502 2 = 1 BB, 2 logz RS AT lim (2 — 1?R(z) = 1.
(3) R(1/z) = R(z).

T (1) A1 (3). A RAE CU {oo} (F7EF) EWal, N2 AR mEL. N (2) FiE R(z)
A (2 — 1) hF R(0) = R(co) = 0, A F#UJE az. T (2). W a = 1, Wik

—0V/))——
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Bﬁli’j‘:é‘ 7 = eQm’w f'%%ﬂ

PR
s 1 72
kg 2k+1)2 8’
ALK (2) = 77/6 O

Proof: (ffSLM- 2 ATIEW) % IEHREL /(x) = x, x € (=, ), K HAGLHJRIT

n+1
=2 Z ( smnx)

F) A Parseval 255X,

1

— 1
Z lan|? = — x2dx
—_ 2

-7t

. _1)
St an o tRA B g = 0 WA
2:: k2 2r; .
A o

Proof: ({5243 Hrilk W) % &

f([) _ Z cosnt

n2
n=1
e E—Bold, NTHE 1 € [—e, 2 — €], TATH

ol _ ol (N¥1)E  { _ ,iN)t

sinnt = -+ .
Z l—e”) 2i (1 —e't)

XA
2 1

|1 —elt| B sinz /2
W, MIMAE [e,2n —e] E—BCHR, ¥ Dirichlet H) 5|3k
>, sint
2

RAE (e, ex — ] —BOKSL, TR 1 € (0,27),

70 == 30 2 tlog(1 ) = arg (1) = =7
n=1
Wil ,, 2
—£(2)/2—¢(2) = f(x) = £(0) = / g =T

—VV )=
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Proof:(JAM A FIE) (Richard Troll) HyAMARFIA

Y fm= Y k)
n=-—00 k=—0c0
et £(6) = [ e N g A, A f(x) = o= s
ﬁ o0

o 2a
f(%-) - ag _{_4”252
st R 5
o0
3 el 12 =2 %
2a et a o + 472k
|
o0
2 1 1 1 1
lim Y ——— = lim {-C’*)__}__
a=0L~a +472k2  a—0 |2 -1 a? 12
N n?
MIEA ¢(2) = o O

Proof:(HEE £ 1E) (Luigi Pace & F T 2011 American Math Monthly)

B X0 Xo R DCBATR A, IR G RARE p(x) = — (x> 1)
SRR Y = X1/Xo, B4 Y WMEEERE py €Ay >0, H
o 4 [° X
pY<y) :A prl(xy)pX2( )d'x - 7_[2/0 (1+x2y2)(1+x2)d'x
B 2 1 14 x2y? 2 log( %) 4 log(y)
ﬂz(yz—l)[o (1+x2 )]x Cwtyi-l w2y
BT X1 Xo MSLFS, FrPh P(Y > 1) = P(X1 > Xo) = 1/2, LA
11 4 log(y)
5 - 0 FyQ -1
H AR 3
2 B 1 —log(y) B 1 9 4 B > 1
?‘/0 1—y2 dy __/0 log(y)(L+y“+y +"')dJ’—kX:;]m
LB RBM S W O

Proof:(f1 43 + e %5 #2EBH) (H Haruki,S Haruki £ 1983 4 American Mathematical
Monthly %)
B+

1 B 1 ~ [tlog(1—x)
Y;ﬁ = ngl;/(; X dx —/0 de
RBEFHIXABUHERA], &AT4

Fla) = /1 log (x? — 2x cosa + l)dx
0 X

—VYV )
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(@a—n)?  =* 2 2 4
+F M (v — 2xcosa + 1)(x* 4+ 2xcosa + 1) = x* —

BUEW f(a) = —
2x%cos2a +1 ®MA

Ulog (x* —2x?cosa +1)  1log(1* —2tcosa + 1)
X 2 t

faf)+ fx=a2= [ di =3 f(a)

FRA Vx =1 BEMER. BERBITR f(a/2) + f(r —a/2) = f(a)/2, RFF R
f"@)2) + f(w —a/2) = 2f"(a), MiF f7 RAEWXME [0,27] LAESEE, M f7 L&
XA RKE M S5/ME m. & f"(a0) = M XFFHA ao € [0,27] Bor, 5K
a=ao f
f"(ao/2) + f"(m —ao/2) = 2f"(ag) = 2M

BERBT f"(a0/2), (7 —ao/2) H/NF M, I REEMET M. RBEXFERER, A

lim f"(a0/2") = f"(0) = M

n—>00

KA, FATHA f7(0) =m, NTT M =m, f" FHE%, W f Reek R %, %
2
f(a):a%+ﬂa+)/

RARTH —ma/2=4/2,7%/2+ B +2y = y/2, T

1 .

2sina
/
= d
fa) /0 1+ x2—2xcosa *

B S (7)2) =7 /2 WliTH @ = =1, =7,y = —7°/3, R a =0, 35
Log (1 - x) __]'[_2
/0 ———dx = 5

X

O

Proof:(= g 1H.2: R, W #) 23 BY) (Josef Hofbauer % T 2002 4£ American Mathematical
Monthly)

I 1 i
sinfx  4sin? 2(30s2)2‘_4 2% siHQ%

MITTRA
n__ n—1__
N S 1 B 1~ 1 2 221 1
T gin2Z T 9 (Zktlm  4n 2 (ki)
T 4 |:Siné % + sin? 37”] 1 k=0 Sln2 ( 2"+1)ﬂ 4 k=0 Sln2 ( 2”+1)n

XHF sin2x > x72 > tan2x X x € (0,7/2) B Ed x = (2k + D)w/(2N), X} k =
0,1,--+,N/2—1(N =2") }ARZRKM, wEN
21

1
n2z 2k+1 =%

P
=
l

2

=
4
R
$
U

—VYV )
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Proof:(Z A Z WA HE) (Kortram & T 1996 4F Mathematics Magazine)
NFAHE n =2m + 1, BATHIE sinnx = Fy(sinx), Kt F, Bk n B2HK WA Fn B
FRA sin(jr/n)(-m = j <m), HA Jim (Fu(y)/y) =n. T4

Fu(y) = ”yjml:[l (1 B %)

M
. . - sin? x
sinnx =n smle:[1 (1 — W)
HPILAERITH x° R, A
n? " 1

6 Z n2sin?(jm /n) ~ 62

BERE M, & m>M, WA

M m
1 1 1 1
Pl E S5 N a3t BCRFRCYIEIRN
6 = n2sin’(jmx/n)  6n° j_%ﬂ n2sin’(jm /n)

