
V.k0/ D

1X
tD0

h
ˇt ln.1 � ˛ˇ/ C ˇt˛ ln kt

i
D ln.1 � ˛ˇ/

1X
tD0

ˇt
C ˛

1X
tD0

ˇt
h1 � .˛ˇ/t

1 � ˛ˇ
ln ˛ˇ C ˛t ln k0

i
D

˛

1 � ˛ˇ
ln k0 C

ln.1 � ˛ˇ/

1 � ˇ
C ˛ ln.˛ˇ/

1X
tD0

� ˇt

1 � ˛
�

.˛ˇ/t

1 � ˛

�
D

˛

1 � ˛ˇ
ln k0 C

ln.1 � ˛ˇ/

1 � ˇ
C

˛ˇ

.1 � ˇ/.1 � ˛ˇ/
ln.˛ˇ/

左边 D V.k/ D
˛

1 � ˛ˇ
ln k C

ln.1 � ˛ˇ/

1 � ˇ
C

˛ˇ

.1 � ˇ/.1 � ˛ˇ/
ln.˛ˇ/

4
D

˛

1 � ˛ˇ
ln k C A

右边 D max
n
u
�
f .k/ � y

�
C ˇV.y/

o
利用 FOC和包络条件求解得到 y D ˛ˇk˛，代入，求右边。

右边 D max
n
u
�
f .k/ � y

�
C ˇV.y/

o
D u

�
f .k/ � g.k/

�
C ˇ

h ˛

1 � ˛ˇ
ln g.k/ C A

i
D ln.k˛

� ˛ˇk˛/ C ˇ
h ˛

1 � ˛ˇ
ln ˛ˇk˛

C A
i

D ln.1 � ˛ˇ/ C ˛ ln k C ˇ
h ˛

1 � ˛ˇ

�
ln ˛ˇ C ˛ ln k

�
C k

i
D ˛ ln k C

˛ˇ

1 � ˛ˇ
˛ ln k C ln.1 � ˛ˇ/ C

˛ˇ

1 � ˛ˇ
ln ˛ˇ C ˇA

D
˛

1 � ˛ˇ
ln k C ln.1 � ˛ˇ/ C

˛ˇ

1 � ˛ˇ
ln ˛ˇ C ˇA

D
˛

1 � ˛ˇ
ln k C .1 � ˇ/A C ˇA

D
˛

1 � ˛ˇ
ln k C A

所以，左边D右边，证毕。
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第 1 章 实数集与函数

������ 实数

����������常用公式

1. (Newton 二项式) (a + b)n =

nX

r=0

C rna
n�rbr ; C nk =

n!

k!(n � k)!

2. an � bn = (a � b)(an�1 + an�2b + � � �+ abn�2 + bn�1)

3. an + bn = (a + b)(an�1 � an�2b + an�3b2 � � � � � abn�2 + bn�1)

4. a3 + b3 + c3 � 3ab = (a + b + c)(a2 + b2 + c2 � ab � ac � bc)

5. (B.Pascal 恒等式) C nk�1 + C
n
k = C n+1

k

常用级数求和

1.
nX

k=1

k2 =
1

6
n(n+ 1)(2n+ 1)

nX

k=1

(2k � 1)2 =
1

3
n(4n2 � 1)

2.
nX

k=1

k3 = (1 + 2 + � � �+ n)2 =
1

4
n2(n+ 1)2

3. 1 � 2 + 2 � 3 + � � �+ n � (n+ 1) =
1

3
n(n+ 1)(n+ 2)

4. 1 � 2 � 3 + 2 � 3 � 4 + � � �+ n � (n+ 1) � (n+ 2) =
1

4
n(n+ 1)(n+ 2)(n+ 3)