FIF sinx > %x MHF0<x< g BOL, ATA

M

0L 3 1 o i 1
6 n2sin’(jm/n)  6n2 4j

A n,m BT, A

HLRp

Proof:(F143iEH]) (Matsuoka & T 1961 4% American Mathematical Montly)
/2 /2
1, :/ cos? xdx and J, :/ x2 cos? xdx
0 0

#A1A Wallis 23
[ 1-3:5---2n—1)m  (2n)! =
T 24620 2 4An(n!)2 2
HRAXT n > 0, 2 EHI A
/2 /2
I = [x cos™ x|y’ ~ + 2n/ x sin x cos? ! xdx
0

—VYV )
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=n(2n —1)Jp_1 — 2n°J,

LNIOE ] o)
n) w
(02 5= ni2n —1)Jy—1 — 2n?J,
GE
w4 (n 1)'2J 4nn!2j
m2 - (2n—2) "N @)

B AT 1 2l n, #EBA

T Jo = /24, UAEHED Jim 4VNPIy /N = 0 ERER x < %sinx #F
o0
0<x <7, 185

/2 2 °1
Jy < Z/o sin? x cos?N xdx = %(IN —In1) = 8(71T\7 _|]_v1)
R
NN ’
0< S IN < v 10
@N) N TI6(N + 1)

1= Proof:(Fejér #%MUEHH) (Stark £ 1969 4 American Mathematical Monthly FAEBH)
XFF Fejér AZA I T4K:

n

. 9\ 2
(SBL2) - 3 e 25y
S1n X

k=—n

Wi A

4 sinnx/2 2 nn2 n T
/0 x(sinx/Z) - +2]§(”_k)/0 x coskxdx

2 n k
nm 1—(-1)
= T2k
k=1
nm? 1 1
= —dn > R > 3
1<k<n,2k 1<k<n,2k
WRBAIA n=2N.N € Z", P 4
/” x (sinNx B 2 Nzl log N
o 8N \sinx/2 -8 = (2r +1)? N

HRHTF sinx/2 > x/7n XF 0 <x <7 o5, R4
T in N 2 2 b4 d 2 Nm d loe N
/ - s.m al dx < n_ sin Nx—x = n_/ sin2y—y 0 o8
o 8N \sinx/2 8N X 8N Jo y N

—VYV )
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B
8 = (2r+ 1)2
O
Proof:(Gregory EHIHER]) #EBI3K H Borwein & Borwein BJZE4/E"Pi and the AGM”
U ARRZE S Gregory @B
T (=D
4 n; o + 1
/%\
N N
(=1)" 1
ay= Y. by =)
et 1 =y 2n+1)?
ALY Jim aN by =0 BIRIIR n # m A4
1 1 1 1
(2n+1)(2m+1)  2(m—n) (2n+1 - 2m+1)
]
N N
ay —bv = nX_:N m:_;m# 2m—m)\2n+1 2m+1
— i i (_1)m+n i an
N me Nt (m—n) (m—n)(2n+1) o1l
/\EP N
_ (=)™
aN= D
m=—N,m+#n
REZ VW c—nN = —ca,n, 8 con =03 n>0 B4
N+n i
Cn,N = (—1)"Jrl Z (_})1
Jj=N-—-n+1 J
BATRTARNE [cn,n| < 1/(N —n + 1) BIFEASEERN T 5 b sE— T2/, HiB]
- 1 1
lay —bnl = Z((2n—1)(N—n T T @it DN —n +1))
N 2 1 Yoo 2 1
_;2N+1 (2n—1+N—n+1)+;2N+3 (2n+1 +N—n+1)
< 2N+1(2+4log(2N+1)+2—|—210g(N+1))
bk a2 — by #T 0 . 0

Proof: (B BUERH) (ASIEBHSR H A4S FERELE)
T BB ROR R UAE T B 4 r(n) RPUTCAER n = x* + y° + 22 + 1 KoL
PUICE (x,y,z.t) IS B FJLRE r(0) = 1, Rl FRATA0E

—VYV )
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N
R >0 WL 4 RN) =Y r(n), RASTUFH, RIN) BHHETEE VN #U4ER
n=0

2
B, HB) R(N) ~ %N. R

N
RIN)=1+8>" Y m=1+8 »_ mL%J=1+8(9(N)—49(N/4))

n=1mn,4m m<N,im
Hr
- Sl
i _
Lx/r]
=3 m=3 3 m= % (5] +[3]) - %Z (5] +0()
— %2@(2) + O0(1/x))+ O(xlogx) = §(22))C2 + O(xlogx)

Y x — oo BOL, M

R(N) ~ %QNQ ~ 4£(2) (N2 - NTQ)

85 ¢(2) = x%/6 U
Proof: (KA HIZEN) 1 56 RATEIE X A2

n

2k —1
Z:cot2 ( 5 g) =9n%n
n

k=1

n
2
cos 2n6 = Re(cos @ + i sin 6)*" = Z(—l)k (ZZ) cos?" 2k g sin?* 9
k=0

LIRSS
cos2nf i( 1) 2n (2n—2k
sin?* g h 2% )

4 x = cot’ 6, BATPAAE N

n

2n\ ,_
f<x>=Z<—1>k(2k)x ¢

k=0

FiH xj = cot®(2) — L) /dn X j = 1.2 on %, MiTTHT (2,12’1 2) = 2n® —n, FikEH
R 5. A T AR, RATKUGIEEN 05 P THEIBIAE 1/6 > cot0 > 1/6-6/3 > 0

NF0< 0 <w/2 <3 oL, A
1/6%-2/3 < cot? 6 < 1/6*

T O = (2k — D)z /4n fA0, k=1 2 n FAIEE

n

2n 2
2n2n<2(2k11;) <2n*n+2n/3
k=1

—VV )=
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NIEE]
w?2n% —n z 1 n?2n%—n/3
16 n? <Z(2k—1) 16 a2
IXAH R FAT AR
o0 j'[2
> = F
k:l
O
Proof:(fi155 FISCHIEN]) B%C B(x) = — H B RIS, B
RAE 2min AR, FIA] Mittag-LefHer @ #a] PARIT A
2rin
—1_Zx—2nzn_n; ( an)
T 722 J5 35 3O AR R JUART B0 -
_ _ n+128(2n) oy
x_1 __ZZ(an) _Z(_l) +1(2n)2"X2
neZk k>0
M TEEHRBIFEN, FEHETMBEE FT, FAERIMIHEEW T
— (_1\" 12§(2”)
BZn _( 1) " (27.[)2n
R ORI
B—hmi< al _1+£>:i
2T xs0x2 ler —1 2/ 12
M4 £(2) = /6 AR T . O

Proof: (8 JUA \E Y43 i By IE ) (ASHEBI 3k B Lars Holst F 2013 4 Journal of Applied
Probability BJHEHH)

R ARL T EM RS () = ——

w(e* —e™*)’ gl

x 9 ) )
/_oo mdy == arctan(e”).

BIH: Xy + Xo WREREZER: A
X

7T2(€x _ e—x)'

fa(x) =
XREEA

/Oo 2 2
dy
—coTt(e¥ +e7Y)m(eXY + ey 7¥)

4 /°° ue %
= — du
72 )y (w21 +wre ™)

4 /°° u ue x J
= - u
wle*—e ™) Jo \1+u? 1+4ue2x

4x
w(e* —e™X)

—VYV )
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B XA R O 2 R 2 e, BATVAT AFF2] Basel )i -

o] 1 [e’e) foe)

B — —(2k+1)xd
T D Bl M
(k12 =y

[ Ze Qkde—/ xe_ dx
1—e2x

0
=T [ o

XFERT AR S5 8 O
/s
@ Example 14.69: This one by Ramanujan gives me the goosebumps:

242 o (4k)!(1103 4 26390k) 1

9801 &~ (k1)396% 2
5+ 429
% Solution Just to make this more intriguing, define the fundamental unit Usg = +T
and fundamental solutions to Pell equations,
(Ux)® = 70+ 13+/29, thus 70° —29-13% = —1
(Usg)” = 9801 + 18201/29,  thus 98012 —29-1820% = 1
6 6 -6\ 4
2° ((Ua)° + (Uno) ") =396
then we can see those integers all over the formula as,
(4k)!29-70-13k +1103 1
14
9801 — k! 3964) .
<

—VV )=
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145 EEMLE

Definition 14.4 = ALK

75 dm
a0+§: . nui o nm (14.6)
) cos —— sin — :
2 n=1 ' ! ’ !

UM Z AR, B aoanba(n =1,2.3,...) HAFHK

t -
N ”T = x,(14.6) XA&RA ©
% + Z (an cosnx + by, sinnx) (14.7)
n=1

EFEIE AR AR 20 69 = B RAAE B A 2 A B = A R AL

AR AR

1, cos x,sin x, cos 2x,sin 2x,--- ,coSnx,sinnx,--- (14.8)

FEX ] (-7, o] BIEAZ, BIAE =M R BOR (14.8) FrARATAS [R] i A o 200 SR AR AE
X [, 7] ERgRRS ST 0, BY

T
f cosnxdx =0 (n=1,2,3,--+)

/4

T
/ sinnxdx =0 (n=1,2,3,--) o

¥4

T
/ sinkx cosnxdx =0 (k,n=1,2,3,--+)

¥4

T
/ coskxcosnxdx =0 (k,n=1,2,3,--- ,k #n)

¥4

/ sinkxsinnxdx =0 (k,n=1,2,3,--- ,k #n)

T

—VYV )
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14.5.1 ERBURITAEEMH R

BB S (x) R 2 W R e %, HARRRIT =M B2
= 30 o ; ak coskx + by sinkx) (14.9)

A R Z B gy, WA

1 T
:_/ f(x)cosnxdx (n=0,1,2,3,--+)
o (14.10)

1 b
:—/ f(x)sinnxdx (n=1,2,3,---)
T —TT

IR A R (14.10) ot BB 4 4577 46, X WHAB AT 2 10 B9 R 3K anan by, WG 3K
£ (x) MM (Fourier) ZBL 443X 2 230 N B (14.9) RKIA 3, Fi 50 i1 =
BB

o0

a

= +Z(an cosnx + b, sinnx) (14.11)
n=1

WU ACRR L f () Ao B K

Theorem 14.17 YLEEIE, X FI52 & (Dirichlet) £ 5%
B f(x) 2R 20 B R B ek 40 W S E i E
1. fFE— MBI E S S H R A A RAE — R A,

2. AR SAARARAL
W4 1 (x) B EOSEHONOL, I L 6
5 1 (x) RHESERH, SEHORBCT £ (x)
5 x 52 1 (x) RO RO, SEHORBCF [/ () + /()]

@ Example DI f(x) BRRBA 21 H‘JFJEEIZI#K bf [—m, ) _ERIFRIERH
f(x) = x|, ¥ f(x) BIFBSAERMNZE, Ik Z — A

—VV )=



14.5 1§ Z et g & ~539/566—

, 1 [™ 1 (" p
% Solution ay = — |x|dx, a, = — | x| cosnx dx = —(cosnm — 1)
b b n

-7 —7T

YUn>1W, a0, =0,ap1=——

1 s
bn:—[ |x|sinnxdx =0
T J_

T

M x e [—mm) B,
f(x)=|x|= g —I—; (_n(2n4— 2 cosnx)
%,l x=0 HTJ‘7

—0V/))——
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14.5.2 IEZRBE RZRE

Definition 14.5

TR 2 69F B f(x), TAF R REA EFZREL, CHFET R HA

a, =0 (n=0,1,2,3,---)
5 o7 (14.12)
bn——/ f(x)sinnxdx (n=1,2,3,---)
T Jo
BP Jo 4 oy R0 E 2ot R R RS A ETZ A E SR RAL
> businnx (14.13)
n=1

M 2n IBEHK f(x), TR A R EAK, T MLt AR

T
Tl :—/ f(x)cosnxdx (n=0,1,2,3,---)
T

[en]

(14.14)
by =0 (n=1,2,3,--+)

PP o1 o) £ 09 16 ot 1 3R R A B HOT A R R IZAK

oo
ap
— <F a, cCosSnx 14.15
: Z;n (14.15)

o0
@ Example 14.71: i x? = Zan cosnx (—m, ), W as =

. Solution HUEAMLBHME X,

2 (",
as = — x“cos(2x)dx =1
T Jo

sinn a—1

o0
@ Example 14.72: -5 Z =
n

—

n=
T —X

2

2
% Solution ¥phi%k f(x) = (0 << ) BFFIESR 8. 1

f(x), x € (0, ]
¢(x) =40, x=0
—f(=x). xe€(-m0)
p(x) 2 f(x) BMABER. & O(x) 7 o(x) BIRBIRER, W U(x) i R WSoE B 2 1F,
Mife x = 2kn (k € Z) 41, XAE (0, 7] E W(x) = f(x), Bk U(x) BB 28

—VYV )
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1 (0, 7] BT f(x).