三角求和公式

1.
nX

k=0

cos(x + k˛) =
1

sin ˛
2

sin (n+ 1)˛

2
cos

�
x +

n˛

2

�

2.
nX

k=0

sin(2k � 1)x =
(sinnx)2

sin x

3.
nX

k=0

sin2 kx =
n

2
�

cos(n+ 1)x � sinnx
2 sin x





�R�X�R�Ô�¦ ���j�f�8�e�e��

�j�X
k

n + k
< �H�M

�
1 +

k
n

�
<

k
n

�-8ED1k 2 N+

�9�X+R0 < x <
�
2

;��Í �b�B�Mx + �i���Mx > 2x�Ü
2x
�

< �b�B�Mx < x �Ü
�i���Mx

x
>

x
�b�B�Mx

�8�X+Rx > 0 ;��Í �H�M(1 + x) >
���`�+�i���Mx

1 + x

:‰a�
b >�9¯AC;�;^�ÍBÓ

jaj � j bj 6 ja � bj 6 jaj + jbj

�5�I�F�P�S�F�N �������?@��˜�C1•�E

|

:‰x > � 1�
n 2 �L+ �
n > 2�
BÓ

(1 + x)n � 1 + nx

�5�I�F�P�S�F�N �������e�à�_ �	�#�F�S�O�P�V�M�M�J�
�C1•�E

|

:‰x1; x2; � � � ; xn �
y1; y2; � � � ; yn >�4^E
;�;^�ÍBÓ

� nX

i =1

x i y i

� 2
�

� nX

i =1

(x i )2
�� nX

i =1

(y i )2
�

�5�I�F�P�S�F�N �������%?µ�	�$�B�V�D�I�Z�
�C1•�E

|
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H n < G n < A n < Q n (\)ç>�2ZD�)�+i;��D0Ó0¨>��Q+˜0™<�,Þ�R�D

8ED1�ÛH n =
1

nP

i =1

1
x i

=
n

1
x1

+ 1
x2

+ � � � + 1
xn

�Í(\)ç>� +˜/.8�2Z;^

Gn = n

vu
u
t

nY

i =1

x i = n
p

x1x2 � � � xn �Í(\)ç>� 0™//8�2Z;^ �D

An =

nP

i =1
x i

n
=

x1 + x2 + � � � + xn

n
�Í(\)ç>� <�;V8�2Z;^ �D

Qn =

vu
u
u
t

nP

i =1
x2

i

n
=

s
x2

1 + x2
2 + � � � + x2

n

n
�Í(\)ç>� 8�,Þ8�2Z;^ �D

�5�I�F�P�S�F�N ������
}�r�C1•�E

|

�&�Y�F�S�D�J�T�F ��������A2D�0 < a � 1�-9�D� jx + y ja � jx ja + jy ja �X

+ �1�S�P�P�G��

jx + y ja 6 (jx j + jy j)a = jxj(jx j + jy j)a� 1 + jy j(jx j + jy j)a� 1 6 jxja + jy ja :

�

�&�Y�F�S�D�J�T�F ��������9�D�)�+i;�

�R�X
�
�x � y

�
� >

�
�jx j � j y j

�
�

�k�X
�
�x + x1 + � � � + xn

�
� > jx j �

�
jx1j + � � � + jxn j

�

+ �1�S�P�P�G���R�VAê

jx � y j = jx + ( � y )j > jx j � j � y j = jx j � j y j

0‘

jx � y j = jy � x j > jy j � j x j = � (jx j � j y j)

0•+d

jx � y j >
�
�jx j � j y j

�
�

A�2ê9È>ãD�6��ÛAêjxy j > xy D�

x2 � 2xy + y2 > x2 � 2jxy j + y2

0•

(x � y )2 >
�
jx j � j y j

� 2



�R�X�R�Ô�¦ ���8�f�8�e�e��

2Ë,Þ0•+d

jx � y j >
�
�jx j � j y j

�
�

�k�V
�
�x + x1 + � � � + xn

�
� > jx j � j x1 + � � � + xn j

,Y

�
�x + x1 + � � � + xn

�
� 6 jx1j + jx2 + � � � + xn j

6 � � �

6 jx1j + jx2j + � � � + jxn j

<�A5
�
�x + x1 + � � � + xn

�
� > jx j �

�
jx1j + � � � + jxn j

�

�

�&�Y�F�S�D�J�T�F ��������D�6� �, (�+�Q�bx)p 6 �+�Q�b(px ) �- x 2
h
0;