ay=0(n=0,1,2,--)

bn:E/nn_xsinnxdx:z[x_ncosnx—isinnx]
T Jo v 2n? 0
i"& oo
T—X sinnx
f=—5-=2",
@ Example : [19] =k
(1)
;(2114—1)3
% Solution Mi f(x) = x> (0< x < 7), ¥ f(x) BIFRIEZEZE, H
x? = %Z{( 1)”*1%2—1—%[(—1)”—1]} sin(nx), (0 < x < )
n=1
b
é\nge(ogxgn),ﬁ
7_[2 2 00 n+17_[2 2 " ) x
z:;nzzog( 1) 7—}—5[(—1) —1]} sin(n7)
2 . w2 (—=1)"+14
_;’;[(_1) 2n +1 (2n—|—1)3]
R e G VA R G D e
_Qn;2n+l+;;(2n+l)3
Les]
00 (_1>n+1 _71_3 7'[2 0 (_1)n
;(Qn—l—l)?’ _ﬁ_fg%ﬂ
— (=) i
ﬁﬁ;Qn—l—l :arctanlzz, ESflin
— ()" (x* x? 7\
Yo (BT %
oo (_1)n B 3
;(2n+1)3 5_1

—0V/))——



~542 /566 F 14 F RFTBRK

[ Example 14.74: Proof
400 1 7_[4

“ nt 90

= Prooft f(x) = x*, 18 [~ 7| _LJ@FF R B g5

2 [T 2171 .17 2#¢
ag = — xldx == [—x5] = —
T |5

T Jo 5
2 (", 82n? — 48

anp = — x*cosnxdx = ————cosnr (n=0,1,2,3,---)
T Jo n

ba=0 (n=1,2,3,--")

TR
4 00 2 9
T 8mn® — 48
X _?+n§1n—400snncosnx (—r <x <)

1 > 8n?n? — 48
JT4 = —n4 + Z T cosan

n=1

1 1 1
:gﬂ4+8ﬁ22n—2—482n—4
n=1 n=1

[
i1 't L L8 ™ 8 1,
_— = — —_ — — = —— ¢ — = —7J0 .
— nt 48 5 6 48 15 90
O
1 Proof: I determined the coefficients of the Fourier series, which are
w3 6(m%n? —2)(=1)" + 12
aO - 77 an - 4
n
Then, I get
o0
— —1 412
:% Z (*n” S+ cos(nx)
If x = 7, then
o0
Zn? —2)( 1 12
% Z (= Y+ cos(nm)
378 o 6(m2n? —2)(—1)" 4 12
=2 (1"
4 mnt
n=1
1
I'm stuck. It’s easy to compute Z —5, using the Fourier series, but for this type of problem
n
n=1
I'm stuck.

Any comments or suggestions? By the way, I know that

oo

1 T
2= %

n=1

—VYV )
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I need to know how to get there. O

1= Proof: From your identity

o0
1 b4
expanding the right hand side and using the result Z - =
n

i 6(2n2 — 2)( )"+12(_1),,

2

, t
6 we ge
n=1
3nt 6(n2n? =2)(-1)" +12, _,
T P (=1)
n=1
= 6m ——12 — 412
dopT2) a+12) g
n=1 n=1 n=1
o0 o0 —
1 (=1t
_ 4
ST I S
n=1 n=1
o (_1)n—1
Now we need to express the alternating series Z —— in terms of Z pri e.g. as follows
n
n=1 n= 1
o0 n—1 00 o] o] [ee) [oe]
1 1 1 1 1 7 1
D Nt O BE DR TS i
4 4 4 3 4 4
n=1 n=1 n n=1 (2]’1) n=1 n 2 n=1 n 8 n=1 n
Then
3 . 1 2l X1
D Bt Bp
n=1 =1
45 X 1
n=1 n
1
Solving for Z —; we finally obtain
n
n=1
i 12/, 3zt =t
_ T - — [—
— n* 45 4 90
0
= Proof:
x? 1 1 1
— 2 4 6
nxcotnx—1+zm—l—2x Zn—2—2x Zﬂ 2x Zﬁ_"' (14.16)
n=1 n=1 n=1 n=1
1 1
ax'/? cot wxt/ —1—2x2——2x Z’?— x32n—6—~--
n=1 n=1
For z ~ 0:
z 1
zcotz = (14.17)

tan z

T ¥ 23/3+225/15

1+ 2z2/34224/15

—VYV )
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1 z2 . 2z4 22 n 274 z2 9274 74 B z2 A (14.18)
3 15 3 15 3 15 9 3 45
2 4
ax2cot wx1/? ~ 1_n_x_n_ 2
3 45
$1__xx
nt 45 90
n=1

1= Proof: By applying Parseval’ s identity (Lyapunov equation) to the Fourier series

a
?0 + (aj cosx + by sinx) + (ag cos2x + by sin2x) + - -

of x? on the interval [—x, 7], one may derive the value of Riemann zeta function at s = 4
Let us first find the needed Fourier coefficients ansubscriptan a;, and bnsubscriptbn b,. Since

x? defines an even function, we have
bp=0 Vn=1,23,---.

Then

T 3

For other coefficients ansubscriptan a,, we must perform twice integrations by parts:

1 [" 2 (7 272
ag = — x2dx:—/ x2dx:i.
- T Jo

:—/ X cosnxdx——/ x2cosnx dx

nx T innx
_ 2 ([ 2 sin ] _/ o . sin dx)

4 T
= —— xsinnx dx

4 —cosnxm T _Cosnx T
_ = [x—] I LT
ni n 0 0 n B

4 [—x cosnx sinnx}’r
0

nmw n n?
4cosnm 4(-1)"
= 5 = 5 Vn=1, 2,3,
n n

Thus

2 00
_?g

The left hand side of Parseval’ s identity

cosnx for—m <x <.

reads now

—VYV )
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and its right hand side

1/272\? 18 /4\2 7t 1 7t
(== - Z) =8y = = T se(4).
4(3)+22(n2) 9 " 2::;# 9+§(>

n=1 n=1
Accordingly, we obtain the result
11 nt
Hh=1+=+=4+... = —.
¢) * 24 * 34 + 90

14.5.3 —R% A HA R # 80 {E Bt 3

Theorem 14.18 JXF52 & (Dirichlet) Y84 E 38
B S (x) 2L 21 g R AT AR R B, JRAE (=1, 1] b S (x) W2
1. SR GRRA G — W R
2. RAARARAE L
W f () A LS00k b e B, I AR Bk S (x), M