�
2

i
�- 0 < p < 1�X

+ �1�S�P�P�G��,Þ,É �R,5 x 2
h
0;

�
2

i
�ÍAñ

�+�Q�b(px ) = �+�Q�b
�
px + (1 � p) � 0

�

> p �+�Q�bx + (1 � p) �+�Q�b0 = 1 � p(1 � �+�Q�bx)

A÷Aê)�7M3Ü)�+i;� (1 + y)1/ p > 1 +
1
p

y; y > � 1 2ê+d

�
�+�Q�b(px )

� 1/ p >
�
1 � p(1 � �+�Q�bx)

� 1/ p > 1 �
p(1 � �+�Q�bx)

p
= �+�Q�bx;

*´,Y (�+�Q�bx)p 6 �+�Q�b(px ) �- x 2
h
0;

�
2

i
�- 0 < p < 1 �

�&�Y�B�N�Q�M�F�R�X�j�, D�6�,5Aû9¯//Dõ9œ;^ n�-Añ

2
3

n
p

n <
nX

k =1

p
k <

4n + 3
6

p
n

+ �1�S�P�P�G��E�(€Añ

nX

k =1

p
k =

nX

k =1

Z k

k � 1

p
k �/x <

nX

k =1

Z k

k � 1

p
x �/x =

Z n

0

p
x �/x =

2
3

n
p

n

Aó(€�-DÃAC+�̂U'•=Z?µ �-6�0�,É �V

p
k +

p
k � 1 <

Z k

k � 1

p
x �/x

.k

nX

k =1

p
k +

p
k � 1

2
=

1
2

nX

k =1

� p
k +

p
k � 1

�
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=
1
2

�
2

nX

k =1

p
k �

p
n

�
=

nX

k =1

p
k �

p
n

2

<
nX

k =1

Z k

k � 1

p
x �/x =

2
3

n
p

n

Aû;(
nX

k =1

p
k �

p
n

2
<

2
3

n
p

n H)
nX

k =1

p
k <

4n + 3
6

p
n

�

�&�Y�F�S�D�J�T�F ��������

+ �1�S�P�P�G��

�
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�����������@.¤+‚�D�A.¤+‚

�&�Y�B�N�Q�M�F�R�X�9�, :‰A�-B >�,è2öAñ1ˆ;^0• �-S = A [ B �-D�6� �,

�b�m�TS = �K���tf �b�m�TA; �b�m�TBg

. �4�P�M�V�U�J�P�OAêAûS = A [ B >õ9œ;(,è2öAñ1ˆ;^0•�-AS*¬S +e:p�->ã9˜1ˆ,�*ÇB»

A�,Þ6� �-8x 2 S�-Añx 2 A 0� x 2 B H) x 6 �b�m�TA 0� x 6 �b�m�TB

*´,YAñ x 6 �K���tf �b�m�TA; �b�m�TBg�-.k+d

�b�m�TS 6 �K���tf �b�m�TA; �b�m�TBg

4ŽA�,Þ6� �-AS>� A � S H) �b�m�TA 6 �b�m�TS�-=M3ÎA÷AñB � S H) �b�m�TB 6 �b�m�TS�X<�A5

�b�m�TS > �K���tf �b�m�TA; �b�m�TBg

Dü:p�Í0•<�+d

�b�m�TS = �K���tf �b�m�TA; �b�m�TBg

J

�&�Y�B�N�Q�M�F�R�X�8�, D�6� �, n
p

2 >�>?3Î;^

. �4�P�M�V�U�J�P�O+Rn = 2 ;� �-
p

2 >õ9œ>�>?3Î; �̂X>ã6�<·5< n > 3�X

)*Aä,ÕD�,É�X9Õ n
p

2 >�Añ3Î;^�ÍAû;(*ÇB»4^-×/Æ;ù�É0�/ÆD+�Ê+eCžCœ;^p; q ;�+d

n
p

2 =
q
p

() 2 =
qn

pn
() qn = pn + pn

E�/T+e+i;�B�,ò5N*Ô,	3Î �U�6�2�`�K���i�ö�b �G���b�i �h�?�2�Q�`�2�K�V5Í,= �-D�(p

+Rn > 3 ;� �
xn + y n = zn >?Cœ;^1ƒ

�5�I�F�P�S�F�N ������ �'�F�S�N�B�U���T �-�B�T�U �5�I�F�P�S�F�N

|

J

������ �3�¦

����������
��(�3�¦
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�b�B�M�?(x) =
ex � e� x