?O +i(an Cos— + b, sin n7;x> (14-19)°

n=1

f(x) X AL

B 5() = | LIS s

f(=l+0)+ f(I-0)
2

x A7 Vi B

@ Example 14.75: B f(x) = riLoolsast B 2 [ B S (x), W

x—1, O0<x <1

fix =~ r =00 = Lx =5 4 S(x) AT

% Solution
f(x) x RIELR
s = ¢ LIS i
f@4+m;jﬂ—ﬂ);pﬁﬁﬁ

—0V/))——
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@T%ﬂ, X—__ﬁf()m éirl—:(’li—ﬁ

f(=1+0)+ f(1-0) 040

S(1) = $(-1) = 2 SR
BRI (3 = 5(—5) = 5 «
Theorem 14.19 [, 1] £ f(x) BNEEMHREFHF
BRI 20w e f (%) R SR BRI S AE, B A4 B R R T X
A
= ?0 = ; (an cos— + by sin nylrx) (xeC) (14.20)
Hrps
I
aoZ%/_ff@C)dx o
an:%/;lf(x)cosgdx (n=0,1,2,3,--+) (14.21)
!
by :%/ F)sin 2l dx (n=1,2.3,---)
-

Theorem 14.20 [—/,1] Lk f(x) RHFERHHEEHRF

A f(x) 2aF eh
_ gb,, sin@ (x € C) (14.22)o
o ERGH
l
by = ;/ £(x)sin ”’;xdx (n=1,2,3,---) (14.23)
0

—0V/))——
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Theorem 14.21 [—/,1] k£ f(x) 2ERHBHNEETRFHF

2 (o) S2AH e Kt REIH
f(x)= % + ;an cosg (xeC) (14.24)
o 0
/ f(x cos—dx (n=0,1,2,3,--+) (14.25)

/ flx

L Eag =
[0, 1]E f (x) R FFBRIE 3% A 3% 2R 8 { SO K
S ()~ B %

3724
RILPH

1 1
@ Example 14.76: & f(x) = X—E‘,anQ/ f(x)sinnmxdx, n=1,2,---.
0

2 S(x) = an sinnmx, WK S(—9)
n=1

2 Solution {E&FZEH

f(x):x—%‘ x €[0,1]
F(x):{
—f(—x) x—l——‘ x € [-1,0]
WA x =~ 5 F(x) MBS, AR
1 1
R R

—VV )=
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Theorem 14.22 Euler-Fourier 23\

1 b4
ap = — f(x)cosnxdx, n=0,1,2,3,---. (14.26)
7
1 b3
b, = — f(x)sinnxdx, n=1,2,3,---. (14.27)
v/
BT W EHR A Euler-Fourier 233X, o

BRI H S (x) e [—mx) BB TR f(x) ~ 5+

(ee)

> (an cosnx + by sinnx) 2 A5 109 = f8 BAR N f (x) By Fourier 5%, #
EE’J an # by, A f(x) By Fourier 2L

@ Example C IR S (x) BUA 27 Jﬁ%ﬁﬂ@ﬁﬂ;ﬁﬁ_ﬁﬁl Ef( ) =€ (0 < x < 2m),
Horp o # 0, 0K S (x) EITBUELM L, FFK
% Solution( 3% 1) Sk 2%

:_/ oexdx_ 2710:_)

1 2 2ro __ 1
an:—[ e“xcosnxdx:e v , n=12 .-
7 Jo big a? + n?
1 2r 2ma -1
bn——/ e“xsinnxdx:—e . , n=1,2---
7 Jo T a? +n?
EH K ) e T W S0 e LA

o €T —111 _I_iacosnx—nsinnx 0<y<2
e pr— _— 5 X T[
T 2a a2+ n? ST

n=1

& a =1, x =0, FHRI RS

—0V/))——
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Theorem 14.23 |

M >0, Y4 |z| > R, H|zf(2)] <
L e m 3 g

HEE S (2) 72 C LB RAHER B IR AL AL iy, BAFAER LR > O A
M, W

Z res(m cot wzf (z))
S (2) Wit s

=0 n=—00
Hrp
mwcotmz . wcotmz ) 1
res| —————,z=1] =res ,Z=—1)=—=mcothw
1+ 22 + z2 2
ESiin
> 1
Z = — cothn - =
1+n2 2
n=1
. 8 <
r
@ Example . P& arctan o i Fourier series.
1+ rcosb
% Solution # & z = r(cosf +isinb), N
1 1+ 1
14z (1+z)(14+2) 1+rcos@+irsinf
1+ rcosf rsin 0

- 14+ 2rcos@ +r2

TR, id
1+ rcosf

- 14 2rcos@ + r?’

Rf1155) H#Z — a+ib, WA B

lo
1+ 2rcos@ +r2

rsin 6
1+ 2rcos@ +r2

b r sin 0
¢ = arctan — = —arctan{ ———
a 1+ rcosf

a—l—ib:\/aQ—l—b?(

HEEE
va*+b? =

la + bi| =

a
_l’_

va*+ b?

= va?+b%(cosp +ising) =

) b
l .
Va2 + b2e'?

1

|1+Z|

(1+z)(1+72)

—0V/))——
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Fit A
1 1 .
l1+z (1+z)(1+2)
e in6 1
. , r sin _
—i@ =i arctan (m) =3 (In(l+z)—In(1+2))
XBF, A In(l+z2) Z 2" Jz=rcosb +irsinf, 153
n=1
In(l+z) = i (_1)n_1(r cosnB +ir" sinnf)
n=1 n
In(l1+z)=In(l+z) = i (=0 (r'" cosn® —ir" sinnf)
n=1 n

T2, ARHGEE

r"sinnf

rsin 6 >
t
are an(l—l—rcos@) Z

n=1

XA, B2BR Fourier Series. B4b, #4 r=—1, N

* sinnb sin 0 T —0
Z = arctan =
n 1—cos@ 2

n=1

Example 11.70: # f(x) £& (—o0, +00) AR, H f(x) = f(x +2) = f(x + 3)
F Fourier ZEFISUER f(x) REE

Proof: By f(x) = f(x +2) = f(x + ~/3) /401, £ FPh 2, v/3 Fy I 1 6 5%,

B LB Fourier RECH:

1 1
an :/_1f(x)cosnnxdx, bn :/_1f(x)smn7rxdx
BT f(x) = f(x+/3), Bk

1 1
an —/ f(x)cosnnxdx-[ f(x + +/3) cosnmx dx
-1 -1
1+4/3
:/ f(t)cosnm(t —~/3)dr
—1++/3