2

�+�Q�b�?(x) =
ex + e� x

2

�i���M�?(x) =
�b�B�M�?(x)
�+�Q�b�?(x)

=
ex � e� x

ex + e� x
=

e2x � 1
e2x + 1

�+�Q�i�?(x) =
�+�Q�b�?(x)
�b�B�M�?(x)

=
ex + e� x

ex � e� x
=

e2x + 1
e2x � 1

�b�2�+�?(x) =
1

�+�Q�b�?(x)
=

2
ex + e� x

�+�b�+�?(x) =
1

�b�B�M�?(x)
=

2
ex � e� x

�+�Q�b�?2(x) � �b�B�M�?2(x) = 1

1 � �i���M�?2(x) = �b�2�+�?2(x)

�+�Q�i�?2(x) � 1 = �+�b�+�?2(x)

�b�B�M�?(x + y) = �b�B�M�?(x) �+�Q�b�?(y) + �+�Q�b�?(x) �b�B�M�?(y)

�+�Q�b�?(x + y) = �+�Q�b�?(x) �+�Q�b�?(y) + �b�B�M�?(x) �b�B�M�?(y)

�i���M�?(x + y) =
�i���M�?(x) + �i���M(y)

1 + �i���M�?(x) �i���M�?(y)

�b�B�M�?(2x) = 2 �b�B�M�?(x) �+�Q�b�?(x)

�+�Q�b�?(2x) = �+�Q�b�?2(x) + �b�B�M�?2(x) = 2 �+�Q�b�?2(x) � 1

�i���M�?(2x) =
2�i���M�?(x)

1 + �i���M�?2(x)

�b�B�M�?2
� x

2

�
=

�+�Q�b�?(x) � 1
2

�+�Q�b�?2
� x

2

�
=

�+�Q�b�?(x) + 1
2

�+�Q�b�?(x + y) = �+�Q�b�?(x) �+�Q�b�?(y) + �b�B�M�?(x) �b�B�M�?(y)

�&�Y�B�N�Q�M�F�R�X�e�, :‰f (x) =
x

p
1 + x2

BÓn *¯-•/0/�;^>�

�
f �f �f � � � � �f

�
(x) =

x
p

1 + nx2

. �4�P�M�V�U�J�P�O>÷0º,	 n = k ;� �-k *¯-•/0/�;^5[E�
�
f �f �f � � � � �f

�
(x) =

x
p

1 + kx 2
�-

BÓ,5n = k + 1 ;� �-8Ek + 1 *¯-•/0/�;^>�

�
f �f �f � � � � �f

�
(x) =

x
p

1 + x2

, s

1 + k
�

x2

1 + x2

�
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=
x

p
1 + x2

, s
1 + x2 + kx 2

1 + x2
=

x
p

1 + ( k + 1) x2

-Ú2>;^@H.Š6ª,É0•+d<�D� J

����9Õf (x) ;(A5 T >�D=8;+e2ê+]/�;^ �
BÓf 0(x) 9µ;(A5 T >�D=8;+e/�;^

�_DÃ�` f (x) ;(A5 T >�D=8;+e/�;^ �
8óf 0(x0) *ÇB»�
BÓf 0(x0 + T ) = f 0(x0)

����:‰f (x) ;(A5 T >�D=8;+e4M?Ù/�; �̂
BÓ

Z a+ T

a
f (x) �/x =

Z T

0
f (x) �/x =

Z T
2

� T
2

f (x) �/x
Z nT

0
f (x) �/x = n

Z T

0
f (x) �/x

�5�I�F�P�S�F�N �������3�¦,º
ž�U�]

|

�&�Y�B�N�Q�M�F�R�X�d�, D�6� �, ,	AFB» (�1 ; + 1 ) :p+e/�;^ f (x) = �b�B�Mx + �b�B�M
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