1+4/3
= / f(t)[ cosnmt cos V3nw + sinnzwt sin \/§n7r] dt
S VE]
1+4/3

1+4/3
= cos /3nm / f(t)cosnmtdt + sin «/§nn/ f(t)sinnmt de
—1++4/3 —1++/3

1 1
= cos \/gnn/ f(t)cosnmtdt + sin \/gnn/ f(t)sinnme de
-1 -1

—VV )=
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FiPA an = an cos V/3nmw + by sin v/3nm; FHEA[ 45 by = by cos v/3nw — ay, sin V3n7.
WL, A
an = ay cos V/3nmw + by sin v/3nw
{bn = by cos V3nmw — an sin v/3nw
Ban=b,=0n=12,---).
i f A7, H Fourier RBALAEWET f(x), BiAAH

o0
a
= ?0 Z ap cosnx + by sinnx) = 30

1
s ao=/_1f<x>dx B

Theorem 14.24 Parseval &=,

Be f(x) & [ ) ERATRATEH BB, A £ (x) ~ 5+ Y (an cosnx+
b, sin nx) "
|
121 - b2 1 2 d
5 Z:a+ —| fix)dx

n=1 =

Example 14.830: 3% f(x) £ [0, 7] bW, %/ f(x)dx =0,
0

[ s [Tl

Solution ¥ f(x) ££ [—m, w] EARMEIEH, MM ATRIFH Fourier 435% 24K

X) = Zan cosnx (ap=0)
n=1

BEE, ZAA
f=m)=f(n) f'(x)~ Z(—nan)sinnx
M a2 < (—na,)? (n =1,2,--+), 4 Parseval 263X, MG
1 i 2 1 d / 2
;/0 (x)dx<;/0 [f/(x)] dx

—VV )=
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14.6 REOKFMITE

Theorem 14.25

| 1
v :/ (1—1)* " dr
0

[e.e]
2n
&7 Exercise 14.17: % a > 1, 3K —— Wy
& o> LR Y o R
%, Solution FH |

o o0 o0

2" 1 2n 1 1 1 2n
L
—a? +1 a+1 “~a”+1 a+1 a-1 a+1 —~a*+1
n=0 n=1 n=1
1 2 > o 1 22 >, 2
T L T iy
a+1 a%2-1 n:1a2 +1 a+1 a?¥ -1 n:2a2 +1
‘ 2n+1 1
:a+1_n1i>nc}oa2”“—1:a+1'
23 33 43
&7 Exercise 14.18: 2'21—?+§—§+-~- PR A0
2. Solution FHL |, . . .
0o k 00 k—1 00 k—1
B nnt N B ap1(n+1)
n-Eerg-Sergy - St
n=0 n=1 n=0
= —br_1 — Ckl_lbk—2 — = C/f__fbl — by,
Hrp by =1/e. Ht by = —1/e, by = 0,b3 = 1/e. HIL
25 3 43 > (4 1)°
SRS TR T D Dl
n=0
:b3+3b2+3b1+b0:——.
1 1 1 1 1
&~ Bxercise 14.19: 3k 1 + - — — — = -t ——-- )
& Ex RKlts-5- 75710 A

2 Solution

—0V/))——
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:/1 i (x5 xS0 _ xSt ) gy /1 1+ x2—xt—x® -
0 ! 0 1—x8
1
arctan (1 + «/ﬁx) — arctan (1 — ﬁx) T
N V2 242
0
|
1 1 1
& Exercise 14.20: K 1_?+§_E+ - YA
2y Solution
> 1
8n 8 8n —2
> (5 mer) -2/ )
1 1— 6
:/ Z (x7% —x¥ ) dx = / x8 dx
—X
((—t 0
1
2arctan x + ﬂarctan (1 + ﬁx) — arctan (1 — ﬁx)
B 4
0
V241
= T
8
|
&7 Exercise 14.21: 3K 1 1 ! 1+ R Fn
&7 Exercise 14.21: > — =t - — — . .
ol 177710
2 Solution
o) 1 oo 1
_ — 6n—6 __ ,.6n—3
Z(6n—5 6n—2) Z/O (x )
n=1 n=1
1 oo
:/ Z (xﬁn—G . x6n—3) dx
0 n=1
1 1— 3 1
0 1—x 0 1+X
2x—1\ |1
1 1 arctan
=|—=h(x*—x+1) +—1n(x+1)+—ﬁ
6 3 V3 o
/37 +3In2
— 5 )
D |
1
E 14.22:
A Exercise 2‘zZ(AInJr1+4n+3 on +2) HIA.
% Solution
1 1

>

(

4n—|—1+4n—|—3 2n + 2

x 4n + x4n+2 _ x2n+1)

> [

[

0

)
Z (x4n + x4n+2 . x2n+1) dx

n=0

)

—VV )=
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1 1 1 1 1
&~ Exercise 14.23: j¢1—1+6—§+ﬁ—ﬂ+ - HA.
% Solution
o0
5n—5 5n 2 d
;(511— 5n—1) Z/O )x
11_ 3
:/ Z(XSn—S_x5n—2)dx:/ x5 dx
(I — 0 1—x
o (5=vB)/10 (54 5) /10
:[ dx
o \x24 By g1 x2y =L 4
25+ 104/5
=
25
& Exercise 14.24: #t x > 1, 3R = 4 x + x +
& Exercise 14.24: % x )2
x+1 (x+1)x24+1)  (x+1)x2+1)(x*+1)
A
% Solution
x? x4
I={1- + + +--
( x+1) (x+1)(x2+1) (x+1)(x2+1)(x*+1)
_1+( 1 N x? )+ x? N
B x+1 (x+1)(x2+1) (x+1)(x2+1)(x*+1)
1 x?
=1- + +
(+D (241 (x+1)(x2+1)(x*+1)
1
=1- +-
(x+1)(x2+1)(x*+1)
1— 1l !
= = 1— l1m
woo (X + 1) (2 + 1) (x4 1)
@ Example c R
+00
Z m!n!
— (m+n)
%, Solution JEE 2|
1 1
:m/ (1—x)"x""dx
m+n 0
m

—0V/))——
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W2H
o] m'n' 1 oo ) 1 ) m
=m 1 x”xm_dx:m/ x"dx = ——
ZO (m+n)! 0 ;( ) 0 m—1
|
@ Example R
— (m+n)!
%, Solution {2
n! B 1
m+n)! (m+Dm+2)---(n+m)
n 1 ( 1 1 )
m+n) m+1\(n+1)n+2)---(n+m—1) (n+2)(mn+3)---(n+m)
Fit A
f n! 1
—(m+n) (m—1)(m—1)
<
@ Example A
> nmw 1 1
I — 3] _ -
2o (5 a5
% Solution T
- nmw 1 > (mn—1m 1
R
IR
. (l’l—l)n . nw T T nmw
sin ———— = sin — cos — — sin — cos —
3 3 3 3
1 7 P T 1 /3 costE
1 :—sm—+sm—ZCOS§-ﬁ—7; e
FEA PG R (M B Lia(2) ) PR
icos%  3x? —6mx + 27°
—~ n? 12
i
v =5 WARAE
_
T2
<4
>, sinnx
@ Example DA Z , Hp x € [0, 7]
n
n=1

—VV )=



~556/566— % 14%F LFT8HK

% Solution (1) X4 x =0 B}, %N 0

n . k
(2) X4 x € (0, 7] B, & fulx) = Zsmk x’ il
k=1
filx) = (Z Si“k"x)
k=1
_ZCOSkx_anl Z2Sln§coskx
k=1 2 k=1
R r (0 1
_QSm%;[sm( —|—§)x—sm( —§)x:|
sin(n—i—%)x 1
PRt 1 |
fuw) = | [& 1}1_”%_/ sin (1 + )t
T 2sin L 2 2 N 24i sin £
HHZ2 2 5| B AT A hm/ wdt_o e x e (0,7] Zlnnx_n;x )
2 :
s 1
™ Example 14.85; ﬁzz@fz; FESETEE (3

1> Proof: 515
1 8 4 4 1

F122n+ 12 ontl (@12 arl g1y

;(n+1_2n+1):8r§)(2n+2 2n+1) 82

W ER R

Horr
:—81112

s 1 1
W(x):_y+zo(n+1_n+x)
1
MR ¥ (5) =y —2mm2, #
> 4 8 e 4 4
’;)(n+1_2n+1):’;)< +1_n+%)

n
- 4¢(%) — 4y (1) = —81In2

SEEN ST ST . . )
= (2n+1 ’ ’;] (n 6
5]
> 1 27>
,; n12(m 1 o g

—VV )=
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@ Note:(by €1 %) AA49 4% 5 — A AF BSKBA Y 4
00 4 8 _oo 14n82nd_1004n82nd
nzo(n+1_2n+1)_;/0 (4x" —8x*") x_/o 3 (1" — 867 dx

L4 8 |
o \I—x 1-—x2 o 1+x

=—4In2 x77?

o0
2n+1 2n
;(%—1—2 2n—|—1) Z/ x
n+l x—1
- }: )dx = — _In2 x??
1—x2

@Y AH A AR R0 X P P MY BB A S B M P AL
LABE BRI REGHE, THEAT T AT EIRAE, A0k
HEHEHIALY T,

3 ! ! 2n1
,;(2714—2_211—1—1) * A“Z/ i "Ydx XA RE, fle Ak

o o BE BN T s L 0BT L, a4 E T
&7 Exercise 14.25: {5

)
=

X ntl
:—x—ln(l—x) when |x|<1Ax#1
n:l

o xn
Z :—xlnl—x) when |x|<1Ax#1
:1”+1

S

—VV )=
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e 1
™ Example 14.86: 3RZ%% ; (Bn - 1)(3n = 2)(3n 1 3) ]

== Proof: 515

1 1 1 1
Gne DB +2)Bn+3) 20Bn+1) <2 6+
54
= 1 B L )
ot - 3n+1 “3n+2  6(n+1)

oo
(3n +1)(3n +2)(3n + 3) Z
e}
2

/ ( 3n+1 ﬁ) dx
- 6
o0
o =\ 2 6
1 1 X 1
= — — - d
/0 (2(1—x5) 1—x3+6(1—x)) *

1 Y 4—x 1

6 x24+x+1

& Exercise 14.26: Prove that

o0
C(2k+1)—1
Z = —y +log?2
P k+1

y is the well known Euler’s constant.

= Proof:

1
(e
—
N
El
EI\D
T
B
Sl\')
I
=
I
SHES
~——

m=2
il 1
= lim (2m In(m)—mln(m+1)—mln(m—1) — —)
M — o0 m

— lim (1n2+ (M +1)In(M) — Mln(M+1)—HM+1)

M —o0

1
n2— HM—I—ln(M)—I—l—Mln(l—i—M))

= lim
M —o0

M—)oo(
(1n2 Hy +In(M)+1— M(% + O(M_Q)))
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=In2—-y
Il
1 ) .
@ Example 14.87: 3 Z oo g /NEE
n=1
% Solution
o0 1
1 2 In(1—x
D
n=1 0
3 2 Inx
[lnxln(l—x)]Q—[ dx
0 0 1—x
1 "In(1 -
=—In"2 / n dx——1n22—/ ul x>dx
o 1—x 1 X
1 1 'In(1-
S ——[ n(l=x) g,
2 2 0 X
= ——In?2+4 - Z ————ln2
<
& Exercise 14.27: JEH
2n —1
ZCOt2 ( )
2n +1 3
w Proof: Let § € R. By taking imaginary part of the identity ¢! (*+1)¢ = (ei9)2”+1, it follows

that

n

2 1

sin(2n +1)0 = E (2Z j: 1) (_1)k cos2n—2k g qin2k+1 g
k=0

Dividing both sides by (—1)" cos®” §sin @, for t = tan® § we have
sin(2n +1)0 < ef2n+ 1)
I —-1)" . *
(=1) sin 6 cos?" 0 ];)( ) 2k +1 ®)

n
We know that the LHS vanishes for 8 = il Jee il , which gives n different zeros
2n +1 2n +1

k
tk:tan2 il , k=1,---,n.
2n +1

Since the RHS of (%) is a monic polynomial of degree n, it follows that

(t—11) o (t—1y) = 3 (=1 (;Z ! 1);’6

k=0

2n+1
So if we write ap = (—1)"* (Qk 1 1) sothat (t—t1) -+ (t —ty) = ag+ayt +---+an—1t" 1 +1",
then _—
L ar (") nm@n-1)
n iy N ap N (2n1+1) - 3 '

—0V/))——
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&7 Exercise 14.28: 18

n -2k n
i ( D ket sm(ﬂ))) _ p20ot(1/2)

n—oo \ Y7 sin(Z-L

1= Proof: Using what is inside the parentheses:

Y snthn) = 5 30 (¢ o)
sin(k/n) = — en —e n
20
k=1 k=1
" 2k —1 1 & (2k—1)i —(2k—1)i
E SlIl( 5 ):2— (e 2n —e 2n )
k=1 n ! k=1

So, we get:

1 ki —ki
ngﬂ (6" —ern )
(2k—1)i —(2k—1)i
% ZZ:l (e o — e on )

Now, factor a little:
D k=1 (ei/n)k — k=1 ("_i/n)k
emi/omy (ei/n)k —ei/nyn (e—i/2n)k

These are partial geometric series. They should simplify down.
The top left one evaluates to
(el —1)el/n
et/n —1
The top right one:
(ef —1)e”!
el/n —1
The bottom left:
e—i/2n (ei _ l)ei/n

el/n —1
The bottom right:
el/2n (ei _ 1)e_i
el/m —1

Putting these altogether, it should whittle down to some trig functions involving sin and/or
cos. But, I have not finished yet.

It looks encouraging though.

EDIT:

Well, I spent some time trying to hammer down the results of the sums above.

They become:
sin(1/n + 1) —sin(1/n) — sin(1)
sin(1/2n 4+ 1) +sin(1/2n — 1) — 2sin(1/2n)

this is equivalent to:
cos(1/2n)sin(1/2) + sin(1/2n) cos(1/2)
sin(1/2)

—VYV )
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sin n+1
Using the product-to-sum formulas on the numerator, it whittles down to: = (o)

2n

~ sin(1/2)
But, I admit I left tech do most of the work and played around with some trial and error.
So, we finally get:

_(sin(%E)\"

lim | ——

n—oo \ sin(1/2)
Now, since this is a limit and there is an e’ in the required solution, I figured I would make
the sub n = 1/k in order to get something that resembles the ’e’ limit.

So, take logs:

1

Jim log(sin(* 51 ~ log(sin(1/2))]

Using L'Hopital and taking this limit:

1 k+1
lim — cot( i )
k—0 2 2
results in
1/2cot(1/2)
Now, e:
el/200t(1/2) — em
O
& Exercise 14.29: JEBH:
[oe] 2
—1)"1 In®2
yo E ey 2
= n 2
Hordr y B Euler %%k
1= Proof: KH
> logn
I(x) == =3
n=1
Jit A
o0
(—=1)"logn
f)y =3
n=1
log 2 1
= v ¢(x)+ (1 — 2x_1) ¢'(x) (14.28)
C(x) Tl+)/+0(x_1)

W\ (14.28), & x — 11 kg

1
f(1) :ylog2—§10g22
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1= Proof: 3% pEHR4F

n
k=1 k=1 k=1
o 5] 1 " Ink
= In E — -
k=1 [5]+1
. 1 \
B f (x) = = AARY x> e WOR MR AT 0 HgL, A
n k+1
Y[ fds z CE |
[51+1 k [4]+1 ”]+1
W
z In2_  n?
> F) - ) = o)
(2141
T AR
n n/2]
, (-=DFInk 1 In2
nll)n;o 2 A IHQnIEEO ; = In(n/2) 5

&7 Exercise 14.30: 3RF0

% Solution B SEA MRS

2n 2n+1

Yator s 2 e (5 5)

3

1 1 1x2n_xn
o f S
m wm+1)), 1—x

0

M1 1+ 1, 1+x
+ In — —In
o \Wx 1—yx x 1—x

Y
=

[ Gmiaee

1
1
[—ln +xdx
o x 1—x

/1 JxIn 1:‘? In £ —In (1 +x)

1—x

dx

)dx,

Lo 14y
/ In * dt =41n2.
0 1

77,'2

= Li (1) — Lis (<1) = 7~
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1 -1 1 Loy 1+t
/(ﬁ )ln jL«/}dx:—2/ In + dr
o 1l—x 1—4x o 1+t 1—t¢
Tin (1 +1) _In(1-1) 1 1 t
:2/ [n( +1) _Inf ] R
0 1+1¢ 1+1¢ 1—1t
1
:1n22—|—2Lig() dm2 =" _amo.
9 6
X
Pin BZ —In EE —In (1 + x) R Eav
dx =2 In
0 1—x 0 1—x —f
Lin(1+ /x)—1n2 (1 —1In2
:2/ ( \/_) dx—2/ n{l+x)—n dx,
0 1—x 0 1—x
H
Un (1 + /x) —In?2 Ly 14¢
/n( V) ndx:2/ Ly
0 ]_—.x 0 1_t2 2
L | 1+1¢ | 1+t
_ —ln+dt—/ I~ dr
o 1—t 2 o 141 2
1 1 2
— _Lir [ = —In’2=1n?2- —.
12(2)+2n BT
'ln(1 —In?2 1 In?2 2
/‘ n(l+x) ndx:—Lig 1y _ w2 »*
o 1—x 9 9 12
=Y EL
o0
H, — H 2 2 In’2 2
Z"—Q”:41n2—”—+”——41n2+2(1n22—”—)—Q(D——”—)
n(2n+1) 4 6 12 9 12
2
:1n22—n—.
6
|
l+]
&7 Exercise 14.31: I EAMKIRE  lim
n—>+00121:]2; l+.]
(1)1+J
1= Proof: lZ]jj/ it T dx = i . BT AER 4 i
i+

S =33 G

i=1j =1

0 0 0
:_Z(/ xI L dx+/ x! 21 dx+---+/ x! T/t dx)
i -1 -1 -1
m 0 . . .
:_Z/ (xl+xl+1+“_+xl+n—l) dx
1—x xt— xit
__Z/ S l-x Z/ C1—x

—VV )=

l+J __ZZ/ X

i=1j =1
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O (x! —x+m) 4 (x2—x2+”)+---+(xm—xm+”)d
X

1—x

/ xt 4 x4 X" /0 XML X2 g
dx +

dx

1—x 1 1—x

_ 0 n+l _ n+m+l
x =X dx +/ al il dx
o (1-x)2 -1 (I=x)?

R mn/' — 0, I, A x € [~1.0), Bk (1—x)° > 10,

0 t 0 _1)t+2
/ . g/ xtdx = (=1 —
—1 (1—X>2 —1 t+1

Yt — +oo i, T

i Z Z

n—+o00 = 1] 1

lim S /0 Y dx—In2- 1
= 1m _ — _— x = n —_
i —|—] m—foo "M 1 (1—x)? 2

&~ Exercise 14.32:  ZHECRA:
o
3 Hn
3
n=1 n
1= Proof: BARA
! n—1 : k(_l)k
—n/o(l—x) lnxdx:—ZCnT:Hn
k=1
/1 1—(1—x dx_/ ch k+1xk_1dx_icr]f(_kl)k+l
0 * 0 k=1 k=1
5387 1 S
1—(1— —
/dezfl "= H,
0 X 0 1—u
i PA o .
H, 1 (1—x)"t
2—3: 2—2/ (1—x)""nxdx = — / *) ——Inxdx
B+
i (1—x)"  Lig(1—x)
— 1—x
" > H I Liy(1—x)Inx 1 L1 (a2}
> = [ P = e -2 =5 ()
n 0 1—x 2 o 2\6
n=1
&7 Exercise 14.33:
1" Proof:
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